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NEW DEFINITION OF NV#-LAPLACE CONFORMABLE TRANSFORM AND THEIR
APPLICATIONS
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Abstract

Using the new definition of the ]\/;a-derivative function introduced by Juan E. Napoles
Valdés and al. (2020), we provide a new definition for the J\Qa-Laplace transform and NFa-

Laplace conformable transform. Additionally, we establish several important results
related to these new transforms. We also give a new definition of convolution related to
this NVg-derivative and we show that it is commutative and associative.

1. Introduction

Differentiation and integration emerged in literature during Newton's and Leibniz's eras. Fourier,
who introduced integral representation in 1822, is also known as the first to define arbitrary positive
order. Later, many more mathematicians studied similar fields, among them were Kommum [9],
Hadamard, Riesz [[10], [11]], and others.

We note that many applications of integral transform in sciences and technology and some of the
current transforms being used are the Sumudu Conformable transforms, Laplace Conformable
transform and Fourier Conformable transform ([21], [22], [5]).

By adding a fractional parameter @ and a modulating function F(t, @), the conformable Laplace
transform adds more flexibility and offers a more comprehensive framework for resolving issues that
extend beyond traditional integer-order systems. This modification extends the traditional Laplace
transform's application to fractional calculus, which is crucial for modeling complex networks, fluid
dynamics and viscoelasticity while preserving many of its fundamental characteristics.

Several results from the conformable Laplace transform are examined in this article. The properties
and theorems provided essential tools for handling fractional order differential equations, integrals,
and convolutions within the framework of this unique transform.
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By extending these classical results into the realm of conformable fractional calculus, this work
provides a comprehensive overview of the capabilities of the conformable Laplace transform. The
results presented not only generalize classical Laplace theory but also provide powerful tools for
researchers and engineers working with systems characterized by fractional dynamics.
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The paper is organized as follows: Definitions and basic notions, including an overview of the NVg-

conformable derivative and its characteristics, are given in Section 2. The primary outcomes of the
N;-Laplace is covered in Section 3. We demonstrated a few results of the conformable N?-Laplace

in section 4. To demonstrate the dependability of the Vg-Laplace transform approach, we solve the
Ng-harmonic oscillator in section 5 as an example:

NEow(t) + y2w(t) = f(1) (1.1
w(0) =1, Mrw(0) = 0

where NF(“) is the N:-derivative operator and y is a constant, and the following first-order

differential equation
y(®) + aat + D)y(t) = 2at3 + t2 + (2at + 1)sin(t)
In the last section, we present the general conclusion.

2. BASICNOTIONS

Definition 2.1. [6] The function f is NVg-derivative at t if the quotient

1
FE+h g ) = O
h

has a limit when A tends to 0. In this case, the limit is denoted

1
) — ()
Naf(t): = limf(t+ hF(t, a)
F h—0 h

witha € (0,1], F(t,a) # 0and t € [0, +oo].
1. LetF(t,a) = t'-= In this case, the N'g-derivative coincides with T
1
fE+h—™) = f(D)
ta—1
h

Taf(t) = lim
h—-0

defined by Khalil etal. [13].
Let F(t,a) = _ .In'this case, the N¢-derivative coincides with N1'
et—a F

f(t+he™) = f(®)
h

N1if(t) = lim
h—0

defined in [7].
3.Let F(t, @) = In(e + t~9). In this case, the Ng-derivative coincides with @D,

in

h

T
T et )~ O

@D1 f(t) = lim
In h—0 h

defined in [24].
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Definition 2.2. Let 0 < ¢ < 1and f: [0, oo_l;_—> ER o ) ) )
1) As we say, f is N e-differentiable on TO, oo if f is Me-differentiable at every point of [0, +oo].

