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ABSTRACT: The present paper deals with an investigation on three species (Si, Sz, S3)
synecology consisting of host, commensal and mutualism. In this system the first species is
host of the second species and the third species is a commensal of the second species. Further
the first and the third species are mutuals. Here all three species are having limited resources
quantized by the respective carrying capacities. The mathematical model equations constitute
a set of three first order non-linear simultaneous coupled differential equations in the
strengths N1, N2, N3 of S1, Sz, Sz respectively. In all, eight equilibrium points of the model are
identified. The system would be stable, if all the characteristic roots are negative, in case they
are real and have negative real parts, in case they are complex. Trajectories of the
perturbations over the equilibrium points are illustrated. Criteria for the global stability of
normal steady state is derived by constructing suitable a Liapunov’s function. Further the
numerical solutions for the growth rate equations are computed using Runga Kutta fourth

order method.
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1. Introduction

Ecology is the study of the interactions between organisms and their environment. The
organisms include animals and plants, the environment includes the surroundings of animals.
The study of living things (plants and animals) in connection to their environments and habits
is known as ecology. This discipline of knowledge is a branch of evolutionary biology

purported to explain how or to what extent the living beings are regulated in nature. Allied to
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the problem of population regulation is the problem of species distribution- prey-predator,
competition and so on. The subject of ecology can be broadly sub-divided as auto-ecology
(the study of single species populations) and synecology (the study of two or more
communities). Synecological studies lead to the concept of the eco-system. This concept is a
direct outcome of the intensive work of several life scientists/biologists and botanists of many
generations. An eco-system may be considered as a unit that includes animals, plants and the
physical environment in which these live. This area of knowledge seeks to explain how many
different kinds of plants and animals can live together in the same place for many
generations. Animals and plants share the same habitat. Sometimes they can only share for so
long before some locally go extinct, but there are other circumstances when many different
kinds persist in a habitat indefinitely. As such, ecology may also be referred as the study of
distribution and abundance of species under habitat availing the same resources. The
Ecological interactions can be broadly classified as Ammensalism, Competition,
Commensalism, Neutralism, Mutualism, Predation and so on. Significant researches in the
area of theoretical ecology have been discussed by Gillman [3] and by Kot [4]. Several
ecologists and mathematicians contributed to the growth of this area of knowledge.
Mathematical ecology can be broadly divided into two main sub-divisions, Autecology and
Synecology, which are described in the treatises of Anna Sher [1], Arumugam [2] and Sharma
[28].

Mathematical Modeling plays a key role in providing insight into the mutual relationships
(positive, negative) between the interacting species. Several authors Ma [6], Moghadas [7],
Murray [8] and Sze-Bi Hsu [30] were introduced the general concepts of Modeling in
Biological Science. Srinivas [29] studied the competitive ecosystem of two species and three
species with limited and unlimited resources. Later, Narayan [9] studied prey-predator
ecological models with partial cover for the prey and alternate food for the predator. Further,
Kumar [5] studied some mathematical models of ecological commensalism. The present
author Prasad [10-27] investigated continuous and discrete models on two, three and four

species syn-ecosystems.

Notation
N, (t) : The population strength of S, at time t, i=1,2,3
t . Time instant
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a, . Natural growth rate of S, i=1,2,3

i . Self inhibition coefficients of S,, i=1,2,3
a, . Interaction coefficients of S, dueto S,
a, . Interaction coefficients of S, due to S,
a,, . Interaction coefficients of S, dueto S,

¢ =§ : Carrying capacity of S,, i=1,2,3

Further the variables N,,N,, N, are non-negative and the model parameters a,,a,,a,,3,;,a,,,

a,,,8,5,8,, are assumed to be non-negative constants.

