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Abstract: The purpose of this paper is to introduce and study the concept of Ne-bc irresolute
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1. INTRODUCTION

In 1972, the concept of irresolute functions were introduced and studied in Crossley and
Hildebrand .He proved that irresolute functions are stronger than semi continuous but are
independent of continuous functions. The study of nano topology was started by M. Lellis
Thivagar et al [8] with regard to a subset X of a universe that is described in terms of lower, upper
and boundary approximations of X. He additionally described nano interior and nano closure in
nano topological spaces. (or briefly NeT Spaces). Andrijevic [1] presented and studied a category
of generalized open sets in a topological space referred to as b-open sets. Further C. Indirani et al
[4] created and studied nano b-open sets (Ne bo sets) in nano topological spaces (NeT Spaces). Bc
open sets were first introduced in topological spaces by Hariwan Z. Ibrahim [6].

In this paper, we introduce and study the new classes of irresolute mappings namely nano bc
irresolute mappings and contra nano bc irresolute mappings in NeT spaces and we examine its
characteristics.

2. PRELIMINARIES
Definition 2.1: [8] Let U denote a non-empty finite set of elements called the universe and [
represents an equivalence relation on U named as the indiscernibility relation. Elements belonging to
the same equivalence class are said to be indiscernible with one another. The pair (U, []) is called the
approximation space. Let X c U .
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(1) The lower approximation of X with respect to [1 is the set of all elements, which can be for
certain classified as X with respect to [ and it is denoted by Ly (X). Thatis, Lgx(X) = Uxeg
{ U x : [1x€ X } where ] x denotes the equivalence class determined by x € U.

(i) The upper approximation of X with respect to [ is the set of all elements, which can be
possibly classified as X with respect to (] and it is denoted byUg (X).That is Ug (X) = Uxey{[] x: [
xNX#*0Q }

(iii) The boundary region of X with respect to [ is the set of all elements, that can be classified
neither as X nor as not- X with respect to [1 and it is denoted by Bi(X).That is, Bg (X) = Ur(X) —
Lr(X).

Definition 2.2: [8] Let U represent the universe and [ represent an equivalence relation on U .
Then Ni(x) = Ne" = { U, [J, Lg (X), Ug (X), B (X)} where X € U. Then, Ng(x) satisfies the
axioms listed below.

(i) Uand [0 € Ng(x).

(ii) The union of the elements of any sub collection of N(x) is in Ng(x).

(iii) The intersection of the elements of any finite sub- collection of N (x) is in Ng(x). Therefore
, Nz(x) is a topology on U called the nano topology (Ne") on U with respect to X. We call (U

Ng(x)) (or) (U, NeT) as the nano topological space (NeTS-in short). The elements of Ne' are called
nano open sets (briefly,Ne-open sets). The complement of nano open sets are nano closed sets
(briefly, Ne-closed sets).

Example 2.3: [8] Let U ={z1, 72, 73, 74} with U/ 0 = {{z1},{22},{z3, 24}} and X ={z1, 73} c U.
Then Ng(x) =Ne"={ U, 0,{z1},{23, z4},{%1, 73, z4}}.

Remark 2.4 :[8] If Ng(x) =Ne is the nano topology on U with respect to X and By is a nano
subset of NeT Space (U,Ne"), then Bn ={ U, Lr(X), Bx(X)} is referred to as the basis for Nz(X) .

Definition 2.5: [8] If (U, Ne") is a nano T. space with respect to X where
X € Uand if An is a nano subset in NeTS and if An € U, then
(1)  The Nano interior of Ay is defined as the union of all nano-open subsets of A and it
is denoted by Ne int (An ). That is, Ne int (An) is the largest nano-open subset of An.
2 The Nano closure of Ay is defined as the intersection of all nano closed sets containing
An and it is denoted by Ne ¢l (An). That is, Ne cl (An) is the smallest nano closed set
containing An.

Definition 2.6 : Let (U, Ne") be a NeTS and An € U. Then Ay is said to be

(1) Nano-semiopen set (Ne-SO set) [8] if An S Ne cI[Ne int (An)] and Nano semi- closed (Ne-SC
set) [7] if Neint [Ne cl (An)] € An .

(2) Nano-preopen set (Ne-PO set) [8] if An S Ne Int[Ne ¢l (An)] and Nano pre-closed (Ne-PC set)
[7] if Ne cl[Ne int (An)] € An.
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(3) Nano- gopen set (Ne-60 set) [3] if for each xe An , there exists a nano open set (Ne-OS) G
suchthatx e G c Necl (G) c An .

