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Abstract
Let7T OB H ( )be an operator described as powers of paranormal operators if
2p 2p
H’" X ” DHT H” ” x x for each xOH . These classes include the classes of paranormal

operators and class A operators. Here the chapter, composition and weighted composition of

powers of paranormal operators on L? space are described.
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1. Introduction

The purpose of this paper is to study the weighted composition of powers of

2p
3p

2
Paranormal Operators if 7' x EH T xHTx fou everﬂ”x f‘h:l .:S.C.Arora,G.Batt and

S.Verma studies boundedness,compactness and closedness of ranges of weighted composition

P4,

operatorson Demonstrated the powers of paranormal composition operators and

similarly weighted composition of powers of paranormal operators on L? space and Hardy

Space are described.

2. Properties of powers of paranormal operators
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Theorem 2.1

Let 7 0B H ( ) be an operator described as powers of paranormal operators and if is

the powers of paranormal operators, then T is unitarily equivalent of s.

oof:

While T is unitarily equivalent to s, here U is a unitarily operator such that
s U U= * . we have to illustrate to S*?% S? —208* S +[0*I O 0. while T is powers of
paranormal operator, we comprise 7 *% 7% +207T ** T? + 0%/ O 0.

Thus S*2 §% —20S*? SP +0%7 0 0.
(uru=)»(utu* )»-20(UTUs)*»(UTU* )*+0*UU*00
U T* *% 72U - 200gU T+* T°Og+0?U U* 00

U*OpT*» 7% - 207* 77 +0°700Qg 00

O Hence S is powers of paranormal.

Theorem 2.2

Consider7’ 0B H ( )is a weighted shift with non-zero weighted O |:|,,|:|, followed by T

is powers of paranormal iffforn =1, 2, 3,...

00,0,

Proof:

a
Let 0¢,0%,-0is orthogonal origin of a Hilbert Space H. while Ten = ne +1 and
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1¢* , =[],.€, 1, We have,

2p
- |7e, |

2p 2p

Iz, * _IF @ )

Dnﬁ +1

2p 2p

aig.

€n4

2p 2p

aing.

oo’

2p 2p
olod
» 2P we observed that T is
powers of paranormal iff 7x O 7" xx forall Ve“:toﬂ H ” ”

en +1

p 2p

€ns2

n+l

2p

||Ten

n+l

|l | xdirifforain=123... %07 e,
en therefore T is powers of paranormal

ifffor

n= 1,2,3,...‘] Iﬁnﬁ n+l

3. Powers of paranormal composition operators

d
Consider(X’ D, )is a [ — finite measure space and T X: — X is a non-singular

d
measurable space. A linear operator ¢f = f'T on L? (X’ D, ) is to be a composition operator by

T, tofind0 7! is continuous and related to the measure f and the derivative

-1k-1
d 70 d0= f' is bounded.The measure O (T ) is related to Oand designated by

f%), where T* is the order of T'K— times.
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In each basically bounded complex quantifiable function f = stimulate the surrounded

operator M r-on L2(0), which is distincted by Mf: ff forall f0L3(0): in addition C C* =

Myand C*2C2= pp P,

Lemma 3.1

If p is the projection of L2 on R C( ),for all fOL?,

thenC Cf* =f“ f.cc*f=(fTpf)

[

and R C() :|:|fI:|L2 . fisT-'00 Measurable .

Theorem 3.2

ConsiderCOB L( ( D)) andlet C is the powers of paranormal operator iff

fo% - 20/ +027 O 0a.eand here p is a projection of L2 on R C( ) .

Proof:
Where COB LOQ 2(0)0Q be the power of paranormal operator iff

C*ZpC2p —ZDC C*p p +|:|2] EI 0

Therefore,
<(c*2pc2p ~ 20C C+p +0 O Oa1) E,E> 0o

O R
Given the function _£in [ being as O(E)O0. whileC C*2

2= Mfo(2) and C C* = M p, we may have
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<(Mfo<2p> - 20Mpe()+00 |:|2) E,E>|] 0,

ie. ,IZIE( £ - 20769 +0 Dzld)u 0 for all E is 1.
Thus C is powers of paranormal operator’siff /0?%” — 20 O0/% + 20 0 almost

everywhere.

Corollary 3.3

Let COB LOg 2(0)00 by means of dense range and then T is powers of paranormal

operator’s iff i@ -20 O%4% + 27 moalmost everywhere.

Example 3.4

Since O=N and Ois  the counting measure.DescribeT N: = N by

7(1) =1,7n( + +m 1) = nm, = 0,1,2,... and nON. while 6% - 20£Y +02/0 0, Cis

powers paranormal composition operators.