Basic Equations :

The model equations for syn ecosystem is given by the following system of first order non-

linear ordinary differential equations.

dN
d_t1 = a;N; — a; N + ay3N, N, @
N2 — a,N, — a,,N2 + a,;N; N (2)
p” 2Ny —az, N3 21N1 N7 .

dN

d_t3 = azN; — azsN§ + a3, N, N3 + azqN;Ns. (3)

2. Equilibrium States:
The system under investigation has eight equilibrium states given by
dN;

B =0.i=123. (4)

(i)Fully washed out state.
E;: N, =0,N, =0,N; = 0.
(ii)States in which only one of the three species is survives while the other two are not.
E,: NN=0,N, =0,N; =k;.
Es: Ny=0,N, =k,,N; =0.
E,: Ny=k,N,=0,N; =0.

(iii)States in which only two of the three species are survives while the other one is not
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az1kq

ES:N1:k11N2:k2+ ,N3:0.
az2
. AT _ Qqaszztasass o AT _ aiaz;taszaqgg
Eg: N, =-adst®is 'y _ g N, = -2dafdsfu
a11033—A130431 a11Q433—0A130431
azzk;

E7: ]V1=0,N2=k2,1v3=k3+

aszz
(iv)The co-existent state (or) normal steady state.

E. : N __ Q1302203+0a3303202103302201 N __aziaq3a3+(ag1a33—a43a31)a+0dz10330,
8 ° 1= - ’

’ 2
a11022 A33—013021032—031A130A22 A11022033—013021032 0310130422

N, = (1102203+0110320,+(A21a32+a31022)a
3 -_— .

11022A33—01301032—A31a1302;
3. Stability of the Equilibrium States:

Let N =(N;,N,,N;) = N+ U.

Where U = (uy,u,,u3)T isasmall perturbation over the equilibrium state

N = (N1,1V2,1V3).

The basic equations are quasi-linearized to obtain the equations for the perturbed state as,

av _

e — =AU )
where
a, — 2a;;N; + a;3N; 0 a3N;
A = a211V2 az — Zazzlvz + a211v1 0
a3 N3 az; N3 az — 2a33N;3 + a3, N, + a3z N;
(6)
The characteristic equation for the system is det [A — AI] = 0. @)

The equilibrium state is stable , if all the roots of the equation are negative in case they are

real or have negative real parts, in case they are complex .
4.1. Stability of fully washed out state:

In this case, we have
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a, 0 O
A=(0 a, O ] (8)
0 0 a3

The characteristic equationis (A —a;)(A —ay,)(A —a3z) =0.

The characteristic roots of above equation are a4 , a, , az .Since all the three roots are
positive . Hence, the fully washed out state is unstable and the solution of the above equation

are
u1 == ulO ealt ; uZ == uZO eazt ; U3 ES U30 €a3t . (9)
Where u,, , uyq , U3 are the initial values of u, , u, , u; respectively.

Trajectories of perturbations:

1 1 1
. . ug |ag Uy ay uz |az
The trajectories in u; — u, and u, — us planes are [—1]“1 = [—2]“2 = [—3]“3 . (10)
U10 Uz0 U3o

4.2. Equilibrium state E, : Ny =0,N, =0,N; = k5 .

In this case, we have

a, + a3k3 0 0
A= 0 a, 0 (11)
as1ks as k3 —as

The characteristic roots are a; + a,3k3 , a, and —as . Since one of the three roots is

negative , hence the state is unstable and the solutions are,.

Uy = ugge@taskadt g —q 0 e%t and

Uz = (ugo — Py — Pa)e™ %" + pre®2t + Pyeltrthskalt, (12)
_ a32k3u20 azi1k3uqg
Where ¢, =——=>0 and ¢, = Trankatas > 0.

Trajectories of perturbations:

The trajectories in u; — uz and u, — u planes are
(g0 = b1 = 9 [LLT75 4 g [LLFT5 4 s, [
10 10
aj+ajzks

= (uzo — ¢1 — ¢2)[ ]az ¢1[ ] ‘Pz[ e (13)

Uz0
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4.3. Equilibrium state E; : Ny =0,N, =k, ,N; = 0.

