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Abstract

In our work, we focused on examining the epidemic transmission dynamics of the
SEIAR stochastic model for COVID-19. We prove the existence and uniqueness of a
global positive solution which allowed us to better understand the underlying mecha-
nisms of disease spread and explore the concepts of disease extinction and persistence
within the stochastic model. By identifying key parameters and variables, we were
able to determine potential scenarios in which the disease could die out naturally over
time, as well as situations where it could persist in a sustainable manner within the
population studied. We also carried out numerical simulations which allowed us to
validate our theoretical results and visualize in a concrete way how the parameters of
the model affect the dynamics of the disease. By analyzing these simulations, we were
able to identify patterns of spread and assess the conditions under which a disease

might disappear or persist in the study population.

Key words and phrases: COVID-19, Stochastic Analysis, Extinction, Persistence, Nu-

merical Simulation.

1 Introduction

Mathematical modeling of infectious diseases is an essential tool in understanding, predict-
ing and controlling the spread of these diseases within a population [31, 24, 26, 7, 13].

In this field, environmental noise and variability significantly contribute to the spread of
infectious diseases [25]. For example, diseases such as COVID-19, malaria and hepatitis B
serve as notable instances of this phenomenon. So that these diseases occur and spread

stochastically due to the unpredictability of interactions between individuals [3, 1].
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Many researchers have studied the Covid-19 infection, some of which we highlight. In
[23] the authors provided a stochastic and deterministic model to study infected cases of
COVID-19 in the UAE. The authors in [5] studied COVID-19 infection using symptomatic
and asymptomatic classes. A mathematical study on COVID-19 was also performed by [4]
using fractional derivative modeling. In [22] the authors propose a new model where the
total population N (t) is divided into: susceptible class (.5), exposed class (E), symptomatic
infectious class (I), super-spreaders class (P), asymptomatic infectious class (A), hospital-
ized (H), recovery class (R), and mortality class (F). In [18] the researchers proposed the
SAIQH model to study the spread of COVID-19, based on a model [17]. Researchers in [9]
investigated the effectiveness of an epidemic modeling approach to the spread of COVID-19
using the SIR model with the aim of providing a theoretical framework for investigating its
spread within the community. In [2] the authors constructed a SEIR model by considering
vaccination and isolation factors as typical parameters for studying the spread of COVID-
19.

There is also some scientific research that uses the concept of stochastic differential equa-
tions to better understand the infection of COVID-19. In [28], the authors formulated the
stochastic SIR model, then paid full attention to conditions sufficient for extinction and
persistence and examined the threshold of the proposed COVID-19 random model, when
noise was small or large. In [11] authors developed a discrete-time stochastic epidemic model
with binomial distributions to study the dynamics of the disease transmission. The impact
of the epidemic on healthcare in India was also studied using the stochastic SEIR model by
[8].

Our research focuses on studying the dynamics of COVID-19 infection by means of a stochas-
tic mathematical model, some sufficient conditions on extinction and persistence have been
obtained.

The paper is organized as follows, In the section 2, we formulated the COVID-19 model
using stochastic differential equations based on the deterministic model of [5] then, we show
the existence and uniqueness of a global positive solution of the stochastic model in section
3. In the section 4, we study the extinction of the disease, and the persistence in the sec-
tion 5. In the section 6, we have carried out some numerical simulations to illustrate the
obtained theoretical results and discuss these results. Finally, in section 7 we conclude with

a conclusion about what we have done in this paper.
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2 Model formulation

To investigate COVID-19 pandemic-related disease progression, authors in [5] present the
following compartmental deterministic model for disease transmission
% =A—-B1SUI+kA) —d,S

98 = B1S(I+kA) — (1 — @)w,E — aw)E — d,E

A — (1 — Q)wpE — (N +dp + p)I + €A (1)

U = qw) B — (A, +dp +v)A— €A

4B =\, I+ N\, A—d,R

Where the total population N(t) has been divided into five classes :

S(t): represent the susceptible individuals, those who have not yet been in contact with the
virus.

E(t): represent individuals who have been exposed to the virus, but are currently in the
incubation phase, not yet able to transmit the disease.

I(t): The symptomatic infectious class, includes people with symptoms and able to transmit
the disease.

