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ABSTRACT 

 

 This paper explores the application of the Extended Fan Sub- Equation Method to solve the 

nonlinear Benjamin-Ono (BO) equation. The method involves two key steps: first, transforming 

the nonlinear BO equation into an ordinary differential equation (ODE), and then solving it 

using the Fan Sub-Equation approach. The effectiveness and practicality of this method are 

demonstrated, highlighting its ability to provide exact solutions in a sys- tematic and manageable 

way. The utility of this method lies in its simplicity flexibility, and its capacity to handle complex 

nonlinear equations, making it a powerful tool for solving problems in mathematical physics 

and engineer- ing. However, several challenges arise when applying this method to the BO 

equation, including the non-locality introduced by the Hilbert transform, the difficulty in selecting 

an appropriate sub-equation, and the complexity of vali- dating the obtained solutions. Despite 

these challenges, the method remains a valuable approach for deriving exact solutions and 

understanding the behavior of nonlinear systems. 

 

Keywords: The extended Fan sub-equation Method; Nonlinear partial differential equations; 

Nonlinear partial integro-differential equation; The Benjamin Ono Equation. 

 

 

 

 

hydro dynamics, elasticity and electrodynamics. A physical phenomenon cannot be reduced to the 

mathematical concepts it contains, but it trans- lates using these. This point of view would join that 
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of consider mathematics as models, of physical phenomena there is a concept mathematics that 

has lived for centuries and that remarkably assume the role of model for physical phenomena that 

of differential equation Non-linear differential equation have an important role in the study of non-

linear physical sciences. Exact solution of the non-linear (PDEs) give a good express of the physical 

problems. In the past several decades many significant methods have been established such as the 

inverse scattering method [1] Hirotas bilinear transformation [8], the tanh method [16], sine-cosine 

method [2] homogeneous balance method [11], exp-function method [4], trial equation method [7]. 

Recently, due to its mathematical simplicity, the Fan sub-equation method has become an elective 

tool for solving nonlinear evolution equations, leading to the derivation of several solutions for 

many such equations. This method, known as the Fan method [5, 9], is particularly effective in 

addressing nonlinear differential equations, especially in the context of partial differential 

equations (PDEs). This method is an extension of Fan's method, and allows exact solutions to be 

found 
 

in the form of special functions or series, some equations where this method has been applied 

include the nonlinear Schrödinger equation [12]. The method has enabled the discovery of exact 

solutions in the form of hyperbolic, trigonometric, or exponential functions. One notable 

application is the Korteweg-de Vries (KdV) equation, which is a nonlinear partial differential 

equation (PDE) that models solitary waves in a fluid medium. 

The Extended Fan Sub-Equation Method was employed to obtain analytical solutions in the 

form of solitons for various non-linear equations. The Boussinesq equation [14], which describes 

wave propagation in shallow water, was solved using this method to find exact solutions. Similarly, 

the non-linear Klein-Gordon equation [15], used in theoretical physics to describe scalar fields, was 

addressed, yielding solutions in the form of elliptical or hyperbolic functions. The Sine-Gordon 

equation [17], which arises in mathematical physics problems such as field theory, was also tackled, 

enabling the discovery of exact soliton solutions. 

Reaction-diffusion equations, which model biological, chemical, or physical phenomena, were 

another area of application for this method. The Extended Fan Sub-Equation Method proved 

effective in solving some of these non-linear equations. Additionally, Burgers-Huxley-type 

equations [18], which combine diffusion, convection, and reaction terms, were analyzed, leading to 

the derivation of analytical solutions. The Ginzburg-Landau equations [19], used in materials 
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physics and nonlinear optics, were also solved using this method, resulting in exact solutions. 

More recently, the method was discussed in the context of the time fractional Burgers-Fisher 

equation [20], further demonstrating its versatility and applicability across a range of complex 

equations. 

We focus our study on the Benjamin-Ono (BO) equation, which has been widely researched since 

its introduction in the 1960s. This equation is a significant model in mathematical physics, 

particularly for describing internal waves in deep water. It is used to model various physical 

phenomena, including internal waves in oceanography, where it describes the propagation of 

internal waves in a stratified fluid, such as layers of water with different densities in the ocean. 

Additionally, the BO equation appears in plasma and particle physics, where it is applied to study 

waves in plasmas and charged particle systems. In solid-state physics, it is used to model 

phenomena in crystals and low-dimensional materials. 

Over time, the BO equation has been generalized and modified to study more complex 

phenomena. For instance, the generalized Benjamin-Ono equation incorporates additional terms to 

account for dispersion or increased non-linearity. 

