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Abstract

In this paper, we investigate a prey predator model where the prey can move freely between two patches at
different rates. We assume that the prey is subject to an Allee effect and that the predator has a mixed
predating behavior modeled by a constant 0 = # = 1, The steady states of the model are calculated and their
local stability is investigated.

Introduction

Conservation of endangered species is one of the most important topics in
biomathematics [9]. Endangered species are often subject to Allee effect
[13]. Named after the American ecologist Warder Clyde Allee [1], this
phenomenon describes the fact that under a critical size a, population
declines to the point of extinction. This phenomenon is due to different
factors such as the difficulty to find mates for reproduction, and failing to
self-defense against other species or predators. When the endangered
specie is a prey for one or more predators it could vanish if the population
size drops below the critical size a.

When trying to model prey predator interaction, it is important to take into
account the predator behavior. There are two main families of predators:
the specialist predators which feed only on one prey specie [7] [10] and
generalist predators which have more choices for prey [14] [12].

in the literature, there are two main strategies when dealing with the
conservation of endangered prey specie. The first one is to remove a certain
number of predator individuals. This strategy requires the existence of a
super-predator or more simply a chasing effort. A more ecologically
friendly solution is to set a refuge region which access is forbidden to
predators [8] [11] [3].

The case when a single population lives and moves across different regions
have been extensively studied [6] [5] [4]-

Predator behavior is critical in this situation, in fact in the case of specialist
predators this strategy could potentially lead to the extinction of predators
which depend only on one prey.
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In [2], authors studied a mathematical model involving a specialist
predator and a prey subject to the Allee effect. The prey can move freely
between two regions A and B with region B being forbidden to predators.
Our main objective is to extend this study to different types of

predator behaviors. This paper is organized as follows:

In the first section, we present our mathematical model and define the parameters
involved.

In the second section, we present our main results which are the
investigation of steady states and the study of their local stability.
Numerical simulations are performed in section 3 in order to illustrate our
theoretical results.

Presentation of the model

We assume two regions 4 and 5.

Prey individuals can move freely between regions 4 and B with different rates au and
Mg when access to region B is only allowed to prey and thus predator individuals are
constrained in region 4.

Let us denote A(t) the total number of prey individuals in the region 4 which is subject to
Allee effect with a critical size &. This population is supposed to grow logistically with a a
carrying capacity K and a growth rate 7. The prey suffers from predator’s attacks which is
expressed by the term £AP,

B(t) represents the prey population in the free-predator region B. Its growth is modeled
through a logistic equation with carrying capacity # and growth rate ",

Finally, P(t) is the total population of predators. € represents the chasing effort.
Following, we take 0 < 4 < 1 a5 a parameter to describe the predator’s behavior. When

A =1, the predator becomes specialist which is the case already studied in [2]. In this case,

in the absence of prey 4(t), predator population decrease with a fixed rate 1 since it cannot
feed on other preys.

When 4 = 0, the predator becomes generalist. In the absence of prey A(t), its growth
follows a logistic equation with carrying capacity & and growth rate 4.

Our main objective is to study the model when 0 < 4 <1 that is when predator’s behavior
is not purely generalist nor purely specialist.
The model is then expressed by a system of three ordinary differential equations

dA A ay A

= = rA (1? _ ’—() (1 - E) —bAP—mpsA + mypB,

% = ebAP—AnP + (1-2)q (]_— z) P, [sysb1]
dB B

;E = 7rB (1_ ﬁ) + mgpA—m,B.

After a suitable change of variables, system ([sysb1]) becomes,
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dA

Et_ — A(A—(l) (1—A)—AP"IHB,1A + "lABB'
dP i

qr = |eA-An+(1-2)q (1— T) 5

dB

— = B(1-kB) +mpsA—mzB.

Main results

Existence of steady states
The system ([sysb1]) admits the following steady states

1. The trivial steady state £0 = (0,0.0) which exists always.

) Lk . q
2. IfA <A then there exists free prey steady state £2(0:£2.0), where 1 = ; and

. Ared
P2=1=T g
3. If one of the following conditions is satisfied, then there exists free predator steady

state Es(4:.0.8.),
a. If0<k= RD, then system[sysb1] has a unique equilibrium.
b, Ifko<k= k1, then system[sysb1] has at least one equilibrium.

c. IfF%=X1 then system|[sysb1] has three equilibria.

