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Abstract

In this paper we considered a fractional order differential system with a derivative in the sense of
Caputo. We start with results of existence, uniqueness and positivity of solutions. Next, the local
and global asymptotic stability of equilibria are obtained according to some parameters values of our

system. Finally, we present some numerical simulations to illustrate the theoretical results.
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1 Introduction

Many researchers have traditionally relied on integer-order differential equations to construct mathemat-
ical models, which have proven essential for understanding the dynamics of biological systems. However,
fractional-order differential equations have recently gained significant attention due to their ability to
accurately describe complex nonlinear phenomena. These equations offer greater degrees of freedom
compared to their integer-order counterparts and are particularly suited to systems with memory, a
characteristic prevalent in most biological systems. In this study, we consider a fractional-order ecologi-
cal model of prey and predator populations, aiming to explore how these memory effects influence their
dynamic interactions. Some important work have been done with fractional order differential equations
in biological systems [1], [21],[10] and in the other field of science and engineering [3], [6],[7].

The model investigate is defined by the following system of fractional-order differential equations, em-

ploying the Caputo fractional derivative of order ¢ € (0, 1)

Dix = x(rp, — % — ay),

1)
Dy = y(re —rp + 3 — ay(re — 1)),

where z(t) and y(t) represent the prey and predator population densities, respectively, at time ¢. Here, 7,

denotes the intrinsic growth rate of the prey, K is the carrying capacity of the environment, o measures
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the predation rate, and r. reflects the predator’s death rate in the absence of prey, adjusted by interaction
terms. The fractional order ¢ introduces a memory effect, allowing the system’s evolution to depend on
its historical states; a feature that aligns with the long-term dependencies often observed in ecological
interactions, such as delayed responses in population growth or decline.

Motivated by the need to understand how fractional dynamics influence ecological systems, we em-
barked on a comprehensive analysis of this model. We start with establishing the fundamental properties
of the system: we rigorously proved the existence and uniqueness of solutions. Then We demonstrated
the boundedness of solutions, confirming that populations remain within realistic ecological limits. Next,
we identified the equilibrium points, focusing on the coexistence equilibrium where both species persist,
and analyzed its local and global stability using linearization techniques and Lyapunov functions, respec-
tively. To explore the model’s behavior across different parameter regimes, we derived stability conditions
for various cases, such as when r. > r, > 1,7, > r. > 1, and several scenarios where 0 < 7. < 1 < 1y,
adjusting constraints on r. + r, and ¢. Finally, we conducted numerical simulations to validate our

theoretical findings.

2 Existence, Uniqueness and boundedness

2.1 Existence, uniqueness and positivity of solutions

The model in Equation (1) can be written as

Dix = f(x,y), @

Dy = g(z,y),

where f and g represent the right hand side of (1). A unique solution of system (2) exists if the mapping
F(z,y) = [f,g]T(x,y) satisfies the local Lipschitz condition with respect to = and y. Clearly, both
functions f and g are continuous smooth on R%. Then, the existence and uniqueness of solutions of such
system follow by the Theorems 6.1 and 6.5 in "[5]".

In this paper, we focus only on the positivity and boundedness properties. In the next proposition,

we show that the solutions of system are nonnegative.
Proposition 2.1. All solutions of system (1) with nonnegative initial conditions are nonnegative.

Proof. Let (z,y) be a solution of (1) associated to the initial condition (2(0),y(0)) € R%. We prove the

nonnegativity by applying the Theorem 1 in [16] . We have the following implications

z(t)=0 = Dix(t) >0,
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and
y(t)=0 = Diy(t) > 0.

Clearly, the solution of (1) remains nonnegative for all ¢ > 0. This yields z(¢t) > 0 and y(¢) > 0, for
t>0. O

Next, we state the theorem corresponding to the boundedness of solution of the system. Before that,

we need to define the Mittag-Leffler function. The one-parameter Mittag-Leffler function is defined as

k

“+o0
Eql) = kzzo T(gk+1)

Clearly, E1(z) = e*. Tt is known that the solution of

Dix(t) = —vz(t),

x(tg) = zo € R,

is given by the term of the Mittag-Leffler function and we have
z(t) = zoEq[—v(t —to)d].