(2) As we say, f isn times ]\c:“-differentiable on [0, +oo] if f is continuous, Vj € {0, .. n}NUIf(t) =
N;(NOF‘ (N”;(f))) (t), j times, exist for all t €]0, +co[ and J\C:U“)f(o) = lim VUDf(t) exists.

t->0t

Theorem 2.3. [6] Let @ be in (0,1] and f, g: [0, +) — R Ng-differentiable.
1) N;l(af + bg)(t) = aNFa(f)(t) + b]\f;(g)(t), ab€eR

(2) Ng() = 0,1 € R.
(3) N;‘(fg)(t) = N;(f)(t)g(t) + f(t)N"F‘(g)(t)-

(4) f 4 _ aQ
]v;a (_) () = gON; (f)(t)q fONL (D) .
g g=({1)

(5) Additionally, N;’(f)(t) = 7O if f is differentiable , with ¢ > 0.

F(t,a)

Example 2.4:

1. Letf and F(t, @) be two real functions defined on [0, +co[ by f(t) = et and F(t, @) =
where a € (0,1]. Then

ch(at)’
e(1+a)t + e(l—a)t

Ngf(t): = ch(at)et = >

t3
forall t > 0. 2. Let f and F(t, @) be two real functions defined on [0, +o[ by f(t) = %t‘* + < +
2at? + 2t and F(t,a) = 2at + 1, where a € (0,1]. Then
NEf(D):= 2 + 2
forallt > 0.
Definition 2.5. ( V#-integral)

Let f be a real function taking its values in a segment [0, t] and @ € (0,1]. Then the N ¢-integral of f
on [0, t], defined and denoted

t
I#f() = [ Fv,a)f(v)dv,t € [0, +oo]
0
Example 2.6. Let F(t,@) = 2at + 1. Then

Je(et) = et — 1 4 2a(tet —et + 1)

Lemma 2.7. [6] Consider the continuous function f: [0, +0) - R with 0 < a < 1. Then, forall t €
(0, +0)

Ne@=()NE) = f(©)
F F

Example 2.8. Consider F(t, @) = 2at + 1. By Example 2.6 and Theorem 2.3
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[et =1+ 2a(tet — et + 1)]

N (g (et)) = at 1 =et

Lemma 2.9. [6] Consider ¢ € (0,1] and the NVg-differentiable f: [0, +o) — R.
TA@ef(©) = F© = f(0), >0

Consider the following continuous function F(t, «) such that F(t,a) > 0 forall t > 0 and G,(t) its
primitive function, verifies G,(0) = 0 and lim G,(t) = 400, where 0 < a < 1. For example
t—+o0

sh(at)
F(t, @) = ch(at) and G4(t) =

We will demonstrate various findings and evidence of Ng-Laplace transform.

3. V¢-LAPLACE TRANSFORM

Definition 3.1. Let us consider @ € (0,1] and the function f: [0, ) — R. The definition of the N,
Laplace transform of f is

LEfO)(s) = [ esteOf(F(¢, a)dt (CRY
0

assuming the integral converges .

ta tx
Example 3.2. Let 0 < a < 1F(t,@) = t«1, Gu(t) = — and f(t) = e~a.Then

1
LA(f©)(s) = s >-1
F 1+s
Example 3.3. Let 0 < a < 1F(t, @) = 2at + 1,G,(t) = at? + tand f(t) = t2. Fort € [0, +oo[

oo

L)) = [ eseOf(OF (¢, a)dt

0

= [ es@*Of()(2at + 1)dt
0

© 1
=[] esuf (- (VAau+1-1)) du
0
=/ e—su(i—klu—i tau + 1) du
0 22« 2a?

on the other hand, fors > 0

o 1 1 1 1
[ esu(—+—w)du =
0 202«

+
2a2s  as?

and using variable change v = v4au + 1 and integrating by parts, we find that
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S

5 etq @ s
[ eswWaauF Tdu=""[ , st
0 2a 4
z 2
e4 a =s © -
=_a[_e4of +Ef+ eiat” dt]
20 s s 4
S
1 e4q /am O 8
=—+—a[‘/—_‘/—erf(\/%_]—
s s s s a

then

1 S _
Lee(s) = — 1 (& VI VT e V)]

as?  2a? s S s 4a

where erf is the error function.
Theorem 3.4. Let ,k € Rand 0 < @ < 1. Then

(1)
k
LAgk¥(s) = ,s>0
F s
(2)
1
La{euGa(t)}(s) = s >u
F s—p
(3)
Lafsin(uG (t))}(s) = # ,$>0
F a SZ +#2
(4)
Lfcos(uG (D) = >0
F a 52 +‘le
(5)
Losinh(uG (DY) = " s> 1ul
F a Sz _ 'uz
(6)
Le{cosh(uG (OY() = s> |ul
F a Sz _ Mz

Proof. In all properties, we use the variable change u = G,(t).

