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ABSTRACT

In this article, we prove new results on second order operational differential equations of elliptic type
with Robin type operator coefficient conditions, in a non-commutative case. The study is performed
when the second member f belongs to C*([0,1]; E), with 0 < a < 1, E being a complex Banach space.
The existence, uniqueness and maximum regularity of the strict solution are proven. This article improves

in a certain sense and naturally complements our last three works on this problem.

Key works second order operational differential equations, general Robin boundary conditions,

interpolation spaces, analytic semi group.
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This paper is devoted to study the following general problem

u”’(x) + Au(x) — wu(x) = f(x), x €]0,1]
u'(0) — Hu(0) — pu(0) =1y, (P)
u(l) =d,,

with f € C?([0,1]; E),0 < 6 < 1, where E is a complex Banach space, hy, d; are given elements in E and
A is a closed linear operator of domain D(A) are not necessarily dense in E. H is a closed linear operator
in E of domain D(A), w and u complex parameters. The objective being to find necessary and sufficient
conditions on the data to have the existence, uniqueness and maximum regularity of the solution, we use
the Krein order reduction method, we prove that such a solution u Problem (P) can be represented
explicitly like the sumu = u, + u, of aregular part and a singular part in some natural form
assumptions about the data. A good analysis of the terms of this representation makes it possible to find
the regularity result. fact that large classes of problems governed by partial differential equations can be
presented in the form of abstract differential equations (abbreviated EDAs). problems with spectral
parameter in the equation and in the boundary conditions that appear in different problems concrete
problems. As example, | will consider linearized static problems of certain equations of nonlinear
evolution with integral conditions. We will now cite some interesting articles related to this research. In
one of the latter works, In [5], the author considers some problems of second order elliptic boundary
value problems on bounded domains with boundary conditions depending nonlinearly on the spectral
parameter, see also [4], the paper considers a class of boundary problems with a spectral parameter in
boundary conditions. In [2], we find a study, in a separable Hilbert space, of the following boundary-value

second-order elliptic differential-operator equation:
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u'(x) + Au(x) — Au(x) = f (%), x € (0,1

with the following boundary conditions

' (0) — au(l) = fi, u(l) = f,,

where a is a complex number with Re(a) = 0 and A is a linear self-adjoint operator guaranteeing the
ellipticity of the equation. Note that here, the parameter A appears in the nonlocal boundary condition.
Recently, in [1], the authors consider the following boundary- value problem for an elliptic differential-

operator equation of second order

u(x) — u'(x) + Au(x) = f(x), x € (0,1)

with the following spectrals boundary conditions

uw'(0)+ ()= fi,  pu'(D)+ w(0) = f

where the same spectral parameter appears in the equation quadratic ally, here A is a closed positive
linear operator in a separable complex Hilbert space. In [7], the authors consider Problem (P) in a
complex Banach space E, where w is a positive spectral parameter and p = 0. For w large enough,
under some geometrical assumptions on the space E and hypotheses on operators A — wl and H,
including the fact that they commute in the resolvent sense, the authors furnish necessary and sufficient
conditions on the data 1, d; to obtain the existence and uniqueness of a solution u of (P)with maximal
regularity. Recently, in [8], the authors develop an interesting new approach in a non-commutative
framework, concerning some general Sturm-Liouville problems with the same Robin boundary condition

in 0.
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1.1. problem position:
Here in this work, we assume that f € C%([0,1]; E),0 < 6 < 1, and we study the equation
u"(x)+Aulx) — wu(x)=1(x), x €1]0,1], (1)
with the generals Robin boundary conditions

u' (0) — Hu (0) — pu (0) = r,
b = d 0 @
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where |1 is a spectral parameter and w is a fairly large positive real number, r, and d; are data in E.