We give the boundedness property for the solutions of our system.

Theorem 2.2. All solutions of system (1) with initial conditions (x(0),y(0)) in R are uniformly
bounded.

Proof. Let us define the function

WZR+ — R+7

t o= W) =z(t) +yy(t).

The Caputo fractional derivative of order ¢ of W along the solution trajectory of (1) is given by
DW(t) = D(t) +yDy(t) = w(ry — = = ay) + qy(re = ro + = — ay(re — 1).

Therefore,

TyT Ty
DIW (t) + BW = x(rp — b? —ay) +yy(re —rp + % —ay(re — 1)) + Bz + vy).
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Therefore,

DWW () + W =x(B+ 1, — % —ay + %y) +yy(re —ry + 8 — ay(r. — 1)).

If we choose 0 < v < %, then
b

DIV (1) + BW < (B + 1, — ) +7y(re =7+ B~ alre = 1)y).

This leads to,
K(B+71)? . 2y(re —ry + )? _.,

g <
DI (t) + W < dry, da(r. — 1)

By applying the standard comparison theorem for fractional order, we obtain

OSWMWMWSPWM—HEWﬁM+;

where E, is the Mittag-Leffler function. Since, E,(—0t?) — 0 as t — +oo This implies that,

0< lim W(z(t),yt)) <

t—+0o ’

RSSTAN

Hence, all the solution of (1) are bounded. O

3 Equilibria

The aim of this section is to study the existence of equilibrium points for the fractional order system(1).

To calculate the equilibrium points we use the following equation:

x(ry — 22 —ay) =0,
(b K y) (4)
TpX

y(rc — T+ 5 — O‘y(rc - 1)) =0.

Therefore, the system (1) admits a trivial equilibrium Ey = (0,0), predator-free equilibrium E; = (K, 0)

and prey-free equilibrium Fy = (0, =) if and only if (r. —rp)(r. — 1) > 0. In addition, for r;, > 1 an
(re—1)a

endemic equilibrium E* = (21K, 1/a) exist.
b
Theorem 3.1 (Existence).

1. The trivial equilibrium Ey = (0,0) and predator-free equilibrium Ey = (K, 0) consistently exists.

2. The prey-free equilibrium Es = (0, (:fg’a) existe if and only if r. > max(ry, 1) or r. < min(ry,1).

3. The endemic equilibrium E* = (%IQ 1/a) if and only if rp > 1.
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4 Local stability analysis

To examine the local asymptotic stability of these equilibria we compute their linearization.
Theorem 4.1. For system (1)
1. The equilibrium point Ey = (0,0) is unstable.

2. The equilibrium point By = (K,0) is unstable.

3. Ifry < 1 < 1, the equilibrium point Es = (0, (;::{)ba) 1s locally asymptotically stable. And if we

have the following conditions:
(a) 0<r.<m<l,
(b) re>my > 1,

(c) 0 <r.<1<ry.

The equilibrium point Eo = (0, (:S:I)ba) s unstable.

4. For the following conditions:

(a) ¢ >1p > 1,
(b) rp >r.>1,
(c) 0<r.<l<ry andry+r.> 2,

(d) 0<r.<l<r, andry+r.=2,

2—ry—re

(e) 0<re<l<ry,rmp+r.<2and0<g< %tam’1 ( 4(”’_1)_(“_”)2).

e

We have, the equilibrium point E* = (%K l) 1s locally asymptotically stable. And unstable if

2—rp—"Te

0<re<l<ry,ry+r.<2andl>g>2tan™! < 4(%_1)_(%_”)2),

fl('ray)
Proof. Let fi(z,y) = x(ry— 3F —ay), f2(x,y) = y(re—ry+ 3F —ay(re—1)), and f(z,y) =

fQ(x’y)