(1 mup) MSpMpad,

where kg = mag 7z, and ky =k, + F20A,)
4. Moreover, if one of the following conditions is satisfied, then there exists coexistence
steady state E-(A.P.B u:.),
a. If9 <K =Ko then system[sysb1] has a unique equilibrium.
b. Ifko =K =ki then system|[sysb1] has at least one equilibrium.
c. Ifk= ki, then system[sysb1] has three equilibria.

(1 mup) Maemuad,

where ko = map 5z, and ky =k, + 12A, )
Local stability
Next, we establish the stability of steady states in the following cases.

Casel: When 4 << 4, we have the following results:
Theorem 1.

1. The trivial equilibrium E0(0,0,0) js unstable.

2. Prey free equilibrium £z (0,P2,0) js unstable.

3. Predator free equilibrium E1(A1.0.81) js unstable.
4

SllppOSQ 1+ H—Eﬂ: = ﬂ
a. If":II <K =Ko then the unique coexistence equilibrium Ec(ALPLB) js locally
asymptotically stable.

b. If’rfD <ks= k1, then there is at least one coexistence equilibrium Ec(ALP.B.)
locally asymptotically stable.

c. If k=K1 the system [sysb1] admits three coexistence equilibria:
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E. <E.<E, furthermore:
i.  E¢ islocally asymptotically stable.
ii. E. islocally asymptotically stable.
iii. Stability ofE.EI remains unknown.
Case2: When 4 = i, then we have the following results:

Theorem 2.
1. The trivial equilibrium E0(0,0,0) js unstable.
2.
e+ o - oy
a. Ife= 1. then any predator free equilibrium 1 (41,081 s unstable.

e+l

b. Ife< ,and1+a—2’q{{n,then.'

i. Ifﬂ' <ks= J!‘iﬂ,then any predator free equilibrium E1 (41,0,81) s locally
asymptotically stable.
ii. Ifffn <k =k then system [sysb1] has at least one predator free
equilibrium £1 (41,0,87) locally asymptotically stable.
iii.  If k=R the system [sysb1] admits three predator free equilibria:
E; <E\<E]
1. E1 locally asymptotically stable.
2. E; locally asymptotically stable.
3. Stability ofﬁrfI remains unknown.
3. Suppose 1 t a—24, <0

a. If":II <k =Ko then the unique coexistence equilibrium Ec(ALPLBL) js locally
asymptotically stable.

b. IfffD =k = ki, then there is at least one coexistence equilibrium Ec(ALP.B,)
locally asymptotically stable.

c. If k=ki the system [sysb1] admits three coexistence equilibria:
E. <E.<E, furthermore:
i.  Ee islocally asymptotically stable.
i Elis locally asymptotically stable.

- 0 .
iii. Stability of E. remains unknown.
Proof. The Jacobian of the system at the equilibrium point is given by:

Jig —A" myg
/— L’P ]2'_)_ 0

mga 0 [33

with

Jiu=(A"—-a)(1-A)+ A" [(1-A)—(A"—a)|=P —mg,
, (1-2)q

J22 = €A’ —An+ (1-2)q—2 P

l
Jaz = —2KkB" +(1-myp).
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1f A" # 0 then we obtain

- B‘
mpa= (A"—a) (1-4")—P" + Mmag -

That is
g . B’
Ji =A (1 +a-24)—mup—=
A
‘ - (1-2)q
J2z =eA —An+ (1-2)q—2 P

l
ifP" 0 then from second equation of ([sysb2]), we obtain

p*
eA'—An + (1-2)g = (1-2)q T

Thus
(1-4)q .
Jz == P = —eA" + In—(1-2)q.
1f B° # 0 then from third equation of ([sysb2]), we obtain
kB*? + (myp—1)B ' —mp,A" = 0.
That is,

