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Abstract: The Fibonacci sequence is one of the most studied sequences, and it has been
generalized in many ways. The k -Fibonacci sequence is a one-parameter generalization of
the Fibonacci sequence introduced by Falcon and Plaza. R.S. Melham also investigated the
alternating sums of the fourth powers of the Fibonacci and Lucas numbers. In this paper, we
study the alternating sums of the fourth powers of the & -Fibonacci and k -Lucas numbers.
This study is heavily reliant on the well-known Binet's Formula.
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1. Introduction:

One of the more studied sequences is the Fibonacci sequence [1-3], and it has been
generalized in many ways [4-10]. The k-Fibonacci sequence is the one —parameter
generalization of the Fibonacci sequences that was introduced and studied extensively by
Sergio Falcon and Angel Plaza [11-18]. In [12], many properties of these numbers are
deduced and related with the so-called Pascal 2-triangle. Falcon and Plaza defined £ -
Fibonacci hyperbolic functions and deduced some properties of k -Fibonacci hyperbolic
functions related with the analogous identities for the k -Fibonacci numbers. Falcon studied
the k -Lucas numbers and proved various properties related with the k -Fibonacci numbers.
Finally authors studied 3-dimensional k -Fibonacci spirals with a geometric point of view in
[14]. Thongmoon[20] and Hoggatt [1] defined various identities for the Fibonacci and Lucas
numbers. Gupta and Panwar [23], present generalized identities involving common factors of
generalized Fibonacci, Jacobsthal and Jacobsthal-Lucas numbers and Binet’s formula is used
to obtain the identities. About two decades ago, motivated by the results of Clary and

Hemenway [21] who obtained factored closed-form expressions for sums of the form Zn:F,jk ,

R.S. Melham [19] also investigated the alternating sums of the fourth powers of the Fibonacci
and Lucas numbers. Melhem obtained factored closed-form expressions for alternating sums

of the form i(—l)""F;}k . In 2017 Adegoke [22] investigated factored closed-form expressions

for non alternating sums. The main results found by Adegoke were:
for any integers m and » with m not equal to zero:

+6n+3

g E,_ (L 41" L
2SZF;:A — 2mn+m( 2mn+l}+ ( ) m)
k=1

2m

. F, L +4(-D)"L
ZL‘:”/{ — 2mrl+m( 2mn+m ( ) m) +6n-5
k=1 F‘Zm

He also re-derived the alternating sums, in slightly different but equivalent forms to the
results obtained by Melhem.
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i(_l)k—let _ F;”"E’I”+"’ {{(_1)”71Ln1l‘mnl‘mn+m + (_l)n(m71)4L2,n}}
mk
k=1

SLmL2m
and
n-1 mn
i (—1)k71L4 _ (_1) 5Esznn+m {L;nL/nnann+m + (_1) 4L2m}
‘mk
k:(|+(71)”)/2 LmL2m

valid for all integers m and » with the help of following summation identities:
Lemma 1.1: If sx) 1is a real sequence and mand nare positive integers, then

Zi:[f(mk +m)— f(mk)] = f (mn+m) ~ f(m)

Lemma 1.2: If sx) 1is a real sequence and mand nrare positive integers, then

D ) [ mk )+ £ (mk)] = (=) f (mn+m) + f (m)

k=1

Lemma 1.3: If m and » are integers, then Fmi(—l)””"le =(-)""'F, L

mn=—mn+m
k=1

L

2mn+m ‘m

Lemma 1.4: If m and » are integers, then Lmzn:(—l)“”"”LM =(=1)"" "L

Motivated by the results of Melham we study the alternating sums of the fourth powers of the
k -Fibonacci and k -Lucas numbers. This work is heavily reliant on the well-known Binet's
Formula. Here, we use the generalization introduced by Falcon and Plaza.

Definition 1.5 (Falcon and Plaza): For any positive real number k -Fibonacci sequence
=kF, ,+F,,  forn>1.

k,n+1

{Fk’n}nGN is defined recurrently by F, ;=0,F, =1 and F,

The k-Lucas sequence is defined by L., =kL,,+L,,, with L =21, =k for n>1.