The linearization matrix of the system (1) is

oh %—2 x T, — 2z —ay —ax

J(z,y) = = )
afs @
% ai; Yy Th 1 Te — 1o + Fx —20y(re — 1)

1. At the equilibrium (0,0), we obtain the linearization

Ty 0

0 re—1mp
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The eigenvalues of this matrix are \; = r, and Ay = r, — 7.
Using the condition of Matignon, we have

™

largO)| =0 < 3,

for 0<qg<1.

Therefore the equilibrium point (0, 0) is unstable.

2. At the equilibrium (K, 0), we obtain the linearization

-1y —aK
J(K,0) =
0 Te
The eigenvalues of this matrix are \; = —ry and Ay = r., we have, |arg(A2)] = 0 < ¢F, for

0 < g < 1. Therefore the equilibrium point (K,0) is unstable.

3. At the equilibrium (0, J::S’a), we obtain the linearization

rett= 0
(TC — 1)0[ - Tb(n)—'r'c) _
K(re—1) b~ Tc

The eigenvalues of this matrix are A\; = r, and Ao = 1y — 7.

bel
re—1

Using the condition of Matignon, if 0 < r, < 1 < r., we have

larg(M2)| =7 > qg, for 0<qg<1.

Te—=Th

Therefore the equilibrium point (0, G '71)a) is locally asymptotically stable.

(a) if 0 <7, <7y <1, we have

larg(A12)] =0 < qg, for 0<qg<l
Therefore the equilibrium point (0, (:::ffa) is unstable.

(b) if 7o > 7, > 1, then we have

|a7"9()\1)|:0<qg, for 0<qg< 1.
Therefore the equilibrium point (0, (:::f)"a) is unstable.
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(¢) f 0 <7, <1< 1y, we have

|W9(>\2)|:0<qg, for 0<q<1.
Therefore the equilibrium point (0, (:C_’B“a) is unstable.

4. At the equilibrium (”’Tle ,1/a), we obtain the linearization

1 _rb + 1 —(XK:’!‘[)—l)
JE" K, 1a) = 2 — A
T It 1—7

The eigenvalues of J (%K ,1/a) are the roots of the following equation:
N — Tr(A)X + det(A) =0,

with Tr(A) = (2 — rp — r.) and det(A) = (rp — 1)r.. We obtain A = Tr(A)? — 4det(A) = (ry —
r¢)? —4(ry — 1), and

Ifre>ry+2yry —1Lor 0<r.<ry,— 247, — 1, then we obtain A > 0,

If ry — 24/, — 1 < 7e <713+ 24/7 — 1, then we obtain A < 0,

Ifro=1ry+2Vry —1Lorr.=>b— 21, — 1, then we obtain A =0

(a) Ifry >re > 1
i If ro. > ry —2¢/rp — 1, then A < 0, therefore we have \; = % V=2 and Ay =
w. Then ReAq2 = Tr(A) < 0, we have

s
By

5 for 0<qg<1.

larg(M2)l > ¢

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.
ii. If 0 <re<ry,—2yr, —1 then A > 0, therefore A1 2 < 0, we have
7
\aTg()\1,2)|:7r>q§7 for 0<qg<1.

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

iii. If ro =7y —24/rp — 1 then A = 0, therefore we have A; o = TréA) < 0. Then we have,

larg(M2)| =7 > qg, for 0<gq<1.
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Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

(b) If 1 <7y < e

i If ro <7rp+2yrp — 1 then A < 0 we have \; = % V=2 and = % V=2 Then

ReM 2 =Tr(A) <0, we have

larg(A12)] > qg, for 0<g<1.

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

ii. If re > rp +24/rp — 1 then A > 0, therefore A; 5 < 0, we have

s

larg(A12)] =7 > q7, for 0<g<1.