A(t): The asymptomatic infectious class, includes people who do not show symptoms and
are able to transmit the disease.

R(t): The eliminated class, includes individuals who have recovered from the disease.

The parameters used in model (1) are shown in the table 1 below

Parameter description

A The recruitment rate

Br The transmission rate

k Infection rate adjustment factor for asymptomatic cases.

dp The natural death rate

Wp The progression rate from the exposed class to the symptomatic class
w; The progression rate from the exposed class to the asymptomatic class
@ The proportion of individuals who become asymptomatic

¢ The rate at which asymptomatic individuals might develop symptoms
Ap The recovered rate of symptomatic individuals

)\;} The recovered rate of asymptomatic individuals

I The death rate related to the disease of symptomatic individuals

v The death rate related to the disease of asymptomatic individuals

Table 1: Parameter used in the model
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The model (1) is studied in the invariant set €2, where

Q= {(S,EJZA,R) :S>0,E>0,1>0,A>0,R>0;S+FE+I4+A+R< CZ}
On the other hand, it is essential to note that any system is constantly influenced by exter-
nal disturbances. These disturbances, or environmental noise, can bring an increased level
of realism compared to deterministic systems, thus conferring a key element of veracity.
We introduce randomness into the model (1) by replacing the parameter Sdt by Sdt+odB(t),
where B(t) is independent standard brownian motions and o > 0 represent the intensities
of B(t).

So, the stochastic model corresponding to the deterministic model (1) is given in the fol-

lowing form:

dS = (A — B;S(I + kA) — d,S)dt — oS(I + kA)dB(t)
dE = (8;S(I + kA) — (1 — a)w,E — aw),E — dpE)dt + 0S(I + kA)dB(t)
dl = (1 — Q) wpE — (A +dp + p)I + EA)dt (2)

dA = (aw,E — (A, +d, +v)A — EA)dt

dR = (A, + X\, A — d,R)dt

Given the biological importance of the categories (S(t), E(t), I(t), A(t), R(t)), our goal is to

examine the model in the positive quadrant.
RS = {(S,E,I,A,R)€R*:S>0,E>0,1>0,A>0,R>0}

Next, we introduce some fundamental concepts regarding stochastic differential equations
[21].

In our work, let (2, {F;}+>0,P) be a complete probability space with a filtration {F}};>0
satisfying the usual conditions (i.e. it is right continuous and Fp contains all P—null sets).
Denote

R} ={z €eR":z; >0foralll <i<n}

In general, consider the d-dimensional stochastic differential equation

dx(t) = f(x(t),t) + g(x(t),t)dB(t), fort >ty (3)
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With initial value x(tg) = o € R™. Let 0 < s < oo and S; = {z € R" : |2| < s} Define the
differential operator L associated with equation (3) by
0 - 0 1 o 9?
L=— 7 7t a8 o T 7t at 1,7
i+ 2 o)z 5 3l el g

-
' i,j=1

If L acts on a function V € C?1(Sy x Ry;Ry), then
1
LV (1) = Vi(2,1) + Va(w, 8) f (2, 1) + Stracelg” (2,1)Veu (2, )9 (@, 1)),

, , 2 s
Where V; = %/, = (%, ey g—;@), Vip = (%)dxd. By Ito’s formula z(t) € S, then

dV(z(t),t) = LV (x(t),t) + Va(x(t), t)g(x(t), t)dB(t)

3 Existence and uniqueness of positive solution

In this section, we present here the results of the following theorem, which attest to the
existence of a unique global positive solution for the system (2) using the Lyapunov analysis

method which mentioned in [10].

Theorem 3.1. there is a unique solution (S(t), E(t), I(t), A(t), R(t)) of the system (2) on
t >0 for any value (S(0), E(0),1(0), A(0), R(0)) € R, and the solution will remain in R,
with probability 1, namely, (S(t), E(t),I(t), A(t), R(t)) € RE, for all t >0 almost surely.

Proof. Since the coefficients of the equations are locally Lipschitz continuous for any given
initial value (S(0), £(0),1(0), A(0), R(0)) € RS, there is a unique local solution

(S(t), E(t),I(t), A(t), R(t)) € R% ont € [0,7.), where 7, is the explosion time [21].