Note that for k£ =1the classical Fibonacci sequence is obtained while for k =2 we obtain the
Pell’s sequence. Here we are using only Binet’s formula to find the required sums.

Binet’s Formula 1.6: The »n” k -Fibonacci and k -Lucas number is given by

n n
o —r . . .
F, ,=-—2 and L, =#"+r where r,and r, are the roots of the characteristic equation
h=n
P =kr+land r, >r,. Evidently

r4rn =k, nn==1, rn—r, =Nk +4, i’ =1=kr,, v} —1=kn,

2. Preliminary Results:
We require the following results, which can be proved using Binet’s formula for
F;c,n and Lk,n
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Frenim T Fnem = FuLy m even 2.1)
Fpin T Fepn =L Fi m odd (2.2)
Fin = Fonm =Fiuly m odd (2.3)
Fevin=Fenmw =L Fr m even (2.4)
L Lo =L Ly m even (2.5)
Ly +L, ., =(k>+4)F_F,, modd (2.6)
Li i = Linom = Li Ly m odd (2.7)
Lipin = Lin = (k% + 4HE F., meven (2.8)
L,,-2=L, m odd (2.9)
L,,+2=L, m even (2.10)
Lio, +(D"12= (K" +4)F, (2.11)

Throughout this paper m # 0 is an integer. Four sums involving Lucas numbers with even
subscripts are also used to help in our proofs. If m is odd, we have

(k2 + 4)F F;c,m(nH)

k,mn n even
$L L (2.12)
i=1 oam Lk ank m(n+1) |
Lo Komint]) n odd
Lk,m
And
Lk,ank,M("*'])
_— n cven
i Lk m
Ly = , ’ (2.13)
i=0 (k +4)E€,mnEf,m(n+l) n odd
Lk,m

On the right sides of (2.12) and (2.13), the even and odd cases are reversed. If m is even,
then also we have found the following similar surprising results.

(k2 +4)F, F, mnsn)

Ko , N even
Zn:( 'L L (2.14)
- k,2mi = .
i=1 Lk,ank,m(n+l)
—_— n odd
k,m
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And
Lk,ank,m(rH—l)
n cven
i . Lk m
(_l)lLk,zm,' = 5 , (215)
i=0 _ (k + 4)Ec,m;1Ec,m(n+l) n Odd
Lk,m

The proofs of (2.12)—(2.15) are similar. We illustrate the method by proving (2.13).
Proof of (2.13): Since L, ,,, = 72" +1™ and summing the resulting geometric progressions,

we obtain

n
Z Lk,2mi =
i=0

2mn+2m _1 r2mn+2m _1
2

1
2m 2m
=1 5 =1

L -L -2

L

k,2mn + L
-2

k,2mn+2m k,2m

k,2m

2
_ Ly ommsmyin = Liommim-m + L [by(2.9)]

2
Lk,m

L L, +L
— k,2mn+m™"k,m k,m [by(27)]

Lf{,m
L

_ "k,(mn+m)+mn + L
L

k,m

Since m isodd,so when niseventhen mnis even and when n is odd then mn is odd

k,(mn+m)—mn

Thus (2.13) follows from (2.5) and (2.6).

3. The Main Results:
We now present our main results. If m is even, then

Zn:(_l)iF4 — (_1)” Ec,mnEc,m(nH)[Lk,mLk,ank,m(n+l) _4Lk,2m] (3 1)
(K + 4L, L, |
L . kK> +4)F, F L L L +4L
Z(_l)tl;,mi _ ( ) k,mn k,m(n+2[ kl,:n fe,mn""k,m(n+1) k,zm]’ 1 even (32)
i=1 k,m™~k,2m
" . k*+4)F, , F, L, L..L +4L
Z(_l)t L;t,mi _ _( ) fe,mn k,m(n+1[)1[ ]Zn ke,mn""k,m(n+1) k,zm] ’ I’lOdd (33)
i=0 k,m™~k,2m