Due to its non-linear and non-local structure, solving the BO equation requires specialized 

methods. Both analytical and numerical approaches have been employed, including the Inverse 

Scattering Transform [6], the Hirota Method [22], and the Symmetry Reduction Method (Lie 

Group Theory) [21]. These techniques have been instrumental in advancing the understanding and 

application of the BO equation across various fields of physics. 

Current research on the Benjamin-Ono (BO) equation focuses on two main ar- eas the stability 

of solutions and N-soliton solutions. The stability of solutions involves studying the behavior of 

solitons and periodic waves under perturbations, while N-soliton solutions focus on the construction 

and analysis of interactions be- tween multiple solitons. Additionally, there is growing interest in 

its applications  in physics and engineering, where the equation is used to model phenomena in 

real-world systems. 

In this paper, we concentrate on applying the extended Fan sub-equation method to solve the 

Benjamin-Ono equation. This equation is a nonlinear partial integro- differential equation. 

It was introduced by Benjamin (1967) [3] and Ono (1975) [10]. The standard form 

of the Benjamin-Ono equation is given by 
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  ut + uxu + ℋuxx = 0                                               

where: 

- u is the wave function, 

- ℋis the Hilbert operator, which accounts for dispersion effects, 

 to the equation 

 utt + β((v2)xx + 2(v𝜖 )xx) + 𝛾uxxx = 0                    

we proceed as follows. First, we differentiate the Benjamin-Ono equation with respect to t 

yielding: 

 utt + (uxu)t + ℋuxxt = 0                                           (1.3) 

Next, we expand the terms using the chain rule and introduce the variables v and 

  𝜖,assumed to be proportional to u : v = ku and 𝜖 = mu, where k and m are constants. 

Substituting these into the equation and combining terms, we obtain: 

 

 utt + β(k2 + 2km)(u2)xx + 𝛾uxxx = 0                                      (1.4) 

 

By defining β’' = β(k2 + 2km) and setting β’' = β (which implies k2 + 2km = 1) the equation 

simplifies to: 

 

 utt + β(u2)xx + 𝛾uxxx = 0                                                     (1.5) 

 

where 𝛽, 𝛾 are parameters. Note that the Hilbert operator ℋ replaced by  additional terms 

modeling higher-order nonlinear and dipersive effects. This generalized equation is nonlinear and 

incorporates dispersion effects, making it particularly suitable for modeling wave propagation in 

environments such as deep water. 

The paper is organized as follows. In Section 1, the extended Fan sub-equation method is 

described. In Section 2, the Benjamin-Ono equation is introduced. In Section 3, the application of 

the extended Fan sub-equation method to solve the Benjamin-Ono equation is presented. Finally, 

conclusions and perspectives are provided in Section 4. 

 

 

The Fan Sub-Equation Method distinguishes itself from other nonlinear equation solving techniques 

(1.1)

(1.2)
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by several key advantages, making it a powerful and versatile tool for the study of nonlinear partial 

differential equations (PDEs). Unlike methods such as the inverse scattering transform or the 

Hirota method, which require advanced spectral theory or complex bilinear transformations, the Fan 

Sub-Equation Method relies on a direct, systematic approach to obtaining exact solutions in the 

form of special functions. Here are the main advantages of this method: 

Reduction to a Simple Sub-Equation: 

Suppose that a non-linear partial differential equation in (x, t) is given by 

 

 P (u, ut, ux, uxt, utt, uxx………) = 0                                                       (2.1) 

 

Where u is an unknown function and P is a polynomial in u(x, t) and its partial derivatives then by 

means of an appropriate transformation, it can be reduced to a nonlinear ordinary differential 

equation (ODE) as follow 

 P (u, u', u'', u'''…….)  =0                                                                (2.2) 

Assumed the solution as a finite series involving a function Ф satisfying 

                                                       𝑢(𝜉) = ∑ 𝑎𝑖Φ
𝑖(𝜉)𝑛

𝑖=0                                                                (2.3) 

where ai (i = 0, 1, 2, ................. n) are constants to be determined later and Ф = Ф (𝜉 ) satisfies 

the following ODE 

                   

                  
𝑑Φ

𝑑𝜉
= 𝜖(𝑏0 + 𝑏1Φ+ 𝑏2Φ

2 + 𝑏3Φ
3 + 𝑏4Φ

4)
1

2 = 𝜖√∑ 𝑏𝑖Φ𝑖4
𝑖=1                      (2.4) 

  

Where 𝜖 = ±1 and 𝑏𝑖 are constants 

The derivatives with respect to 𝜉  

 