To show this solution is global, we need to show that 7. = co a.s. Let kg > 0 be sufficiently
large so that S(0), E(0),1(0), A(0) and R(0) all lie within the interval [kio, ko}.

For each integer k > kg, define the stopping time

T = inf {t € [0,7) : min{(S(t), E(¢), I(t), A(t), R(t)} < %or max{(S(t), E(t),I(t), A(t), R(t)} > k}

We use the notation in f() = co thought in this study, where () is an empty set. 7 increases
as k approaches to co. the setting of 7oc = limg_ 4007k along with the use of 7o, < 7. a.s
proves that 7, is = co a.s, and the solution of the system (2) lie in ]Ri’_ a.s, vVt > 0.

Also for the completion of conclusion, we will prove 7. = oo a.s. If this is not true, then
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there exist a pair of constants 7' > 0 and € € (0,1) such that

P{roo <T}>c¢

Hence there is an integer k1 > kg such that

P{r, <T}>e€ foral k>k (3.1)

For t < 73, we can see, for each k,

AN(t) = [A — dyN — uI — vAJdt < [A — d,N]dt

And so
A if NO)< A
Nty < d 0) <7
N(0) if N(0)> >

Define a C? function V : R} — R, by
V(S,E,],A,R)=(S—1-InS)+(E—1-InE)+(I-1-InI)+(A-1-InA)+(R—-1-InR)

Since the function © — 1 — Inwu > 0 for all u > 0, so the non-negativity of the function V is

assured. Applying the It6 formula, we obtain

dV(S,E,I,A,R) = LVdt + o(I + kA) (1 - Z) dB(t)

Where LV : RS — R is defined by

BrS(I+ kA)

A 2
LV:A—dpS—§+61(I+kA)+4dp+%(I—HcA)Q—dpE— -

2
E !
+ (1 = @)w, + aw, + U—Sz(l +kA)? — (d, +v)A — —aw, + (A, +v)+¢

2E2 A
E A I I
= (dp + p)I - 7(1 —awp + (Ap +p) — 75 —dpR — E)‘p - ﬁ)‘p
From the idea in [6], we pose : f(x) = —frx + ";x? (where, T = W)is decreasing on
[O, %} and increasing on {%, %}, satisfied
Br 3% A A 0?2 A?
0) =0 ! S =B e
f( ) ’ f <0_2 202 <0, f dp 6[ dp + 2 d2p

2

We see that, f(x) < max {0, (—51% + "7%)} and since N(t) < é\—p and every solution of

877 Salah Eddine Bessayeh et al 872—895



Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

system (2) is bounded by é\—p, we find that

, A 2)2
ngA+(1—a)wp+aw;,+Ap+u+£+4dp+61(1+k)d—+(1+k)202d2
P P

A o2 A2
“m{o’ (‘% - dep)}

=K

On the other hand, we have (1 —2) < (S+E+1)
Therefore, if t; < T,

T At T A\t1 T At
/ AV (S(8), B(t), I(), A1), R(¢)) < / Kdt + / o(I + kA) (S + E + 1) dB(?).
0 0 0
This implies that,

IEU/Y(S(T]C /\t1),E(Tk /\tl),I(Tk/\tl),A(Tk/\tl),R(Tk /\t1))] S V(So,Eo,Io,Ao,Ro)

T At1
+E/ Kdr
0

TN\t
+E/ oI+ kA)(S+E+1)dB(r)
0

(3.2)

Set Qp = {1, < T} for k > k1 and by (3.1), P (Q) > €. Note that, for every w € §, there
is at least one of S (14, w) , E (7%, w) , I (Tg,w), A (7, w) and R (7%, w) equals either k or 1/k,
and, hence, V (S (1, w) , E (1, w) , I (Tg,w) , A (7%, w) , R (T, w)) is no less than
1 1 1
k—1—logk or E_l_IOgE —E—l—i—logk:

Consequently,
1
V(S (mh,w), E (tg,w), I (Th,w), A(g,w), R (1, w)) > (k—1—1logk) A <l<: -1 +logk>
It then follows from (3.1) and (3.2) that