(4) Nano- gsemiopen (Ne-6S0) [3] if for each x € An, there exists a nano semi open set (Ne-SO
set) G such that xe G c Ne cl (G) c An.

(5) Nano-regular open set (Ne-RO set) [8] if An = Ne Int[Ne cl (An)] and Nano regular-closed
(Ne-RC set) [7] if Ne cl[Ne int (An)] = An.

Ne-SO(U, X), Ne-PO(U, X), Ne-600(U, X) , Ne-6SO(U, X)and Ne-RO(U, X) respectively denotes
the families of all nano semi-open(Ne-SO), nano pre-open(Ne-PO), nano 8-open(Ne-60O) nano 6
semi-open(Ne-6S0) and nano regular-open(Ne-RO) subsets of (U, X) .

Definition 2.7 :  Let (U, Ng(x))and (V, Ni (y)) be two NeT Spaces. A function
n: (U, Ng(x)) — (V, Ng (y)) is said to be

(1) Nano continuous [9] if n ! (Bn ) is Ne open set (Ne-OS) in U for every Ne open set By in
V.

(2) Nano semi continuous [9] if n ' (Bn ) is Ne semi open set (Ne-SO) in U for every Ne open
set By in V.

(3) Nano pre continuous [9] if n ™! (Bn ) is Ne pre open set (Ne-PO) in U for every Ne open set
Bn in V.

(4) Nano b-continuous [4] if n ! (Bn ) is Ne b-open set (Ne-bOS) in U for every Ne open set
Bn in V.

Definition 2.8: [3] Let us consider NeTS (U,Ne") with the set An € U. Then the set A is
known as Nano- b-open set ( briefly, Ne b-O set) if An SNe ¢l (Ne int (An))UNe int (Ne ¢l (An)).
The complement of the Ne b-open set is known as nano- b-closed set ( briefly, Ne b-C set).

Examplg 2.9: [3] Let U= {a1, az, @3, s} with U/ [] ={a1}, {3}, {ez, @} and X = {a1, @2}. Then
NeT={U, 0, {@1}, {e1, a2, @a}, {@2, 04}} and Ne b-open sets are U, @, {a1}, {a2}, {4}, {01, @2}, {a1,
@3},{01, e},{02, 0a},{@1, @, @3},{01, 02, 04},{2, ©3, Q4}.

3. Nano bc-Irresolute Functions

Definition 3.1. A function ¢ : (Uxta) = (Va@a) is called nano-bc-irresolute (briefly, Ne-

6c-irresolute) if the inverse image of every Ne-6c-0S in (Vo @) is Ne-6c-05 in (Us: Tovr).

Example 3.2. Let Ux={a1, a2, a3, @}, Un/ R ={{01},{e3},{ @2, ea}} and Xn-={a1, 02}
U Thenthe M7= o (Xoar) ={Uns B {@1}, {2, aa}, {01, @z, 0a}}. No-6c-08 (U tov) ={Un; Dovs
{a3}, {01, @3},{@2, 03, @a}}. Let Vo ={&1, &, &, &}, Vol R = {{&2}, {&3}.{ &1 &}} and Ky

={&1, &} c Vo Then @y (Ka) ={ Vs On; {83},{&1, &1},{&1, &, &}}. Then Ne- 6c-08 (Vo @)
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={ Vo, B {82, &}{&1, &, &},{&2}}. Define {: (U o) = (Vo @) by {(@1) = &, {(a2) =

&4, {(03) = &, {(0a) = &1. Hence { is Ne-4c-irresolute function.

Theorem 3.3. A function ¢ : (Ux ) = (Va @a) is said to be nano-éc-irresolute if the

inverse image of every Ne-6c-CSin (Vo @) is Ne-6c-CS in (Ua; Tov).

Proof. Let ¢: (Uxta) = (Vo @a) be Ne-be-irresolute function and T be a Ne-6c-CS in VTS
(Va ). Then (7)) is Ne-6c-08 in WIS (Vo @) Since, ¢ is Ne-6c-irresolute function,
Y (Tw)C is Ne-6c-0S in (Un ta). Hence (i) is Ne-6c-CS in (Ua Tov).

