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Abstract

The main objective of this paper is to examine an hybrid mathematical model that addresses
leukemia diseases with resistance. Initially, we construct the foundational model comprising three
equations, with one accounting for age structure and the others representing ordinary differential
equations. Subsequently, we delve into understanding the behavior of our solutions by investigating
the existence and stability of steady states. To validate our findings, we conduct some numerical
simulations.
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1 Introduction

To understand the dynamics of Chronic Myeloid Leukemia (CML) many studies have been conducted.

In [14], the authors consider an hybrid mathematical model of CML as follow

Ouq(t, a) N Ouq(t, a)

S A (@t a), (t,a) € (0.T) x (0, 4),
B2 (U (1) + s (1)) — go] wa(), telo7],

A ~ A
uy(t,0) :/0 B1 (a, k1 [/O ui(t, a) da+uz(t)D ui(t,a)da, t€0,7], (1)
u1(0,a) = ¢1(a), a €10, 4],
u2(0) = ¢2,

where
u1(t,a): size of normal stem cells at time ¢ € (0,7T) and age a € (0, A).
us(t): size of leukemia stem cells at time ¢ € (0,7).

A
Ui(t) = / u1 (¢, a) da, denote the total size of normal stem cells.
0
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¢1(a): initial condition of normal stem cells.

¢9: initial condition of leukemia stem cells.

u1(a): death rate of normal stem cells.

go: death rate of leukemia stem cells.

m: division rate of leukemia stem cells.

Depending on Hill functional, the homeostasis of normal and leukemic stem cells are achieved by the

following equations (see [6], [11] and [1])

A ho
P1 <a,k1 l/o Ul(t,a)daJruz(t)]) = A9 p1(a) _
o+ (k:l [/0 ui(t, a) da+u2(t)D

1
T 1+ e (Ur(t) + aua (D)™

and

P(UL(t) + aus(t))

where

©1(a): division rate for normal stem cells.

k1: coefficient of interaction.

a: competition parameter between normal and leukemic stem cells with values in ]0, 1[([2], [3], [8] and
[9]).

0: crowding effect ([11] and [12]).

c: dimensionless parameter.

In [5], the authors establish the following age structured model of leukemic diseases with resistance,

Ouy(t, a) n Ouy(t,a)

T % =—I (a)ul(t7 a,), (t, CL) € (O,T) X (0, A),
6u28(;f,a) n 8ug(ctl, a) _ —pa(a)us(t, a), (t,a) € (0,T) x (0, A),
8u3}§z’a) + au%(i, Y- —p3(a)us(t, a), (t,a) € (0,T) x (0, A),
A A

u(t,0) = /0 D1 a,k1/0 [ui(t, a) + ua(t, a)] da) ui(t,a)da, t€[0,T], (2)
A A

ua(t,0) = /O 2 [ a ks /0 [ (t,a) + aus(t, a)] da | us(t,a)da, te [0,T),
A A

us(t,0) :/0 P2 a,k3/0 [ui(t,a) + aug(t,a)] da | uz(t,a)da, t€0,T],

ul(oaa) = ¢1(a‘)7 a € [07 A]v

UZ(Oaa) = ¢2(a)7 a € [07 A]v

u3(0,a) = ¢3(a), a €0, 4],
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Inspired by the models (1) and (2), we are interested in the study of an hybrid mathematical model of

chronic myeloid leukemia diseases with resistance using the following system

Ouy(t,a) n Ouy(t,a)

ot 9o~ ml@ulta), (t,a) € (0,T) x (0, A),
dc% = [motpo(U1(t) + aua(t) + aus(t)) — go] ua(t), te 0,7,
% = [my1 (U1 (t) + aua(t) + dus(t) — g1] us(t), telo,T],

A A
up(t,0) = /0 P1 <a,k1 [/0 up(t,a)da + ua(t) + ud(t)]> ui(t,a)da, te€][0,T],

u1(0,a) = ¢1(a), a € [0, 4],
u2(0) = ¢2,
ug(O) = ¢3,

where

u1(t,a): size of normal stem cells at time ¢ € (0,T) and age a € (0, A).

uz(t): size of leukemia stem cells at time ¢ € (0,7).

):
’LLg(t)Z

1(t)
)

¢1(a): initial condition of normal stem cells.

size of resistance stem cells at time ¢ € (0,7).

-

A
= / u1(t,a) da: total size of normal stem cells.
0

¢9: initial condition of leukemia stem cells.

¢3: initial condition of resistance stem cells.

u1(a): death rate of normal stem cells.

go: death rate of leukemia stem cells.

g1: death rate of resistance stem cells.

myg: rate division of leukemia stem cells.

my: rate division of resistance stem cells.