\%4 (So,EmI(),Ao,Ro) + KT > E [lgk(w)V (S (Tk7w) ,E (Tk7w) ,I(Tk,w),A(Tk,w),R(Tk7w))]

> e (kllogk)A(;lJrlogk)]

where 1g, () is the indicator function of Q4. Letting k — oo leads to the contradiction

oo >V (So, Eo, Iy, Ao, Ro) + KT = co. So we must, therefore, have 7., = co a.s.
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O

Remark 1. From the theorem 3.1, for any initial value (S(0), E(0),1(0), A(0), R(0)) € R,
there is a unique global solution (S(t),E(t),I(t), A(t),R(t)) € R3, almost surely of the
system (2). Hence

dS+E+I1+A+R) <(A—-dp(S+E+I+A+R))

And

+ e~ %! (S(O) + E(0) + 1(0) + A(0) + R(0) — A>

S(t) 4+ E(t) + I(t) + A(t) + R(t) < -

e

If S(0) + E(0) + I(0) + A(0) + R(0) < dA then S(t) + E(t) + I(t) + A(t) + R(t) < dA a.s,

so the region

A
Q= {(S,E,LA,R):S>0,E>0,I>0,A>07R>0;S+E+I+A+R< da.s}
4

Is a positively invariant set of the system (2) on QF,

In our paper, we assume that (S(0), £(0),1(0), A(0), R(0)) € Q*

4 Extinction

In a population system when we study disease extinction, we look at how the spread of
disease can decrease over time until it is no longer present in the population.

For this purpose, we show the following definition

Definition 1. [16, 30] the population x(t) is said to be exponentially extinct if

I t
Jim sup 28 7()
t— o0

<0,a.s

So, we investigate the conditions for the extinction of the disease. For convenience we

introduce the notation:

This notation represents the average population x(t) over time ¢ given its evolution over the
period [0,¢]. This can help us understand how the population mean changes over time in

the population system we are studying.
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Lemma 1. (Strong Law of Large Numbers)[21] Let M = {M;}1>0 be a real-value continu-

ous local martingale vanishing at t = 0. then

. . M,
tilgﬂ@(M, M), =00 as, = tilgrnoo W =0 as
and also
M, M M,
lim sup (M, M) <o a.s, = lim — =0 a.s
t—o00 t t—+oo ¢

Theorem 4.1. Let us assume that (S(t), E(t),I(t), A(t), R(t)) the solution of the system
(2) with initial conditions (S(0), E(0),1(0), A(0), R(0)) € Q*, we have

lim St)+ E(t)+ I(t) + A(t) + R(¢)

t— 400 t

=0, a.s

We give the following results about the extinction of the disease
Theorem 4.2. Let (S(t), E(t),I(t), A(t), R(t)) be the solution of system (2) with initial

value (S(0), E(0),1(0), A(0), R(0)) € Q*. If 0% > 2d , then

s 98B +1(0) + A(H) + R(0)

t—o0 t

<0, a.s

Namely, E(t),I(t), A(t) and R(t) tend to zero exponentially a.s. That is to say, the exposed,
symptomatic, asymptomatic and recovered individuals go to the extinction almost surely.
Which means

lim E(t) = lim I(t)=0, lim A(#)=0, lim R(t)=0 a.s

t——+oo t—+oo t—+oo t—+oo

In addition
A
lim (S(t)) =

—., a.s
t—r+o00 dp’

Proof. Define the C? function V : RY — R such that V = In® where ®(t) = E(t) + I(t) +
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A(t) + R(t), By It6’s formula applied to the second equation of the system (2), we get

_de 1 )
dV =~ = 553(d®)

1 0252(I 4 kA)?
—‘I)(BIS(I—HsA)—dpE—(u+dp)I—(u+dp)A—dpR—2(E+I+A+R)2>dt
JrUWdB(t)

_ (3 SI+kA) E+I+A+R I ., A it
“\"ExI+A+R “"E+i+A+R "E+xI+A+R "E+I+A+R

0282(I + kA)? S(I + kA)

