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Abstract 

In this paper we introduce cone octagonal metric space, a generalization of cone polygonal metric 

spaces and we prove the Banach contraction principle with supporting example. 

1.Introduction: 

The concept of cone metric spaces, introduced by Huang and Zhang [1], generalizes classical 

metric spaces by replacing the set of real numbers with elements from an ordered Banach space. 

The Banach contraction mapping principle, a cornerstone of fixed point theory, was also adapted 

to this context by Huang and Zhang. Due to its wide range of applications, the study of fixed 

points—specifically, the existence and uniqueness of such points for various mappings—has 

become a central topic in analysis. Numerous researchers have since extended the Banach 

contraction principle to various generalized metric spaces [3–5]. 

Huang and Zhang formalized the notion of cone metric spaces and established fixed point theorems 

for contractive-type conditions in these spaces. Subsequent studies have proved fixed point 

theorems for different contractive conditions in cone metric spaces [3–5]. Azam et al. introduced 

cone rectangular metric spaces and proved the Banach contraction principle in this context. Garg 

and Agarwal further generalized this framework to cone pentagonal and hexagonal metric spaces, 

respectively, establishing analogous fixed point results. More recently, Ampadu introduced cone 

heptagonal metric spaces and proved the Chatterjea contraction mapping principle in this setting. 

This paper aims to present a fixed point theorem in cone octagonal metric spaces, thereby 

extending and improving upon the results of [6–8]. 
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2. Preliminaries 

Definition 2.1. [2] Let 𝐸 be a real Banach space and 𝑃 a subset of E. 𝑃 is called a cone, if 

and only if: 

(1) 𝑃 is closed, nonempty, and 𝑃 ≠ {0}; 

(2) 𝑎, 𝑏 ∈ 𝑅, 𝑎, 𝑏 ≥ 0 and 𝑥, 𝑦 ∈ 𝑃 implies 𝑎𝑥 + 𝑏𝑦 ∈ 𝑃; 

(3) 𝑥 ∈ 𝑃 and −𝑥 ∈ 𝑃 imply 𝑥 = 0. 

Given cone 𝑃 ⊆ 𝐸, we define a partial ordering ≤ with respect to 𝑃 by 𝑥 ≤ 𝑦 if and only if 

𝑦 − 𝑥 ∈ 𝑃. We shall write 𝑥 < 𝑦 to indicate that 𝑥 ≤ 𝑦 but 𝑥 ≠ 𝑦, while 𝑥 ≪ 𝑦 stands for 𝑦 − 𝑥 ∈

int(𝑃), where int(𝑃) denotes the interior of 𝑃. 

 

Definition 2.2. [2] A cone 𝑃 is called normal if there is a number 𝐾∗ > 0 such that for all 

𝑥, 𝑦 ∈ 𝐸, the inequality 

0 ≤ 𝑥 ≤ 𝑦 implies ‖𝑥‖ ≤ 𝐾∗‖𝑦‖.                                                   

 (2.1) 

The least positive number 𝐾∗ satisfying (2.1) is called the normal constant of 𝑃. 

 

In this paper we denote that 𝐸 is a real Banach space and 𝑃 is a cone in 𝐸 with int(𝑃) ≠ 𝜙 and ≤ 

is a partial ordering with respect to 𝑃. 

 

Definition 2.3. [2] Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 

(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑦) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋. 

Then 𝜌 is called a cone metric on 𝑋, and (𝑋, 𝜌) is called a cone metric space. 

Remark 2.4. The concept of a cone metric space is more general than a metric space, because 

each metric space is a cone metric space where 𝐸 = 𝑅 and 𝑃 = [0. ∞) (cf. [2]) 

Definition 2.5. [6] Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 
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(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑤) + 𝜌(𝑤, 𝑧) + 𝜌(𝑧, 𝑦) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 and for all distinct points 

𝑤, 𝑧 ∈ 𝑋 − {𝑥, 𝑦} (Rectangular Property). 

Then 𝜌 is called a cone rectangular metric on 𝑋, and (𝑋, 𝜌) is called a cone rectangular metric 

space. 

Remark 2.6. Every cone metric space is cone rectangular metric space. The converse is not 

true [6]. 

Definition 2.7. [7] Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 

(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑤) + 𝜌(𝑤, 𝑢) + 𝜌(𝑢, 𝑦) for all 𝑥, 𝑦, 𝑧, 𝑤, 𝑢 ∈ 𝑋 and for 

all distinct points 𝑧, 𝑤, 𝑢 ∈ 𝑋 − {𝑥, 𝑦} (Pentagonal Property). 

Then 𝜌 is called a cone pentagonal metric on 𝑋, and (𝑋, 𝜌) is called a cone pentagonal metric 

space. 

Remark 2.8. Every cone rectangular metric space and so cone metric space is cone 

pentagonal metric space. The converse is not true [7]. 