Depending on Hill functional, the homeostasis of normal and leukemic stem cells are achieved by the

following equations (see [6], [11] and [1])

A n
P1 (a, k1 l /0 uy (t, a) da + ug(t) +u3(t)]> - 0" ¢1(a)

om + <k1 VOA ur(t, a) da + us(t) + us(t)D

1
" 1ta (UL(t) + cua(t) + aus(t)™’

'I/J()(Ul (t) —+ aus (t) + QU3(t))
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and
1

PO a0+ 000) = T o)+ w0

where

p1(a): division rate for normal stem cells.

k1: coefficient of interaction.

a, 0: competition parameters between normal, leukemic and resistance stem cells with values in ]0, 1]
(2], 3], [8] and [9]).

6: crowding effect ([11] and [12]).

co,c1: dimensionless parameters.

In ([2], [10], [13], [7] and [4]), the authors have already proved the existence of a global solution by
specifying the conditions of the parameters in (3).

The structure of the paper is outlined as follows: Firstly, we analyze the model (3) by examining its
steady states. Secondly, we investigate the stability of these steady states. Finally, we present simulations

and draw conclusions based on our findings.

2 Existence of steady states

In this section, we analyse the existence of the steady states of (3), which will be given by E; = u(a) =
(ui(a),us,u3), for j=0,...,7.

From the second equation of (3), we have

mo

A 7 — 90 ’U’; =0 (4)
1+¢o (/ uq(a) da + aul +au§>
0
Then, we obtain either
* * _ 1 » /70 — 90 * *
u2—00ru2—a . —Uj —auz |,
A e
where Uf = / ui(a)da and 0 < Uy < ’Uu — auj.
0 Co Yo
On the other hand, the third equation of (3) gives,
o —gi|uz=0. (5)

A n 9
1+ (/ u1(a) da+au§+§u§>
0
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Then, either

1 my —
u§:00ru§:5(",1611 gfl—Uf—aU§>7
i —
where 0 < Uy < 7/179170”11;.
€191

Finally, from the first equation of (3), we have

d

— = —m(@u(a),
Then,

ui(a) = u1(0)m(a),
where

13 (0) = /A 0™ 1 (a)uy(a) da

A n
o + (kl [/ ui(a)da + uy + uj )
0
and 71 (a) = e~ Jo #1()45 ig the survival probability. Let

— — A
bo =% M, b1 = % u and Ll :/ 7T1(a) da.
Co Yo V ¢ a1 0

We have the following cases.

1. If u1(0) = 0 and ud = u} = 0, then the trivial steady state Ey(0,0,0) exists always.

b
2. If u1(0) = 0 and ub = 0, then the blast steady state E1(0,0, gl) exists when m; > g;.

b
3. If u1(0) = 0 and u} = 0, then the blast steady state E5(0, —O, 0) exists when mg > go.
(0%

(Sbo — Oébl bl — b()

4. If u1(0) = 0, u # 0 and u} # 0, then the blast steady state F3 (0,
€o

when m; > g; and (ﬁ min (o™, 6™) b} + 1) go < mg < (g—g max (a™, ™) by + 1) 90

5. If uy =0, u1(0) # 0 and uj # 0, then from (7) we have

o 0" p1(a)m(a) a.
= /0 on + <k1 [Ul(o;zl + %1 - ul((;)hD” d

A
Let Ry = / ¢1(a)mi(a)da is the net reproduction rate. Equation (8) is equivalent to
0

(0 = 56, /Ry —1— b
! L-1

ald—a)’ I —«

) exists
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where 0, = kﬂ
1
n/ _ _ _ n/ _ 1
Therefore, the chronic steady state Fy 00 VT Ul m(a),0, blel—Rl exists when
Li(6-1) 0—1
b1 n bl n
— 1 — 1.
mi > g1 and <91> +1< R < (591) +
6. If uf =0, u1(0) # 0 and ub # 0, then equation (7) gives
A n
- / b ‘pl(a)lﬂl(“) 2 | da. (10)
0 9" + (/{31 l:ul (O)Ll + a(bo — U1 (O)Ll):l)
Equation (10) is equivalent to u1(0) = by VI 1= bo.
Ll(Oé — ].)

01 %R —1—0 bp— 601 /Ry — 1
Therefore, the chronic steady state Ej b1 VI 0 (a), 0 =0 VI ,0 ] exists when
Li(a—1) a—1
b n b n
mo > go and <O> +1< R < <0) + 1.
01 ot

7. If us =0, uf = 0 and u1(0) # 0, then equation (7) gives

[ (G e i

Then,
01 VR —1
u1(0) = % (12)
1
01 /Ry — 1
That is, the nonpathological steady state Fg = (%m(a), 0,0) exists when Ry > 1.
1
8. If u1(0) # 0, uj # 0 and u} # 0, then we have
* * 1
Ugy + Uz = a (b() — ul(O)Ll) s (13)
and
aul + duy = by —ui(0)Lq, (14)
where
0191 RV, R1 — 11— b(]
0) = . 15
ul( ) L, (Oé — 1) ( )
Then, equations (13) and (14) gives
b1 —b
w=2=, (16)
and
* (57@)91 7\L/R1 71+(175)b0 - (170&)b1
uy = . (17)

(1-a)(d—a)
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0, VR —1-0 b =0
Therefore, the chronic steady state E; = a1 ! 01 (a),us, —2 ) exists when my >
Li(a—1) 0—a
1—a)by —(1—8)bo\"
a1, (;—2 min (™, §") by + 1) go < mo < (;—2 max (o™, 6™) b} + 1) go and ( a()51a§01 ) O) +
b n
1<R < (0) +1.
0491

In conclusion, we have the following theorem.