1. Fors > 0, we have

+oo +o00 1 +oo k
Lek}(s) = [ eseOkF(t,a)dt =k [ edu=k[-ce™] =3
0 0
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2. Fors > u, we have

+oo 1 +oo 1
L‘;{e#aa(t)}(s) = fo e—G—mudy = [— — Me—(s—u)u] == 7
0
3. Lets>0.
+oo H
Le{sin(uGo(£)}(s) = [ e~usin(uu)du = sz
0
4. Lets>0.
+00
LHeos(UG(DD)(s) = [ - emeos(udu = -

5. Fors > |u|, we have

+o0
LH{sinh(uG(NY(s) = [ e=6«Osinh(uGo(t))F(t, a)dt
0
+oo ehu — o—pu
= e % 4
0 2

oo +o0
=1— (f+ e—(s—mudy — f e_(5+.u)udu)
2 0
1 1 1 U
= - ) = — 2
2 s—pu s+u S —Uu

6. Fors > |u|, we have

“+co

Lefcosh(uGa(tNY(s) = | es6«Dcosh(uGa(t))F(t, @)dt
0

+oo et | e—Hu
= f et ——du
0 2

1 +o00 +o0
== e Gmwugu+ [ e-GHorgy)
2 0
1 1 1 s
= — =+ ) =
2 s—u s+u s —u

Theorem 3.5. Let us consider a € (0,1] and the function f: [0, o) — R. Then

LeFO() = LU 1 @)(s) s > 0

Proof. Applying Definition 3.1 and letting G,(t) = u

oo

LEFO)(S) = [ e s6eOf (£)F(t, a)dt

0
= ["euf (G-1w)du = LF(GwW)(5)
0

Example 3.6.Let 0 < a < 1, F(t, ) = to-1 '

@ ‘ . Then
ch (<), Ga(t) = sh (<)

1
LE(F () (s) = L (f (argsh ((aw)) (s)
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Theorem 3.7. Asume that f: [0, ) — R is a continuously N g-differentiable functionand 0 < a < 1.
Then

LN EN)(S) = SLEFDI() — f(0),5 > 0
Proof. Applying Definition 3.1 and Theorem 2.3
LNF(D)(s) = " 56O F (£)dt
0

Through part-by-part integration, we have:

) ’ e=s6eOf' (t)dt = —f(0) + s [ ’ e=sceOf()F (¢, a)dt
0 0

then

LANf D)) = sLafO)() = f(O)

Example 3.8. Let F(t, @) = a, Go(t) = at and f(t) = t2
We have, foralls>0andt >0

L)) = -
F

as3
and
S = o) = g
a a’s
then

LaWef(O)(s) = sLaf (D)) = f(O)

Theorem 3.9. Let f be defined in [0, +oo[] as a n times continuously N# « differentiable function. We
have

n—1
LWOOFON() = SLU DN = B SNE09(0)
k=0
Proof. Forn = 1, see Theorem 3.7.
Suppose that
n—1
LANED(F(D)(s)) = snLa(f(D))(s) — 3 N TTT80)
F F F
k=0 '
and prove that
n—1
LANEO(F(0)(s)) = sLe(FD))(s) — % s T %0
F F F F

k=0

By Theorem 3.7, we have
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LA@EDAFD)(5) = LN ONCOF ()] (s)
F F F
= SLENOI(F(D)(s) = NT(F(0)
F

= s [s"LF(O)(s) —n_ill SKN(@=1=0af(0)] — NCaf(0)
F F

k=0
n—1

= SHILAA(O)E) = T SHINCIDIF(0)] — NOOF(0)

k=0
n

= STILAF(D)(S) = X SN@RIF(0)
F

k=0

Theorem 3.10. Assume that 0 < a < 1 and that f: [0, ) = R is a specified continuous function.
Then

Lo ) 1,
P IRf() (5) = LE (D)), 5 > 0.