Theorem 3.5

Let COB LOQ 2(0)OQ. subsequently C* is powers of paranormal operator iff

CRON:
_ p —-2000( fTo)?pO00+02 0 0 g e. , anywhere p is the projection of L2

onto

RC().
Proof

Let C* be powers of paranormal operator iffC C%* *%* -20C C?*? +0*/0 0

<(CQPC *» 20c o +2ff) ,’ D00

) { e )
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We include <CC *f1, = (foTpfﬂ

,everywhere projection of L? is p onto

R C( ).HenceC* is of powers of paranormal iff

on( 6 7% p0n) f- %2DDD(fTo)ppDD) ff,>+”2<’7’ ‘0o

for every fOL?

%]
00( /o 7)%* pOn- 2000( £ To ) pOO+02/00 a e. .

Lemma 3.6

Let An operator T0OB H ( ) is powers
T* 120 207 * TP +0%10 0 for all OO 0.
Lemma 3.7

Let an operator T*0B HI ( ) is  powers

72T *2 20727 *2 + 0?1 O 0 for every OO 0.

4. Weighted powers of paranormal composition operators.

of

of

paranormal

paranormal

iff

iff

The weighted composition operator stimulated with linear and applying on [

measurable functions ', defined as Wf =0( £ 7) , O is a complex valued [ measurable

functions. While O =/1, we state that W is a composition operator. Let ._-WK represent O0O( 7)

(I:I Tz)...(El T’H) soasto WXf =0k ( fT)X. Lambert study

the weighted composition operators successfully by related constrainted operator E through T

as E ( g ): E ( )E j( )is describedto all non-negative measurable function
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£077 (10 p) and it is exclusively arrived the following axioms.

1. Eﬂ ) is a 7" '] measurable set

ii. If Bbelongs to T~ ' measurable and in thiscase we get s fdO= s E 7d()

a.
p -1

The projection operator E on L be uniqueness iffT O 0=

Proposition 4.1

For OO 0,

. wwr = f,00E(0?)oo 7' 7.

[&]

ii. ww* £=0( 6o TE) (Of).

Theorem 4.2

W is powers of paranormal iff

o

o
Oo,00£(02, )00 7 - 200000£(0,2)00 7 +02/0 0 ace. .
Proof
As W is a power of paranormal,
w w2 20w *WP +021 O Oand
Thus

<(W*2P wee - 20w % wr D21 ff) )00 for all £OL2
K K Kp (k) -K

o =]

Since, W f=0x(f 7T)andw* =00 E@kf)T
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o

W*KWK=|:|(K)E(|:|K2) T-k f and we have W Wf* =f|:||:|E(|:|2) T-1f 0 for all

00 O
E 00 and S0,
2 20 T-2» - 20 ) )
Ooooe(Ds, )0 Ooooe(0,.)o0 7, +0:7 00 ae. .
Theorem 4.3
Let 7'0O0=. in that case W is of powers of paranormal iff
(21’) 2 -2p (p) 2 -p 2
Q D D Q
0o (0,) 7 -2-"06(,) 7 +0700ae..
Proof

Since T is powers of paranormal operators,

T*» 7% - 207 * TP +0% 00, Then

W is powers of paranormal operators,

w2 20w *WwP +0%10 0
0
and therefore W *x WK:DO(K)DDE(DKZ)DD T-1,

WW*=|:|0|:||:|E(|:|2)EI|:| T 'andLet 7' O=.

<(W*2P w2r - 20w we+P[00) ) O Oforall fOL

Li) o

0 0.l oe)O0E(D22 )00 Tos - 20000)00E(0D,2)00 72y +0 mrald oo

For all E 0. and SO,

(=] e}
Do(zp)ElElE(Dzzp)DD T-2 — 2DDO(p)DDE(Dp2)DD T-,+0:/00aqe..
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Let 77'0 O=
-2 (P) 2 -p 2

(Zp) 2

o DD o
o0e (0y,) 7 -2-"06(,) 7 +07D00ae..

Theorem 4.4

W *is powers of paranormal operator iff

%] [+]
Os ( fio 72 )00E(D2 ) r00- 200, ( f60) 7, )o0E(D,) fO0+D:700 .
Proof

While W * is powers of paranormal operator,

w w2 2 —20W WP * +[0% 0 0, and thus,
<(W2PW*2P —20w wr*r +0P100) ff, ) 0 ofor all £OL2.

&)
whileww* =0( £ T)ODE(DOf)ODO, W Wk

*K:Dk( Sox) TK)EIEIE(EIK)fEIEI. 040

(*] =]

o00o. ( fien 760 )ooe() roo-2000 ( s 7, )ooE(D,) Foo+o

DzIdD 0o

and for all £ O D,

0 =}
0s ( fiew 75 )00E(D:, ) r00- 200, ( o0 7, )ooE(D,) roO+0D 0.