Here A and H the problem (1)-(2) that is to say a function u such that

u € C%([0,1]; E) n C ([0,1]; D (4)),

u(0) €D (Hu)' and u satisfying Problem (1)-(2) as well as the maximum regularity of the strict solution
u, thatisto say u”, Au € €9([0,1]; E) with 8 €]0,1[, general, the condition f € C ([0,1]; E), is not
sufficient, to be able to solve the problem (1)-(2), This is why we will assume that f € €?([0,1]; E),0 <

6 < 1, with €% ([0,1]; E) is the Holder space, defined by

s)— J(t
co((0.11; B) = | f € € ([0, 1]; E): W= TO: ¢ o
t—s:toj_vt,—;e[o,l] |S N tl
It is also an interpolation space.
We have the following two propositions:
Let 8 €]0; 1]. So
ci([0,1]; E) c €9([0,1]; E) < C ([0,1]; E), (3)
and C? ([0,1]; E) with @ €0, 1[ provided with the standard
If (s)— F(Ollg
”f”(;e([o’l];g) = ”f”C([O,l];E) + |S _ t|9 )

——
t—s#0, t,s€[0,1]

is a Banach space, see [17], page 12.
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For reasons of convenience, we will treat the problem (1)-(2) with the notation A, = A — wl, w > 0,
the ellipticity of the equation is guaranteed by hypothesis (5) below; this assumption allows us to
consider, for suitable w, y, the operators

[2(tar) = 20000 (1) ”

— 2
Apyp = (Qw - HM) + e% (Qw + HM)’

with Q, = —V—A+ wl, H, = H + ul, D(Q,) = D(Q),and D (Hu) =D (H).
In all the sequel, for any closed linear operator B on E, D(B ) denotes the domain of B and p(B ) the
resolvent set of . The key point will be to obtain the invertibility of the determinant A, ,, of system (1) —
(2). Note that A, will be, in some sense, the abstract determinant of our problem(1) — (2). We give

some new results by using semigroups and interpolation theory. The originality of this article lies in the

fact that we will consider operator, Q = —vV—A principal, see assumptions (6), with D(Q) = D(A),and
also, we do not assume the commutativity between H and A or Hand Q.
Consider some fixed wy > 0 and for w > w,. Our main ellipticity assumption is the following:

{]o, +oo[C p(A,), ker(4,) = {0}, Tm(A,) = E and 8

A = 0:supl||A(4 — /11)‘1”1;(5) < 400,
Here we do not assume the density of D(A) in semi-groups (e*?),s0, (6*%¢),>0, on E, not necessarily
strongly continuous in 0, see for instance Balakrishnan [1] for densely defined operators and C. Martinez

and M. Sanz [16].

We will assume that Q is principal in the since that:

D (Qu) © D (H), (6)
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and

1
3¢€]0,=[,3C > 0

\}

sup (1 + |u)*|[Hyl .y, < € )
u=0

We will prove that the operator A, ,,, is closed and bounded invertible for a large omega we also assume

that Ay, is regularizing, that is:

VE € D(Qu), QuAzlué € D(Qu) and
QAGE € (D(A)E), o . ®)

With the following notation (D(4), E)l_ﬁoo = Dy(0, +), with Dy (8, +00)is the interpolation space
>
defined by

Do(6,+%) = jx € E:sup [[tQ(Q — t) ' x|ly < +oop,

t>0
and
Ixllpg(6,400) = Xl + sup 1LQ(Q — tI) ™ x|l
N
t>0
See [5].

The description of the main sections and results of this article are described as follows.

In section 2, we need demonstrations of some technical lemmas which will be useful in the study of the
problem (1)-(2), Also we need, (without demonstrations), to some technical results for Sinestrari, which
will be useful later. In section 3, using the S. G method, we give us a formula for representing the strict
solution of problem (1)-(2). In section 4, we study the regularity of the solution and give our main results,

in the last section, we explain our abstract thgery with a concrete example application in EDP.
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Letw, u € C, in a very specific sector, see [12], P.30. Remark 6.2. In the following K denotes various
Constants, independent of w, u € C, which can vary from one line to another.
Lemma 1 Assume (5) ~ (7). Then there exists w; = w, (wofix), such that, for all w = w4, operator A, ,,, is

invertible and has a bounded, moreover AZ}H, can also be written in the form
-1 _ -1 2
Aw,u - (Qw - Hu) (I t+e Qw)Ww,w

with W, , is a bounded linear operator in E, moreover, there exists a constant K > 0 independent of w

and u such that

”Ww;#”L(E) =K.