We mention that (3.2) and (3.3) can be combined in a single sum as

_ (_l)n(k2 +4)F, F;c,m(n+l)[L L Lk,m(n+1) +4L

k,mn k,m™k,mn

-D'F,. =
Z‘ . L L

m—k,2m

k,2m] —8(1 + (_1)n+1)
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On the other hand, if m is odd, then

n n n+l
z (_l)iF;jmi — (_1) F;{,mnF;c,m(nH)[ 2k,mLk,ank,m(nH) + 4(_1) Lk,Zm] (34)
i=1 ’ (k + 4)Lk,mLk,2m

n 4 k*+4)F, F, L, L..L +4L
Z(_l)tl; o — ( ) k,mn k,m(n+1)[ k,m ™k ,mn""k,m(n+1) k,Zm]’ n even (35)
i=1 ’ Lk,mLk,Zm

n 2 —
z (_ l)iLi’m[ - _ (k + 4)F;c,mnF;c,m(n+l) [Lk,mLk,ank,m(nH) 4Lk,2m] ,n Odd (36)
i=0 Lk,mLk,Zm

As before, (3.5) and (3.6) can be expressed as a single sum, but we choose to write
them separately in order to present the right sides in factored form. This is the reason for the
appearance of the zero lower limit.

4. The method of Proof:
To illustrate the method, we prove (3.4).

First, let nbe even. Since mis odd and rr, =—1 , then (r1,)" =(-1)'. Now
4 . 1 1 . . .
(_1)1 F4mi - = (_1)1 (rml _ rml )4
; - (7”1 ) )4 ; : ?

1 n

= (’”1 -7, )4 ;(_l)i(LkAmi _4(_1)iLk,2mi +6)
1 d , 1 n _
=Y (=)L = AL, + 66— D> (=1
(I/i —}"2)4 ;{( ) k., 4mi k,2m1} (}"1 —]"2)4 e ( )

- (r _1 ) Z{(_l)iLkAmi 4L ,,;}+0 since nis even.
2 i=1
1 n ;
= (k2 +4)2 z{(_l) Lk,4mi _4Lk,2m,‘}
i=1

With the use of (2.12) and (2.14), this becomes
1 |:(k2 + 4)F;c,2mnF;c,2m(n+l) _ 4(k2 + 4)F}c,man,m(n+1) :I

(k2 + 4)2 Lk,2m Lk,m
— 1 F}c,mnLk,mnEc,m(n+l)Lk,m(n+l) _ 4F}c,mnF;c,m(n+l)
(k* +4) Ly Ly
_ Ec,mnF;c,m(nH) |:Lk,mLk,ank,m(n+l) - 4Lk,2m:|
(k2 + 4)Lk,mLk,2m
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If nis odd, then we have

SN E =S (I E (s
i=1 i=0

1 n
(K +4) 22((_

(k
+4) Z{(
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ince F, , =0)
1)il’k,4mi _4Lk,2mi + 6(_1)1)
'L, .. —4L, 5} since n is odd

With the aid of (2.13) and (2.15), this sum becomes

1 (k2 + 4) k,2mn k 2m(ntl) 4(k2 + 4) k,mn k ,m(n+1)
(k2 + 4)2 Lk72m Lk,m
- _ 1 Fk ank man m(n+1)Lk,m(n+l) 4Fk man ,m(n+1)
(k*+4) Ly o Ly,
_ E{ man ,m(n+l1) I:Lk mLk ank Jm(n+l) + 4Lk,2m
(k*+4)L, L, ,,

This completes the proof.

We remark that the proof of (3.1) is similar since the parities of nmust be considered
separately, but the proofs of the results in section 3 are more straightforward.

Conclusion:

We can mention here two more results which are in similar fashion.

If mis odd, then
(D",

k,mn k Jm(n+l)

;(_l)il’klml - F

k,m

and
Z (_ l)l Lk,2ml -
i=0

If mis even, then

=D"L

k,mn k ,m(n+1)

F

k,m

F

_ k,ank,m(nH)

,m

and

L5

k,mn” k,m(n+1)

Eem

(5.1)

(5.2)

(5.3)

(5.4)
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