Proof. Lemma 2.7 gives us
LNIFO)(s) = LU DOS)
and according to theorem 3.7
LAN=g2f (£))(s) = sLTHI)(s) = T*(H0) = sL«*(F)())(s)
F F F F F F F F
So

La( a ) 1 a
FIpf(&) (8) =2 Lr(f(D))(s), Vs >0

Example 3.11. Let G,(t), F(t, @) and f(t) defined in Example 3.8.

We have
2
La(t2)(s) =
F a?ss
and
« a( 2) « X 3 2
L@t )(s) = £ () () = g
then

La(Jat2)(s) = i La(t2)(s).
F F s F

Theorem 3.12. Consider two differentiable functions, Gla(t) and G;(t), such that G";(t) = Fi(t,a)
and G(t) = Fy(t, @). Then

G* G*

a a - @® a —sG(t)
Lrywr, fF®)(S)=Lp (e 2 fO)S)+Lp(e 1 (D))

where a € (0,1].
Proof. Definition 3.1 states that we have
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oo

L)) =] SO O @) + Fa @)t

= [ e¢® (=560 f(o))Fi(t, a)dt + [ e EXD (e 56O f(1))Fa(t, a)dt
0 0
= L (e O f(0)() + £g,(e ~TO F()(s)
Example 3.13.

Let0<a < 1,f(t) =t3

—at,0<t<1 —-a,0<t<1 3.2
Gat = a at ;F t’ = (.)
A= 05 GO =170 oy
and
00<t<1 0,0<t<1
GoO={" ~ -~
2 at+at>1FEO=1 ;459

functions, we have

+o0

L e, FO)S) =] emwls=lt2F (¢, a)dt
0
1 +c0

= —qeos [ e@ri2dt + qe® [ e~(@)t2qt
0 1
= 132“1 (e_SG;(t) (tD)(s) + Lg,(e *HO D) (s)

We have for t € [0, + o], Gf(t) + G‘;(t) =a|t — 1|, F1(t, @) + F3(t, @) = asign(t — 1)
Theorem 3.14.Letn > 2 and i € {1,2, ..., n}. Asume that G¢(t) derivables

L PO =3 £ el f0) 0

i=1

where a € (0,1] and G;*(t) = Fi(t, a).
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—-a,0<t<1
F(t,a) =Fi(t, o) + Fo(t,a) ={ a,t>1.
0,t=1,
1

Lg (67O (t2)(s) = —a [ @Ot 24t
0

1
= —ae—asf e@te2de

0
1 2 2 2
=t — =+ e
s as? a’s3  ais3
400

LI% (e—sGi’(t) (t2)(s) = (Xf e—sat—at 24t
1

+o0
— aeasf e—(lxs)ttZdt
1 28 2

+—+—
s  as?  as3

Proof. demonstration by recurrence.
Forn = 2, see Theorem 3.12.
Suppose that

Lo by PO =2 £ e Fm= Y 0) (9

i=1
and prove that

n+1
L ) (FONE) = 3 £ 00T f0) )

i=1

We have, by Theorem 3.12 and recurrence hypotheses

[,?21:—11 F) (f(t))(s) = La +Z7 . (f(t)) (S)
« -s[E" 6] —sG¥

—r e T F©) ) + Lo e 1 FO))

= £§., (e e GO (1)) (5) + 3 L5 (e 1w TO (=56 O £(2))) (s)
i=1

n+1 a
— ‘CFn+1 (e Z] 11¢n+1 ,-(f)] FO )+ L}% (e—S[Zj=1,j==i G @] @) (s)
i=1

nt+l —s n+1 Gt

=5 sn e e f ) ()

i=1

Next, we give a new definition of convolution and we show that it is commutative and associative.
Definition 3.15. The V#-convolution product of two functions f and g, is another function, which is
generally noted f *% g and which is defined by:

(F = 9)(© = [* F(5)961(G () = G (SDIF(s,)ds, t = 0

0
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Proposition 3.16. The Vg-convolution product is commutative:
(frrg)=(g*f)
F F
Proof. This is easily seen by operating the following change of variable: = G-1(G (t) — G (s)),
a a a

(f)(® = [ F($)g[6-1(G () =G (NIF(s, ds

0
=['F16716 () = G )]gF(u @)du

0
= (g = ()

Example 3.17. For F(t,a) = aand G,(t) = at + 1.

and

wherea € (0,1] and f(t) =t2and g(t) =t.

Thus

Note that condition G,(0) = 0 is not verified, so it is necessary.
Example 3.18. For F(t, a) = a, G,(t) = at, we have G,(0) =0,
and

(f = 9)(®) # (g + (D).

(g ) ="t
F 12
wherea € (0,1] and f(t) =t2and g(t) =t.
Thus
1
Uﬁm®=“; 3
ot -5t
wwvxo=“ﬂ+1t213
F E % —Et
(Frag)e)= "t
F 12

(f * 9)(®) = (g + D).

Proposition 3.19. The Nﬁ-convoluti&n prosiuct]is as?ocia ive: B
*@ *a = *Q *Q .
P9 P9

Proof. The Vg-convolution product is associative when considering integrable functions
t
[(f x g) < h](t) = [ (f ** G (SHRAGHG (£) =G (s)IF(s, a)ds
F F a a a
0

=" [ £ ()g16-1(G () = G @)IF(w,@)du] AIG-(G () =G (NIF(s,a)ds
0 0

= ftf Sf(u)g[G—al(G a(s) -G a(u))]h[G::(G a(t) -G a(s))F(u, a)F (s, a)duds
0

0
=" F) [ "gI61(G ()~ G )IAG1(G () =G ()F (s, )dsIF(u, )du

0 u
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by making a change of variable v = G-1(G (s) — G (w)), we obtain

(f *« g) ** h(t)
Fe F G;l(Ga(t)—Ga(u))

=/ ralf gWRIGT(G () =G (v) = G WIF (@, @)dv]F(u, a)du
0 0

= [ Fa(g = MGG ()G WF(w, @)du
= [} = (g = WI®

Thus
(f > g) x* h = f x* (g x= h).
F F F F

Theorem 3.20. The V2-Laplace transform changes the N'?-convolution product into a product:

L((f 2 9)©)(s) = LS - £(gD)(s).

Proof. We have

Lo((f 2 (O)s) = [ 7 emstO(f x¢ g)(OF (¢, @)t

0
= emseao [ faGIEIE (O = 6 W)IF(w, @)du] F(t, a)dt
0 0

=" fF@ @) [[ 77 et Og[61(6 (0 = 6 )IF(E, @)dD)] du
0 u

By variable making change v = G-1(G (t) — G (s)),
a a a

Lo((f = DO = [ f@Fa) [ 7 es@)+6u) g (v)F (v, a)dv] du

0 0
+o0 +o0

=f  fwes®WF(, a)du - [  f(v)e=s6«WF (v, a)dv
’ = LFO)S) - Lg®)()

Example 3.21. Consider the functions defined in Example 3.18.
We have (g =2 f)(¢) = (f *¢ g)(t) = —t*and

a 2
L;((f *‘;g)(t))(S) =Lr(_tH(s)=__

F12 a3ss

However

2
Le(f(D))(s) = L) (s) =
F F

a?ss3

and
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Le(g(®))(s) = L2()(s) =
F F as?

And thus
Lo(f *= 9)(O)(S) = LIS - LGO)S)

4. N#-Laplace Conformable transform

Definition 4.1. Consider the function f defined on [0, +0). The definition of the Vg-Laplace
Conformable transform of f is

® =56 (19 ¢
LHfON) =[ e =« fOF (— a)retae @.1)
0

assuming the integral converges.