Proof. see [12], p. 29, lemma 6.3, estimate 60, and lemma 6.4, the assertion, 3, a similar proof.

Lemma 2 Let w, 4 € C. Assume (5) ~ (7). There exists K > 0 such that forall w = w,,

2 A1 -1
||QwAw,pLQa) ”L(E) = K.
Proof. For all, w = max(w,, w,), this estimate is a direct consequence of Lemma 6.4, statement 3, see

[12]. Below, the technical results useful for treating EDAs in Holder spaces see [17].

Lemma 3 Let Q is the infinitesimal generator of a generalized analytic semi- group on E, (efQ)fzo, not
necessarily Continuous at 0, £ € E and 6 € ]0, 1[. Then, the following two assertions are equivalent:
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1. e e ¢ ([0,1]; E).
2. €€ D(Q).

Likewise, the following two assertions are equivalent:
1. e € c?(0,1]; E).
2. &£ €Dy(B,+).

Lemma 4 Let € C?([0,1]; E) with 8 €]0,1[. Then

1
0 j e5% (o (s) — (0))ds € Dy(8, +o0),
0

and

x + [ e ((s) — @(0))ds € C+°([0,1]; E) n C°([0,1]; D(Q)).
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In order to solve problems (1)-(2), we use Krein's famous method of reducing the order of equation (1),
see [15]. Under assumptions (5) ~ (7), suppose for everything w = w,, the problem has a classical
solution u; that is to say

u € C?([0,1]; E) n € ([0,1]; D (4)),

u (0) € D (Hp), and (1)-(2) are satisfied. So you admit exactly a representation formula (24), p. 10, as in
[12], we apply this formula, with A, H, Q and A replacedby A — wl, H + ul, Q, and Aw,u.
Now, To obtain the necessary and sufficient conditions of existence and uniqueness of the strict solution

u of Problem (1)-(2), we will study the regularity of this formula, which can be written in the form

u(x) = S(,r,dy,f)+ R(,ro,dy,f), )

where S (., 19, d4, f) is the singular part given by

S(C,re,dy, f) =5:1C,1m0,d1) + S0, 1),
with, for all x € (0,1),

S1(x,79,d1) = €% [AZL, (10 — Qo F(O)] + Q2 (0) + e[ d; + Q,2f(1)],  (10)

and
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$,(x, f) = XA, [ e (£(s) — £(0))ds — e*CAzl,e% [} e (f(s) —
f()ds —5e*Q, ™ [ e%% (f(s) — £(0))ds +
e*00 58,0, e f(0) —2e(00Q, ! [1e0-0u(f(s) — F(1))ds +2Q,  J e® I (f(s) -

£(0))ds +%Qw_1 fxl e (f(s) — f(1))ds + e* AL e (I —
e%)Q, ' f(1), (11)

and R (., g, dy, f)is the regular part given, for almost all x € (0, 1), by

R (10, dp, f) = = 3€*%Q,, e®f(0) — 7 e179%Q,, (1) — 3 Qo *(F(0) + (1)) +
E(.,Fo,dl,_f). (12)
With

R(x1o,dy,f) = —e@9e(1 = e20)71 (21172 Q[e®U (1) — J; (0)] + /£ (0)) + @Dl +

e?2(1 - €29)™1) (2117 Q[ (1) = Jp(0)] + /£ (0)) — eC—0(1 — €2@) 11, (1) + G+ 1 +
e?e(l — e*) I (D). (13)

Proposition 7 Let (E; ||*||z) be a Banach space, suppose that (5) ~ (7), let f € C°([0,1];E), 0 <6 <1

andry,d; € E. Then forall w = w;we have

R(.,19,dy,f) €C*([0,1; E) and Ay,R (.,19,dq,f) € C*([0,1]; E).

