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ABSTRACT

Let Tbe a bounded linear operator on an infinite dimensional complex Hilbert

2p
space.The quasi paranormal operator satisfying HTZXH < HT3PXH||TX|| foreveryx € H. we

prove the powers of quasi paranormal operators and weighted composition operators also
exists on L? Space and Hardy Space.
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1. Introduction

In this article, it 1s discussed and shows the powers of quasi paranormal operator if
2p .
HTZxH < HT3pr||Tx|| for every x € H.It comprises the classes of paranormal operators and

quasi class ‘A’operators. Illustrated the powers of quasi paranormal composition operators

and similarly weighted composition of powers of quasi paranormal operators on L* space

and Hardy Space are described.

2.Characteristics of powers of quasi paranormal operators

Theorem 2.1:

Let the powers of quasi paranormal operator be 7 € B (H )

iff| 772 <7272 ] for every x e 1.
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Proof
Let the powers of quasi paranormal operator 7 € B (H ),
T*T*Zp TZPT—ZXT*T*IJ TPT+12T*TZO
:>T*2P+1 T2P+1 —2AT*p+l Tp+]T+ﬂ,2T*T >0
= a= T*T,b = 2T #P+1 Tp+1; C — /’tT %2 p+l T2p+1
= b* —4ac >0
= [—2/1T #ptl Tp+1]2 _4(T*T)(T %2 p+l T2p+l) >0

2

4(T s TP“) 4(T* T)(T #2p+l p2pH ) >0

4(T sp+l Tp+1)2 24(T*T)(T w2 p+l T2p+1)
|

(T xp+l ppil )2 > HT2p+1x |Tx||2

2p
HTp+1x < Hlep+1x

||x|| forall xe H.

Theorem 2.2
Let the powers of quasi paranormal operator be I’ € B (H ) ,
T * TP T*PT —2AT*T* TPT+ A°’T*T >0.
Proof

2p
HTp+1x S HTIZPH)C

||x|| forall xe H.

= [l <]

= <(T sl ) (7w e )2> < (27272 ) (T T
= <(T wr o) x,x> <(T #7727 x,n) (T * Tx,n)

= (T *r 7Y < (TR ) (T T)

= 4(T e TP Y 2 (TR T (T4 T)

= [2(T #p+l Tl )]2 —4(T I ) (T*T) 20
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= b’ —4ac>0
b=2(T*" 17")
c=T x2p+ T2p+1
a=T*T
By means of actual quadratic equation
al* =2lb+c>0
AH(T*T)=2AT*T* TP + TP >
= TP _p P pap TP L Q2T R T > ()
= T*T*P T*PT 2T *T* TPT + J*T*T >0.

Theorem 2.3

Let the powers of quasi paranormal operator be 7 € B(H ), then and there if T is

unitarily equivalent to s, where s is of powers of quasi paranormal.
Proof

Then T is unitarily equivalent to s, here is a unitarily operator U likewises =U * TU.
It expressed that 7 **7* 727 _pa*PH prl L 22T T >0,
Then T is of powers of quasi paranormal, we get,

TP 2 QAT TP L 2T+ T > 0.
Therefore,

Sx2ptl §2rHl _ 5 g gwptl gptl 4 226% § > ()

2p+l

= (U*T*U)" (U*TU)"" 24 (U*T*U) (U *TU)™"

+A2(U*T*U)(U*TU) 20
= U TPy 2U* T+ TPU +22 (U*T*U) 20
= U*[T# 722 AT # 0 TP PTHT |U 2 0.

— T2l o asptl petl L 22T > ()
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Hence, the powers of quasi paranormal is S.

3.Powers of quasi paranormal composition operators

Take (X ,z,i) be a o — finite space and take7 : X —> X non — singular
transformation. A linear operator cf = f oT on I’ (X ,Z, /1) is referred as composition

operator stimulated by 7, when AT ! is continuous and dependon measure A and the
derivative dAT _1/ dA = f, is bounded.In this article, we characterize powers of quasi

paranormal composition operator.

