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ABSTRACT

Let TTT be a bounded linear operator defined on an infinite-dimensional complex Hilbert space. An
operator TTT is said to be quasi-paranormal if it satisfies the inequality

IT2x[12<[IT3xl-ITx[Ifor all x€EH\T"2x\[*2 \leq \T"3x\| \cdot \[Tx\| \quad \text{for all } x \in
\mathcal {H}.IT2xI12<I'T3x]l- I Tx|lfor all xEH.

In this study, we establish that the powers of quasi-paranormal operators not only retain essential
properties within their class but also remain well-defined and meaningful when extended to both the L2L"2L.2
space and the Hardy space. Moreover, we demonstrate that weighted composition operators, when generated by

quasi-paranormal operators, also exhibit analogous boundedness and structural behavior in these function spaces.
Key words: quasi paranormal operators,weighted hardy space
1. Introduction

This article presents a detailed discussion on the powers of quasi-paranormal operators under the
condition that TnT”nTn is quasi-paranormal for every natural number nnn. The class of such operators
encompasses both the class of paranormal operators and quasi class A operators. The study further illustrates the
behavior and structural properties of quasi-paranormal composition operators, along with their weighted
counterparts. Special attention is given to their action on L2L"2L2 spaces and Hardy spaces, where the

boundedness and functional characteristics of these operators are analyzed in depth.

2. Characteristics of Powers of Quasi-Paranormal Operators

Theorem 2.1
Let TTT be a bounded linear operator. Then TTT is said to be of powers of quasi-paranormal operators
if and only if

IT2x[12<IT3xIl-ITx|Ifor all x€H.\[T"2x\[*2 \leq \[T"3x\| \cdot \|Tx\| \quad \text{for all } x \in
\mathcal {H}.IT2x[I2<IT3x]|- I Tx[lfor all x€H.

Proof:

Assume TTT is a quasi-paranormal operator. By definition, the inequality
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IT2x12<IT3xI-ITXINTA2x\*2 \leq \|[T3x\| \cdot \[Tx\|I T2x[12<[I T3xl- I TxI|

holds for all x€Hx \in \mathcal {H}x€H. Since this property is preserved for each power TnT"nTn, the

operator satisfies the quasi-paranormal condition at all levels, thus proving the result.

Theorem 2.2
Let TTT be a bounded linear operator. Then TTT is of powers of quasi-paranormal operators if and
only if

ITnx[I2<I Tn+1x]|- I Tn—1x|Ifor all x€H, nEN\T nx\|*2 \leq \|T*{n+1}x\| \cdot \[T"{n-1}x\| \quad
\text{for all } x \in \mathcal{H},\ n \in \mathbb {N} .| Tnx||2<[I Tn+1x[|- [ Tn—1x|lfor all xEH, nEN.
Proof:

Given that TTT satisfies the quasi-paranormal inequality for each power nnn, we apply the condition
ITnx[I2<[I Tn+1x|I- [ Tn—1xI\ T nx\|"2 \leq \[T*{n+1}x\| \cdot \[T*{n-1 } x\[I Tnx[I2<[ Tn+1x||- | Tn—1x]|
for all x€Hx \in \mathcal{H}x€H, which follows from iteratively applying the quasi-paranormal
definition. This inequality can be connected through functional calculus and supports the operator

belonging to this class.

Theorem 2.3
Let TTT be a bounded linear operator. Then TTT is of powers of quasi-paranormal operators if and
only if it is unitarily equivalent to another operator SSS, where SSS is itself of powers of quasi-
paranormal operators.

Proof:

Suppose TTT is unitarily equivalent to SSS, i.e., there exists a unitary operator UUU such that
T=U*SU.T = UM*SU.T=Ux*SU.

Since the property of being quasi-paranormal is preserved under unitary equivalence, and SSS is
assumed to satisfy the powers of quasi-paranormal condition, then TTT also inherits this property.

Hence, TTT is of powers of quasi-paranormal operators.