Theorem 4.5

Let 77'0 O= . then W *is powers of paranormal operator iff
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o %]
sz( fo(p) sz)(Elzpf)— 2|:||:|p(f0(p) Tp)(Dpr)+D2[D Oae..

Let T * is powers of paranormal,

7T 207 P * +0°10 0

andW * is powers of paranormal,

since

w w2 20w wp*r +0%10 0

ww* =0( /, TE) (0)
o
W Wk *K:Dk( fo(x) TK)E(DK)
<(W2PW*2P ofw W <P £Y) ) 00 for all £OL2

00, ( fien 7 ) E@x ) =200, ( fiey 70 )E(D T O,p)+ 21al] 0o

a

For all £ OL.

0o ( fien 72 )E(D,r) - 200, ( fowy 75 )E(D B,f)+ 21D 0.

and forall 77'0 O-= .

o ( fien) 72 ) (301) - 200, ( it ITp)(D O,f)+200ae. .

And then it is proved.
1 1

The Aulthge transformation of T is the operator T offer as7 = T U 122 ii JstablisLed

by Aluthge. In general, it could be constructed the family of operator

0700 0s10.The polar decomposition is specified asC = () A" ,and

| | \/Ef=f fandUf =5 15
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c.=ldu e bnacu, 1 (o, -

fooT
C . . 5 iy
Where 5 is weighted O 1 O 2 composition operator, maybe
simple and explain to feT.
p p ﬁ\/fj Tﬁ
|| \/ . BL OV ©T
2_1DfandC*S):V v/ O, Where V = C

A
C o C
E@Vh T E

f£=£00E(0) To

Also We get,

1. CﬁK:DK( fHTK) 1. Cv*Kf:

fwEDDx £ O Tk iii. CoxC fix =

fowEOOOk2 /00 T-x f

Theorem 4.6

Let C; 0B LOg 2(0)0Q be powers of paranormal iff

(2P) 2 -2p (”) 2 -p 2

nf E(sz)mT r-2"00e(D,) 7 F+0100ae..
Proof

Let T is powers of paranormal,

T 7% - 207* TP +0%100,

C .
and as s is powers of paranormal,

c C 2|:|C CS

5*2]7 52p -

*pS+D2ID O

o

Since C C "5 =|:|0E(|:|2) T'f,

1453 Mohanasundaram et al, 1443- 1457



Journal of Computational Analysis and Applications VOL. 31, NO. 4, 2023
10.48047/jocaaa.2023.31.04.31

caep =00 () 1 7.

(crve - 200 Cov s T1£) .0 Ofor a0
¢

(5] O
o 0.1 oE(0y) Toonf= 20 B0 E( 5) 7o +0 muralL] 0o.
Given £ O. and S0,

@ 2 -2p ¢ 2 2

o E(EIzp)UT f—ZDDoE(Dp)DT +07/00ae. .

Theorem 4.7

Let C; 0B LOg 2(0)0OQ be powers of paranormal operator iff

(Zp) 2 (p) 2

-2p -p 2

O (o,) 7 r-2°°00(,) 7 s+0100.
Proof
By theorem 1.4.6,

(2p) 2 (p) 2

-2p -p 2

o nE(sz)OT f—2D|:|oE(EIp)OT F+0100.
and let 77'00= .

(2p) 2 (p) 2

-2p -p 2

u}

Oo (0,,) 7 7-2280.(,) 7 s+01mo0

Theorem 4.8

Let C,"0B LOp %(0)0Q be powers of paranormal iff

0( i 7% )E(Of) - 200, ( i 72 ) (D, )+ 01 0
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Proof
Let T * is powers of paranormal operator iff72#T *? =207 17 *7 +0°/ 0 0.

While CS* is powers of paranormal,

Cs2pCS*2p - 2|:|C Csps*p +|:|2[ oo and,
&
C G =0(HTE) (OF).

CCsKs*K=|:|K( fox ) TK)E(DKf).

<(Cszpcs*zp ~ 20C Cyrp +0a1 1) Joo.

[+]

oo, ( 7 7)e(n,.r)- 200, ( e 77)E(Do,7)+ 200 0.

B

For all £ [ D, and so,

O ( ﬁ)zpr}zp)E(uzpf)— 200, ( fiy TZ)E(EI O,/)+ 2100

Theorem 4.9

1t 7'0 O= ,¢ 08 LOp 2(0)0Q is powers of paranormal iff

0 ( fic) 'sz) (02)-200, ( fiey T'p)(u Oof )+ 2700

Proof

From the theorem 1.4.8, Cs* is powers of paranormal iff,

0o (foen) T )E(@ans) - 200, ( fowy 75 )E(D 0,1 )+ 210 0
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Let 7 '0=E,

o (fien) 72 ) (@onr) - 200, ( fo0) 7, )(Bof ) +Der D 0 ae.