_ 2T 4B

E+TTATRE T B as riP0

We know that
BrSU+kA)  o*SAI+kAP o ( SUT+kA) B\ B _ B
E+I+A+R 2E+I+A+R? 2 \E+I+A+R o? 202 ~ 202
And
I+kA
N iy
EtI+A+R -
Then we get
/82
dv<(2012—dp dt +o(1+ k)SdB(t) (4)

We integrate the previous equation in the interval [0, ¢], and divide by ¢, we get

log ®(t) < 32 log ®(0) n o(1+k)

— —d M(t
I T2 T t ®)
Where, M(t) = fot S(r)dB(r), moreover
(M M), A?
limsup ———— < — < o0
t—o00 dp

By the lemma 1 and the result in theorem 4.1, we obtain

M log ®(0
lim —% =0 and lim L() =0 a.s
t—+oo t—+oo
2o BT :
If 02 > o1~ is satisfied, we get
. log®(t) _ B}
h?isogp ; < ﬁ —d, <0 a.s (5)
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Remark 2. [1/] From the theorem (4.2), we get that there is an constant v > 0 such that

log ®(t
lim sup 08 P(*)

t—o0 t

<

that is to say, for a arbitrary small constant 0 < € < mm(%, 5), there exists a positive
constant Ty = Ti(w) and a set Q¢ such that P(2:) > 1 — € and log ®(t) < =3t fort > T,

w € Q., and so ®(t) < e~ zt. Therefore

limsup®(t) <0 a.s

t—o0

Which together with the positive of the solution implies

lim ®(t) = lim (E(t)+I(t)+ A(l)+R(t) =0 a.s

t——+oo t——+oo

We conclude that,

tiigrnoo Et)=0 a.s (6)
tiigrnoo It)=0 a.s (7)
tiigrnoo At)=0 a.s (8)
tiiinoo R(t)=0 a.s (9)

On the other side, we integrate the system (2) then dividing by ¢, we obtain

S5O _ - g + kAm) - =% [ s + kawnaso
(10)
E(t) tE< ) _ BUS@)I() + RA®)) — (1 — a)wp + aw), + dy)(E(H))
/ S()(I(1) + kAW®)dB(r) (D
O =IO (1 g (200)) — Oy -y + )4T0) + EAD) ()
AO—AO _ g (B(0)) — (¥ + dy + 1)(AW) ~ EAW) (13)
B = BO) _ (1)) + X (A®) — dy(R(0)) (14)

We collect the first two equations (10-11), we get

plt) = A= dp(S(1)) = (1 = @)wy + aw, + dy)(E(t)
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Where, p(t) = 0750 4 POZEO) “hep we find

(5(0)) = - (A= (1= @)uy + 4, )(EW) — (1)) (15)

According to the theorem 4.1 and the result (6), we conclude that,

lim (S(t)) = A a.s
t—+oo P

QL

Remark 3. This result indicates that the time mean of the susceptible population S(t)
converges to dA in the long run. This implies that the susceptible population stabilizes at a
P

constant value equal to dA after the disease has died out.
P

5 Persistence

Several concepts of stochastic persistence are present in [30, 19], but in this context we
adopt the concept of stochastic strongly persistence in mean. Before establishing the main
conclusion of this section, we introduce the definition of stochastic strongly persistence in

mearn.

Definition 2. the population z(t) is said to be strongly persistence in the mean iflitm inf(x(t)) >
—00

0,a.s
The previous definition is commonly used in [7, 10, 29, 15, 27, 20]. So, our system (2) is

said to be strongly persistence in the mean, if

I I
lim inf E/ I(r)dr >0 and liminf 2/ A(r)dr >0 a.s
0 0

t—o0 t—o0

Remark 4. This expression means that in the considered model, the disease persists on
average if the lower limit of the average number of symptomatic and asymptomatic individ-
uals over a long period of time is greater than zero with a probability 1. In other words,
this means that the disease persists and spreads in the population, because there are always

enough infected and asymptomatic people to maintain the transmission of the disease.