Theorem 3.4. Let ([jw Tw), (Vw @) and (Ww, Zw) be VIS If ¢ : ([jy\g’[yv) - (VW @) and
n: (Vaox) = (Wa, Zy) are two functions. If ¢ is Ne-6c-irresolute and 7 is Ne-6c-cts then

N o0 { IS Ne-bc-cts.

Proof. Let Ty be a Ne-CS in (War, Zo). Since 7 is No-bc-cts, n™1(Tov) is @ Ne-6c-CS in (Vo
@u). Since { is Ne-6e-irresolute, {~1(n~1(Tx)) is a Ne-bc-CS in (Unto). Thus (1 0 ) (T
)is Ne-6c-CS in (U Tar) , for every Ne-6c-CS T in (War, Za). Hence the composition i o ¢
:(Un o) = (W, Zov) is Ne-be-cts.

Theorem 3.5. Let ¢ : (Unta) = (Vaa) and n: (Va @) = (War, Zo) be two maps. If ¢

and n are both Ne-éc-irresolute, then n o ¢ is Ne-6c-irresolute.

Proof. Let T be a Ne-6c-CS in (W, Zo). Since 7 is Ne-6c-irresolute, n~(Ty) is a Ne-bc-
Cs in (War, Zav). Since  is Ne-6c-irresolute, C~1(n~1(Tw)) is Ne-6c-Cs in (U To). Thus, (1
0 )Y (Tw) = "X (n~Y(Tw)) is Ne-6c-CS in (Ua o), for every Ne-6c-CS in (War, Za). Henc

no ¢ is Ne-6c-irresolute.

Theorem 3.6. A function ¢ : (U ta) = (V@) is Ne-be-irresolute if and only if ¢ (Ne-6c-
L (Gw)) S Ne-bc-cL({(Gw)), for every Ne-subset Gy of (U To).

Proof. Suppose ¢ is Ne-6c-irresolute. Let {(Gw) S (Vo @a). Hence Ne-bc-c£(J(Ga)) is Ne-bc-
cs in (Va @a). Since { is Ne-bc-irresolute, ¢~ (Ne-bc-cL({(Gw))) is Ne-bc-CS in (Uy; Tov).
Since {(Gx) € Ne-bc-cL ({(Ga)), which implies Ga S ¢~ 1(Ne-bc-c£( (G ))). Since Ne-bc-cl
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(Gw) is the smallest Ne-6c-CS containing Gar, Ne-b¢-cf (Ga) < (™ (Ne-be-cL({(Gw))). Hence
¢ (Ne-bc-cL(Gw)) S Ne-be-cL({(Gw)).

Conversely, assume that ¢ (Ne-6c-c[(Ga)) € Ne-bc-cL({(Gw)), for every Ne-subset Gy of (Us,;
To). Let Ty be Ne-6c-CS in (Vs o). Now, {~H(T) € (U Tav). Hence ¢ (Ne-bc-cf ({ (T
))) € Ne-bc-cL (¢({2(To))) = Ne-be-cl (Ta), which implies Ne- bc-cf (™ (Tov)) S ™ (Ne-bc-
of (Tw) = " Y(Tw) that implies  {~(Tw) is Ne-6c-CS in (Ux; Ta), for every Ne-6c-CS Tov in

(Va; o). Hence ¢ is Ne-6e-irresolute.

Theorem 3.7. A function ¢ : (Unta) = (Va @) is Ne-6c-irresolute if and only if ¢~1(Ne-
bc-int (Gx)) S Ne-bc-int ({1 (Gw)), for every Ne-subset Ga of (Vo ).

Proof. Suppose ¢ is Ne-6c-irresolute. Let Gy S (Va; o). Hence Ne-6c-int (Ga) is Ne-bc-0S
in (Vo). Since ¢ is Ne-6c-irresolute, ¢~ (Ne-bc-int (G)) is Ne-6c-08 in (Us; o). Hence
Ne-bc-int ({1 (Ne-6c-int (Go))) = ¢~ L(Ne-be-int (Gar)). Since, Ga S (Vo @ov), Ne-bc-int (G
C Ga always. Hence {1(Ne-6c-int (Ga)) = Ne-bc-int ({1 (Ne-bc-int (G ))) S Ne-bc-int
(C~1(Gw)). Hence ¢~1(Ne-be-int (Go)) S Ne-be-int ({~1(G)).

