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Abstract

This paper is concerned with solving the problem of one-dimensional counter-current
imbibition in a homogeneous porous medium. In this research, water and oil are
treated as two distinct liquid phases, in which the water is the wetting phase while the
oil is the non-wetting phase. This is the common scenario during secondary recovery
of oil. During this phase, the fluid behavior is characterized by a nonlinear partial
differential equation. To find the solution of this equation, we utilize the Homotopy
Analysis Method (HAM), which is a powerful analytical method. Proper boundary
conditions are chosen according to the physical phenomenon of the problem. The
results are visualized and interpreted with the help of Mathematica 12.0 using
graphical plots.
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INTRODUCTION

The counter-current imbibition mechanism by which a wetting fluid like water displaces a non-
wetting fluid like oil in the opposite direction within porous media is pivotal to oil recovery,
especially in fractured reservoirs. Advanced simulation techniques have been used in recent
studies to investigate the pore-scale phenomena of this process. For example, Yang et al. [1]
have a study utilized phase-field simulations to unveil the sequence of oil-water interaction
during counter-current imbibition, presenting the influence of fracture aperture, capillary
number, and viscosity ratio on efficiency of recovery. Likewise, work by Zhou et al. [2] utilized
pore-scale modeling to appreciate the impact hydraulic fracture propagation has on spontaneous
imbibition behavior, offering insight into optimizing fracture networks for better oil recovery.

o8 Anuj P. Raval et al 98-117



Journal of Computational Analysis and Applications VOL. 34, NO. 5, 2025

Homogeneous porous media, with their uniform pore structures, provide consistent fluid flow
patterns, and hence they are suitable for the investigation of imbibition processes. A
experimental study explored the imbibition behavior in heterogeneous porous media, focusing on
the influence of pore structure distribution and boundary conditions on fluid displacement is
done by Shuai et al. [3] . Furthermore, studies by Xu et al. [4] used Nuclear Magnetic Resonance
(NMR) to investigate fluid occurrence spaces and imbibition oil recovery in the Gulong shale,
yielding significant data on fluid distribution in homogeneous porous structures. Parikh et al. [5]
established a mathematical model of counter-current imbibition in vertical downward
homogeneous porous media and presented solutions to nonlinear partial differential equations
that rule the process. Gohil and Meher [6] conducted a study to examine the impact of viscous
fluids on counter-current imbibition in heterogeneous porous media using two-phase fluid flow
with inclusion of magnetic fields. Suo et al. [7] introduced a numerical approach in modeling
imbibition processes involving heterogeneous porous media, stressing consideration of material
heterogeneity during simulation.

Imbibition phenomenon is dominated to a large degree by fluid viscosity, interfacial tension, and
wettability. Zotelle et al. [8], have study analyzed the effect of viscosity ratios on fluid
displacement pattern and recovery efficiency in porous media and demonstrated how optimal
viscosity ratios can achieve maximum oil recovery. In addition, Liu et al. [9] conducted research
on the surfactant fracturing fluids' imbibition effects in offshore reservoirs and described how
surfactants can change rock wettability and decrease interfacial tension to better displace oil .

Nanotechnology has become a potentially useful area for increasing oil recovery by enhancing
imbibition. Zhang et al. [10] conducted experimental experiments on spontaneous imbibition-
enhanced oil recovery by nanofluids, and they found that silica nanofluids can significantly
reduce oil-water interfacial tension and alter rock wettability, thus enhancing oil production.
Similarly, studies have also proven that various nanoparticles, including zirconium dioxide and
calcium carbonate, possess active roles in oil recovery improvement by altering the wettability of
carbonate rocks.

Sophisticated analytical methods have played a crucial role in elucidating the imbibition and oil
recovery mechanisms. Meng et al. [11] work on NMR-based measurements were used to track
improved oil recovery by imbibition in nonconventional reservoirs, including detailed
descriptions of water and oil distributions during the recovery process. Moreover, Wang et al.
[12] have studies on the experimental mechanisms for the improvement of oil recovery by
spontaneous imbibition with surfactants in tight sandstone reservoirs have indicated the
significance of interfacial tension, rock wettability, and core permeability as factors that
influence recovery results.
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Li [13] gave analytical solutions for the linear counter-current spontaneous imbibition, stressing
the need to develop an understanding of fluid dynamics in porous media. In like manner,
Tavassoli et al. [14] modeled the oil recovery under counter-current imbibition in water-wet
systems, identifying the effect of capillary forces on fluid displacement. Mason et al. [15] carried
out experiments on spontaneous counter-current imbibition in core samples, illustrating the effect
of core geometry on imbibition efficiency.