Corollary 3.1

For all complex valued function f, induced the operator M 7, on I (ﬂ)

i M, f=ffinalfel’(A)
i. C*Cf=M,f

2 2

iii. c*C :Mfo(z)f.

Theorem 3.2

Let Ce B [Lz (/1)] be powers of quasi paranormal operator iff

oD o0 77 ) 4 22 £0) > 0ge.
Proof

Let Ce B [Lz (/1)] be powers of quasi paranormal operator iff
C*2r) cCrl) g0 ) 4 220 C 20
Thus <(C (20l el _p p et ole) 4 20 C)XE,XE> >0

In all function y, of E in Z of/l(E)<OOWhileC*C:Mf0

5124 Mohanasundaram et al. 5121-5134



Journal of Computational Analysis and Applications VOL. 33,NO. 8, 2024

andC2C? = Mfu), we have C 7P — py

) fo(2p+1)

<(Mﬁ)(2p+1) —2/1Mf(p+l) + /12Mf0 );(E,;(E> > 0.

0
J‘ {M (2p+1) _2/1M (p+1) +/12Mf }d/l Z 0.
E Jo fo 0
forall £ € z

Thus C is the powers of quasi paranormal operator iff f0(2p 1 _24 fo(p 1442 fo 20

Corollary 3.3

If Ce B[L2 (/1)] with dense range, then C is powers of quasi paranormal operator

iff £27 ) 22 7P L 221 >0 ae.
Example 3.4

Take X = N and A is the counting measure. Termed 7 : N — N by T(1)=1, T(n+m+1) =n

andm=0,1,2,...n € N.Then f0(2p+1) - 21]’0("“) + A’ f, >0 a.e.Therefore C is powers of

quasi paranormal composition operators.

Theorem 3.5

IfC*e B [Lz (i)] be powers of quasi paranormal operator iff
(o) p =22 (/yo7)" p |+ 22 [(fioT) P]2 0 e
Proof

Let C* be the powers of quasi paranormal operator iff
crc ) _p el 4 22cc” 2 0

N <(C(2p+1)c*(17+1) _ 2lc*(p“)c(p+l) +A*cC’ )f> f> >0
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Given any f € L’. then(CC* f, f)= <(f0 oT)pf,f>, here p is the projection of

*onto R (C’ ) .HenceC" isa power of quasi paranormal operator iff

<{[(f° o) p =22 (fy o) p |+ 22 [(fioT)p]| oS > >0

Forall f e I’,

[(fo oT)er p} vy [(ﬁ) o7 p] +22[(fyoT)p]20ae.

Corollary3.6

If C”‘EB[L2 (/1)} with dense range, then C*is powers of quasi paranormal

operator iff[[(fo o T)(2p+1) p} —2/1[(]‘0 ° T)(p+1) p} + 27 (f, oT)p} >0 a.e.

4. Weighted powers of quasi paranormal composition operators.

Proposition 4.1

For w >0,
i W*Wf:fo[E(a)z)]oT"f

ii. WW*f=aw(fyoT)E(af).
Theorem 4.2

If W is powers of quasi paranormal operator
iffﬁ)(p+1) [E<w(22p+1) )} ° T_(zpﬂ) N 2ﬂ“fo(p+l) [E(a)(zpﬂ) )J ° T_(p+1)
+22 1, [E(a)2 )] o720 ae.

Proof:

Then W is powers of * - paranormal,

wCr O re) _ o ey () L 22 >
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and therefore,

<(W*(2”“)W(2P“) =2 W 22 (W) £, f > >0
Givenany f € L. Then W' f = o, (fo oTK)andW*Kf = ﬁ)(K)E(a)f()o T,.
WHEwE = (O E(}) o™, W = £, E() ] f
for @ > 0 and therefore,
7 [Elof o7 o221 (e o7
+22 f,[ E(0?)]oT” }cm >0
Forall £ € z and hence,

f0(2p+1) |:E(a)(22p+l) )J o T—(2p+1) _ 22/?)(%1) [E(a)(zpﬂ) )} . T_(p+1)

Corollary 4.3

It T 7IZ=Z . now W is of powers of quasi paranormal operator iff

fo(2p+1) [a)z Jo T*(2P+1) _ 21/[()(1%1) |:w(2p+1)] o Tf(pﬂ) +12f0 [a)z:| oT'>0 ae.