In this case, we have

a, 0 0
A= a21k2 —a, 0 (14)
0 0 az+ask;

The characteristic roots are a, , —a, and as + as,k, . Since one of the three roots is

negative , hence the state is unstable and the solutions are,

U = Ugg et uy = (uyo — P3le” %2t 4 ¢ze®t

And uz = ugye(@staszka)t (15)
Where ¢ = % >0
1 2

Trajectories of perturbations:

The trajectories in u; — u, and u, — u planes are

(uzo — ¢3) [ul] o + &3 [_] = (uzo — ¢3) [u3 ]a3+a32k2 + ¢3 [ ]a3+a32k2 (16)

4.4. Equilibrium state E, : Ny = k,,N, =0,N; = 0.

In this case, we have

—a1 O a13k1
A= 0 a,+ayk 0 a7
0 0 as + az kq

The characteristic roots are —a, , a, + a,1k; and a; + az;k; . Since one of the three roots

is negative, hence the state is unstable and the solutions are,

Uy = (uyo — pg)e~ Mt + p el@stasthdt

u2 — uzoe(a2+a21k1)t and u3 — u3oe(a3+a31k1)t . (18)
ajzkiu
where ¢, = —2222—>
a1+a3+a31k1

Trajectories of perturbations:

The trajectories in u; — u, and u, — u5 planes are
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u —-aq " az+azq1kq
az+az1k az+az1k
Uy = (Uro — P4) [u_zzo] 2 g, [u_;] ezt and
_r _r
& a2+a21k1 _ & a3+a31k1
[uzo] - [U30] ' (19)
Cn N aziks & _
4.5. Equilibrium state E5 : Ny = k{,N, = k, + — N3 = 0.
22
In this case, we have
A = |4 (k2 + aczlll:l) _(az + a21k1) O (20)
0 0 ¢s

The characteristic roots are —a, , —(a, + a,1k,) and ¢ . Since one of the three roots is

positive , hence the state is unstable and the solution are,
uy = (Ugp — Pole "t + pge?st

U = (Uzp — g — o)e~ (@2 02kV)l 4 ool 4 hye?st

and U3 = u3oe¢5t. (21)
Where ¢5 — QA1102203+0A1103202102103201+03102201 >0, ¢6 — aizkiuzg > 0.
ai110ay2 ¢5+a1
az1k1 ¢7(u10—P6) b7 b6
=a (k +—)>0, =2 1% 5 (0 and =——>0
b7 21\"2 azz s az+aziki—a; o az+az1ki+¢s
Trajectories of perturbations:
The trajectories in u; — u; and u, — us planes are
—a1
u; = (g0 — Ps) [& *s + e [&] and
Uzo U3zo
—(az+az1ky) —az
u ¢ uz | ¢ u
Uy = (Upzg — g — Po) [u—S] ° + ¢g [u_3] * + ¢ [u_3 (22)
30 30 30
erer . — ajasz+asa — — ajazi1taza
4.6. Equilibrium state Eg : N, = —22*13 N, =(Q,N; = 3131
aj11a33—ai3asy aji1az3—ai3zasy

In this case, we have
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—a111v1 0 B a131V1
A= 0 a, +a; N, 0 (23)
as1N3 asz; N3 —az3N;

The characteristic roots are —(a, + a,;N;)

—(ay1N1+a33N3)+y/(a11N1—az3N3)2+4a3a31 N1 N3
2

and

If a;;N; + az3N; > 0 then the state is stable, Otherwise unstable, and the solution curves

are given by

u; = e~*(c;coshtf + c,sinhtf) + R, e®Prot

Uy = Upoe®10t and uy = e~ (c coshtf + cpsinhtfB) + Rye P10t (24)
Ni+aszsN Ni—asz3N3)%2+4 NiN
Where a = a110V1+Aaz3/NV3 ,,3 — \/(a11 1—Aa33 32 a130310V1/V3
aszza;3N1N3u
Rl 32a213N1N3Uz0