[\]

Therefore the equilibrium point (”ZlK ,1/a) is locally asymptotically stable.

r

iii. If 7o = 7p + 24/, — 1 then A = 0 we have A\j 2 = TTQ(A) < 0. Then we have

larg(A2)| =7 > qg, for 0<g<l1.

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

(c) fO<re<1l<ryand ry,+r.>2

i. If ro > ry —2y/7p — 1 then A < 0 we have \; = % V=2 and Ay = % V=2 Then
Reli 2 =Tr(A) <0, we have

larg(A12)] > qg, for 0<g<1.

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

. 0 <7, <7, —2¢rp, — 1 then A > 0, therefore \; » < 0, we have
\617’9(/\1,2)|:7T>qg7 for 0<qg<l1.

Therefore the equilibrium point ( %K ,1/a) is locally asymptotically stable.
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iil. If re =7y —24y/rp — 1 then A =0 we have Ao = w < 0 Then we have

s

larg(A12)] =7 > q5, for 0<gq<1.

()

Therefore the equilibrium point (%K ,1/a) is locally asymptotically stable.

(d) 0 <r.<1<rpandr,+r. =2, the eigenvalues of this matrix are A\; = i/ (15 — 1)re, Ao =

—iy/(ry — 1)re, hence

larg(A\1)| = g >q for 0<g<1.

N

And

3
larg(Ae)| = g > qg, for 0<qg<1.

Therefore the equilibrium point (”’ZlK ,1/a) is locally asymptotically stable.

(&) HO<r.<1l<ryand r,+1r. <2

i. If ro <1y — 241y — 1 then A > 0 we have \; :M > 0 and Agzw >0
therefore,

|arg()\2)|:0<qg, for 0<qg<l1.

hence the equilibrium point (Tbrle ,1/a) is unstable.

ii. If o =7y —2v/1, —1 then A =0 we have A\j 2 = TTQ(A) > 0, therefore,

™

larg(A2)] =0 < qg—=, for 0<g<1.

\}

hence the equilibrium point (%K ,1/a) is unstable.

iii. If r. > rp — 24/rp — 1 then A < 0, we have A\ = % V=2 and Ay = % V=4,

Then

(2= —re) & iy/Alr —1) = (rp —7c)?

>\1.2 = 9 ’

and we have

A1.2 = p(cos(0)) £ isin(0)) = pcos(6)(1 + itan(0)),

with p = |A12| = %\/(2 —1ry—71e)% 4+ (4(rp — 1) — (rp — rc)?) and cos(f)) = (72”;_”)/%
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which gives ;o = 2=2="<(1 + %itan()), therefore,

(2—1p—7Tc) £ i\/4(rb — 1) —(rp —r.)?
2 b)

2—1rp—1.

5 (1 £itan(9)) =

VAre—1)—(rp—re)?

4(rp—1)—(rp—7rc)?
2—ry,—re )’

2—rp—re

wich gives tan(0) = , we obtain |arg(\)| = |arg(A\)| = tan™1(

because 2 — rp, — r. > 0.

rp—1

The equilibrium point ( -

K,1/a) is locally asymptotically stable if and only if

tan

_1(\/4(7“b—1)—(7“b—7“c)2

) > as
2—1rp—1e Ty

2

The maximum value of ¢ occurs at

. 2 -1 \/4(7“b —1)— (ry —re)?

o = —tan
™ 2—rp—1e

).

Then the equilibrium point (”’T—;lK ,1/a) is locally asymptotically stable if 0 < g < a*

and unstable if o* < ¢ < 1.

5 Global Stability analysis

In this section we study the global asymptotic stability of the equilibrium points Eo and E*.

ka(r.—1)
(re—mb)

Theorem 5.1. Assume that ry, < 1 < r¢, if

<c < %f then the equilibrium Es = (0, —==-)

’ (7"6_1)0‘

is globally asymptotically stable in RZ /Ry x {0}.