Briefly, the synergy of experimental studies, advanced simulation techniques, and
nanotechnology has significantly improved our understanding of counter-current imbibition in
homogeneous porous media. These results are significant for the development of effective
strategies to enhance oil recovery, particularly in complex reservoir conditions.

Supported by this, the present study further investigates the mechanisms of counter-current
imbibition using the Homotopy Analysis Method (HAM). HAM is a powerful analytical tool that
particularly excels in the solution of nonlinear partial differential equations, which frequently
arise in the modeling of two-phase fluid flow in porous media.

As opposed to traditional numerical techniques, HAM provides an adjustable convergence-
control parameter, making the solution more accurate and versatile. Utilizing HAM and suitable
boundary conditions, this paper suggests finding an accurate and smooth analytical solution of
fluid saturation profiles with the ultimate support of effective design and optimization of
enhanced oil recovery technigues.

The rest of the paper is organized as follows: Section 2 gives a mathematical formulation of
counter-current imbibition process within a homogeneous porous medium. Section 3 presents the
Homotopy Analysis Method and its application to solve the problem. Section 4 gives graphical
results of concentration profiles using Mathematica (12.0). Finally, Section 5 gives the main
conclusions of the manuscript.

Mathematical Formulation

The Fig.1 [5] schematic describes the one-dimensional counter-current imbibition process within
a homogeneous porous medium. The region is separated into two different regions: Injected
liquid (water) is depicted on the left-hand side, colored light blue. This liquid is the wetting
phase and is injected into the porous medium from the left boundary. Original liquid (oil), shown
in dark grey on the right-hand side, is the non-wetting phase that originally fills the porous
structure.

There is a displacement process at the vertical center boundary, referred to as "imbibition surface
(x = 0)". Water flows into the porous material and starts replacing the oil by flowing through the
porous structure due to capillary action. Pores are described with irregular or branching
structures in order to demonstrate the network seen in porous material. The direction of flow is
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from left to right, and due to capillary pressure and saturation gradients, oil is driven in the
opposite direction, which characterizes the counter-current nature of the flow.

ombcbnton/surface x=0
v{/'

injected liquid(water)

Figure 1. A graphical representation of the process of counter-current imbibition in
homogeneous porous media.

Scheidegger [16] highlights that "oil" can serve as a reference for characterizing the seepage
velocities of the wetting phase and the non-wetting phase water.

Ry 0Py

o =5, Ko (1)
o 0P,

Vo =%, Kox 2)

The continuity equations for both the wetting and non-wetting phases are presented by

Sy | My _ 8S, | Vo _
et =0 5 =0 ©)
From equation (1),
3Sy . 8 Py on 0Py
05+ a (- K TE) @
as, . AV,
o T =0 ®)

The coordinate x is measured along the axis of the cylindrical medium, with the origin
positioned at the imbibition face ,x = 0.

The definition of capillary pressure, can be written as Mehta [17]
Pe=F —Fy (6)

The countercurrent interaction between the two phases generates a spontaneous flow that results
in the sum of the velocities of water and oil being zero (Scheidegger and Johnson [18]).

Therefore,
Vw+V,=0 @)
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v, =-", (8)
From (1) and (2), we get

Ew ox &0 ox

Substituting for 2, from equation (6),

Do g1 2o g0 L (P4 P) =0 (10)

Ew ox &0

@j{ﬂ{_ﬁj{‘%{_@j{aﬂ:() (]_]_)

Ew ox &0 dx &0 ox
Simplifying,

x&(@ﬂz)ﬂz%%:o (12)

ax \&y &0 £o
£0,,0Pc
P oo ox
K= —fo O (13)

T

Substituting in equation (4)