Lemma 2. [14] Let v € C[Q x [0,00),R]. If there exist positive constant X\, i such that

¢
logz(t) > Mt — ,u/ z(s)ds + F(t), a.s.
0
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For all t > 0, where F € C[Q x [0,00),R] and lim £

% =0, then
t—o0
I A
liminf — [ z(s)ds > —, a.s.
t—oo ¢ 0 U
Assume that dA > W%”M and o2 > 2’61d

, define the stochastic basic repro-
duction number R§ such as

Bra-
RS — P
0 2A2(k2+2k+2) (1 o
242 «

Jwp + awy, + d,
Theorem 5.1. Let (S(t),

value (S(0), E(0),1(0), A(0),

E(t),I(t), A(t), R(t)) be the solution of system (2) with initial
R(0)) € Q*. If R§ > 1, Then the system (2) has the following
property:

liminf(E(t)) >0 a.s

t—o0

We also conclude

liminf(A(t)) > 0

m in , hgr_l)g}f(](t)) >0 a.s
11g£f<R(t)> >0 , hgl;lf(S(t» >0 a.s

Proof. Define a C? function U : R‘}r — R as follows

U(S,E,I,A)= —InS—InE + p p

I+ - A
Ap+dp+ 1 Ay +dy+v

Applying the It formula to the function U(t) we obtain

s — 48 (dS)? dE (dE)? B By

i + — dA
S 280 B 2B Ntdytp  Ntdytv
I+kA)?  BiS(U+kA)  o®S*(I+kA) /
( o?( : )? I (E )+ (2E2 ) +(1—a)wp+ozwp+dp dt
1—ozwp 516“0;, < 3 >
. +k Edt
<>\ +dp+p Ap+dp+v Ap +dp + pu
(I 4 kA) (1 - S) dB(t)

S(I+kA) .
E

Motivated by the idea in [6], we use the fact that the function f(x) = —frz + %2* where
=

is decreasing on [O, %} and increasing on {%, dA], such as f(z) < f(#)
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A o? A®
—BI@ + T Then,

(I + kA)? A o A? ,
— —ﬁjdp—i-Qd%—l-(l—a)wp—i—awp—i—dp> dt

N ﬂz(lfcv)prr ,510‘% ( ¢ +k) Edt
Aptdp+p Ay tdp+v \Ap+dp+p

w = (

+o(I+kA)(S+E+1)dB(t)
- <J2A2(k2 +2k +2) A

202 —ﬁ[dp—i—(l—a)wp—i—awp—i—dp) dt

N 51(1—@)wp+ /ﬁfo‘wp ( § +k;) Edt
Aptdy+p A +dy+v \ A+ dp +

+o(I+kA)(S+ E+1)dB(t)
([ PN(E 42k +2)
B 2d2

Bl —ayw, | Brow, ( ¢ )
k| | Edt
+<>\p+dp+u+>\;)+dp+u A,ﬂtclpﬂfr

+ (1 —a)w, + ozw;, + d,,> (Ry — 1)dt

+o(I+kA)(S+ E+1)dB(t)

We integrate the previous inequality and divide by t we get

In E(t) S oA (k? + 2k + 2)
t - 2d2

_</31<1a>wp+ Braw, < ¢

+ (1 - a)w, + aw;, + dp) (R —1)

4 k:)) (B) + F(t) - UMT(”

Ap+dp+p N+ dp v \ N +dp+p

_ (InE(© In S(t)—In S(0 8 1(t)—1(0) B A)—A(0) _
WhereF(t)—( R R v i s e el )andM(t)_
[T+ kA) (S + E +1)dB(r)

Moreover

lim sup
t—00 t

(M, M), < (A(A+(Jz§,%)(1+k)> < 0o

By the lemma 1 and the result in theorem 4.1, we obtain

M,
lim — =0 and lim F(t)=0 a.s

t—+oo t t—+o0

Tts follows from the Lemma (2) that

(ZAGHD 1 (1 a)w, + awy, +dy ) (R — 1)
litminf<E(t)> > 6’)(1 ) o] : >0 a.s. (16)
—00 l-—a)w ow
pwe P e (/\erdpﬂb + k)
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Since the condition in the theorem (5.1) holds.