                             
𝑑𝑢

𝑑𝜉
=

𝑑Φ

𝑑𝜉

𝑑𝑢

𝑑Φ
= 𝜖√∑ 𝑏𝑖Φ𝑖4

𝑖=1
𝑑𝑢

𝑑Φ
                                                                                (2.5) 

                   
𝑑2𝑢

𝑑𝜉2
=

1

2
∑ 𝑖𝑏𝑖Φ

𝑖−14
𝑖=1

𝑑𝑢

𝑑Φ
+∑ 𝑏𝑖Φ

𝑖 𝑑
2𝑢

𝑑Φ2
, …4

𝑖=1                                     

         
𝑑3𝑢

𝑑𝜉3
= (

1

2
∑ (𝑖(𝑖 − 1)𝑏𝑖Φ

𝑖−2)
𝑑Φ

𝑑𝜉

4
𝑖=0 )

𝑑𝑢

𝑑Φ
+ (

3

2
∑ 𝑖𝑏𝑖Φ

𝑖−14
𝑖=0

𝑑Φ

𝑑𝜉
)
𝑑2𝑢

𝑑Φ2 + (∑ 𝑏𝑖Φ
4
𝑖=0

𝑑Φ

𝑑𝜉
)
𝑑3𝑢

𝑑Φ3    

(2.7) 

 

The solutions of Eq (2.4) 

        Case 1: 

(2.6)
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When b0 = b1 = b3 = 0, b2 < 0 and b4 > 0 the solution is  

                                                                Φ(𝜉) = √
−𝑏2

𝑏4
sec(√−𝑏2𝜉)                                                 (2.8) 

   

 When b0 = b1 = b3 = 0, b2 > 0 and b4 < 0 the solution is              

                                                                                     Φ(𝜉) = √
−𝑏2

𝑏4
sech(√𝑏2𝜉)                                            (2.9)     

When b0 = b1 = b3 = 0, b2 = 0 and b4 > 0 the solution is 

 

                                                                                  Φ(𝜉) = −
𝜖

√𝑏4𝜉
                                                  (2.10)  

 

 

            Case 2: 

When b1  = b3 = 0, b0 = 
𝑏2
2

4𝑏4
, 𝑏2< 0 and b4 > 0 the solution is  

 

                                                        Φ(𝜉) = 𝜖√
−𝑏2

2𝑏4
tanh (√

−𝑏2

2
 𝜉)                                               (2.11) 

When b1 = b3 = 0, b0 =
𝑏2
2

4𝑏4
,b2 > 0 and b4 < 0 the solution is   

                                                      Φ(𝜉) = 𝜖√
𝑏2

2𝑏4
tanh (√

𝑏2

2
𝜉)                                                 (2.12)  

Case 3: 

 

When b1 = b3 = 0, b2 > 0 and b4 < 0 ,𝑏0 =
1−𝑚2

(2𝑚2−1)2
 the solution is 

 

                                                               Φ(𝜉) = √
𝑏2𝑚

2

𝑏4(2𝑚
2−1)

𝑐𝑛 (√
𝑏2

2𝑚2−1
𝜉,𝑚)                                              (2.13) 

 
 
 

When b1 = b3 = 0, b2 < 0 and b4 > 0 ,𝑏0 =
𝑏2
2𝑚2

2𝑏4(𝑚2+1)
 the solution is 

 

                                                 Φ(𝜉) = 𝜖√
𝑏2𝑚2

𝑏4(𝑚2+1)
𝑠𝑛 (√−

𝑏2

𝑚2+1
𝜉,𝑚)                                      (2.14)  

 
 

Case 4: 

When b0 = b1 = b4 = 0, b2 > 0  the solution is 
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                                                            Φ(𝜉) =
−𝑏2

𝑏3
sec ℎ2 (

√𝑏2

2
𝜉)                                (2.15) 

 

When b0 = b1 = b4 = 0, b2 < 0  the solution is 

                                                                Φ(𝜉) =
−𝑏2

𝑏3
sec2 (

√−𝑏2

2
𝜉)                                    (2.16) 

When b0 = b1 = b4 = 0, b2 = 0   the solution is 
 

                                                                              Φ(𝜉) =
1

𝑏3𝜉2
                                                               

The search for solutions to Eq (2.2) is described by the following steps 1-5. [5].    

Step 1 - To reduce the NPDE Eq. (2.1) to the ODE Eq. (2.2), we use the    travelling 

wave transformation u(x, t) = u(𝜉), where 𝜉= kx + 𝜔t. 