Ro 2%

OSW d IZ/W g0 Ox _
¢7+a<;7‘g_vv+f_o>‘° 4

Using,

dP; _ 3P Sy
x  9Sy 0x

We get,

5 3 Row :K./&o 0Pc OSw
Sw | 0 [ ey " ep05w 0x | _ 1

According to Scheidegger [16],
*who

Swso Ko (16)

kw  Fo
_W+_0 EO
fw  €o

Therefore, equation (15) reduces to,

dSw d (o 0P Sy _
Tetx(sE ) =0 17
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Scheidegger and Johnson [18] assume that both oil and water exhibit linear relative permeability.
Ry = Sw

to =1—a$,, ,where a = 1.11 (18)
Mehta [4] indicates that capillary pressure can be expressed in terms of saturation as follows:

P. = —BS, ,where S is constant (19)
We obtain from equations (16), (17), and (18)

B =22 ((1-as,) 2 (20)

at &o 0x

The nonlinear partial differential equation in (20) describes the imbibition event. The first
requirement is:

Sw(x,0) =A(x),0<x <1 (21)
The boundary conditions are,

Sw(0,t) =B(t),0<t <1, (22)
Sw(,t)y=C(),0<t<1 (23)

Time t > 0 influences the water saturation at x = 0 and x = [, where [ « L and x = [ is near
the common interface (x = 0). Use dimensionless parameters to convert equation (20) into its
dimensionless form.

X rp
X==T=
[’ e, L2
Equation (20) is converted into,
0w _ 0 1 _ 4518w
= |- a0 5 (24)

By modifying the initial and boundary conditions, we arrive at

S, (X,00=AX),0<X <1 (25)
S,(0,T)=B(T),0<T <1, (26)
S,(LT) =C(T),0<T <1 27)
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Problem Solution

The Homotopy Analysis Method (HAM) is very useful for simulating imbibition processes
in porous media, especially for the investigation of two-phase fluid displacement processes
such as water-oil interactions. In counter-current imbibition, the governing equations are
typically nonlinear partial differential equations that are not readily solvable using
conventional analytical methods. HAM is an extremely powerful tool for obtaining
accurate, convergent series solutions without having to assume small or large parameters.
This flexibility proves extremely useful in modeling the complex behavior of saturation
fronts, capillary-driven flow, and dynamic boundary conditions typical of imbibition
phenomena. With HAM, researchers can derive explicit analytical solutions for fluid
saturation profiles and flow rates, enabling one to better understand oil recovery efficiency
and porous media performance optimization under actual reservoir conditions.

The detailed flow chart of HAM is shown in Fig. 2. [19]
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Fig. 2 : Flow chart of numerical method
In this section, we use HAM to solve Non-linear P.D.E. of equation (24) by taking the

appropriate boundary conditions are as follows:

(28)

1+T

Sw(0,T)=0,0<T<1
Sy (1LT) =(25),0<T < 1}
The Homotopy Analysis Method (HAM) was originally introduced by Liao [20] in his 1992 PhD
thesis. Famed for its flexibility and potency, HAM has emerged as a very useful analytical
method to solve a variety of nonlinear differential equations. In recent years, it has been applied
successfully to many partial differential equations [21-29] and ordinary differential equations
[30-32] and has illustrated its wide scope of applicability. One of the important characteristics of
HAM s its convergence control parameter, i.e., ¢y, that is essential for making sure that the
series solution converges correctly. The best possible value of ¢, can be determined by studying
the ¢, -curve, which proves useful in increasing the accuracy of derived solutions.
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In addition, as per the given boundary conditions, HAM recommends selecting a suitable initial
guess or initial approximation that closely matches the expected behavior of the solution as given
in equation (29). This judicious selection also allows the homotopy series to converge very
quickly and stably, thus recommending HAM as a very reliable method for solving complex
nonlinear problems in scientific and engineering fields.