(2p+1)

Theorem 4.4

If W* is powers of quasi paranormal operator iff

Oy (oo TV E| @y, | =200, (1o T E
+A%0(fyoT)E(®)20 ae.

Proof:

Then W* is powers of quasi paranormal,

w Py Cr) g e ) | 22yt > o,

and therefore,
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<(W(2p+1)W*(zp+l) — 2 ) 22 ) I f > > 0.
forall fel’.
Then WKW*Kf = Wy (fo o T)E(a’f)

WEW™ f = w, (fyoT)" E(opf)

and therefore
I, {(“’(2p+1) (fooT )(M))E (@) =22 (@pey ) (oo 7)™ E (@)1
+2’0(fy o T)E(0f)}dA=0
Forall E € ) ,and thus,
Oy (oo TN E| 00y f | =200, (fyoT) "™ E| 0,1

+A’0(fyoT)E(®)20 ae.
Corollary 4.5

ItT _IZ=Z now W*is of powers of quasi paranormal iff

+ +1
D2 pi1) (fo ° T)(zp ! (a)(2p+l)f) _2/1a)(p+1) <f0 ° T)(p )<a)(p+l)f)
+A20(fyoT)(wf)20.ae.
Lemma 4.6

~ 1 1
An operator T is Aluthge transformation is termed by 7" = |T |A U |T |A .

Definition 4.7

An operator C; weighted composition operator if C, = |C |S U |C |1_S

!
ndC, = o o
adCS—{ﬁ)oTj foT.

Lemma 4.8

If C, is weighted composition operator,
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We get,
i CXf=m(foT)"
i, CXf=fNE(mf)eT ™

iii. — CFCEf = O (xS )T S

Theorem 4.9

Let C, is powers of quasi paranormal operator iff

Jf()(2p+l)E[7T(22p+1):|° 7241 _ Zﬂf;)(ml)E[ﬂ(sz)} o (P

+AfE[ 7T 20 ae.

Proof:

Since C, is powers of quasi paranormal,

CCr) c2pl) o5 o e) (o) | 220% 0 >

N s A

(e s (). s)

N N

forall f eI’ Since ckck = fO(K)E[ﬁ]z(}o "

IE {f()(2p+1) |:E (7[(22p+1) )i| ° T7(2p+l) - 2j’f()(pﬂ) |:E(7[(22p+1) )j| ° Tﬁ(pﬂ)
+22 fE (7)o T }dA 20
forall E € z and hence.

f0(2p+1) [E(ﬂz )J o 7 2p4) _ 2/1ﬂ)(p+1)E(ﬂ(22p+1)) L )

(2p+1)

+AfE[ 7 [T 20 ae.
Corollary 4.10

If 7 Z=Z, then C, is powers of * - paranormal operator iff

f(-)(2p+1) (7[2 ) o TP+ _ 2/,Lfo(pn) (7[2 ) o T-(P*1)

(2p+1) (p+1)
+22fy(7*)e T 20 ae.
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Theorem 4.11

IfC. e B[L2 (i)] be powers of quasi paranormal operator iff

2p+1 (fo ) ) E(ﬂ(Zerl)f) - 21”(1%1) (fo ° T)(pH) E(”(PH))

+A7(fyoT)-E(nf) 20a.e.
Proof

E .
Then C, is powers of quasi paranormal,

clricert) _pactretr) L 22 T 2 0

N

and therefore

((clrieier 22l 4 22¢,C0) £, f )20

Forall f e L’,SinceC*C.* =7, (fo OT)(K) E(7y f).
I { (2p+1) (fo ) e E(”(Z[Hl)f) _2/177(p+1) (fo ° T)(p+l) E(”(zpﬂ)f)
+ 27 fy o T)E(7)}dA >0
forall E € Z, and thus,
T (2p+1) (fO ) . E(ﬁ(2p+1)f) N 2/17[(1%1) (fO ° T)(p+1) E(ﬂ-(pﬂ)f)
+A°7(fy o T)E(nf) 20ae.