Conversely, let {~1(Ne-bc-int (G)) S Ne-bc-int ((~1(Gw)), for every Ne-subset Gy of
(Ve ).  Let Ty be a Ne-6c-0S in (Va @) and hence Ne-bc-int (Tor) = Ta. By our
assumption , {"1(7x) € Ne-bc-int ((T1(Tx)). But Ne-bc-int (("1(Tw)) € (7w ). Hence
Y Tw) = Ne-be-int ({71 (Tw)). Then {~1(Tiv) is Ne-6c-08 in (Ua; o), for every Ne-subset

Ty of (Vo). Hence { is Ne-6e-irresolute.

Theorem 3.8. A function ¢ : (Ux o) = (Vo @) is Ne-6c-irresolute if and only if Ne-6c-cf
(("HGw)) S T 1 (Ne-be-cL(Gw)), for every Ne-subset Ga of (Vo ).

Proof. Suppose ¢ is Ne-6c-irresolute. Let Gy S (Va; o). Hence Ne-bc-cL(Go) is Ne-bc-CS
in (Va @a). Since ¢ is Ne-bc-irresolute, ¢~1(Ne-bc-cL(G)) is Ne-bc-CS in (Us; o). Hence
Ne-be-c£ (1 (Ne-be-cL(Ga))) = ¢~ H(Ne-bc-cL(Gw)). Since, G S Ne-bc-cL (G ), then {~1(Ga)
C Y (Ne-be-cf (Gw ). Now, Ne-b6c-cL ((1(Gw ) S Ne-be-cl ({1 (Ne-bc-cL (G ))) =
(™ (Ne-bc-cL(Ga)) which implies Ne-6c-cL ((7(Gw)) S ¢~ (Ne-be-cL (G )), for every Ne-
subset Gae of (Vo o).
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Conversely, let Ne-bc-c£({71(Gw)) € {1 (Ne-bc-cL (G )), for every Ne-subset Ga of (Vs
). Let Ty bea Ne-bc-CS in (Vo @) and hence Ne-6c-c[(T) = To:. By our assumption
No-be-cL({~H(Tw)) € ¢~ 1T ). But {~Y(Ti) € No-be-cL (¢~ (T ). Hence {~1(Ti) = No-
bc- o ((TX(Tw)). Then {~Y(Tiv) is Ne-6c-CS in (Ua Ta), for every Ne-subset To- of (Vo

@«). Hence ¢ is Ne-6c-irresolute.
4, CONTRA Ne-6c- IRRESOLUTE FUNCTIONS

Definition 4.1. A function ¢ : (Ux ta) = (Vi @) is said to be contra Ne-6c- irresolute

if ¢7Y(Tw) is a Ne-6c-¢S in (Ux Tov), for every Ne-6c-05 T in (Vo @ o).

Example 4.2. Let Unx={a1, @2, 03, @}, Un/ R ={{a@1},{es},{ 02, @a}} and X»={a@1, @2} S Uy
Then N = tor(Xo) ={Un; B {01}, {02, @4}, {1, 02, 0a}}. Ne-6c-08 (U 7o) ={Us; Dor; {@3},
{a1, @3}, {2, 03, @a}}. Let Voo ={&1, &, &}, Va/ R = {{&2}.{&1 &}} and Ko ={&1, &} < Vy
Then @ (Ka) ={ Vo Bo {81, &3} Then Ne- bc-CS (Vo o) = { Vo B {823,481, &}.{&2,
&}}. Define ¢: (U ta) = (Vo ) by ¢(e1) = &1, (a2) = &, {(e3) = &, {(0s) = &3.Then {1(&2)
={02}, {71(&1, &) = {@, a3}, {7 ({82, &3}) = {az, @3, ws}. The inverse image of every Ne- 6c-
¢S in (Va; o) is Ne-6c-08 in (Ua; o). Hence ¢ is contra Ne-6c- irresolute function.
Theorem 4.3. A function ¢ : (Ux o) = (Va @) is contra Ne-6c- irresolute if and only if
the inverse image of {~1(Ty) is Ne-6c- 05 in (Ua 7o), for every Ne-6c- CS T in (Var o).
Proof. Let Ty be Ne-6c-CS in (Vo). Then Vo — Ti is Ne-6c- 0S in (Vo o). Since
{ is contra Ne-6c- irresolute, {~1(Va — Tiv) is Ne-6c- ¢S in (U Ta). Therefore {~1(Ty) is Ne-
6c- 0sin (Ua o). Conversely, assume that the inverse image of every Ne-6c- ¢S in (Vo @)
is Ne-6c- 08 in (U o). Let Gy be Ne-6c- 08 in (Vo @ac). Then Vo — Goe is Ne-bc- S in
(Va; o). By assumption, {~1(Var — Ga) is Ne-bc- 05 in (Un; o).