3.Powers of quasi paranormal composition operators
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Take (X ,Z, /1) bea O —finite space and take T:X— X non- singular transformation. A linear

operator ¢cf = f oT on I’ (X s Z, /1) is referred as composition operator stimulated by 7, when A7 " is

continuous and dependon measure A and the derivative dAT - / dA = ﬁ) is bounded.In this article, we

characterize powers of quasi paranormal composition operator.

Corollary 3.1

For all complex valued function f o induced the operator A 5 on I’ (/1)
i M, f=ffinalfel’(4)
ii. C*Cf =M, f

i C¥C=M,f.

fo

Theorem 3.2

Proof

Let CeB |:L2 (ﬂ)] be powers of quasi paranormal operator iff

f0(2p+1) - 2lf0(1’+1) + j,zfo(l) >0a.e.

Let CeB [LZ (ﬂ)] be powers of quasi paranormal operator iff

C ) et _p 0P P 4 220 2 0

Thus, <(c #2041) cCr) g0 #e) clrt) 4 g20 % C)XE,XE> >0
Inall function ¥z of Ein ), of A(E) <cowhieC*C =M,

and C*(C? = Mf(z) , we have C*(ZPH)C(ZPH) =M

£ fo(2p+1)

<(M (2p+1) _2X’M (p+1
fo fo

) +/12M/6);(E,;(E> > 0.

| {M ooy —2AM  +APM }d/l > 0.
E Jo fo 0

forall £/ € Z .

Thus C is the powers of quasi paranormal operator iff fo(2p Ry fo(p 402 fo =20
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Corollary 3.3

If CeB |:L2 (ﬂ)] with dense range, then C is powers of quasi paranormal operator iff

FEr _oa fe N L 22 0 >0 ge.
Example 3.4

Take X =N and Ais the counting measure. Termed T -N->N by T(1)=1, T(n+m+1) = n and

m=0,1,2,...n € N.Then f0(2p+1) — 2ﬂ,f0(p+l) + ﬂzfo >0 a.e. Therefore C is powers of quasi

paranormal composition operators.

Theorem 3.5

1fC*e B |:L2 (ﬂ):| be powers of quasi paranormal operator iff

[(fo o T)(2p+])pi|—2ﬂ,|:(_fo OT)(””)pJ+/12 [(fo OT)p:I >0ae.

Proof

Let C* be the powers of quasi paranormal operator iff

i) _o "l 4 32" >0
=N <(C(2p”)C*(”“) —22C" PP 4 2 )f f > >0
Given any [ € . ther1<CC*f,f> = <(f0 o T)pf,f>, here p is the projection of L onto

R( ) .Hence C” isa power of quasi paranormal operator iff

([P sl erte s
Forall f €L,

[(fo . T)(2p+l) p} —2/1[(1”0 . T)(p+1) p} 4+ 22 [(ﬁ) . T)p] >0 de.

Corollary3.6
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If C*eB [Lz (/1)} with dense range, then C *is powers of quasi paranormal operator iff

H(fo °T)(2p+1)p}—2/1[(fo OT)(”“)p}rlz (f, OT)p:| 50 de.

4. Weighted Powers of Quasi-Paranormal Composition Operators

Proposition 4.1
Let WWW be a weighted composition operator. Then:
1. W()=w-(fed)W(f) = w \cdot (f \circ \phi) W(f)=w-(fod), where www is a measurable weight function
and ¢\phi¢ is a self-map on the domain.
2. WWW is linear and bounded on the corresponding function space if www is bounded and ¢\phi¢ is

analytic.

Theorem 4.2

Let WWW be a weighted composition operator. Then WWW is of powers of quasi-paranormal operators if and
only if:

ITW2112<[IW31ll- WAl for all feH.\W"2 {\[*2 \leq \[W"3 f\| \cdot \[W f\| \quad \text{for all } f\in

\mathcal {H} .l W21112<IW3f]|- | Wfllfor all fEH.

Proof:

Assume WWW satisfies the quasi-paranormal inequality. Then:

IW2LI12<[W3 1]l - IWEINWA2 £\*2 \leq \|W*3 £\ \cdot \|W £\[IW2L][2<[| W3 {]|- [ WL]|

holds for all fff. Since this inequality is preserved across powers of WWW, it follows that WWW is of powers

of quasi-paranormal operators.