Theorem 4.12

ItT _1Z=Z, then C: is power of quasi paranormal operator iff

T2 p+1) (fo )2p+1 (ﬂ(2p+1)f)_2j'ﬂ-(p+l)(ﬁ) OT)(p+l) (ﬂ(pﬂ)f)

+A°7(fyoT)(7f) 20ae.
Theorem 4.13

If CeB [LZ (ﬂ,)] is powers of quasi paranormal operator iff

12

fo(z P g (w(2p+l))o 7-CrH) _ny ﬁ)(p+l) E(C()lz ) o T (P4

(p+1)
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+ﬂu2f0E(a)12 ) oT™' >0a.e.

Proof

Then C is powers of quasi paranormal,

GCPIEEr G E ) | 42¢ 5 E 2 0

and therefore,
(€Ot 22 e 1 220 £, 1) 20
forall f e’

Then (~7*(~?=fOE(a)lz)oT_1 and C"*C¥ :fO(K)E(a)lz)oT_K

IE{f(zpn)E[wlz Jo 7C2r+) _ 21ﬁ)(17+1)E (0)(12 )T_(p”)

(2p+1) p+l)
22 fOE[a)lz } o720
Forall £ € z And thus,

f0(2p+1)E (a)lz )O 7)) _ 2if0(p+1)E(a)12 ) o T (P*)

(2p+1) (p+1)
+/’L2f0E[a)l2 } oT"'>0a.e.
Corollary 4.14

If 7Y =) nowCeB (L2 (/1)) is a power of quasi paranormal operator iff

p)[ 2 (24 . 2 (s 2 _
I @y o T O =221 @ o T 422 (0 )o T 20 ae

0 (2p+1

S5.Powers of quasi paranormal composition operators on weighted hardy space

Let H? (7/) be the set of formal complex powers of sequence f (z) = Zw az"

n=0 n

? 7/3 < oo is the common Hardy space of analytic function in the unit

an

suchas [/} =37

disc with the inner product< f, g> y = Z:ZO a, b_n}/j for f“Where g(z) = Zj:o b z" and

y =17, }w_o are series of positive numbers with 7, = land 7zl 5 as n—>00.If ¢ is a
n= 7/}1

function and we termed the composition operator C,, on the spaces H z (7/) by C,f = fo#.
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Lemma 5.1
1. For a order of 7 as above and point @ in D, Now
0 1 — \"
Take K,y (z) = ano_z(a)n) :

Vn
ii. The function K,y is a point evaluation for H* (7/) <f,Kw>7/:f(a)) now
Kyy =1
and C K,y :K¢(w)]/ .

Theorem 5.2

If C, is powers of quasi - paranormal operator on 2 (}/) , then and there A =1.

Proof

LetC 4 1s powers of quasi paranormal operator on H? (7/) .

From the statement of powers of quasi paranormal
CPrelr) 2P el + 22Chc, 2 0

and therefore,
<(C;(ZP+I)C;ZP+1) _ ZZC;(‘UH)C;”H) n ﬂZC;C¢)f,f> > 0 forall £ € H> (7/)
<(C;(2p+1)C;2p+l))f,f> —2ﬂ<(C;(p+l)Cq(5p+l))f,f> 442 <(C;C¢)f,f> >0
<C¢(52p+l)f,cq(§2p+l)f> _ 21<C;(p+l)f,c;(p+l)f> 1+ 22 <C;f,C¢f> >0
HC;ZPH)fHZ _Ziucg(jpﬂ)fuz pE HC¢fH2 >0
e (cunf 22lel? () + 2 lcuf =0

Repeating the steps for 2 more time we have,
o] -2l ]+t 20

1-2A4+4%>0
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A2 =2+1>0

6.Conclusion

The powers of quasi paranormal composition operators and weighted composition of

powers of quasi paranormal operators on L* space and Hardy Space are proved.
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