Theorem 2.1. The system (3) admits the following steady states.
1. The trivial steady state Ey exists always.
2. If m1 > g1, then the blast steady state E exists.

3. If mg > go, then the blast steady state Eo exists.

4. If my > ¢1 and (;—2 min (o™, 6™) b} + 1) go < mg < (c—g max(oz",é")b{l—l—l) go, then the blast

)
steady state E3 exists.

b \" by \"
5. Ifmy > g1 and (1> +1< R < (1> + 1, then the chronic steady state E, exists.

01

b n b n
6. If my > go and (O> +1<R; < (O> + 1, then the chronic steady state Es exists.

01 Ckgl

7. If Ry > 1, then the nonpathological steady state Eg exists.

8. Ifmy > g1, (io min (", ™) b7 + 1) go < mp < (g—g max (™, 6") b} + 1) go and (

671

b n
1< R < (g) + 1, then the chronic steady state Fr exists.
avy

3 Local stability of steady states

(1 — a)b1 — (1 — 6)()0

(5 — 04)91

In this section, we study the local stability of steady states which is based on the linearization (see [5],

[10], [13]) of the system (3). Let

where (uj(a),ul,u}) is one of the steady states of (3).

We derive the first equation of (18), so we obtain the following equation

%(
ot

9z,

ta) + Gt a) =~ (a)a (ta),

with the boundary condition

xl(t70) = ul(tao) - Ul(o)

19

(18)

(20)
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From (3), we have

U1 (t7 0)

A A
/ o1 (a ky [/ up(t, a)da + ua(t) + u;;(t)]) uq (t,a)da
0

A

_ / &1 (a by (X1 () + US + wa(t) + g + 23(8) + u2]) (21(t, @) + wr(a)) da
OA

= / P1 +U) (z1(t,a) + u1(a)) da,
0

A
where X (t) = ky (X1 () + 22(t) + 23(t)), U = k1 (U + uj + uf) and X, (t) = / x1(t, a) da.
0

Moreover,

dp1
oU

= Gi(a,U)x1(t,a) + Gi(a, U)ui(a) + %X(t)xl(t, a)

1(a, X(t) + U)(21(t,a) + w1 (a) $1(a,U) +

X(t) + o<X<t>>] (e1(t, @) + u(a))

041
oU

X (t)uy(a) + o(X(1)).

On the other hand, we have

Then, the linearized equation of (20) at (0,0,0) is

A A ~
xl(t,O):/O gﬁl(a,U)xl(t,a)da—f—X(t)/O Z‘gul(a)da (21)

Now, we derive the second equation of (18)

dZEQ mo «
at [1 + co(X1(t) + Ur + axo(t) + auj + axs(t) + aul)® 90} (@2(t) + )
- moxg(t>

1+ eo(X1(t) + Uy + axa(t) + aub + axs(t) + aub) ~ 90a(1)

mous *

+1 + co(X1(t) + Up + axa(t) + auj + axs(t) + aul)” Jotta:

dzo
Let —~ = = f(X1(t), z2(t), w3(t))-

By a Taylor development of the function f1(X1(t),z2(t), z3(t) at (0,0,0) we have

dzxs nmowsco (U + aub + aug)" !
et _ _ i .
dt [1+CO(Uf+au§+au§)n]2 ( 1( )+CY.CL‘3( ))

mo nmousacy(Us + aus + aul)™
(1 + co(Uf + auj + auz)") (1 + co(Uf + aul + aus)™)?

Al(Xl (t) + Oél’g(t)) + AQSCQ(t),

-1

+ — go| 22(t)
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where
A, = —nmousco (U + aul + auj)" 1 and
1+ co(Us + aul + auj)")?
A = mo _ nmousacy(UT + auj + auj)nt B
T (Ut U +aus +aus))  (1+c(Us +aus +aug)n)z 9
Now, we derive the third equation of (18) we obtain
dxs my *
ers — x3(t) +u
dt 1+ c1(X1(8) + Up + awa(t) + auj + 0zs(t) + oug)m (w3(t) + u3)
myxs(t
_ - . 1 3( ) . — —g1$3(t)
+ (X1 (t) + U + axa(t) + aus + dxs(t) + dub)
miug .
— glug.

+1 + 1 (X1 (t) + Uy + axae(t) + aul + dxs(t) + ouj)”

Let % = Fa(Xa(8), 22 (1), 3 (8)).