1—=map=kB —mgu =5
Then

A A
J33=—2kB" + (kB.—"lh’/l b—) =—kB —mp,4 7= 0.
Stability of the trivial equilibrium
At trivial equilibrium £v, the characteristic equation is given by

22— X)(X*=Tr(M )X + ((mag—1)—mp,) =0,

_(Jn "lnn)_(—a‘mlm "Lm)
WhereM,—(mBA J33 77\ mpa 1-mup

Jzz is an eigenvalue of /v,
Jou =—An+(1-Ag
IfA<A then/zz <0

Thus, En is unstable.
suppose A = 4, then Jzz <0

En is locally asymptotically stable if t7"(M1) < 0 and det(M,)> 0,
det(My) = (—a—mpys) (1=map)—Mmpamap
=—a-+admyg—mpgy
=a(myp—1)—mpy

Since, MAs < 1, then det(M )< 0

Therefore, £0 is unstable.
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Stability of the prey free equilibrium = :(Y.720)

The Jacobian is given by:

Jig 0 mup
Jo=|¢P2 Jz O

mps 0 Ji3

11fX 0 magp
P, (X) =|€P2 Jn=X O
Mg 0 J3—X

-X m
= U22=X) m /3:4A-BX

mpa
= (Ja2—X) (X*=Tr(M;)X + det(M,))
with m, = (int, "7e)

(1-A)g—-An+q) +q
—An+ (1-2)9-2— =Dq

—An+ (1-2)q + 2[A(n + q)—q]
—An+ q—=Aq + 2An + 2Aq—-2q
=A(n+q)—q

Recall that P2 exists if and only if A < 4
Thus /22 =A(n+¢)—q <0
det(M) = J11/33—magMmpa

= (—a—P3) (1-myp)—mpa
Since M5 < 1 then det(M)< 0

We conclude that £2 is unstable.

J22

Stability of the predator free equilibrium =1 (4 1.0.5)

The Jacobian is given by:

Juu —Ay mgg
llz 0 ]22 0
mgsg 0 Jaz/
n—X —A;  mup
Py = 0 Jn=X 0
My 0 Jaz—X

= (J22—X) [X*=Tr(M)X + det(My)]

With:
_(J11 Mag
M; = (muA JEE) )
/1 has an eigenvalue /22 = €A —An +(1-4)q
IfA <4 then A =A—&with&e=A4-4
fag: = CAi_A" +(1-4)9
=eA; + q-Agn +q)
=eA +q-(A-e)(n+q)
=eA; +q— WP (n+q)
=eA;+€(n+q) >0
Thus, £1 is unstable.
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IfA>A thend=A+ &withe=1-1
J22 =eAj—An+ (1-2)q
=eA, +q-A(n+q)
=eAy+q-(4 +qs) (n+q)

=eA] +q—

n+q+€ (n+q)

=eA,—E(n+q)
el .
If e > ——, then £1 is unstable.

(i)
Ife < — : 1= we need to calculate T7(M3) and det(M3),

L ’ B. - A
Tr(Ms) =J11 +Jaa=A (1 +a-24 )—mAHT—kB ~Mpa g
Suppose 1 + @—24" <0 then Tr(M3) <0

A} *2
det(Mz) = [A}(24;—1-a)] (kB} + mpa 'BT) + kmyg A;
1 1

if 1 +a-241 <0 thep det(M;)=> 0

Let us find a condition so that 1 + @—24; <0

@+ 1) a+1 _a+1

= 3 <73 <72

f(A) = A[(A—a) (A—1) + mp,]

=f'(A) = [(A—a) (A-1) + mpy4] + A[2A—(a + 1]

thus, /(5) = ()7 (45)

We observe that f'(%) and f(uz;l) have the same sign.

) - [ (5 1)
(5= () +mu=mr- -0

1. Ifmy < 5 (1—a) then: /()< 0and (%2} < 0
We deduce that 4, < % <A

In the case where the equilibrium is unique:
a+1
Z
If there are three equilibria:

% < A;=1+ a—24; < 0 and the equilibrium is locally asymptotically stable.