(¢10)?+(a11N1+azzN3)d10+(ai1a33—a13a31)N N3

¢ _ a21033a1+(A11A33—A13031)A2+0a31a1303 C Qialar F Qe
10 — 1 1 11
0 a11a33—A13431 ' 373 33

R, — A3zUz0P10N3+a11N;
2 — — — JE—
(¢10)2+(a11Ny+azzN3)p1o+(ai1azz3—aszasz )N, N3

Trajectories of perturbations:

The trajectories in u; — u, and u, — us planes are

-
U, = [ﬁ 10 (¢, coshtf + c,sinhtB) + Ry [u—z] and
Uz Uz0

a

Uz = [:_220]4’_10 (cycoshtf + c,sinhtf) + R, [;—220 : (25)
4.7. Equilibrium state E- : Ny = 0,N, = k, , N4 = k + 23252

. Eq 7: N1 =0,Ny =k N3y =3 +="=.
In this case, we have

ai3T
(al + a33) 0 O
A= az1k; —a, 0 (26)
k K
asq (k3 + a;;z) asz (kg + a%%z)

Where T =dj3 + a32k2 >0.
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The characteristic roots are a, + ==, —a, and —t . Since one of the three roots is positive

ass
, hence the state is unstable and the solution curves.

Uy = ug0e®11t | uy = (uyo — Pra)e %2t + PePut

And U3 = (U30 - R3 - R4)€_Tt + R3€_a2t + R4€¢11t (27)
kou azz(Uzo—$12)7T .
Where — Q2203301+0130320,+0130,,03 > 0: — Q21Kk2U10 > 0,R; = 32(Uz0 >0:
11 az20a33 P12 Pi11taz 3 azz(t—az)
T#a;. And R, = SERETOT S ¢

Trajectories of perturbations:

The trajectories in u; — u, and u; — ug planes are

Uy = (U0 — P12) [5_;]% + @12 [uu—;] and
uz = (uzp — R3 — Ry) [5_110](;_;1 + R3 [5_;];_3 + Ry [uu_; : (28)

4.8. Equilibrium state Eg :

In this case, we have

_a11_1v1 0 _ ay3N;
A = a21N2 _azzNZ 0 (29)
az1N3 asz;N3  —azzN3
The characteristic equation of above matrix is 1> + b;A%2 + b,A + b; = 0 . (30)

Where bl == alllvl + azzlvz + a331v3
b, = a11a22N1N2 + a22a331V21V3 + (aj1a33 — a13a31)]V11V3
by = (a11a32033 — a1302103, — a13a31a22)IV1NZIV3. (31)

According to Routh-Hurwitz’s criteria, the necessary and sufficient conditions for local

stability of co-existent points are b; > 0, b3 > 0 and b3(b;b, — b3) > 0. (32)

It is evident that b; > 0 and a,;a,,a33N;N,N3 > (1305103, + A13a31a55)N; N, Ns.
Thus the stability of co-existent state is determined by the sign of b;b, — b; . By direct

calculations we obtain

_ 2 2 2 2 2 N2
bib, — b3 = af;Nfw, + a3, Ny w, + az3N3w;
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+(2a;1a5,a33 + a13a21a32)N11V21V3 - a13a311V11V3w2.
Hel’e (l)l = azzlvz + a33]v3 y (l)z == alllvl + a33N3 and 0)3 = azzlvz + alllvl.

Hence the co-existent state is locally asymptotically stable.