Proof. We define V; : R3 /Ry x {0} — Ry by
_ * * y
Vi(z,y)=caly—y" —y ln(E)) +z.

This function is positive, moreover

DV (z,y) =0 if only if (z,y) = (0,y™).

We calculate the derivative of order ¢ of Vi(z,y), we obtain DVi(z,y) < c1(y — y*)(re — 1o + 5% —
ay(re —1) — (re —rp + % —afre —1)y*)) + rpx — % — azxy

THhC1T

<Aty —y*) —aci(y — y*)2(re — 1) + myz —

2
TpI
v —any

< RO axy — O oy
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< (B —a)ay + (FHE 4o

< (5 — ey + (S5 )
< ylea(re — )+ (U — @) + a9 4 )

if % <ec < %f then (0, ﬁ) is globally asymptotically stable in R? /R x {0}. O

Theorem 5.2. Assume that 1 < ry < 1e,mp > 10 > 1, the equilibrium E* = (%K, 1/a) is globally

asymptotically stable in R% /{0} x Ry [JR4 x {0}.
Proof. We define V; : R /{0} x Ry Ry x {0} = Ry by

TpC1

Va(z,y) =ci(y —y yln(y*))Jrka (z—z wln(x*))

This function is positive, moreover
DWVy(z,y) =0 ifonlyif (2,y)= (2% y%).

We calculate the derivative of order g of Va(z,y), we obtain DV, (z,y) < c1(y — y*)(re — 1o + %5 —

ay(re — 1) = (re —mp + 25 — ay* (re — 1)) + 3 (x — 2*)(ry — 32 — ay — (1 — 25 — ay*))

T 26 * aryc * *
< B (e — ey —y) —ae(re = Dy —y7) = e —a7) = 2 (e - 2"y —y")

(rp)*c1

=—aci(re —1)(y — y*)2 — g (x — x*)2 < 0.

The equilibrium E* = (%K, 1/a) is globally asymptotically stable in RZ /{0} x Ry JRy x {0}. O

6 Numerical simulations

In this section, we provide some numerical simulations for the nonlinear fractional system (1) in the
sense of Caputo.

In Figures 1,2,3,4 and 5, we perform different simulations using the following conditions
1. Ifry <1<,
2. re>rp > 1,
3. rp>re>1,
4. 0<r.<l<ryandry+r.>2,

h. O0<re<l<rpandry,+r.=2.
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To illustrate the previous results, particularly Theorem 4.1. According to the results obtained, under each

condition for each equilibrium, stability is numerically ensured. In Figure 6,7,8 and 9,for the condition

0<7r.<1<rp, rp+r. <2 we discuss the stability of E* as a function of the parameter ¢ (order of

the fractional derivative). It can be seen that the fractional derivative can improve the stability of our

system. Figure 6 and 7 shows the stability of the interior equilibrium point E* for ¢ = 0.8 < ¢* and

Figure 8 and 9 shows the instability of the interior the interior equilibrium point E* for ¢ = 0.88 > ¢*.

Phase Portrait

010 — x(t) - Prey 166 — Trajectory
: 1166 @ Equilibrium E;
0.08 E=(0.00, 11.67)
B 11.64 11.64
& 006 3 E
2 g 1162 162
: 5 :
> 0.04 H =
[ I} >
& T 1160 11.60
o
0.02
1158 1158
0.00 y(t) - Predator
T T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 0 10 20 30 40 50 0.00 0.02 0.04 0.06 0.08 0.10
Time Time x (Prey)

Figure 1: The figure shows the stability of the equilibrium point Ey = (0

Te=Tb ) of the model for the

’ (Tc_l)o‘

initial conditions zo = 0.1,y = 11.57,7, = 0.2,7. = 1.6, K = 20,a = 0.2,¢ = 0.8.