Theorem 4.2. Consider the function f defined on [0, +00). Then

LUFOIS) = Lo Af (@t)®)} (s)

Proof. by applications of definitions 4.1 and letting v = t_a,we have:
a

oo

1
LIFD}() = [ e=6Wf ((av)e) F(v, a)dv

0

by Definition of V¢-Laplace transform of f

LFDIS) = L2 {f (@)D} ()

Theorem 4.3. Consider the Vg-differentiable function f and a € (0,1]. Then
LANDOI(s) = s LASO)(S) = f(0),5 > 0

Proof. Let us apply the previous theorem, then

LANFDI() = LW (@)D)E)
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by Theorem 3.7
Le (Wef ((a)D) () = sL (f (@) (s) ~ £(0)
Thus, by Theorem 4.2
LENEFD)(S) = sLFONS) — F(O)

Theorem 4.4. Consider the function f defined on [0, +0) and « € (0,1]. Then
LS

S

LalaefoIs) = >0

Proof. Let's apply Theorems 4.2 and 3.10

af Ja = [« a %1
LAIFO)(S) = Lo (Iof (@) (8)

1
=AY ((at)a)) (s)

EON0
s
Theorem 4.5. Consider two differentiable functions, Gla(t) and G;(t), such that G"i(t) = Fi(1, @) and
G#(t) = F2(4, ). Then

G G“

® a  —sGUt)
2 f@)6s) + Lre 1 f(0))(S)

Lorir, (FO)S) = oLry(e
where a € (0,1].

Proof. Let's apply Theorems 4.2 and 3.12

LGOI =L (@) ()

F1+F2

—sG%(t) 1 —sG%(t) 1

a B 1 « B
=Lee 2 fla))) )+ Lr (e 1 f ((at)e)) ()

= LE(eCIOF(D)(S) + L (e~ I OF(D))(S).

Theorem 4.6. Letn > 2 and i € {1,2, ..., n}. Asume that G%(t) derivables functions, we have

n

Ly (FOIS) =3 oLy, (e SIeae GO £(1) (5)

i=1

where a € (0,1] and G*(t) = Fi(t, ).
Proof. Let's apply Theorems 4.2 and 3.14
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celie , (FOIE) = L o (f (@) ()

n n Ga

« sl ®] 1
=23 Lp, (e =YW*I f ((at)x)) (s)
i=1

=30 oLy, (e T £(0)) (s).
i=1

Theorem 4.7. The V¢-Laplace transform changes the N'¢-convolution product into a product:

L((f * YOI = LYOIW. LIO)@.

Proof. By direct application of Theorems 4.2 and Theorem 3.20.

5. APPLICATION

1. Let's study the following differential equation:

y(@) + aat + 1)y(t) = 2at3 + t2 + (2at + 1) sin(t) 5.1
where y(0) = b, t = 0.

Put F(t,a) = 2at + 1 and G,(t) = at? + t. So according to theorem 2.3, We replace the equation
(5.1) with

NiDy(t) + ay(t) = (t2 + sin(t))
By utilizing the V¢-Laplace transform and Theorem 3.7, we have for s > —a

La(y(t)) = i +_1 La(t2 + sin(t))(s)
F s+a s+a F

By Theorem 3.4 and Theorem 3.20, we find
2 t 2
y(t) =y e @D 4 [ g-ales+)((t — §)2 + sin(t — s))ds.
0

2. We want to study the following Vg-harmonic oscillator equation:
Neox(®) +y2x(®) = f(0),x(0) = 1, Nex(0) = 0
F

where F(t,a) =2at+1, 0<a <1landy # 0.
By applying the Vg-Laplace transform to this equation and using the fact that it is a linear operator,
we have:

LN E9x(D)(s) + yALx(0)(s) = LFO)(S)-
F F F

By Theorem 3.7, this equation transforms into
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SULEXO)(S) = Nrx(0) = s2(0) + Y2LAGHO)S) = L))
(52 % PILEOIE) = s + LFO)S)

L) =+ Y o))
F 52+y2 52+y2 F

By Theorem 3.4 and Theorem 3.20, we find

x(t) = cos(y(at? +t)) + lft sin(y(at? + t))f(t — s)ds.
Yoo

Acknowledgement:

The author T.Abdeljawad would like to thank Prince Sultan University for paying the APC and the
support through the TAS research lab.