When

2 72 2 12 2 2 Y
[af;Nfw; + a3;Njw, + assNyws + (2a4,a52033 + a13a31a3,) Ny N, N3] >

13031 N N3 w,. (32)
The solution of the perturbation equations is:

u; = Ae51t + BieS2t + CeS3t; u, = AyeStt + Byes?t + (C,eSst;

Uz = Azestt + ByeS2t + (e3¢, (33)
_ ulo(sf+51T1+U1)+u20V1+u30(a13a221V11V2+51a131V1)
Here A, =
(s1—52)(s51—53)
B. = u10(S%+52T1+U1)+u20V1+u30(a13a221V11V2+52a131V1)
1 (s2—51)(52—53)
C. = U1 (S5 +53T1+U1)+Uzo Vi +U30(a13022 N1 No+53a13N1)
1 (s3—51)(s3—52) '
A, = u10(az1N281+a21a33 N1 N3)+uz0(s3+51 T, +Uz ) +uzoVs
2 (s1—52)(s1—53)
B, = u10(a21N2S2+a21a33N1 N3)+1uz0(s5+5,To+Uz ) +useVs
2 (s2—51)(s2—53)
C, = u10(a21N2S3+a21a33N1 N3)+1uz0(s5+53T2+Uz ) +usoVs
z (s3—s51)(s3—52) '
A = u10(a31N3S1+W3)+up0(aza N3s1+V3)+uso(si+s1T3+U3)
3 (s1—52)(s1—53)
B. = u10(a31N3S2+W3)+up0(aza N3sp+V3)+uso(s5 +5,T3+U3)
3 (s2—51)(s2—53)
7 o 2
C. = 10(a31N353+W3)+Uz0(aza N3s3+V3)+uso(s5 +s3T3+U3)
3 -_ .

(s3—51)(53—52)
Where Ty = a,,N, + aszzNs , Uy = azya33N,N3 , Vi = ay3a3,N; Ns.

T, = a111v1 + a33N3 , Uy = (a11a33 — a13a31)1V11V3 Vo = a13a311V11V2 .
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W3 = ay1a3,N1 N3 + az,a3:N, N3 , T3 = a1 Ny + ay,N, , U3 = ag1a,, N, N, and

V3 = az;a,1N1N.

5. Liapunov’s function for global stability :

In section 4, we discussed the local stability of all eight equilibrium states. From which only
two states E; = (N; ,N,,N3) and Eg = (N, , N, , N3) are stable and rest of them are unstable.
We now examine the global stability of dynamical system (1), (2) and (3) at these two states

by suitable Liapunov’s function.

Theorem 1 :The equilibrium state is E; : (N; , N, , N3) globally asymptotically stable

Proof : Let us consider the following Liapunovs function .

L(N;,N,,N;) = N, — N, — NyIn (N—l) + 15| Ny = N; = Nyin (%Z)] . (34)

N
Where [, is a suitable constant to be determined as in the subsequent steps. Now, the time

derivative of L, along with solutions of (1) and (3) can be written as

dL  (Ny—N;\ dN N3—Ns\ dN

E=( 1N1 1)d_tl-l_lz(3N3 3)d_t3' (35)
dL _ _ 12
Fr —[\/ a;1(Ny — Np) ++/1pa33(N3 — Ns)] + [2\/ ayplyazs + (a3 + lza31)]
(N — N;) (N3 — N3). (36)

The positive constant 1, as so chosen that , the coefficient of (N; — N;)(N; — N3) in (36)

vanish.

da [
d_i < O, When 2 a11l2a33 = _(a13 + lZa31) (37)

Hence E, is globally asymptotically stable.

Theorem 2 : The equilibrium state is Eg: (N;,N,,N3) globally asymptotically stable

Proof : Let us consider the following Liapunovs function .
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L(N;,Ny,N3) = N; — Ny — Nlln( ) +1h [NZ — N, = N;ln (g_i)]

—N.—N Ns
+1, [N3 Ny — Ny In (NS)]. (38)
where [, and [, are suitable constants to be determined as in the subsequent steps. Now the

time derivative of L, along with solutions of (1),(2) and (3) can be written as ,
o G G il )
= (N; — Ny)(a; — ay1 Ny + ay3N3) + 1 (N, — Ny)(a; — az, N, + azqNy)
+ 1(N3 — N3)(a3 — azsN3 + az; N, + aziNy).
= —a;1(N; — N1)? + a;3(Ny — N;)(N3 — N3)
+ L[=a(N; = N2)* + ap (N, — Np) (N, — Ny)]
+1y[—a33 (N3 — N3)? + az, (N3 — N3)(N, — N;) + az; (N3 — N3)(N; — Ny)] .