By a Taylor development of the function fo(X7(t), z2(t), x3(t) at point (0,0,0) we obtain

dxs nmyuier (UF + aul + dul)™ !
i X (t t
@ [+ 1 (U7 + e + augyr 10+ arzl)
my ~ nmyuidcr (U + aus + Sug)n—t B
(e +ous +0u)) (1 +a(Ui +aus+oug))z "
= A3(X1 (t) + Oé$2(t)) + A4.133(t),
where
Ay = —nmyuier (UF + aul + dub)" ! and
1+ c1 (U + aub + dub)n]?
A — my _ nmyuider (U + auj + Suj)nt B
YT+ a(UF + aul + 6us)) (14 a1 (UF + aus + duj)™)? g
Then the linearized system of (3) at u(a) is
61‘1 8901
E(tva) + %(tva) = _Hl(a)ml(taa)v (t7a) € (O7T) X (OvA)7
X(t) = ky (X1(t) + 22(t) + 23(t)) t e (0,17,
A _ A a¢~1
x1(t,0) :/ &1(a, U)z1(t, a) da+X(t)/ %ul(a) da, t€]0,7], (22)
0 0
d
;j = A X1 (1) + g () + adas (0), tefo.T],
% = A3 X, (t) + OéAgxg(t) + A4$3(t), te [0, T]

We are looking for solutions in the form z1(t,a) = fi(a)eM, xo(t) = foer and x3(t) = fze*t, where

fi(a) >0, fo >0, f3 >0and X € C.
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From (22), we obtain

d

% O (@) fi() =0
f1(0)e Jo Atm(s) ds

Fy = /f1

A8~
£1(0) :/0 é1(a, U)fl( )da+k1[F1+f2+f3]/O 8()0U

(A—Ay)fo — A1 Fy — A3f3 =0,

(a, U)ui(a) da,

(A= Ag)fs — AyF1 — A5 f2 = 0.
From the fourth equation of (23) we have

“og

A
/Ofl(a)da+f2+f3 o

A
f1(0) = / 1(a,0) 1 (a)da + oy

A
= [N ine g,
0

A ~
; 86%1 (a,U)ui(a)da

A
/ F0)e= SOt m @ ds g 1, 4
0

A
= fl(O)/ <ﬁ1(a,U)e*fo“(kwl(s))dsda
0

A
+ klfl(o)/ e Jo Ot s qq 1 k) fo 4 ky f3
0

ou

A A~
8@} (a,U)ui(a)da and Ky (a) = 41(a, U)mi(a), then we obtain

Let H1 =
o OU

A A
f1(0)=f1(0)/0 Kl(a)e_’\ada+k1f1(0)H1/O e i (a)da + ki fo Hy + ki f3H,.

The integral in the equation (24) can be extended by zero to infinity, this leads that

:/ Ki(a)e **da, and ﬁl(A):/ e 7y (a)da,
0 0

denote respectively the Laplace transform of K;(a) and 7 (a).

Then equation (24) is equivalent to

AL = (K1 (A) + ke Hi#r (N)] = ki Hy fo — ki Hy fs = 0.

a, U)uy(a)da

/OA 880:1 (a, U)ui(a)da.

(23)
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From (25), and the two last equation of (23), we obtain the following system

FO)1 = (K1(N) + ki Hi71(A))] — k1 Hy fa — kyHi fs = 0,
(A= Ag)fa — A1 f1(0)71(N) — @A1 f3 =0, (26)
(A= Ag)fz = A3 f1(0)71(N) — @Az fa = 0.

System (26) is written in the following matrix

f1(0) 0
A()‘) fo =101,
f3 0

where
1— (Ki(\) + ki Hiiy (X)) —kyHy  —ki Hy

AN) = — Ay (N) A=Ay —ad,
7A37AT1(>\) 70&143 A — A4

The characteristic equation corresponds to the steady states (ui(a),u3, u}) is given by

det(A(N)) = [1 - (f{l(x) + lelfrl(A))] (A= A) (A — Ag) — a2 Ay A3]

+ lel [—Alfrl()\) ()\ — A4) — 04A1A37AT1()\) — OéAlAgﬁ'l()\) — Adﬁl()\) ()\ — Ag)] =0.
Now, we can establish the stability of each steady states.

3.1 Stability of the trivial steady state Fj

For Ey = (0,0,0) we have H; =0, Ay = mgy — go, A1 =0 and Ay = m;1 — g1.

Then the characteristic equation becomes

(1 - Kl()\)) (A= (mo — g0)) (A = (m1 — g1)) = 0, which implies that 1 = K;(\) or \; = m; — g; for
i=1,2.

To complete our study, we need the following proposition.
Proposition 3.1. Let Kq(a) > 0.

1. If/ Ki(a)da > 1, then the equation 1 — K1(\) = 0 has a real positive solution .
0

2. If/ Ki(a)da < 1, then the equation 1 — K1(\) = 0 has no complex solution A with Re()\) > 0.
0

Since

Ki(0) =R, = /OOO Ki(a)da,

23 Soumia Moulay et al 13-37
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we deduce the following proposition.
Proposition 3.2.
1. If Ry > 1, then the equation 1 — Kl(A) = 0 has a real positive solution .