2(X+TX?
Swo(x,T) = (2E) (29)
We select the auxiliary linear operator based on equation (24).
?(X,T;0
2o(X, T; 0)] = LT (30)
This satisfies the characteristic 8[Ax + ] = 0 where A and 4 are constants.
Cov) _ (PPe(X.T8) N (020(XT;0) PQXT;0)\2  (02p(XT;0)
N T;8)) = ( X2 ) — (X, T;0) ( X2 ) B a( X2 ) B ( T )
(31)
The zeroth-order deformation equation was created by Liao [20].
(1= 60)L[p(X,T; 0) — Sy, (X, T)] = 0coR(X, TIN(¢(X, T; 6)) (32)

where 6 € [0,1] the embedding-parameter, ¢, # 0 the convergence control parameter,
K(X,T) # 0 the auxiliary function.

When 6§ = 0and 6 = 1, Eqg. (11) provided
p(X,T;0) = SWO(X' T)and (X, T;1) = S,,(X,T) (33)

Thus as 6 increases from 0to 1, (X, T; 0) continuously deforms from the initial approximation
Sw, (X, T) to the exact solution S,, (X, T') of the Eq. (24).

Assume that the auxiliary linear operator, the initial approximation, the convergence control
parameter and the auxiliary function are chosen so properly that the Maclaurin series of
@(X,T;6) with respect to 6

@(X,T;0) =S, (X,T) + ¥ n=1Sw,, (X, T)O™ (34)
_ 10mp(xTe)

Where, Sy, (X,T) = ——= - (35)

Converges at 6 = 1. Thus we have solution

SwX,T) =Sy, (X, T) + X=1Sw,, X T) (36)
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Define Sy (X,T) = {Sw, (X, T),Sw; (X, T), ... ..., Sw,, (X, T)}. Differentiating the Eq. (32) m
times with respect to the embedding-parameter 6 and dividing them by m! and then finally
settingd = 0, we have the high-order deformation equation

2[Sw, X, T) = XmSw,, (X, T)] = co& X, TR (Sw,,_,) (37)

Subject to the boundary conditions

Swm(O, T) =0, Swm(l, T=0,m=>1 (38)
Where,
—— 1 ™ R(e(X,T;0))
ERm(SWm_l) - (m—l)! gem-1 8=0 (39)
_(0,Whenm <1
and ym = {1 ,Whenm > 1 (40)

For simplicity, we assume that S(X,T) = 1.Therefore, solving linear ordinary differential
equations (37) is straightforward. As a result, the general solution to the high-order deformation
equation (37) is

Sw, X T) = XmSwo X T) + o [ Rn(Sw,,,_, )dxdx + Ax + & (41)

where A and 4 are constants or functions of T. Hence the approximate analytical solution of the
Eq. (24) is as

6001 = (25 . [0 (5 7+ 2 ) 0 (- ) - (3 3)-

aX?
18

......... (42)

Results and Discussion

The control parameter ¢, of convergence in the convergence characteristic of series solutions
derived by Homotopy Analysis Method (HAM) is instrumental. In this research, the convergence
of series Sy, ,,(0,1) and Sy, (0,0.2) is studied in terms of changes in ¢, As per the suggestion
of Liao [15], it is found that both Sy, (0,1) and Sy, (0,0.2) converge to the same values
throughout the range of c, where the solution is stable. The curves defining Sy, (0,1) and
Sw 5 (0,0.2) against ¢, are referred to as co-curves [19, 26], and are crucial to identify the valid
region of convergence for c,. The presence of a horizontal segment in the ¢, curves, as proposed
by Liao [30-32], represents the interval in which the series converge suitably.

Figures 3 and 4 show the c, curves for obtained with Mathematica for the 10" -order and 20" -
order approximations, respectively. In the two figures, the solid lines are the two series'
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convergence profiles. As can be easily seen from these plots, there is a quite large horizontal part
where both curves are almost flat, showing that the solutions in that range are stable. Particularly,
the valid range of convergence is found to be about ¢, € [—1.5,0.3]. Beyond these limits, the
curves show sharp oscillations, which is an indication of the loss of convergence or instability in
the solution. In comparing Figures 3 and 4, one sees that raising the order of the approximation
extends the flatness and width of the horizontal segment, corroborating the enhanced
convergence and accuracy of the HAM solutions at higher orders.

Hence, the examination of the c,-curves not only confirms the validity of the Homotopy
Analysis Method for the problem under consideration but also sheds key light upon choosing an
optimum ¢, value to ensure accurate and stable solutions. The determination of the admissible
region of ¢, values is essential for practical purposes, guaranteeing that the series approximations
employed in the analysis of the countercurrent imbibition effect are convergent and physically
acceptable.