Definition 2.9. [8] Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 

(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑤) + 𝜌(𝑤, 𝑢) + 𝜌(𝑢, 𝑣) + 𝜌(𝑣, 𝑦) for all 𝑥, 𝑦, 𝑧, 𝑤, 𝑢, 𝑣 ∈

𝑋 and for all distinct points 𝑧, 𝑤, 𝑢, 𝑣 ∈ 𝑋 − {𝑥, 𝑦} (Hexagonal Property). 

Then 𝜌 is called a cone hexagonal metric on 𝑋, and (𝑋, 𝜌) is called a cone hexagonal metric space. 

Remark 2.10. Every cone pentagonal metric space and so cone rectangular metric space 

is cone hexagonal metric space. The converse not necessarily true (e.g. see[8]). 

Definition 2.11. [9] Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 
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(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑤) + 𝜌(𝑤, 𝑢) + 𝜌(𝑢, 𝑣) + 𝜌(𝑣, 𝑡) + 𝜌(𝑡, 𝑦) for all 

𝑥, 𝑦, 𝑧, 𝑤, 𝑢, 𝑣, 𝑡 ∈ 𝑋 and for all distinct points 𝑧, 𝑤, 𝑢, 𝑣, 𝑡 ∈ 𝑋 − {𝑥, 𝑦} 

(Heptagonal Property). 

Then 𝜌 is called a cone heptagonal metric on 𝑋, and (𝑋, 𝜌) is called a cone heptagonal 

metric space. 

Remark 2.12. Every cone hexagonal metric space, cone pentagonal metric space and cone 

rectangular metric space are cone heptagonal metric spaces. The converse is not true [9]. 

Definition 2.12.  Let 𝑋 be a nonempty set. Suppose the mapping 𝜌: 𝑋 × 𝑋 → 𝐸 satisfies: 

(1) 0 < 𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋 and 𝜌(𝑥, 𝑦) = 0 if and only if 𝑥 = 𝑦; 

(2) 𝜌(𝑥, 𝑦) = 𝜌(𝑦, 𝑥) for all 𝑥, 𝑦 ∈ 𝑋; 

(3) 𝜌(𝑥, 𝑦) ≤ 𝜌(𝑥, 𝑧) + 𝜌(𝑧, 𝑤) + 𝜌(𝑤, 𝑢) + 𝜌(𝑢, 𝑣) + 𝜌(𝑣, 𝑡) + 𝜌(𝑡, 𝑠) + 𝜌(𝑠, 𝑦)  

for all 𝑥, 𝑦, 𝑧, 𝑤, 𝑢, 𝑣, 𝑡, 𝑠 ∈ 𝑋 and for all distinct points 𝑧, 𝑤, 𝑢, 𝑣, 𝑡, 𝑠 ∈ 𝑋 − {𝑥, 𝑦} 

[octagonal Property]. 

Then 𝜌 is called a cone octagonal metric on 𝑋, and (𝑋, 𝜌) is called a cone octagonal metric space. 

Example 2.13. 𝑋 = [0, 1], 𝐸 = 𝑅2,𝑃 = {(𝑎, 𝑏): 𝑎 ≥ 0, 𝑏 ≥ 0}, Define metric 𝜌: 𝑋 × 𝑋 → 𝐸 

by 𝜌(𝑥, 𝑦) = (|𝑥 − 𝑦|, 𝑘|𝑥 − 𝑦|), where 𝑘 ≥ 1. 

3. Main Result 

In this section we prove Banach contraction principle in cone octagonal metric space. 

Theorem 3.1. Let (𝑋, 𝜌) be a complete cone octagonal metric space with normal cone 𝑃. 

Suppose that 𝑇: 𝑋 → 𝑋 satisfies 

𝜌(𝑇𝑥, 𝑇𝑦) ≼ 𝐾𝜌(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝑋, 

where 0 ≤ 𝐾 ≤ 1. Then 𝑇 has a unique point 𝑢 ∈ 𝑋, and for any 𝑥0 ∈ 𝑋, the sequence {𝑇𝑛𝑥0} 

converges to 𝑢. 

Proof. Let 𝑥0 ∈ 𝑋 be arbitrary. Define the sequence {𝑥𝑛} by 𝑥𝑛+1 = 𝑇𝑥𝑛 for all 𝑛 ≥ 0. 

By the contraction property 

𝜌(𝑥𝑛, 𝑥𝑛+1) = 𝜌(𝑇𝑥𝑛−1, 𝑇𝑥𝑛) ≤ 𝐾𝜌(𝑥𝑛−1, 𝑥𝑛). 
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Repeating this inequality 

  𝜌(𝑥𝑛, 𝑥𝑛+1) ≤ 𝐾𝑛𝜌(𝑥0, 𝑥1) for all n. 

For 𝑚 > 𝑛, apply the octagonal inequality with intermediate points 𝑥𝑛+1, 𝑥𝑛+2, … , 𝑥𝑛+6.  

 𝜌(𝑥𝑛, 𝑥𝑚) ≤ 𝜌(𝑥𝑛, 𝑥𝑛+1) + ∑ 𝜌(𝑥𝑛+𝑘, 𝑥𝑛+𝑘+1) + 𝜌(𝑥𝑛+7, 𝑥𝑚)6
𝑘=1 . 