< A'=1+ a—24] < 0 and the equilibrium is locally asymptotically stable.

The stability of the two remaining equilibria is unknown.
Stability of the coexistence equilibrium E(A.P.B.)
The Jacobian is given by:

Jiy —A,. mgp
Jo=leP. J2 O

Mpya 0 J33
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+
11_.X —A(‘ Magp 11__X Mag
. st g . ’ ’
P.(X) =|¢€Pc Jaz=X 0 |=ePlA(J33—X)+ (Jz2—X) |Jmm Ja3—=X
Mg 0 Ja— =

=eP.A.(J33—X) + (J22—X) [XZ—UM +/33)X + (J11J s—magmpa)]
=eP A (J33—X) + (J22—X) [x2-Tr(M4)x + dEt(M4)1

with:
M= iy 747
P, (X) = -x3 + 22 + Tr(M4)|X =|det(M4) + J22Tr(M,) + BP A IX +ep Ac]'{';
+Izzdet(M4)
—P/((X) =T X Uzz + TT(M4)]X + [det(My) + J22Tr(My) + CP A IX ep; A,-]33
“lzzdet(M4

=X+ a Xt + a; X + ag
Lemma 1 (Rooth criteria). The system is stable if and only if all the following terms are
strictly positive:
Qo tlntds gnd ©1 where £1 = Gzily a3y
Suppose that 1 + a—24, <0
az =—J=Tr(Ms) =Tr())
= ‘]rl‘]zz"/w

l(l A)q P

An

ay  =det(My) + 2, Tr(Ms) + ePiA, .
=J11/33~Mmapmga ‘*’]zz(.éu +/33) + epc“:‘c'_

= A (1 + a-— 2A )= mA,;A —kB’—m;mE—(; ~MapMpa

'

(1-)q . B. Ac -
( ! P) r(1+d 2.4‘.) mABA —kB’ —mBAB +€eP.A.
; Ac B’
= lAc(l +a-2A )] —kB’ —Mpa [t B + km,w
(1-A)g _ B, .
—( 7 P) AL(1+ a—24))- Map 7 —kB'~mp 5= |+ €PA; >0
(a8
g =_‘-’P:~A:-]33’]2zdt‘t(M4A),
=—3P:.A:. —kB'—mg,;?
(I—A)q - . " Bc‘ " :
+( F B ) [A:(1 + a=24.)—map 5 |[=kB —mpa 5= |-mapmps
s . A (-Dq N[ . ) A,
= —eP A; | —kB"~my, 57 +( P ) [A2(1 + a=240)|[-kB —mps 37|
> c
B’
+km,mT4T

1087 BENSID Yazid etal 1080-1093



Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

€1 = aa;—aszap . .
= [—J22—Tr(M4)] [det(My4) + J22Tr(M4) + eP.Ac] + €PA [35 + J22det(My)
= —Jaz[det(M4) + J22Tr(M4) + eP Ao =TT (Ms) [det(My) + J22Tr(M4) + ePcAc]
+ePAJ33 + J2det(My) .
= —Jz2lJ22Tr(M4) + eP A |=(J11 + J33) [det(M4) + J22Tr(M4) + eP A | + €P A ]33
= —J22[J22Tr(M4) + eP A ]—J11[det(M4) + J22Tr(Ma4) + eP A
—J33ldet(My) + J22Tr(M4)] > 0
J22Tr(M4)  =J22(J11 +J33) ) .
(1_'1)‘7 . . . Br . Ac
= ( ] P ) A,«(l + a—ZAC)—mAB 'A—'—kB —Mga 'b—-' >0
. C ‘f'

(A-Dqg N[ .. . B, . A
= ( ] P ) A (2A,—a—1) + myp T'F kB +mpa E >0

det(M4) = J11J33~Mapmpa .