From the equation (13), we have

ow, 1 A(t) — A(0)

e L e AT

Applying the limit and according to the theorem 4.1 and the result in equation (16), we find

that
; 1 Alt)— A
lminf(A(f) = 2 Jiminf(E(t)) — lim inf A8 = 40)
t— 00 )\p—|—dp—‘,—1/+§ t—00 )\p—|—dp—‘,—y+§ t— 00 t
/ o2 A% (k2 +2k / s
aw, ( (gd—é_z +2) + (1 = a)w, + aw,, + dp) (R§—1)
> = ; >0 a.s
Ap+dy +v 4§ Bri-ajuw, , Prow, ( £ 4 k)
Aptdptp Aptdptv \ Aptdp+u
(17)

In the same way, according to the equation (12) we have

3 1 I(t) — 1(0)
)\p+dp+u<A(t)>7)\p+dp+u t

(1 —a)w,

(I(t)) = N+ dytp

(E(t) +

Applying the limit and according to the theorem 4.1 and the previous results

liminf(E(t)) >0 and liminf(A(t)) >0 a.s

t—o0 t—o0

We find that

o (- aw, . . 3 o

— lim inf ! I(t) - I(0)
t—o0 >\p + dp + u t

S (1—a)wy n g aw;
T\ Fdp o (A tdp ) (A, dp + v+ )

272012 !
(M+(1 _a)wp+aw,,+dp) (75— 1)

2d?

X L ; >0 as (18)
Br(l—a)w, + Braw, ( 13 —‘rk‘)
Aptdptp )\;)+dp+V Aptdptp

In addition, we have
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Applying the limit and according to the theorem 4.1 and the results

liminf(I(¢)) >0 and liminf(A(¢)) >0 a.s

t—o0 t—o0

We find that

’

lim inf(R(t)) :% lim inf(I(¢)) + % liminf(A(t)) + di lim inf R(t) — R(0)

t—o00 t—00 D t—00 » t—00 t

P
</\p (1—-a)w, Apé Oéw;) /\;}aw;)

(A2 4 (1= @)y + aw, + dy ) (Rg— 1)
. >0 a.s (19)

Br(l—a)w Braw,,
Ap+dp +up + AL +dp+v (%—O—d +u +k>

Moreover, from the equation (15)and according to the theorem 4.1 and the result

liminf(E(t)) >0 a.s

t—o0

We find that
L A (1—a)wp+aw +d, . 1
lltrggf(S(t)) @ i htrggolﬂE(t)) — @ htrggolf (t)
A (l—a)wp+aw +d,
@ dy

2 2 2 /
A% l;d—;2k+2) + (1= 2wy + ow, + dp) (R§—1)

Br(1—a)w Braw),
pwer TR (A T, +u+k)

>0 as (20)

According to the results (16,17,18,19,20) we conclude the proof of theorem 5.1.

Remark 5. These results show that the variables related to the different categories of ex-
posed, infected symptomatic, infected asymptomatic, recovered and susceptible individuals
remain positive as time progresses towards infinity. This suggests long-term persistence of

the disease.

6 Numerical simulation and discussion

This section presents several numerical simulations aimed at clarifying and validating the
theoretical results obtained using the parameter values of our model shown in Table 2. The

main objective is to analyze the dynamics of the proposed model in different scenarios, using

887 Salah Eddine Bessayeh et al 872-895

! + ’
dp Ap +dp + 1 dp()‘p+dp+ﬂ)()‘p+dp+V+§) dp()‘p+dp+V+f)

)



Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

the Milstein higher-order method. This numerical approach is recognized for its efficiency in
taking into account stochastic aspects [12]. The discretization of the system (2) is expressed

in the following form:

Siy1 =S+ [A— BrSi(I; + kA;) — dpSi] At — 0Si(I; + kA) VAt ¢
+ U;Si(l,; + kA% (2 — 1)At

Eit1 = Ei + [B1Si(I; + kA;) — (1 — @)w, By — aw, E; — dy E;| At + 0.S;(I; + kA;) VAt e;
+ %251'(11' +kA) (6] —1)At

Livi =L+ [(1 = @)w,Ei — (A, + dp + ) I + EA] At

Aip1 = Ai + [ow, By — (X, 4+ dp + v) A — EA;] At

Riy1=R; + [)\;,,Ii + )\;A7 — dpR7] At

Where ¢; is mutually independent N (0, 1) random variable, where the step size is shown by

At = 0.01.