Step 2- For the suggested method, we assume that the solution of Eq. (2.2) can be 

presented in the following form: 

 

                                                           𝑢(𝜉) = ∑ 𝑎𝑖Φ
𝑖(𝜉)𝑛

𝑖=0                                                      (2.18) 
 

where ai are constants to be determined, and Φ(𝜉) satisfies Eq. (2.4) 

Step 3- To determine the positive integer n, we balance the linear term of the highest 

order with the nonlinear term by substituting Eq. (2.18) and Eq. (2.4) into Eq. (2.2). 

 

 Step 4- By substituting Eq. (2.4) and Eq. (2.18) into Eq. (2.2) and collecting all terms with the 

same power of Ф, the left-hand side of Eq. (2.2) is transformed into  a polynomial. 

Subsequently, by setting each coefficient of this polynomial to zero, we derive a system of 

algebraic equations in terms of ai where (i = 0, 1, 2) and bj where (j = 0, 1, 2, 3, 4). 

Step 5- Obtain the solution in the form (2.18) of the NPDE (2.1) by solving the sub-equation (2.4) 

for all possible parameters ai where (i = 0, 1, 2). 

 

 

In this section, we will apply the Fan sub-equation method to the BO equation. Let us 

first consider Eq. (1.4) from the previous section, written in the following form: 

                                                           utt + β(u2)xx + 𝛾uxxx = 0                                (3.1) 

Taking the traveling wave transformation u = u(𝜉), 𝜉= kx+𝜔t, reduces Eq.(1.4) to the following 

ODE: 

(2.17)
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                                                                  (𝜔2)u'' + 2k2βu'' + 2kβ(u')2 + 𝛾k2u'''' = 0.   (3.2) 

Balancing u'''' with uu'' (or (u')2), we obtain n = 2 and assume that the solution of 

Eq.(3.2) has the following formal solutions: 

                                             u(𝜉 ) = a0 + a1Ф(𝜉) + a2Ф2(𝜉)                                     (3.3) 

where a0, a1 and a2 to be determinate later and Ф(𝜉) satisfies Eq.(3.3) 

By substituting Eq. (2.18) and Eq. (2.4) into Eq. (2.2), we obtain a system of algebraic 

equations. 

                  