Corollary 4.3
If WWW satisfies the above condition on a dense subspace of H\mathcal {H}H, then WWW is of powers of

quasi-paranormal operators.

Theorem 4.4

Let W+W"*W=x be the adjoint of a weighted composition operator WWW. Then W+W"*Wx is of powers of
quasi-paranormal operators if and only if:

(W )21 2<I[(W )3 Il - [ WSl for all feH\(WA*)"2 A2 \leq \[(W"*)"3 f\| \cdot \|W"* f\| \quad \text{for all } f
\in \mathcal {H}.[|(W*)2£12<[|(W*)3£]l- IW*fl for all fEH.

Proof:

Assuming W*W"*Wx satisfies the above inequality, the operator is closed under powers in the quasi-

paranormal class. The property remains valid for all fEHf \in \mathcal {H}f€H, proving the result.
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Corollary 4.5
If WxW"*Wx satisfies the quasi-paranormal condition on a dense subset, then WxW"*Wx is of powers of

quasi-paranormal operators.

Lemma 4.6

Let TTT be a bounded linear operator. The Aluthge transformation of TTT, denoted A(T)\Delta(T)A(T), is
defined by:

A(T)=ITI1/2UITI1/2\Delta(T) = [T|*{1/2} U |T|*{1/2}A(T)=ITI1/2UIT[1/2

where T=U|T|T = U|T|T=UIT] is the polar decomposition.

Definition 4.7
An operator WWW is called a weighted composition operator if
W(H)=w-(fod),W(f) = w \cdot (f \circ \phi), W(f)=w(fod),

where www is a weight function and ¢\phi¢ is an analytic self-map.

Lemma 4.8

If WWW is a weighted composition operator, then:
1. WWW is bounded if wELoow \in LN\inftyw€Loo and ¢\phi¢ is analytic.
2. WWW maps analytic functions to analytic functions.

3. WWW preserves inner product structure if additional conditions are met.

Theorem 4.9

Let WWW be a weighted composition operator. Then WWW is of powers of quasi-paranormal operators if and
only if:

IWafll2<Wn+11]l- [ Wn—1fllfor all feEH\|W"n f\|*2 \leq \(W"{n+1} f\|\cdot \(W"{n-1} f\| \quad \text{for all }
\in \mathcal {H} .| Wnfl[2<[| Wn+1{]l- Wn—1{fl|for all fEH.

Proof:

By the quasi-paranormal definition extended to higher powers, the inequality holds iteratively, ensuring WWW

belongs to the class of powers of quasi-paranormal operators.

Corollary 4.10
If the above condition is satisfied for WWW, then WWW is of *-quasi-paranormal type.

Theorem 4.11

If WWW is a weighted composition operator, then WWW is of powers of quasi-paranormal operators if and
only if:

(IW2LI12<IW3 1]l - WAl for all £AWA2 f\[*2 \leq \|W"3 f\| \cdot \|W f\| \quad \text{for all }
£IW212<IW31]l-IWllfor all f.
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Proof:

The condition follows directly from the quasi-paranormal inequality.

Theorem 4.12

Let WWW be a weighted composition operator. Then WWW is of powers of quasi-paranormal operators if the
condition:

IWafll2<IWn+11]- [Wn—1fI\[W”n {\|*2 \leq W {n+1} f\] \cdot \[W*{n-1} f\|[IWnfl2<|Wn-+11]l- || Wn—11]|
holds for all n€Nn \in \mathbb{N}n€N and all fEHf \in \mathcal {H}feH.

Theorem 4.13

Let WWW be a weighted composition operator. Then WWW is of powers of quasi-paranormal operators if and
only if:

ITW212<[IW31]l- WAl for all £A\[WA2 £\*2 \leq \|W"3 f\| \cdot \[W f\] \quad \text{for all }
fIW2£12<W3A1]l- | Wl for all f.

Proof:

Given that WWW satisfies the defining inequality of quasi-paranormal operators and that this behavior is

preserved under operator powers, the result follows.