  ≤ 𝐾𝑛𝜌(𝑥0, 𝑥1)(1 + 𝐾 + 𝐾2 + ⋯ + 𝐾𝑚−𝑛−1). 

For 𝑚 → ∞, the geometric series converges and 

𝜌(𝑥𝑛, 𝑥𝑚) ≤
𝐾𝑛

1−𝐾
𝜌(𝑥0, 𝑥1). 

Since 𝑃 is normal, there exists 𝐶 > 0 such that 

  ‖𝜌(𝑥𝑛, 𝑥𝑚)‖ ≤ 𝐶
𝐾𝑛

1−𝐾
‖𝜌(𝑥0, 𝑥1)‖ → 0 as 𝑛 → ∞. 

Thus {𝑥𝑛} is a Cauchy sequence. By completeness, 𝑥𝑛 → 𝑢 ∈ 𝑋. 

 

Using continuity of 𝑇 

  𝜌(𝑢, 𝑇𝑢) ≤ 𝜌(𝑢, 𝑥𝑛+1) + 𝜌(𝑇𝑥𝑛, 𝑇𝑢) ≤ 𝜌(𝑢, 𝑥𝑛+1) + 𝐾𝜌(𝑥𝑛, 𝑢). 

As 𝑛 → ∞, this inplies that 𝜌(𝑢, 𝑇𝑢) = 0 or 𝑇𝑢 = 𝑢. 

 

Suppose 𝑣 is another fixed point. Then 𝜌(𝑢, 𝑣) = 𝜌(𝑇𝑢, 𝑇𝑣) ≤ 𝐾𝜌(𝑢, 𝑣). Since 𝐾 < 1, this 

implies 𝜌(𝑢, 𝑣) = 0 implies 𝑢 = 𝑣. 

Example 𝑋 = 𝑅, 𝐸 = 𝑅2,𝑃 = {(𝑎, 𝑏): 𝑎 ≥ 0, 𝑏 ≥ 0}. Define 𝜌: 𝑋 × 𝑋 → 𝐸 by  

 𝜌(𝑥, 𝑦) = (|𝑥 − 𝑦|, 𝑘|𝑥 − 𝑦|), 0 < 𝑘 < 1. 

For 𝑇: 𝑥 →
𝑘𝑥

2
, we see that 𝜌(𝑇𝑥, 𝑇𝑦) = (

𝑘

2
|𝑥 − 𝑦|,

𝑘2

2
|𝑥 − 𝑦|) ≤

𝑘

2
𝜌(𝑥, 𝑦). 

Here, 𝐾 =
𝑘

2
< 1, and 0 is the unique fixed point. 

References 



Journal of Computational Analysis and Applications                                                              VOL. 33, NO. 2, 2024 
 

                                                                                                                        10.48047/jocaaa.2024.33.02.28                             

                                                                                                   1471                                      P. Swapna et al 1466-1471 
 

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations 

intégrales, Fundamenta Mathematicae, 3 (1922), 133-181.  

[2] L. G. Huang and X. Zhang, Cone metric spaces and fixed point theorems of contractive 

mappings, Journal of Mathematical Analysis and Applications, 332 (2007), No. 2, 1468-

1476.  

[3] D. Hie and V. Rakocevic, Common fixed points for maps on cone metric space, Journal 

of Mathematical Analysis and Applications, 341 (2008), 876-882.  

[4] A. Auwalu and E. Hinçal, Common Fixed Points of Two Maps in Cone Pentagonal Metric 

Spaces, Global Journal of Pure and Applied Mathematics, 12 (2016), No. 3, 2423-2435.  

[5] A. Auwalu and E.Hinçal, Banach-Type Fixed Point Theorem for Four Maps in Cone 

Pentagonal Metric Spaces, Far East Journal of Mathematical Sciences, 100 (2016), No. 

7, 1141-1157.  

[6] A. Azam, M. Arshad, and I. Beg, Banach contraction principle on cone rectangular metric 

spaces,ApplicableAnalysis and Discrete Mathematics, 3 (2009), No. 2, 236-241.  

[7] M. Garg and S. Agarwal, Banach Contraction Principle on Cone Pentagonal Metric 

Space, Journal of Advanced Studies in Topology, 3 (2012), No. 1, 12-18.  

[8] M. Garg, Banach Contraction Principle on Cone hexagonal Metric Space, Ultra Scientist, 

26 (2014), No. 1, 97–103.  

[9] C. B.Ampadu, Chatterjea Contraction Mapping Theorem in Cone Heptagonal Metric 

Space, Fundamental Journal of Mathematics and Mathematical Sciences, 7 (2017), No. 

1, 15–23. 

[10] Abba Auwalu, Ali Denker, Banach contraction principle on Cone Heptagonal Metric 

Space, Global Journal of Pure and Applied Mathematics, 13(2017), No 3, 995-1008. 