The subsequent Aluthge transformation of T expressed by puggal, is specified by
1

1
e Fs o7 f| A
TTVI=2"' "2 where T=V T is the polar decomposition of 7' .

AV & ve |

D.Senthilkumar et.al, discussed that the operator C = C; 2V CsL shere "y = T is the polar

decomposition of the general Alutge transformationcs , 00 Os 1 is weighted

/ =] =
14 00se/ /00. where J = DOE(DZ) To™!. composition

operator with weight 0 = J[J
gJ4 |
Theorem 4.10

Let COB LOQ *(0)0( is powers of paranormal operator iff

2p 12 -2p ) 12 -p 2
DOE(DZP)UT 8 I:'IZIOE( pj 7T +07I00ae..

Proof

Let T is powers of paranormal iff
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TP 7 _onT* T° +0°I 0o.
Since C is powers of paranormal iff
Cc*P _2|:|(_7*” c’ +0°1 0o.
Let C¢ = EE(DI)“T'I

. " ,

c cf :[O()E(j}{)”T_Kf

<(é*2p c? —ZDé*p c? +|:|2Ij3’ , >|:|Of0ra11 ool

(2P) I’ 2p (P) 12 —p 2
E °T™7f -20 'E °Tf +004 00
g =) B () |
Forall £ - and,
() 12 -2p @) 12 2

o E(sz)mT f- 2DIZI0E(|:|1,) f+0100

and proved.

Theorem 4.11

1t 7' O=, coB £Op 2(0)0p is powers of paranormal iff

(2p) 12 -2 p 12 -p 2

o (sz)mT s I:'IZIO( ;) T+0/00ae..
Proof

ogJ O

1 /4|:| sup

Since C is a weighted composition operator and weight [ = J o ( T 0, it
oJ* 0

shows that C is powers of paranormal operator but and only if

(2p) 12 -2p p 12 -p 2

o (sz)mT s I:'IZIO( :) T+0/00ae..
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5. Powers of paranormal composition operators on weighted hardy space.

The set HZ(D) of formal complex power series f z( ) =0%-0a z," such that
i

222
[# |
o =0 @ 0,00 is the common Hardy space of functions analytic in the write disc
n=0
. . ) = a a b 2 = O b zZ n
with inner product fg 0%-=0" wna0* forfas above and g z( ) “0%-0

and g

0 O=0 ,0%-o are series of positive numbers with ¢ =1asn—0. If O is an analytic function

. oo . .. C
mapping the unit disc D into D, then we defined composition operator g on the space

H*(O) by Cfu =f0|:|.

Even if the operator Cu is defined all over on the classical Hardy space H”, they are

not essentially defined on each HZ(D) . The composition operator Cu is defined on HZ(EI) only

when the function O is analytic on a few open set containing the closed unit disc housing

superemumnorm firmly lesser than one.

The properties of composition operator on the common Hardy spaces Hz(El) are

discussed.

The properties of powers of paranormal composition operators on general Hardy space

HZ(EI) are analysed. For order [ as above and a point [ in D. Let

ol n 2
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KuEl () = O ,ADZ_) then the function KDD is a point evaluation for H (0) , for fin
n=0 DZ

HZ(D) <fK |:||:| >=f(|:|)then K0D=1 and CKD |:|* |:|= K|:||:|()|:|.

Theorem 5.1

It Cn is powers of paranormal operator on H2(|:|) ,then O=1.

Proof

Let Cube powers of paranormal on /? (El) . By the definition of powers of paranormal,

C|:| |:|*2pC2p -adcC C|:| O*pp +0.700

> O0givenany f O H (0) f)

b

(CEI 0+2pC2p —0C Coowp p+02l f
< 1 >+E|2<)f )

( (Comacy) 77, -20(C Voot Voo Cooy ») 00
CopfC,mpf =20 CoopfCf, ip

222
cor || = 2dem) smlrloo

K
Letf'= " o therefore we get,
2 2 2

coo(Cy) -20ck  +0O7 DO,
P H P 2 H || ||
2 2

Cap (Kopljy - 20Cw (KoD VJ D) +2K000

i N
)4 )4 2

kooooo-2 Ko + KoOO

Let KoO=1

1-+200%00
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002- +2100
(0-1)*00
0o1

O=1 and proved.

6. Conclusion

[lustrated the powers of paranormal composition operators and similarly weighted

composition of powers of paranormal operators on L? space and Hardy Space are described.
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