{Swxx(0, 1), Swxx(0, 0.2)}

3_
20
—
011
1 1 fl 1 1 1 1 1 CC
2.0 / 15 -1.0 05

Fig.3 The ¢, Curve of §,,,.(0,1) (Solid Line) and S, (0,0.2) (Solid Line) for 10" order
Approximation

Anuj P. Raval et al 98-117
108



Journal of Computational Analysis and Applications VOL. 34, NO. 5, 2025

{Swxx(0, 1), Swxx(0, 0.2)}

co

1 1 1 1 I T T T T T T T T T T T
-2.0 -1.5 -1.0 -0.5

Fig.4 The ¢, Curve of §,,
Approximation.

+x(0,1) (Solid Line) and S,,,,(0,0.2) (Solid Line) for 20" order

Tables 1 and 2 show the numerical values of the saturation profile S, (X,T) from solving
equation (42) by the Homotopy Analysis Method (HAM) with a convergence control parameter
co = —1. Table 1 is for the 10th-order approximation, and Table 2 is for the 20th-order
approximation. The saturation values are calculated at different spatial positions X € [0,1] and at
specified timesT = 0.2,0.4,0.6,0.8,1.0. As anticipated, the saturation S;, grows with both
distance X and time T, marking the increasing imbibition of the wetting fluid into the porous
medium. Far from the boundary, at X = 0, the saturation is zero for all times, in accordance with
the problem'’s boundary conditions. As one moves away from the boundary, the saturation rises
uniformly, tracing the moving front of fluid invasion into the medium.

Observing the results for the 10th-order (Table 1) and the 20th-order (Table 2) approximations
and comparing them, it can clearly be seen that the values match quite closely, showing the
trustworthiness and convergence of solutions obtained using HAM even with lower orders of
approximation. A small variation within the decimal points can be found, especially within the
intermediate times and distances, illustrating the superior accuracy of the higher-order solution.
The table consistency also justifies the selection of ¢, = —1 within the convergence region
specified, as obtained from the analysis of the c,-curve. Also, the smooth and monotonically
increasing behavior of Sy, (X, T) with respect to both X and T justifies the physical applicability
of the simulated imbibition process, establishing that the suggested mathematical framework
correctly describes the fluid displacement dynamics in a uniform porous medium.

X T=0.2 T=0.4 T=0.6 T=0.8 T=1.0
0 0 0 0 0 0
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0.1 0.027337 0.03125 0.034709 0.037714 0.0402607
0.2 0.055779 0.063864 0.071045 0.077305 0.0826283
0.3 0.085684 0.098232 0.109431 0.119233 0.127596
0.4 0.11749 0.134839 0.150408 0.164099 0.175822
0.5 0.151739 0.174309 0.194692 0.212715 0.228211
0.6 0.189125 0.217468 0.243263 0.26623 0.286081
0.7 0.230572 0.265467 0.297548 0.32638 0.351493
0.8 0.277371 0.320006 0.359771 0.396032 0.428035
0.9 0.331452 0.383828 0.433835 0.480667 0.523194

1 0.396 0.462 0.528 0.594 0.66

Table 1: Numerical Value of Solution S,, (X, T) when ¢, = —1 for 10™order approximation
X T=0.2 T=0.4 T=0.6 T=0.8 T=1.0

0 0 0 0 0 0

0.1 0.0273367 0.0312496 0.0347094 0.03771 0.04026
0.2 0.0557786 0.0638643 0.0710455 0.07731 0.08263
0.3 0.0856842 0.0982323 0.109431 0.11923 0.1276
0.4 0.11749 0.134839 0.150408 0.1641 0.17582
0.5 0.151739 0.174309 0.194692 0.21272 0.22821
0.6 0.189125 0.217468 0.243264 0.26623 0.28608
0.7 0.230572 0.265467 0.297549 0.32638 0.35149
0.8 0.277371 0.320006 0.359773 0.39603 0.42803
0.9 0.331452 0.383828 0.433836 0.48067 0.52318
1 0.396 0.462 0.528 0.594 0.66