{
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 2𝑘𝛽𝜖𝑎1

2𝑏0 +
3

2
𝛾𝑘2𝜖2𝑎2𝑏1

2 +
1

2
𝜔2𝜖𝑎1𝑏1 + 2𝜔

2𝜖𝑎2𝑏0 + 𝑘
2𝛽𝜖𝑎0𝑎1𝑏1 +

4𝑘2𝛽𝜖𝑎0𝑎2𝑏0 +
1

2
𝛾𝑘2𝜖2𝑎1𝑏1𝑏2 + 3𝛾𝑘

2𝜖2𝑎1𝑏0𝑏3 + 8𝛾𝑘
2𝜖2𝑎2𝑏0𝑏2 = 0

6𝑘2𝛽𝜖𝑎0𝑎2𝑏1 + 4𝑘
2𝛽𝜖𝑎1𝑎2𝑏0 + 8𝑘𝛽𝜖𝑎1𝑎2𝑏0 +

9

2
𝛾𝑘2𝜖2𝑎1𝑏1𝑏3 + 15𝛾𝑘

2𝜖2𝑎2𝑏1𝑏2 +

12𝛾𝑘2𝜖2𝑎1𝑏0𝑏4 + +30𝛾𝑘
2𝜖2𝑎2𝑏0𝑏3 + 2𝑘

2𝛽𝜖𝑎0𝑎1𝑏2 + 𝜔
2𝜖𝑎1𝑏2 + 3𝜔

2𝜖𝑎2𝑏1 +

𝑘2𝛽𝜖𝑎1
2𝑏1 + 𝛾𝑘

2𝜖2𝑎1𝑏2
2 = 0

2𝑘2𝛽𝜖𝑎1
2𝑏2 + 4𝑘

2𝛽𝜖𝑎2
2𝑏0 + 8𝑘𝛽𝜖𝑎2

2𝑏0 + 2𝑘𝛽𝜖𝑎1
2𝑏2 + 16𝛾𝑘

2𝜖2𝑎2𝑏2
2 +

3𝑘2𝛽𝜖𝑎0𝑎1𝑏3 + 7𝑘
2𝛽𝜖𝑎1𝑎2𝑏1 + 8𝑘

2𝛽𝜖𝑎0𝑎2𝑏2 + 8𝑘𝛽𝜖𝑎1𝑎2𝑏1 + 15𝛾𝑘
2𝜖2𝑎1𝑏1𝑏4

+
15

2
𝛾𝑘2𝜖2𝑎1𝑏2𝑏3 + 42𝛾𝑘

2𝜖2𝑎2𝑏1𝑏3 + 72𝛾𝑘
2𝜖2𝑎2𝑏0𝑏4 + 4𝜔

2𝜖𝑎2𝑏2 +
3

2
𝜔2𝜖𝑎1𝑏3 = 0

6𝑘2𝛽𝜀𝑎2
2𝑏1 + 8𝑘𝛽𝜖 𝑎2

2𝑏1 + 2𝑘𝛽𝜖𝑎1
2𝑏3 +

15

2
𝛾𝑘2𝜖2𝑎1𝑏3

2 + 3𝑘2𝛽𝜖𝑎1
2𝑏3 +

+10𝑘2𝛽𝜖𝑎0𝑎2𝑏3 + 8𝑘𝛽𝜖𝑎1𝑎2𝑏2 + 20𝛾𝑘
2𝜖2𝑎1𝑏2𝑏4 + 90𝛾𝑘

2𝜖2𝑎2𝑏1𝑏4
+65𝛾𝑘2𝜖2𝑎2𝑏2𝑏3 + 4𝑘

2𝛽𝜖𝑎0𝑎1𝑏4 + 10𝑘
2𝛽𝜖𝑎1𝑎2𝑏2 + 2𝜔

2𝜖𝑎2𝑏4 + 5𝜔
2𝜖𝑎2𝑏3 = 0

8𝑘2𝛽𝜖𝑎2
2𝑏2 + 8𝑘𝛽𝜖𝑎1

2𝑏4 + 2𝑘𝛽𝜖𝑎1
2𝑏4 +

105

2
𝛾𝑘2𝜖2𝑎2𝑏3

2 + 4𝑘2𝛽𝜖𝑎1
2𝑏4 + 30𝛾𝑘

2𝜖2𝑎1𝑏3𝑏4 +

120𝛾𝑘2𝜖2𝑎2𝑏1𝑏4 + 13𝑘
2𝛽𝜖𝑎1𝑎2𝑏3 + 12𝑘

2𝛽𝜖𝑎0𝑎2𝑏4 + 8𝑘𝛽𝜖𝑎1𝑎2𝑏3 + 6𝜔
2𝜖𝑎2𝑏4 = 0

10𝑘2𝛽𝜖𝑎2
2𝑏3 + 8𝑘𝛽𝜖𝑎2

2𝑏3 + 24𝛾𝑘
2𝜖2𝑎1𝑏4

2 + 8𝑘𝛽𝜖𝑎1𝑎2𝑏4 + 168𝛾𝑘
2𝜖2𝑎2𝑏3𝑏4 +

+16𝑘2𝛽𝜖𝑎1𝑎2𝑏4 = 0

120𝛾𝑘2𝜖2𝑎2𝑏4
2 + 12𝑘2𝛽𝜖𝑎2

2𝑏4 + 8𝑘𝛽𝜖𝑎2
2𝑏4 = 0

 

 

(3.4) 

 

 by solving the algebraic system (3.4) with the assistance of Maple we obtain the 

following solutions 

                         𝑎0 = 𝑎0, 𝑎1 = 0, 𝑎2 = 0, 𝑏0 = 𝑏0, 𝑏1 = 𝑏1, 𝑏2 = 𝑏2, 𝑏3 = 𝑏3, 𝑏4 = 𝑏4     (3.5) 

𝑎0 =
−1

2

5𝑘3𝛾𝜖𝑏2 + 3𝑘𝜔
2 + 2𝜔2

𝑘2𝛽(3𝑘 + 2)
   , 𝑎1 = 𝑎1, 𝑎2 = 0, 𝑏0

=
25

12

𝑘2𝛾2𝜖2𝑏2
3

𝛽2𝑎1
2(9𝑘2 + 12𝑘 + 4)
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                                           𝑏1 =
−5

2

𝛾𝑘𝜖𝑏2
2

𝑎1𝛽(3𝑘+2)
, 𝑏2 = 𝑏2, 𝑏3 =

−2

15

𝑎1𝛽(3𝑘+2)

𝑘𝛾𝜖
, 𝑏4 = 0                    (3.6)   

                                   𝑎0 = 𝑎0, 𝑎1 = 𝑎1, 𝑎2 = 𝑎2, 𝑏0 = 0, 𝑏1 = 0, 𝑏2 = 0, 𝑏3 = 0, 𝑏4 = 0       (3.7) 

                        𝑎0 =
1

4

𝑘2𝛽𝑎1
2−2𝜔2𝑎2

𝑘2𝛽𝑎2
   , 𝑎1 = 𝑎1, 𝑎2 = 𝑎2, 𝑏0 =

−1

480

4𝛽𝑎1
4(3𝑘+2)