2. If Ry <1, then the equation 1 — Kl()\) =0 has no complex solution \ with Re(\) > 0.

From proposition 3.2, we have the following results.
Theorem 3.3.
1. If mg < gg, m1 < g1 and Ry < 1, then the trivial steady state Ey is locally asymptotically stable.

2. If either mqy > go, m1 > g1 or Ry > 1, then the trivial steady state E is unstable.

3.2 Stability of the blast steady state E;

8" (mo — go) — " cogob? and A, = —ngi(mi — g1) <

0™ + amcob? mi

b
For E; = (0,0, Fl) we have H; =0, A1 =0, Ay =
0.

Then, the characteristic equation becomes
(1= K1) (0 - 42) (A= A) =0,

We obtain 1 = f(l(x\), A=Ay or A= A4 < 0. In this case, we have

. R,
K1(0) = VR

1
6n9n +

We have the following results.

Proposition 3.4.

kbt .
1. If my > g1 and Ry > 67119’17 + 1, then the equation 1 — K1(\) = 0 has a real positive solution .
nbn ~
2. If my > g1 and Ry < 571%711 + 1, then the equation 1 — K1(\) = 0 has no complex solution A\ with

Re()) > 0.
From proposition 3.4, we deduce the following theorem.

Theorem 3.5.

1. If m > g1, mo < go {coc;n Ly 1] and R; < 571L9711 + 1, then the blast steady state E; is locally
asymptotically stable.

) coa™b} kot )

2. If m > g1 and either mg > go 5 + 1| or Ry > Sngn + 1, then the blast steady state E; is

unstable.
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3.3 Stability of the blast steady state F,

b — — - - by
For E5 = (0, £70) we have H; =0, A3 =0, Ay = w <0and Ay = (m —g1) — s .

« mo 1+ c1by
Then, the characteristic equation becomes

(1= K1) (A = 42) (A= Ag) =0,

Therefore, we have 1 = Kl(A), A=Ay <0or A= Ay.

In this case, we obtain

We have the following results.

Proposition 3.6.

k1by
angn
k108

anfn

1. If mg > go and Ry > + 1, then the equation 1 — Xl(A) = 0 has a real positive solution .

2. If mg > go and Ry <
Re(X) > 0.

+ 1, then the equation 1 — K1(\) = 0 has no complex solution A with

From proposition 3.6, we deduce the following theorem.

Theorem 3.7.

kbR
1. If mg > go, m1 < g1 (c1by +1) and Ry < 190 + 1, then the blast steady state Fo is locally
anon

asymptotically stable.

npn

kb,
2. If mg > go and either my > g1 (c1bf +1) or Ry > 190 + 1, then the blast steady state Es is
an n

unstable.

3.4 Stability of the blast steady state Fjs

8by — aby by — bo —ncogably = (8bo — aby) —nde1gib" (b — bo)

or B3 = (0, a(d—a)’é—a)we ave H; =0, Ay 6= a) Ay (6 — ) )
_ 2pn—1 _
O[Al = A2 and A3 = n01glb1 (bl bO) .
my(§ — )

Then, the characteristic equation becomes
(1 - fg(x)) [(A— Ag) (A — Ay) — a® A1 4] = 0.

Therefore, we obtain either 1 = K3 ()) or (A — As) (A — Ay) — a2A; As = 0. In this case, we obtain
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We have the following results.

Proposition 3.8.

CO ] n n T CO n n T k/fbg
1. If my > g1, (5—nm1n(a ,0™) by +1) go < mg < (5—nmax(a ,0™) by +1> go and Ry > Jnggn +1,
then the equation 1 — kl(A) = 0 has a real positive solution .
Co . Co kb8
2. If mqy > g1, (57 min (o™, 6™) by + 1) go < mp < (6—7I max (o™, 6™) by + 1) go and Ry < Gngn +1,
then the equation 1 — K1()\) = 0 has no complex solution \ with Re(\) > 0.
On the other hand, we have
AQ — (A4 + AQ)A + AQ(A4 — OéAg) =0. (27)

n
1. If my > g1 and (ceb? +1)go < mp < (;cob’lb—i—l) go, then we have Ay > 0, A4 > 0 and
—nclb?flg%(bl —bo)(d + )

Ay —ads =
1T m1 (6 — )

< 0, and equation (27) has one positive eigenvalue A > 0.

n
2. If m; > ¢; and (?;ncob’f + 1) go < mg < (cobt + 1) go, then we have we have Ay < 0, A4 < 0,

—nclb?flg%(bl —bo)(0 + @)
m1(d — )

Ay —ads = < 0, and equation (27) has two eigenvalue with real part

negative.
From proposition 3.10, we deduce the following theorem.

Theorem 3.9. Let mq > g1.

k7 by
o am

1. If my > g1 and (f;ncob? + 1) go < mg < (cob? + 1) go and Ry <

state E3 is locally asymptotically stable.