10.

References

Caputo M. Linear models of dissipation whose q is almost frequency independent-ii. Geophysical J. of
the Royal AstronomicalSociety. (1967); 13(5):529-539. https://doi.org/ 10.1111/j.1365-
246X.1967.th02303.x

Afzal W, Abbas M, Macias-D {az JE, Treantd S. Some H-Godunova-Levin Function Inequalities Using
Center Radius (Cr)Order Relation. Fractal Fract. (2022); 6:518. https :
//doi.org/10.3390/fractalfract6090518

Afzal W, Alb Lupac A, Shabbir K. Hermite-Hadamard and Jensen-Type Inequalities for Harmonical (h1,
h2)-Godunova-LevinInterval-Valued Functions. Mathematics (2022); 10(16):2970.
https://doi.org/10.3390/math10162970

Afzal W, Shabbir K, Treanta S, Nonlaopon K. Jensen and Hermite-Hadamard type inclusions for
harmonical h-Godunova-Levinfunctions. AIMS Math. (2023); 8(2):3303-3321. https://doi :
10.3934/math. 2023170

Bahloul Rachid, Rechdaoui My Soufiane, Thabet Abdeljawad, Bahaaeldin Abdalla, Some Results of
Conformable Fourier Transform. European Journal of Pure and Applied Mathematics, Vol. 17, No. 4,
(2024), 2405-2430, https://doi.org/10.29020/nybg.ejpam. v17i4.5411

Juan E. Napoles Valdes, Paulo M. Guzman, Luciano M. Lugo, Artion Kashuri, the local generalized
derivative and Mittag-Leffer function, Sigma ] Eng & Nat Sci 38 (2), (2020), 1007-1017.

Juan E. Napoles Valdes, Paulo M. Guzman, Luciano M. Lugo, Some New Results on Non conformable
Fractional Calculus, Advances in Dynamical Systems and Applications. ISSN 0973-5321, Volume 13,
Number 2, pp. 167-175 (2018).

Kahar EL-Hussein, Fourier transform and the ideal of group algebra on the nilpotent EngelLie group.
Gulf Journal of MathematicsVol 2, Issue 1 (2014) 30-44 https://doi.org/10. 56947 /gjom.v2i1.178

Kommum P, Ali A, Shah K, Ali Khan R. Existence results and Hyers-Ulam stability to a class of nonlinear
arbitrary orderdiferential equations. ]. Nonlinear Sci. Appl. (2017); 10:2986-2997. 9.
https://doi.org/10.22436/jnsa.010.06.13

Riesz M. L'integrale de Riemann-Liouville et le probleme de Cauchy. Acta Mathematica. (1949);
81(1):1-222. https://doi.org/10.1007 /BF02395016

745 RACHID BAHLOUL et al 730-746


https://doi.org/
https://doi.org/10.3390/math10162970
https://doi/
https://doi.org/10.29020/nybg.ejpam
https://doi.org/10
https://doi.org/10.22436/jnsa.010.06.13
https://doi.org/10.1007/BF02395016

Journal of computional analysis and applications VOL .34 ,NO 4,2025

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Riesz M. L'integrale de Riemann-Liouville et le probleme de Cauchy pour I'equation des ondes. Bulletin
de la Societe Mathematique de France. (1939); 67:153-170, https: //doi-org/10.24033/bsmef. 1309

Roshdi Khalil, I. Abu Hammad, "Fractional fourier series with applications”, American Journal of
Computational and Applied Mathematics, Vol. 4, Issue 6, pp. 187-191, 2014.
https://doi.org/10.5923/j.ajcan.20140406.01

Roshdi Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative, ]. Comput.
Appl. Math. 264 (2014) 65-70, https://dol.org/10.1016/j. cam. 2014.01.002

Thabet Abdeljawad, On conformable fractional calculus, ]. Comput. Appl. Math. 279 (2015) 57-66.
https://doi.org/10.1016/j.cam.2014.10.016