Table 2: Numerical Value of Solution S,, (X, T) when ¢, = —1 for 20™order approximation

The graphical representations given in Figures 5 and 6 present a clear picture of the variation of
the saturation profileSy,, (X, T) because of the convergence control parameterc, = —1. Figure 5
shows the variation of Sy, (X, T) as a function of the spatial coordinate X for various fixed values
of time T = 0.2,0.4,0.6,0.8,1.0. It is seen that for a specific time, the saturation rises nonlinearly
with distance, reflecting the continuous imbibition of the wetting phase into the porous medium.
The slope of the plots steepens with rising T, corresponding to the deeper fluid intrusion at
longer times. Figure 6 illustrates the time evolution of Sy, (X, T) for a given spatial location X =
0.2,0.4,0.6,0.8,1.0. It is apparent that at any distance, the saturation rises systematically with
time, displaying a typical imbibition process by which the wetting phase saturation rises as time
evolves. The two figures collectively demonstrate the homotopy analysis method's ability to
capture the realistic spatial-temporal behavior of the saturation front in porous media.
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Fig.5 Solution S,, (X, T) v/s distance X at a constant time T=0.2,0.4,0.6,0.8,1.0
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Fig.6 Solution S,, (X, T) v/s time T for fixed distance X =0.2,0.4,0.6,0.8,1.
Conclusions
In the present work, the convergence properties of series solutions obtained by means of the

Homotopy Analysis Method (HAM) were thoroughly investigated through the ¢, -behavior of
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the convergence control parameter. The examination of the c,-curves for Sy, (0,1) and
Sw yx(0,0.2) displayed plainly a stable broad horizontal interval in the interval ¢, € [-1.5,0.3],
which ascertained the reliability and robustness of the HAM solutions within this interval.
Figures 3 and 4 of the c,-curves for 10th- and 20th-order approximations also supported further
that higher-order approximation improves the stability and convergence interval of the solution.
The common horizontal segments observed testified to the adequacy of HAM in tackling
difficult nonlinear problems such as countercurrent imbibition, which was in conformity with the
theoretical expectations of Liao.

Furthermore, numerically computed saturation profiles S, (X, T) at different spatial and temporal
coordinates, e.g., Tables 1 and 2, confirm the validity and accuracy of the technique. Comparison
between 10th and 20th-order solutions shows that even low-order solutions are extremely
accurate with zero deviation, and higher-order solutions are even more accurate. Figures 5 and 6
further corroborate this conclusion by visually exhibiting the expected physical behavior: the
saturation increases monotonically with both space and time, precisely simulating the imbibition
phenomenon in a homogeneous porous medium. Consistency across tables and graphical
findings highlight that the mathematical setup and selection of ¢, = —1 are suitable for the
modeling of realistic fluid invasion processes.

Lastly, the graphical representations given thoroughly portray the physical phenomena in
question with all figures properly corresponding to theory expectations and experimental
observations of imbibition behavior. The nonlinear growth of saturation with distance at a given
time and systematic growth with time at a given spatial point, as in Figures 5 and 6, capture the
progressive penetration of the wetting phase, fulfilling the boundary conditions and physical
expectation of porous media flow. In summary, the convergence analyses, numerical solutions,
and graphical verifications all jointly demonstrate that the Homotopy Analysis Method, with
appropriately chosen parameters, presents a powerful, accurate, and physically sound tool for
solving countercurrent imbibition problems in porous media.
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Notation Meaning

The seepage velocity of water in the wetting phase [m/s]

The seepage velocity of the oil in the non-wetting phase [m/s]
Effectiveness of the porous medium's permeability [m?]

The porous medium's intrinsic permeability to the wetting phase [m?]

The porous medium's intrinsic permeability to the non-wetting phase [m?]
The pressure of the water in the wetting phase [Pa]

The pressure of the oil in the non-wetting phase [Pa]

water's constant kinematic viscosity

oil's constant kinematic viscosity

The porous medium'’s total porosity (volume of voids / total volume)
Saturation of the wetting phase (water) (volume of water / volume of voids)
Saturation of the non-wetting phase (oil) (volume of oil / volume of voids)
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