+ 1, then the blast steady

n

2. If mi1 > g1 and (Cob? + 1) go < mp < <(O;nCQb? + 1) 9o and Ry <

k1by
oo

+ 1, then the blast steady
state E3 is unstable.

k1'by
0o

3. If my > g1 and (acob’f + 1) go < mp < (cob} + 1) go and Ry > + 1, then the blast steady

5n
state Es5 is unstable.

(%

4. If my > g1 and (cob? +1) go < mo < (cob? + 1) go and Ry > -2

oo

5 + 1, then the blast steady

state E3 is unstable.

3.5 Stability of the chronic steady state F,

21n—1
—nc1g7b]

bi — b6,

For Ey = (591 Lig ) b mi(a),0, bl%_i“) we have, A; =0,
b ((5 — )b {‘/ﬁ— (1-— 04)51)71
Hl:in(Rl—l) (661 YRy —1—by) Ay = g6 0 (6 —1) Ay —
k101L1(6 — )Ry /Ry — 1 7 1 N ((501)91{L/ﬁ (1 a)b1>” ’ my
Co (6—1)
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and A4 = 5143

Then, the characteristic equation becomes
[(1=S1(A) (A= As) — Askr Him (A)] (A — A2) =0,
where
Sl()\) = Kl()\) + k‘lHlﬁ'l(/\).

Then, we obtain either To(A) := (1 — S1(A)) (A — Ag) — AskiHi71(A) = 0 or A = Az. We have the

following proposition.

b \" b \"
Proposition 3.10. For all m > ¢ and (91) +1< R < <691) + 1, the equation To(A) = 0 has a
1 1

unique solution A1 > 0.

Proof. Since lim Ty(\) = +oc and
A—00

A A A
To(0) = —Ay <1—/ Kl(a)da—lel/ Wl(a)da> —/ AskiHym(a)da
0 0 0
—  As(1— 8k H Ly < 0.
Then, there exists A; > 0 such that To(A\1) = 0. O

From proposition 3.10, we deduce the following theorem.

bi\" b \"
Theorem 3.11. Ifmy > g1 and <91> +1< R < ((55) + 1, then the chronic steady state Fy is
1 1

unstable.

3.6 Stability of the chronic steady state F;

0. VR —1—b bo — 01 /Ry — 1 —ngdubcoby
For E5 = an ! Om(a), 071 ! ,0) we have, A; = M, Ay = —aAy,
Li(a—1) a—1 mo
b — by n(Ry — 1)
A3 =0, Ay = e AR dH = ———-— 2 —u(0).
’ TR LT ke TR
o

Then, the characteristic equation becomes

[(1=81(N) (A= A2) — Arki Hiri (M) (A — A4) =0,

where

S1(\) = K1 (\) 4 ki Himy (A).

Then, we obtain either T3 (\) := (1 — S1(A)) (A — Az) — A1k Hi71(A) = 0 or A = Ay. We have the

following proposition.

27 Soumia Moulay et al 13-37



Journal of Computational Analysis and Applications VOL. 34, NO. 5, 2025

n b n
Proposition 3.12. For all mg > go and (O> +1< R < () + 1, the equation T1(\) = 0 has
ey

a unique solution A; > 0.

Proof. Since )\lim Ty (M) = 400 and
—00

A A A
Tl(O) = 7A2 (1 7/ Kl(a)daf k’lHl/ ﬂ'ﬂa)da) 7/ Allelwl(a)da
0 0 0
= —(1 — a)A1k1H1L1 < 0.
Then, there exists A; > 0 such that T7(A\;) = 0. O
From proposition 3.12, we deduce the following theorem.

b n b n
Theorem 3.13. Ifm; > g1 and <91> +1< R < (501> + 1, then the chronic steady state FEs is
1 1

unstable.

3.7 Stability of the nonpathological steady state Fjs

0, /Ry — 1 —n(Ry —1
For Eg = ém(a),@,o , we have A3 = A; =0, H; = M, Ki(a) = M,
L, k1L Ry Ry

(ml - 91) - 91619?(]%1 - 1)
1+ c1607(Ry — 1)

(mo — go) — gocoby (1 — 1)
14+ cob7 (R —1)
The characteristic equation becomes

Ay = and A4 =

(1=81(A) (A= A2)(A — A4) =0,
where
S1(N) = K1 (A) + kyHy 7wy (N).
Then, we obtain 1 — S3(\) =0, A = Ay or A = Ay.
Lemma 1. Let n; = ag{l&gﬂ v1(a) and ne = agﬁi}i] v1(a).
1 Ifl1<R < %Ll 41, then 0 < S;(N) < 1.

2. IfRy > %Ll +1, then S1()\) < 0.

Proof 1. We have

Sl<)\) = /0 e N (Kl(a) + k1Hqym (a)) da
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On the one hand, S1(\) > 0 (resp. S1(\) <0) for all X > 0 if
p1(a)Ly —n(Ry —1) > 0(resp. ¢1(a)Ly —n(Ry —1) <0),

For all a € (0, A).
The last inequality implies that 1 < Ry < %Ll +1 (resp. Ry > %Ll +1).
On the other hand, for 1 < R; < %Ll +1 (resp. Ry > %Ll +1) the function S1(X\) is decreasing (resp.
increasing) since
d

A
L5 = - /O ae= (K (a) + ky Hymi (a)) da.