𝑘𝑎2
3𝛾𝜖

, 𝑏1 =
−1

60

𝑎1
3𝛽(3𝑘+2)

𝛾𝑘𝜖𝑎2
2 ,           

                                    𝑏2 =
−1

20

𝑎1
2𝛽(3𝑘+2)

𝛾𝑘𝜖𝑎2
, 𝑏3 =

−1

15

𝑎1𝛽(3𝑘+2)

𝑘𝛾𝜖
, 𝑏4 =

−1

30

𝛽𝑎2(3𝑘+2)

𝑘𝛾𝜖
                  (3.8)   

Case 1: if 𝑏0 = 𝑏1 = 𝑏3 = 0, 𝑏2 < 0 𝑎𝑛𝑑 𝑏4 > 0, Eq (2.4) admits a triangular 

solution 

                                                Φ(𝜉) = √
−𝑏2

𝑏4
sec√−𝑏2𝜉 = √

−3𝑎1
2

2𝑎2
2  sec (

1

10
√5√

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2)𝜉)            (3.9) 

 

Case 2: if 𝑏0 =
𝑏2
2

4𝑏4
, 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 > 0, Eq (2.4) admits two periodic solutions 

             Φ(𝜉) = ±√
𝑏2

2𝑏4
tan√

𝑏2

2
𝜉 = ±

√3

2
√
𝑎1
2

𝑎2
2 tan (

1

20
√10√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)   (3.10) 

Case 3: if if  𝑏0 = 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, Eq (2.4) admits an hyperbolic function 

solution 

                                                       Φ(𝜉) = √−
3

2

𝑎1
2

𝑎2
2 sec ℎ (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)                             (3.11) 

 Case 4:  for  𝑏0 =
𝑏2
2

4𝑏4
, 𝑏1 = 𝑏3 = 0, 𝑏2 < 0 𝑎𝑛𝑑 𝑏4 > 0, Eq (2.4) admits two hyperbolic function solutions 

                                                                          Φ(𝜉) = ±√−
3

2

𝑎1
2

𝑎2
2 tanh (√

−𝑏2

2
𝜉)                                           (3.12) 

Case 5:  for  𝑏0 = 𝑏1 = 0, 𝑏3 = ±2√𝑏2𝑏4, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 > 0, Eq (2.4) admits the hyperbolic 

solutions 

                                                  Φ(𝜉) = ±
1

2
√
3

2

𝑎1
2

𝑎2
2 [1 + tanh (

1

20
√5√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)]                        (3.13)   

Case 6:  for  𝑏0 =
𝑏2
2𝑘1

2(𝑘1
2−1)

𝑏4𝑝1
, 𝑏1 = 𝑏3 = 0, , 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, Eq (2.4) admits the following 

Jacobian function solutions 

                                                      Φ(𝜉) = √−
3

2

𝑎1
2

𝑎2
2  
𝑘1
2

𝑝1
 𝑐𝑛 (√−

1

20𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘1),                          (3.14)   

  𝑝1 = 2𝑘1
2 − 1, 𝑘1 ∈ (

√2

2
, 1) 
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Case 7:  for  𝑏0 =
𝑏2
2(1−𝑘2

2)

𝑏4𝑝2
2 , 𝑏1 = 𝑏3 = 0, , 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, Eq (2.4) admits the following 

Jacobian elliptic function solution 

                                               Φ(𝜉) = √−
3

2

𝑎1
2

𝑎2
2𝑝2

𝑑𝑛 (
1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘2),                           (3.15)    

𝑝2 = 2 − 𝑘2
2, 𝑘2 ∈ (0,1) 

Case 8: For 𝑏0 =
𝑏2𝑘3

2

𝑏4𝑝3
2 , 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, Eq (2.4) admits two kinds of Jacobian 

elliptic doubly periodic wave solutions: 

                                                    Φ(𝜉) = ±√−
3

2

𝑎1
2𝑘3

2

𝑎2
2𝑝3

𝑠𝑛 (
1

10
√5√ 

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝3
(3𝑘 + 2) 𝜉, 𝑘3),                   

𝑝3 = 1 + 𝑘3
2, 𝑘3 ∈ (0,1) 

 

Solution 𝒖𝟏 

if 𝑏0 = 𝑏1 = 𝑏3 = 0, 𝑏2 < 0 𝑎𝑛𝑑 𝑏4 > 0, 𝑎𝑛𝑑 Φ(𝜉) = √
−3𝑎1

2

2𝑎2
2 sec (

1

10
√5√

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2)𝜉)  