Phase Portrait
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o o =
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=

Predator Population
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51

-
)
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o o
S 2
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o
=3

— Trajectory
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04
—
15
1=
w
&
s
&
%
1=
o
1=
1=

T T T T
670 672 674 676 6.78
X (Prey)

Figure 2: The figure shows the stability of the endemic equilibrium E* = (%K ,1/a) of the model for

the initial conditions initial conditions xy = 6.77,y9 = 4.9,7, = 1.5,r. = 1.8, K = 20, = 0.2,q = 0.9.
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Phase Portrait

9.02
— X(t)- Prey y(t) - Predator
9,00 5,00 5.00
+
8.98 498 4984 E'=(8.89, 5.00)
c -
S ® .
3 3 g
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g 5 H
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890 E I'I'b _W £
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0 10 20 30 40 50 0 10 20 30 40 50 890 892 894 896 898 900 902
Time Time X (Prey)

Figure 3: The figure shows the stability of the endemic equilibrium E* = (%K ,1/a) of the model for
the initial conditions x¢g = 8.99,y9 =4.9,7, = 1.8, 7. = 1.5, K =20, =0.2,¢ = 0.9.

Phase Portrait
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5021 502 o Equiliborium
200 £ 5.004 5.00
c 2 T2
2 2 498 T4 E=(883(500)
3 2 £
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> 2 2
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o L 4,94 4.94
8.90 &
4.92 4 4.92
8.85 4.90 4 4.90
T T T T T T T T T T T T T T T T
0 10 20 30 4 50 0 10 20 30 40 50 8.85 8.90 8.95 9.00 9.05
Time Time X (Prey)

Figure 4: The figure shows the stability of the endemic equilibrium E* = (%K ,1/a) of the model for
the initial conditions x¢g = 8.99,y9 =4.9,7, = 1.8,7. = 0.5, K =20, =0.2,q = 0.9.

Phase Portrait
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Figure 5: The figure shows the stability of the endemic equilibrium E* = (%K ,1/a) of the model for
the initial conditions x¢g = 8.99,y9 =4.9,7, = 1.8,7. = 0.2, K = 20, = 0.2,¢ = 0.9.
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Phase Portrait
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510 510
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2505 505
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0 5 S0 75 00 125 150 15 200 0 5 S0 75 00 125 150 1S5 200 72 73 14 75 16 11 18
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. e . R 1
Figure 6: The figure shows the stability of the endemic equilibrium E* = (*£=K,1/«a) of the model for

the initial conditions x¢g = 7.6,y9 =4.9,7, = 1.6,7. = 0.2, K =20, = 0.2,q = 0.8.

Prey Population

Phase Portrait
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490 490
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0 0 2 2 © 50 0 0 2 2 0 50 12 13 14 75 16 17 18
Time Time X (Prey)
Figure 7: The figure shows the stability of the endemic equilibrium E* = (%K ,1/a) of the model for

the initial conditions x¢g = 7.6,y0 = 4.9,7, = 1.6,7. = 0.2, K =20, = 0.2,¢ = 0.8.
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Figure 8: The figure shows the instability of the endemic equilibrium E* = (”T—;lK ,1/a) of the model

for initial conditions x¢g = 7.6,y9 = 4.9,7, = 1.6,7. = 0.2, K =20, = 0.2,¢q = 0.88.
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Figure 9: The figure shows the instability of the endemic equilibrium E* = (”T—le ,1/a) of the model
for initial conditions x¢g = 7.6,y9 = 4.9,7, = 1.6,7. = 0.2, K =20, = 0.2,¢ = 0.88.

7 Conclusion

In this work we have considered a fractional-order model of prey and predator populations, we have
obtained conditions on the parameters of the model which give the local stability for each equilibrium.
Furthermore, we have studied the global stability of the equilibrium points E5 and E* using the Lyapunov
function, we have found sufficient conditions for their global stability. Finally, Numerical results are

carried out to illustrate the feasibility of our main results.
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