Moreover, lim Si(A\) =0 and
A—00

(R —1)

A A
S51(0) = / Ki(a)da + lel/ mi(a)da=1— i 7 <1.
0 0 1

Since 1 < Ry < %Ll +1 (resp. Ry > %Ll +1), then S1(0) > S1(A) > 0 (resp. S1(0) < S1(A) <0).

We have the following proposition.

Proposition 3.14. If either 1 < Ry < EL1 +1 or Ry > n—QLl + 1, then the equation S1(\) =1 has no
n n

complex solution A with Re(\) > 0.
From proposition 3.14, we deduce the following theorem.

Theorem 3.15.

b by
)

o o1

ical steady state Fg is stable.

by

1. If either max (1, > <R < ﬂLl +1 or Ry > max (WLl + 1, on’ 9n>, then the patholog-
n n oy

M by bY 12 by by
2. If either 1 < R; < min (L1 +1, -, n) or —Li1+1< R < min( s n), then the patho-
n 07" 07 n 07" 07

logical steady state Eg is unstable.

3.8 Stability of the chronic steady state F-;

01 Y/ —1—b b — b a2 *bnfl
For F7 = (a 1L](%1 0 i (a), uj, ; 0) we have, A, = M, Ay = —ad;, As =
1\ — -« mg
2 *bn—l on _1
M, A4 — 7§A3 and Hl — _ i n (Rl ) Ul(o)
- ki (bo — (1= @)ur (0)L1)6" Ry

Then, the characteristic equation becomes

T3(A) :=T1(A) (A = 6A43) + T2(A) =0

where

T1(>\) = (1 - Sl(>\)) ()\ - AQ) - Allelfl’l()\),
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To(N) := —As [a®A; (1= S1(N) + ki Hi7 (A) (A + 2Ay)]

and

Sl()\) = f(l(k) + k‘lHlﬁ'l(/\).

We have the following proposition.

n 1 _ _ 1 _ n
Proposition 3.16. Forall§ < a, my > g1, (cob? + 1) go < mo < (c%c; by + 1) go and <( 04();1 age 5)b0) +
— o)
n
1< R < <cfg> + 1, the equation T3(\) = 0 has a unique solution Ay > 0.
1

Proof. Since )\lim T3(\) = 400 and
—00

o <1 — /OA Ki(a)da — k1 Hy /OA 7r1(a)da> + k1 H, /OA Wl(a)da]
o (1= [ steran =i [ o) 4 o

= ((5 — a)A1A3(1 — a)k1H1L1 <0

T5(0) = G0A1As

7OZA1A3

when 0 < . That is, there exists Ay > 0 such that T5(A;) = 0. O

From proposition 3.16, we deduce the following theorem.

Theorem 3.17.

n 1—a)by — (1 =8y \"
If 6 < a, m > g1, (cob?+1)go<mo<<c%i b?+1>go and (( a()61 age )0> +1< R <
- 1

b n
(8) + 1, then the chronic steady state Es is unstable.
avby

4 Different zones of existence and stability of steady states

Next we draw different zones of existence and stability of steady states according to the values of my,

my and R.

35 as 3
a 3 4

3 E0 EO unstable 3 E0 EO unstable
-E’: 5 5| unstable ‘E’: - unstable
E: E:
2 2
15 15
1 4
1 2 1 2
0.5 ['E0 stable EO unstable 05 E0 EO unstable

unstable
0

0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 4.5 5

Figure 1: Different zones of existence and stability of the steady states Ey, (case mg < go in left and

mo > go in right, see theorem 3.1).
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Figure 2: Different zones of existence and stability of the steady states E; (case mg < goA in left and

mgy > goA in right, with: A =

3 LE2 stable

m()fg()
o
&

Figure 3: Different zones of existence and stability of Es, (
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=
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g
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1
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1
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3
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9”5”01

(Ry — 1) + 1, see theorem 3.2)

2
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1
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C191
Co

(R1 — 1) + 1, see theorem 3.3)
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2
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Figure 4: Different zones of existence and stability of Fs3, (case a > ¢ and m; < g1

an

9
0" a™cy

D=
Kt
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mo

-1 +g>aqn
0
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1
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1

(@ — 1) 4 g1 in left and
g
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1
E6 stable

0 05 1 5 2 25 3 35 4 45 5

Figure 5: Different zones of existence and stability of Eg, (case m1 < g1 in left and mq > ¢7 in right, see

theorem 3.6)
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Figure 7: Different zones of existence and stability of steady state, case L > 1in left, with F =

600"
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™oy,
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5 Numerical Simulations

In this section, we give some numerical simulations to illustrate our theoretical results.

Resistance stem cells

Leukemic stem cells.