Hence

—[Va; (N, — Ny) + M(Nz —Ny) + ma% - N3)]2

+(2/aliaz; + Liag; ) (Ny — NN, — N)

+(2m + lzagz)(Nz — N,)(N; — N3)

+(2(Gagsars + (ars + 1,az,)) (N; = N (N, — ). (40)
The positive constants [; and [, as so chosen that , the coefficient of

(N; = N)(N, = N3) , (N, — N)(N3 — N3) and (N5 — N3)(N; — Ny) in (40) vanish.

44411022 16a11a5,033

Then we have [; = > 0 and [, = ——%—= > 0 . with this choice of the constants [,
a3, a5, a3,
and [,.
dL _ 2 4 — 1%
26 V@ [(N1 Ny) + — (Nz N,) + azzjj (N3 — Ns)] : (41)

Which is negative definite. Hence, the Ej state is globally asymptotically stable.
6. Numerical Approach
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The numerical solutions to growth rate equations (1), (2), and (3) were derived using the
Runge-Kutta 4th order technique for specified values of the model's various parameters and

initial conditions. Figures 1 through 6 present the results.

Table

Fig.| ay | ap | a3 |ay1 | @z | @33 | @3 | @z | @3 | a3z | Ny | N2 | N; .

No. t
1 /04141143089 | 1.8 | 22 |1.07| 0.6 | 1.33 | 0.13|0.43 | 3.924 | 0.223 | 5.616 | 0.72
2 03 | 20 (213|183 28 [263|197| 14 |16 |16 | 264 |1.232| 264 | --
3 | 043 {013 1.0 |567 (213|163 | 02 |2033| 40 | 16 | 1.89 | 2.64 |8.028 | --
4 | 073 |053]237(353]133|8.23|233| 027 |[0.89|7.73| 5.0 5.0 5.0 --
5 123 | 13|09 |337|127| 17 |237| 14 |057]133|1.85 | 2.24 | 2528 | --
6 10 | 03 |027057| 10 193|001 | 107 | 22 |0.27| 2.8 |1.632|3.824|0.48

By taking above values we have drawn some figures.
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Discussions:
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Case (i): In this case natural death rate of S5 is less than of S;. Initially the first species
dominates over the second species till the time instant t*= 0.72 and thereafter the
dominance is reversed.

Case (i) : In this case the self inhibition coefficient of the second species and the natural
growth rate of the first species are identical and third species has least natural growth rate.
Case (iii) : In this case the self inhibition coefficients of S; , S, , S5 are in decreasing order .
Hera third species has the least natural death rate . we notice that the third species has a steep
rise initially and then suffers a fall.

Case (iv) : In this case the self inhibition coefficients of S; , S, , S3 are in decreasing order
and there initial condition is same .Further it is evident that all the three species
asymptotically converges to the equilibrium point.

Case (v) : In this case the self inhibition coefficient of the second species and the natural
growth rate of the third species are almost equal and first has the least natural growth rate.
Case (vi) : In this case natural death rate of S5 is less than of S;. Initially the first species
dominates over the second species till the time instant t*= 0.48 and thereafter the dominance

is reversed.

7. Conclusion

In this paper, we discussed the stability analysis of three species synecology consisting of
host, commensal and mutualism. The model equations constitute a set of three first order non-
linear coupled differential equations. All possible equilibrium states of the model are
identified and the local stability is discussed. It is observed that, in all eight equilibrium
states, only the equilibrium points Es and Eg are locally stable. Further, the global stability of
the system is established with the aid of suitably constructed Liapunov’s function and the
growth rates of the species are numerically estimated using Runge-Kutta fourth order

method.
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