parameter Extinction Persistence

A 0.1 0.1
Br 0.03 0.2
wp 0.14 15
w, 0.05 L5
a 0.2 0.2
o 0.005 0.02
o 0.004 0.02
3 0.02 0.01
k 0.4 0.4
dy 0.05 0.05
v 0.03 0.03
1 0.02 0.02
o 0.5 0.14

Table 2: Values of the parameters used in the simulation

6.1 Results

We solve the stochastic model (2.2) using different parameter values to simulate several
scenarios and obtain the required graphical results. In figures 1-2, the subgraphs represent
the population of susceptible, exposed, infected symptomatic, infected asymptomatic, and
the recovery individuals. Also represents the simulation of the stochastic model versus the

deterministic model.
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The figure 1, in order to demonstrate the extinction property, as stated in Theorem 4.2, it

B
2d, °

is essential to carefully choose specific parameter values, thus ensuring that o2 >
Figure 2 shows us the long-term persistence of the disease within the population, as ex-
plained in Theorem 5.1, so that values of the parameters are chosen that confirm that
R > 1.

The figure 3 represents the impact of transmission rate 3y on the dynamics of the stochas-
tic model under different value of the parameter 8;. These simulation results provide an
in-depth understanding of epidemic dynamics and valuable tools to guide public health

decisions.
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Figure 1: Dynamics of the solution (S(t), E(t),I(t), A(t), R(t)) with initial condition
2
(0.7,0.1,0.1,0.1,0). This numerical simulation show that the disease dies out when % > 2%.
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Dynamics of the solution (S(t),E(t),I(t), A(t), R(t)) with initial condition
(0.7,0.1,0.1,0.1,0). This numerical simulation show that the disease persist when R§ > 1.
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Figure 3: Dynamics of the solution (S(t),E(t),I(t), A(t), R(t)) with initial condition
(0.7,0.1,0.1,0.1,0) and different values of the transmission rate 8; = [0.2,0.3,0.5]

6.2 Discussion

Using the values for the extinction scenario shown in Table 2, the condition o2 > ok glves
0.25 > 0.009. Thus, the model (illustrated in Figure 1) reveals a fascinating property of
extinction, both in deterministic and stochastic scenarios. The disease free equilibrium is
globally asymptotically stable, implying that the stochastic solution fluctuates around the
deterministic steady-state value. Specifically, some compartments, such as exposed, symp-
tomatic, asymptomatic, and recovered individuals, initially experience an increase before
gradually decreasing to zero. In contrast, the compartment of sensitive individuals shows
an upward trend before stabilizing around a specific value, given by (fl\—p =2.

The simulation in Figure 2 highlights the persistence property, demonstrating of the in-
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fection to maintain itself and avoid extinction over the long term. The introduction of
stochasticity generates fluctuations around the deterministic solution, revealing the impact
of random events on disease dynamics. For that, when taking the values of the parameters
of disease persistence we found that R§ = 1.5479 > 1. This means that the infection has the
ability to persist within the population over an extended period of time, as demonstrated
by Theorem 5.1.

Figure 3 shows that the higher the transmission rate, the faster the disease spreads. The
number of susceptible people (S) decreases rapidly, the number of infected (I) and asymp-
tomatic (A) peaks earlier and higher, and more people become infected, become infected,

and recover, increasing the number of susceptible (E) and recovered (R).

7 Conclusion

In conclusion, Our study provides a comprehensive analysis of a stochastic SEIAR model for
COVID-19 where stochasticity is related to transmission rate, shedding light on the complex
dynamics of epidemic transmission under the influence of random perturbations. The theo-
retical proof of the existence and uniqueness of a global positive solution has reinforced the
reliability of the model in capturing the essential features of the disease spread. Through

the identification of critical parameters, we have outlined the conditions under which the

i

disease may either become extinct if (o2 > 24
P

) or persist if (R > 1) within the population.
Then we studied the effect of the transmission rate 5; on the dynamics of the disease, so
that the higher its value, the higher the number of infections, and vice versa.

The numerical simulations carried out have further validated our theoretical findings, offer-
ing insightful visualizations of the stochastic dynamics and highlighting the influence of key

model parameters on the epidemic trajectory. These results emphasize the importance of

early interventions and control measures in mitigating the spread of the disease.
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