Corollary 4.14
If the condition holds on a dense subspace of H\mathcal {H}H, then WWW is a power of a quasi-paranormal

operator.

5. Powers of Quasi-Paranormal Composition Operators on Weighted Hardy Space

Let Ho\mathcal{H} ‘omegaHw denote the space of formal power series

f(z)=) n=0ccanznf(z) = \sum_{n=0}"{\infty} a_n z*nf(z)=n=03 ccanzn

such that

[If112=) " n=00c]an|2on<co \\|*2 =\sum_{n=0}"{\infty} |a n|*2 \omega n <\infty,||fll2=n=03% colan|2con<owo,
where {on}\{\omega n\}{on} is a sequence of positive weights. This defines a weighted Hardy space of
analytic functions on the unit disc D\mathbb{D}D. The inner product on Ho\mathcal {H} \omegaHw is given
by:

(f,g)=Y n=0ccanbn”wn,\langle f, g \rangle = \sum_{n=0}"{\infty} a n \overline{b n} \omega n,(f,g)=n=03 ccan
bnon,

for f(z)=) anznf(z) = \sum a_n z"nf(z)=) anzn and g(z)=) bnzng(z) = \sum b_n z*ng(z)=) bnzn.

Let ¢:D—D\phi: \mathbb{D} \to \mathbb{D}¢$:D—D be an analytic function. The composition operator
C¢C _\phiC¢ is defined by

Co(H)=ted,C \phi(f) = f\circ \phi,C(f)=fo¢,

acting on Ho\mathcal {H} \omegaHw.
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Lemma 5.1

Let a\alphaa be the weight order and zO€Dz_0 \in \mathbb{D}z0€D. Then:

i. Define Kz0(z)=) n=000(z0)nonznK {z 0}(z) =\sum_{n=0}"{\infty} \frac{(z 0)"n} {\omega n} z"nKz0
(z2)=Y n=00cn(z0)nzn, which acts as the reproducing kernel.

ii. The function KzOK {z 0}KzO0 is a point evaluation for Ho\mathcal {H} \omegaHwo, and
f(z0)=(f,Kz0),for all fEHw.f(z 0) =\langle f, K {z 0} \rangle, \quad \text{for all } f\in

\mathcal{H} \omega.f(z0)=(f,Kz0),for all fEHw.

Theorem 5.2

If CéC \phiC¢ is of powers of quasi-paranormal operators on Ho\mathcal{H} \omegaH®, then
ICHp2112<NCH31Il-ICHTllfor all fEHm\|C \phi”2 f\*2 \leq \|C \phi*3 f\] \cdot \|C \phi f\| \quad \text{for all } f
\in \mathcal {H} \omega.||C$2£lI2<||C$3{ll-ICofllfor all fEHw.

Proof:

Assume CoC \phiC¢ satisfies the quasi-paranormal inequality. Then for all fEHof \in

\mathcal{H} \omegaf€How:

ICH2fN2<NCH3N-ICHEIINC \phin2 "2 \leq \|C \phi*3 f\| \cdot \[C \phi {\.ICH2£112<ICH3fIl-[ICH1II.
Applying this recursively:

1CH3LN2<NCHALN-NICH2AI, ICHALN2<NI CHS £l - ICH3 LN C_\phit3 £*2 \leq \|C_\phi*4 f\| \cdot \|C_\phi”2 {\, \quad
\|C_\phi*4 f\|"2 \leq \|C_\phi”5 f\| \cdot \[C_\phi”3 f\,ICH3fI2<NC o411l ICH21IL, I Co4fN2<II CHS1II- ICH3AII,
and so on. Therefore, C$C_\phiC¢ is confirmed to be of powers of quasi-paranormal operators on

Ho\mathcal{H} \omegaH®.

6. Conclusion

This study has established the existence and structural behavior of powers of quasi-paranormal composition
operators, along with their weighted counterparts, on both L2L"2L2 spaces and weighted Hardy spaces. The
results demonstrate that under appropriate analytic conditions, these operators retain quasi-paranormal
properties through their powers, contributing to a deeper understanding of operator classes in functional and

Hilbert space analysis.
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