Now, {1 (Vo — Ga) = Vor — C71(Gw) is Ne-6c- 0S in (U, Ta) which implies that {~1(Gw) is
Ne-bc- ¢S in (UnTo). Thus {71(Ga) is Ne-bc- ¢S in (U Tov), for every Ne-6c- 05 G in (Vi

@« ). Hence ¢ is contraNe-6c- irresolute.

Remark 4.4. The composition of any two contra Ne-6c- irresolute functions is need not be

a contra Ne-6c- irresolute function. It is shown in the following illustration.
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Example 4.5. Let Uy={a1, a2, @3, s}, Un/ R ={{@1},{ws},{ @2 es}} and Xo-={a@1, @2} S
U Then NT =Ty (Xor) ={Un; O {@1},{a2, 03}, {01, @2, as}}. Let Var={&1, &, &, &}, Vo /
R = {{&1}.{&2 &, &}} and Ky ={&2, &} S V. Then @ (Ka) ={ Vo; O, {82 &5 &1}}. Let Wy
= {81, 82, 83,64}, Wal R = {{83{63}{61, 843} and Zn = {81, 52} Then Yo (Zo) =
{Wy, O, {623, {61, 64}, {61, 52, 543}.Define {: (Untw) = (Vo) by {(a1) = &1, {(2) =
&, {(es) =&, ¢(ax) =& and 7 : (Vo o) = (Way Zw) by 7 (&) = 83, 77 (&) = 84,7 (&) = 62
.1 (&) = 61. Here ¢ and n are contra Ne-6c-irresolute functions but their composition need

not be a contra Ne-6c irresolute function.
Theorem 4.6. Let ¢ : (Unta) = (Va o) and n : (Vo o) = (W Zav) be two functions.
(i) If n is Ne-6c-cts and  is contra Ne-6c-irresolute , then n o ¢ is contra Ne-6c-cts

(i) If n is contra Ne-6c-irresolute and ¢ is contra Ne-6c-irresolute, then n o { is Ne- 6c-

irresolute.

(i) If n is Ne-éc-rresolute and ¢ is contra Ne-éc-irresolute, then n o ¢ is contra Ne-6c-

irresolute.

Proof. (i) Let Ty be Ne-0S in (Wy: Zx). Since 1 is Ne-bc-cts, n~1(Tov) is Ne-6c-08 in (Vo
@y ). Since { is contra Ne-6c-irresolute, ¢~ (n~ (7w )) is Ne-6c-CS in (Ua To). That is,
YY) = (o O N Tw) is Ne-be-CS in (U to). Thus (1 0 O)~1(Tiv) is Ne-6c-CS in

(U o), foreach Ty is Ne-0s in (Wa Za). Hence n o  is contra Ne-6c-cts.

(i) Let T be Ne-6c-0S in (Wy: Za). Since n is contra Ne-6c-irresolute, n~1(Ty) is Ne-bc-
cs in (Va @a). Since ¢ is contra Ne-6c-irresolute, ¢~ (7 1(Tx)) is Ne-6c-08 in (Un: To).
Thatis, {7t (™Y Tw)) = (0 O)~HTw) is Ne-6c-0S in (Un To). Thus (1 0 )~ H(T) is Ne-

6c-0s in (U o), for each Tov is Ne-6c-05 in (W, Zy). Hence n o { is Ne-6c-irresolute .

(iii) Let Ty be Ne-6c-05 in (W Zx). Since 1 is Ne-6bc-irresolute, n~1(Ty) is Ne-6c-0S in
(Va o). Since ¢ is contra Ne-6c-irresolute, ¢t (n™1(T)) is Ne-6c-CS in (Ua o). That is,
YN Tv) = (o O~ (Tw) is Ne-be-¢S in (Us: ). Thus (1 0 O)~(Tw) is Ne-6c-CS in

(U o), foreach Ty is Ne-6c-0S in (Wa: Za). Hence 17 o ¢ is contra Ne-f6c-irresolute.
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