Normal stem cells

70 \
30 60F |
= |\ s |\
Eauf \ & sof |
Bar 3
20

0
0 02 04 06 08 1
Time

12 14 18 18 2

Figure 9: Different zones of existence and stability of the steady states (zonel figure 11), for parameters:

p1 = 0.005, mg =8, my =6,k =1, n=2,0=1.62x 108 p1(a) = 10 x exp(—a), a = 0.9, § = 0.004,

go = 7, g1 = 5, Co = 0009, C1 = 0.4.

Resistance stem cells Leukemic stem cells Normal stem cells

50 100

45 9 f

\ |

40 \ 80|

|

3| 7 \

30 “\ sof | -
= = \ <
g A & sof | H

\ \
2 \ wf |
15 30 \
10 2
5 \ 10

0
0 02 04 06 08 1

0
12 14 16 18 2 0 02 04 06 08 1

12 14 16 18 2
Time

Time

Figure 10: Different zones of existence and stability of the steady states (zone2 figure 11), for parameters:

w1 = 0.005, mo =8, my =6, ki = 4.44 x 108, n = 2, § = 1.62 x 108, ¢;(a) = 10 x exp(—a), a = 0.9,
0 =0.004, go =7, g1 =5, ¢cg = 0.009, ¢; = 0.4.
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» Resistance stem cells Leukemic stem cells Normal stem cells
35
15‘\
:
o | —
Time Time

Figure 11: Different zones of existence and stability of the steady states (zone3 figure 11), for parameters:
w1 =20, mg=8,m; =80,k =1,n=2,0=1.62x10% ¢;(a) =10 x exp(—a), a = 0.9, § = 0.000004,
go = 0.0007, g1 = 50, ¢ = 0.9, ¢c; =0.9.

Resistance stem cells Leukemic stem cells Normal stem cells
700 700
- f\

600 600 Rew

500 F 500

400 400
1 g
3 E

300 300

200 200

100 100

o o

0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

Time Time

Figure 12: Different zones of existence and stability of the steady states (zone3 figure 12), for parameters:
w1 = 0.005, mg = 80000, my = 60000, k1 = 4.44 x 108, n =3, 0 = 1.62 x 108, p1(a) = 0.10 x exp(—a),
a=0.009,0=0.04,90=7,91=5,¢c0=9, ¢; =0.4.

Normal stem cells Leukemic stem cells Resistance stem cells
70 700
/‘\ e
600 ‘*\ 600
- i K
400 400
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300 300
200 200
100 100
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0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
Time Time

Figure 13: Different zones of existence and stability of the steady states (zone2 figure 12), for parameters:
w1 = 0.005, mg = 80000, m; = 60000, k; = 4.44 x 108, n = 3, 0 = 1.62 x 108, ¢;1(a) = 10 x exp(—a),
a=0.009,=0.04,90=7,91 =5, ¢ =9, c; = 0.4.

34 Soumia Moulay et al 13-37



Journal of Computational Analysis

ulay

Normal stem cells

and Applications

Leukemic stem cells

u2(y

0 02 04 06 08 1
Time

L n L
12 14 16 18 2

VOL. 34, NO. 5, 2025

Resistance stem cells
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Figure 14: Different zones of existence and stability of the steady states (zonel figure 12), for parameters:

111 = 0.005, mo = 80000, m; = 60000, ky = 44, n = 3, § = 1.62 x 103, 1 (a) = 10 x exp(—a), a = 0.009,

60=004,9g0=7,91=5,¢c0=9, ¢, =04.
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Time
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Leukemic stem calls
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o o0z o0s
Time

05 08 1 12 14

ul(ay

Normal stem cells

Figure 15: Different zones of existence and stability of the steady states (zonel figure 14), for parameters:

pur = 0.2, mg = 0.8, m; = 0.60, ky = 4.4, n = 10, § = 1.62 x 108, p1(a) = 10 x exp(—a), a = 0.9,
= 0004, go = 7, g1 = 50, Co = 9, C1 = 0.4.
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n L
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Leukemic stem cells
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Time
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Figure 16: Different zones of existence and stability of the steady states (zonel figure 13), for parameters:

w1 = 0.2, mg = 80, my = 60, k; = 44000, n = 2, 0 = 1.62x 108, 1 (a) = 10xexp(—a), a = 0.9, § = 0.004,
go = 7, g1 = 50, Co = 9, c; = 0.4.
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Normal stem cells

Resistance stem cells Leukemic stem cells
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Figure 17: Different zones of existence and stability of the steady states (zone2 figure 13), for parameters:
w1 = 0.2, my = 80, my = 60, k; = 440000, n = 1, § = 1.62 x 10%, p1(a) = 10 x exp(—a), a = 0.009,
0=04, go="17, g1 =50, cg = 0.0009, c; = 0.00004.

6 Conclusion

In this work, we have established an hybrid mathematical model of chronic myeloid leukemia diseases
with resistance inspired by the works in ([6], [2], [5]). Our mathematical study was based on the research

of the steady states and the demonstration of the stability that give us an idea about the behavior of

our solutions.
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