B! Al
= A:-(l -+ a—ZA;)—mAB T’l [—kB'—mBA b—? ~—MapMpa

. . LA B.*
= [A.(1 +a—2A.)] |=kB —mp, I's + kmABT- >0

We conclude that the coexistence equilibrium E¢(42PB?) is locally asymptotically
stable. O

Numerical simulations

Case A<A

Choosing parameters as follow:

a=0.6; mpy=0.02; myp=0.01;¢e=001;n=0.1; =08, 1 =0.0889; [ =0.5; k
= 0.0701

We obtain four steady states:

Trivial equilibrium £0(0,0,0)

Prey-free equilibrium £1(0, 0.4939, 0)

Predator-free equilibrium £<(1.1747, 0, 14.1520)
Coexistence equilibrium £c(0.1596, 0.4949, 14.1315)

1088 BENSID Yazid etal 1080-1093



Journal of Computational Analysis and Applications VOL. 34, NO. 4, 2025

Evolution of prey and predator populations over time
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Initial conditions are taken close to the trivial equilibrium Eo(9:.0,0), Solutions converge to the
coexistence equilibrium E(0-1596, 0.4949, 14.1315),

Evolution of prey and predator populations over tims
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Initial conditions are taken close to the prey free equilibrium E1(0, 0.4939, 0), Solutions
converge to the coexistence equilibrium E-(0.1596, 0.4949, 14.1315)
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Evolution of prey and predator populations over time
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Initial conditions are taken close to the predator free equilibrium E<(1.1747, 0, 14.1520),
Solutions converge to the coexistence equilibrium Ec(0.1596, 0.4949, 14.1315),

Evolution of prey and predator populations over tims
03 T T T 0y T T T 1]

— — )|

Population
pdalk
~
opudation
-

(L)

.05} { 0.3}

Initial conditions are taken close to the coexistence equilibrium E-(0.1596, 0.4949, 14.1315),
Solutions converge to the coexistence equilibrium.

Case A=A
Choosing parameters as follow:

a=12 m_{BA}=15.1250 m_{AB}=0.01 e=0.01 n=0.1 g=0.8 \lambda=
0.9444 1=0.5 k=0.000318
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We obtain three steady states:

Trivial equilibrium £0(0,0,0)

Predator-free equilibrium £s(10.7617, 0, 3268.4601)
Coexistence equilibrium £(10.6883, 0.6399, 3267.4412)

Evolution of prey and predator populations over tims
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900
10
2500
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8 § §
B ES o
- 6 5 3
3 g S
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- > 1200
al
1000
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0 -1 ) 04
0 100 200 a0 wo 0 1090 200 a0 400 0 1o 200 o) 400
Time Tirse Tine

Initial conditions are taken close to the trivial equilibrium Eo(0,0,0), solutions converge to the
coexistence equilibrium £<(10.6883, 0.6399, 3267.4412)

Evolution of prey and predator populations over tims
1 : s y 0T X : . Y265

—_— —

F-c‘:-,tah:n
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Popudation

Population
7]

l A T
0 100 200 ne wo 0 00 200 o A00 0 m 200 L)) 400

Time Tire Tine

Initial conditions are taken close to the predator free equilibrium E<(10.7617, 0, 3268.4601),
Solutions converge to the coexistence equilibrium E(10.6883, 0.6399, 3267.4412),
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— — | — |

Tima

Initial conditions are taken close to the coexistence equilibrium

E(10.6883, 0.6399, 3267.4412), solytions converge to the coexistence equilibrium.
Conclusion

In study we have tried to capture the complexity of predator’s behavior by setting a

parameter 0 <4 <13sin [2].
Note that this model has not been studied previously.

Our main finding in this study is the existence of a critical value A. 1t is remarkable to see
that if 4 = 4, the model behaves essentially as the specialist predator model studied in [2] .

On the other hand, when 4 < 4, the model behaves as a generalist predator.

We have demonstrated that in both cases, dynamics of the system are very different.
Therefore, we believe that predator’s behavior should be taken into account when applying
prey’s conservation strategies.

In fact, in the case of a specialist-like predator (i.e.4 = 1), setting a safe region for the prey
can lead to the extinction of the predator because it has no alternative source of food.

In the other case (i.e. 4 < 1), this scenario can be avoided since predator has a generalist-
like behavior and can feed on other species.
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