Vuk Stojiljkovic, A New Conformable Fractional Derivative and Applications. Sel.Mat. (2022), 9, 370-
380. https://doi.org/10.17268/sel.mat.2022.02.12

Waseem G.A Ma'mon A.H, Ahmad.A, and Roshdi.K, Atomic Solution for Both Ordinary and Fractional
Abstract Cauchy Problem in Tensor Product Form, Gulf Journal of Mathematics Vol 18, Issue 1 (2024)
189-196 https://doi.org/10.56947 /gjom.v18il. 2282

Yuanlid Ding and Jinrong Wang; Conformable linear and nonlinear non-instantaneous impulsive
differential equations, Electronic Journal Differential Equations, (2020), 1-19.
https://doi.org/10.58997 /ejde.2021.94

Zeyad Al-Zhour, F. Alrawajeh, N. Al-Mutairi, R. Alkhasawneh, New results on the conformable fractional
Sumudu transform: Theories and applications, Int. ]. Anal. Appl., 17 (6) (2019) 1019-1033.
https://doi.org/10.28924/2291-8639-17-2019-1019

Zhou.H, S. Yang, S. Zhang, Conformable derivative approach to anomalous diffusion, Physica A: Stat.
Mech. Apph. 491 (2018) 1001-1013. https://doi.org/10.1016/j.physa. 2017.09.101

ZeyadAl-Zhour, NoufAl-Mutairi, Fatimah Alrawajeh, Raed Alkhasawneh, New theoretical results and
applications on conformable fractional Natural transform, Ain Shams Engineering Journal 12 (2021)
927-933. https://doi.org/10.1016/j.asej.2020.07.006

Z.Al-Zhour, F. Alrawajeh, N. Al-Mutairi, R. Alkhasawneh, New results on the conformable fractional
Sumudu transform: Theories and applications, Int. ]. Anal. Appl, 17 (6) (2019) 1019-1033.
https://doi.org/10.28924/2291-8639-17-2019-1019

M. Ayata, O. Ozkan; A new application of conformable Laplace decomposition method for fractional
Newell-Whitehead-Segel equation, AIMS Mathematics, 5 (2020),7402-7412.
https://doi.org/10.3934 /math. 2020474

Waseem G.A Ma'mon A.H, Ahmad.A, and Roshdi.K, Atomic Solution for Both Ordinary and Fractional
Abstract Cauchy Problem in Tensor Product Form, Gulf Journal of Mathematics Vol 18, Issue 1 (2024)
189-196 https://doi.org/10.56947/gjom.v18il. 2282

Stojiljkovic, V. 2022. A new conformable fractional derivative and applications. Selecciones Matematicas. 9, 02 (Dec.
2022), 370 - 380 https://doi.org/10.17268/sel.mat.2022.02.12.

12 Department of Mathematics, polydisciplinary faculty, Sultan Moulay Slimane University, Beni Mellal,

Morocco.

Email address: bahloulrachid363@gmail.com

Email address: houssamer405@gmail.com

3Department of Mathematics and Sciences. Prince Sultan University. Riyadh 11586, Saudi Arabia.

Email address: tabdeljawad@psu.edu.sa

746 RACHID BAHLOUL et al 730-746


https://doi.org/10.5923/j.ajcan.20140406.01
https://do1.org/10.1016/j
https://doi.org/10.1016/j.cam.2014.10.016
https://doi.org/10.17268/sel.mat.2022.02.12
https://doi.org/10.56947/gjom.v18i1
https://doi.org/10.58997/ejde.2021.94
https://doi.org/10.28924/2291-8639-17-2019-1019
https://doi.org/10.1016/j.physa
https://doi.org/10.1016/j.asej.2020.07.006
https://doi.org/10.28924/2291-8639-17-2019-1019
https://doi.org/10.3934/math
https://doi.org/10.56947/gjom.v18i1.%202282
mailto:bahloulrachid363@gmail.com
mailto:houssamer405@gmail.com
mailto:tabdeljawad@psu.edu.sa