Substituting (3.9) and (3.5) -(3.8) into (2.18) we obtain  

 
 

           𝑢1(𝜉) = 𝑎0 +√
−3𝑎1

2

2𝑎2
2 𝑎1 sec (

1

10
√5√

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2)𝜉) −

−3𝑎1
2

2𝑎2
 sec2 (

1

10
√5√

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2)𝜉)  (3.17) 

   
            Solution 𝒖𝟐 

 

            If 𝑏0 =
𝑏2
2

4𝑏4
, 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 > 0 , Eq (2.4) admits two periodic solutions 

                                  Φ(𝜉) = ±√
𝑏2

2𝑏4
tan√

𝑏2

2
𝜉 = ±

√3

2
√
𝑎1
2

𝑎2
2 tan (

1

20
√10√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)  (3.18)       

 
            Substituting (3.10) and (3.5) -(3.8) into (2.18) we obtain a solution 
 

               𝑢2(𝜉) =
1

4

𝑘2𝛽𝑎1
2−2𝜔2𝑎2

𝑘2𝛽𝑎2
+ 𝑎1 (

√3

2
√
𝑎1
2

𝑎2
2 tan (

1

20
√10√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)) +

                                                 𝑎2
3

4

𝑎1
2

𝑎2
2  tan

2 (
1

20
√10𝜉√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)                                      (3.19) 

            

  𝑢2(𝜉) =
1

4

𝑘2𝛽𝑎1
2−2𝜔2𝑎2

𝑘2𝛽𝑎2
+ 𝑎1 (−

√3

2
√
𝑎1
2

𝑎2
2 tan (

1

20
√10√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)) +

                                            𝑎2
3

4

𝑎1
2

𝑎2
2  tan

2 (
1

20
√10𝜉√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)                                          (3.20) 

(3.16)
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         Solution 𝒖𝟑 

         If  𝑏0 = 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, 𝑎𝑛𝑑 Φ(𝜉) =

√−
3

2

𝑎1
2

𝑎2
2 sec ℎ (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉) 

         Substituting (3.11) and (3.5) -(3.8) into (2.18) we obtain a solution 

 

         𝑢3(𝜉) = 𝑎0 +√−
3

2

𝑎1
2

𝑎2
2 𝑎1 sec ℎ (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉) − −

                              
3

2

𝑎1
2

𝑎2
2 𝑠𝑒𝑐ℎ

2 (
1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)                                                            (3 .21) 

 

Solution 𝒖𝟒 

           For 𝑏0 =
𝑏2
2

4𝑏4
, 𝑏1 = 𝑏3 = 0, 𝑏2 < 0 𝑎𝑛𝑑 𝑏4 > 0,𝑤𝑖𝑡ℎ Φ(𝜉) = ±√−

3

2

𝑎1
2

𝑎2
2 tanh(√

−𝑏2

2
𝜉)  

             Substituting (3.12) and (3.5) -(3.8) into (2.18) we obtain two hyperbolic function solutions                     

             

                                      𝑢4(𝜉) = 𝑎0 ±√−
3

2

𝑎1
2

𝑎2
2 tanh(√

−𝑏2

2
𝜉) −

3

2
tanh2 (√

−𝑏2

2
𝜉)             (3.22)  

 

Solution 𝒖𝟓 

 

For 𝑏0 = 𝑏1 = 0, 𝑏3 = ±2√𝑏2𝑏4, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 > 0, 𝑎𝑛𝑑 

                                    Φ(𝜉) = ±
1

2
√
3

2

𝑎1
2

𝑎2
2 [1 + tanh (

1

20
√10√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)]                       

 

  Substituting (3.13) and (3.5) -(3.8) into (2.18) we obtain 
 

 

 𝑢5(𝜉) =
1

4

𝑘2𝛽𝑎1
2−2𝜔2𝑎2

𝑘2𝛽𝑎2
+ 𝑎1 (

1

2
√
3

2

𝑎1
2

𝑎2
2 [1 + tanh (

1

20
√5√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)]) +  𝑎2 ((

1

2
√
3

2

𝑎1
2

𝑎2
2 [1 +

tanh2 (
1

20
√5√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)]))                                                                                  (3.23)            

     
               

 𝑢5(𝜉) =
1

4

𝑘2𝛽𝑎1
2−2𝜔2𝑎2

𝑘2𝛽𝑎2
+ 𝑎1 (−

1

2
√
3

2

𝑎1
2

𝑎2
2 [1 + tanh(

1

20
√5√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)]) +
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𝑎2 (
1

2
√
3

2

𝑎1
2

𝑎2
2 [1 + tanh

2 (
1

20
√5√

−1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2
(3𝑘 + 2) 𝜉)])                                                           (3.24) 