267



Journal of Computational Analysis and Applications VOL. 34, NO. 5, 2025

Proof. Since for all > w,, (wy > 0, fixed), the operator Q,, generates a generalized analytical semi-group,
we have foralln € N

e € L(E,D((Qu)™M),

so we have forall ¢ € E,
A, eeop = —eWQfee e C*([0,1];B),
using (12) and (13) , we find for x € [0, 1]
AuR (.70, dy, §)=5 €% ¥ £(0) + 7% f£(1)] + = (£(0) + £(1)) — Q4R (1o, dy, f),
as
Q2R(.,1y,dy,f) € C®([0,1]; E), so ALR(.,7y,d1,f) € C*([0,1]; E).
Proposition 8 Let (E; ||-||) be a Banach space, assume (5) ~ (8), let f € C®([0,1]; E),0 < 6 < 1 and
Iy, d; € E. Then for all ® > max(w;, w,),we have

AuS2(,f) € CO([0,1]; E).

Proof. Thanks to formula (11), we obtain
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1

1
ApSz(x,f) = —Qier“’A;,luf esC(f(s) — f(0))ds + Q4 e™ A, e% f e~ (f(s) — f(1))ds
0

0
1

1
4500 [ e 0(£(5) = £(0))dsQu e A5} Q e f(0)

0
x

1 q 1
~5Quel79% [ e0-0(£ () = F(1)ds = 50, [ €* I (£(5) - F(O)ds

1
1
50 f e (f(s) — f(1))ds—Q,," e Ay e (I — e)Q,,  f(1)

6
= —Q, 2 Al (I — e%)Q, T (D=0 e % 153,0, e % F(0) + ) 1),
i=1

We use Lemma 4, we obtain I5(x), I (x) € C®([0,1]; E), then we use the Lemma 3, we obtain also I5(x),

L) €CO([0,1]; E).
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Now, taking into account to hypothesis (8), we have
QZ,A;}”Qw_leQw (I-e%)f(1) € Dy (8, +) and Qf)A;}“Qw_lewa(O) € Dy (6, +00),

we have

1

LG = =X Q374,070 [ e (£() = FO)ds € OO B),

0

due to Lemma 4, we conclude that
e Q2 A,%,Q, Te% (1 —e%)f(1) € C9([0,1]; E),and e™% Q2 A,%,Q, "e% € C°([0,1]; E),

As a conclusion

AwS2(,f) € CO([0,1]; E).

Theorem 9 Let (E; ||*||) be a Banach space, assume (5) ~ (8), let f € C®([0,1];E),0 <8 < 1andr,,d; €
E.then

for all w = max(w,, w,),we have:

1. Problem (1)-(2) admits a single strict solution u defined by (9), if and only
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{/\w,u_l 1o, dl €D (A): QZ)A;),lu(rO _Qw_lf(o)) + f(O) € m
Awdl +f(1) € m

2. Problem (1)-(2) admits a strict solution u verifying the property of maximum regularity u”, A u €
C®([0,1]; E), if and only if

{Aw,u-l ro, d1 € D (A), Q3A,L,(ro—Q, ' £(0)) + £(0) € Dy(8, +)
Aydy + f(1) € Dy(6, +0).

Moreover, (9) can formulate this unique solution.
Proof.
for the proof, we use Lemma 3 as well as propositions 7 and 8, we apply direct reasoning, we proceed as

given [4], Proof of Theorem 4.1, page 11.

Consider the complex Banach spaceE = LP(Q)), 1<p<+co and Q a bounded domain in R®, n> 1 with a

regular boundary 01, let A, H be operators defined in E = LP(0,1) by

{ D(A) ={p € W*(Q) : ¢}
Ap(y) = ah?p, y€(0,1),

and

{D (H) = W?P(0,1) n W;"*(0,1)
(Hp)(y) = bAp, y €(0,1).

with a, b < 0. By direct calculations, one proves the hypotheses (5) ~ (8), see Favini et al in [12]. Then all
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our results apply to the following concrete quasi- elliptic boundary value problem

2
(ZTZ (x,¥) + ab’u(x,y) — wulx,y) = f(x,y), (x,¥) € (0,1) xQ.
ou oy A%y _
1 3% (0,y) —aA 3y 0,y) —uu(0,y) =1, y € (0,1).
u(x,§) =4 ux,$) =0, (x,&) € (0,1) x9Q
\u(x,y) = dy(y), y € (0,1).

where w = 0,u = 0, and ds, ro are some functions givenin E = LP(0, 1), suppose that w is big

enough, f € C9([0,1]; LP(Q)), with 0< 8 <1 and 1 < p < +ee,
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