 
Solution 𝒖𝟔 

 

For  𝑏0 =
𝑏2
2𝑘1

2(𝑘1
2−1)

𝑏4𝑝1
, 𝑏1 = 𝑏3 = 0, , 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0, and  

Φ(𝜉) = √−
3

2

𝑎1
2

𝑎2
2  
𝑘1
2

𝑝1
 𝑐𝑛 (√−

1

20𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘1) , 𝑝1 = 2𝑘1

2 − 1, 𝑘1 ∈ (
√2

2
, 1)  

 
Substituting (3.14) and (3.5) -(3.8) into (2.18) we obtain the following Jacobian function solutions  

                                                            

 

𝑢6(𝜉) = 𝑎0 +√−
3

2

𝑎1
2

𝑎2
2  
𝑘1
2

𝑝1
𝑎1 𝑐𝑛 (√−

1

20𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘1) −

                 
3

2

𝑎1
2

𝑎2
2  
𝑘1
2

𝑝1
𝑐𝑛2 (√−

1

20𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘1)                                                                  (3.25) 

 

Solution 𝒖𝟕 
 

For 𝑏0 =
𝑏2
2(1−𝑘2

2)

𝑏4𝑝2
2 , 𝑏1 = 𝑏3 = 0, , 𝑏2 > 0 , 𝑏4 < 0  and  

                                            Φ(𝜉) = √−
3

2

𝑎1
2

𝑎2
2𝑝2
𝑑𝑛 (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘2),    

𝑝2 = 2 − 𝑘2
2, 𝑘2 ∈ (0,1) 

 

Substituting (3.15) and (3.5) -(3.8) into (2.18) we obtain the following Jacobian function solutions 

𝑢7(𝜉) = 𝑎0 +√−
3

2

𝑎1
2

𝑎2
2𝑝2
𝑑𝑛 (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘2) −

                         
3

 2

𝑎1
2

𝑎2
2𝑝2
𝑑𝑛2 (

1

10
√5√−

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝1
(3𝑘 + 2) 𝜉, 𝑘2)                                                   (3.26) 

 
Solution 𝒖𝟖 
 

  For 𝑏0 =
𝑏2𝑘3

2

𝑏4𝑝3
2 , 𝑏1 = 𝑏3 = 0, 𝑏2 > 0 𝑎𝑛𝑑 𝑏4 < 0 and  

               Φ(𝜉) = ±√−
3

2

𝑎1
2𝑘3

2

𝑎2
2𝑝3

𝑠𝑛 (
1

10
√5√ 

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝3
(3𝑘 + 2) 𝜉, 𝑘3) , 𝑝3 = 1 + 𝑘3

2, 𝑘3 ∈ (0,1)   

 

Substituting (3.16) and (3.5) -(3.8) into (2.18) we obtain two kinds of Jacobian elliptic doubly periodic 

wave solution         
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𝑢8(𝜉) = 𝑎0 ±√−
3

2

𝑎1
2𝑘3

2

𝑎2
2𝑝3
𝑠𝑛 (

1

10
√5√ 

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝3
(3𝑘 + 2) 𝜉, 𝑘3) −

                               
3

2

𝑎1
2𝑘3

2

𝑎2
2𝑝3

𝑠𝑛2 (
1

10
√5√ 

1

𝑘

𝛽

𝛾𝜖

𝑎1
2

𝑎2𝑝3
(3𝑘 + 2) 𝜉, 𝑘3)                                               (3.27) 
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FIROUZ BELEMECHRI et al 993-10091006



 

                                                                                                

 
 

 

The application of Fan's sub-equation method to the Benjamin-Ono equation has demonstrated its 

effectiveness in obtaining relevant analytical solutions. The method, which is simple and easy to 

implement, generated regular and stable solu- tions in line with the physical and mathematical 

properties of the problem. 

However, some complex solutions were rejected due to their lack of realistic physical 

interpretation, underlining the importance of rigorous selection criteria to validate solutions. On the 

other hand, this equation, describing internal waves in deep water, remains a rich and complex 

integrable model, offering many research opportunities. 

For future perspectives, it would be interesting to extend this method to the fractional case of this 

equation, which could model long-memory processes or non- local phenomena. In addition, the 

study of perturbations or additional terms in the equation could lead to a better understanding of the 

stability of solutions and their behavior under more realistic conditions. Finally, practical 

applications in fields such as oceanography, plasma physics or low-dimensional materials could 

benefit from these theoretical advances, opening up new avenues for the modeling and prediction 

of complex physical phenomena. 
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