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ABSTRACT: In this paper, we introduce a new domination parameter called the co-secure 

semitotal domination number. A set 𝐷 of vertices in a graph 𝐺 with no isolated vertices is a co-

secure semitotal dominating set of 𝐺 if 𝐷 is a semitotal dominating set of 𝐺 and for each 𝑢 ∈
𝐷  there exists a vertex 𝑣 ∈ 𝑉 ∖ 𝐷  such that 𝑢𝑣 ∈ 𝐸  and (𝐷 ∖ {𝑢}) ∪ {𝑣}  is a semitotal 

dominating set of 𝐺. The minimum cardinality of a co-secure semitotal dominating set of 𝐺 is 

called the co-secure semitotal domination number and is denoted by 𝛾𝑐𝑠𝑡2(𝐺). We investigate 

the basic properties of this parameter and establish relationships with known domination 

parameters. Exact values and bounds for 𝛾𝑐𝑠𝑡2(𝐺) are determined for various standard graphs. 

This study opens a new directions in the ongoing development of domination theory in graphs. 
 
Keywords: graphs, co-secure semitotal dominating set, co-secure semitotal domination 

number 

 

INTRODUCTION: The graphs considered here are simple, finite, nontrivial, undirected and 

without isolated vertices. The graph 𝐺 = (𝑉, 𝐸) considered here have 𝑛 = |𝑉| vertices and 

𝑚 = |𝐸| edges. A set 𝐷 of vertices in a graph 𝐺 is a dominating set if every vertex not in 𝐷 is 

adjacent to at least one vertex in 𝐷. The domination number 𝛾(𝐺) of 𝐺 is the order of a smallest 

dominating set in 𝐺. Any dominating set with 𝛾(𝐺) vertices is called a 𝛾(𝐺) – set of 𝐺. The 

concept of co-secure domination was introduced by S. Arumugam, Karam Ebadi, Martin 

Manrique[1]. A dominating set 𝐷 of a graph 𝐺 is called a co-secure dominating set, if for each 

𝑢 ∈ 𝐷 there exists a vertex 𝑣 ∈ 𝑉 ∖ 𝐷 such that 𝑣 ∈ 𝑁(𝑢) and (𝐷 ∖ {𝑢}) ∪ {𝑣} is a dominating 

set of 𝐺. The co-secure domination number 𝛾𝑐𝑠(𝐺) is the minimum cardinality of a co-secure 

dominating set of 𝐺. Any co-secure dominating set with 𝛾𝑐𝑠(𝐺) vertices is called a 𝛾𝑐𝑠(𝐺) – set 

of 𝐺.The concept of semitotal domination was introduced by Wayne Goddard, Michael A. 

Henning and Charles A. McPillan[2]. A set 𝐷 of vertices in a graph 𝐺 with no isolated vertices 

to be a semitotal dominating set of 𝐺 if it is a dominating set of 𝐺 and every vertex in 𝐷 is 

within distance 2 of another vertex of 𝐷. The semitotal domination number, denoted by 𝛾𝑡2(𝐺), 
is the minimum cardinality of a semitotal dominating set of 𝐺.  Any semitotal dominating set 

with 𝛾𝑡2(𝐺)  vertices is called a 𝛾𝑡2(𝐺)  – set of 𝐺 . Motivated by these two domination 

parameters, the co-secure semitotal domination number is devised. In this paper we determine 

the co-secure semitotal domination number of some standard graphs and basic properties of 

this parameter are also discussed. 

 

 

METHODS:  

Definition: A set 𝐷 of vertices in a graph 𝐺 with no isolated vertices is a co-secure semitotal 

dominating set of 𝐺 if 𝐷 is a semitotal dominating set of 𝐺 and for each 𝑢 ∈ 𝐷 there exists a 
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vertex 𝑣 ∈ 𝑉 ∖ 𝐷 such that 𝑢𝑣 ∈ 𝐸 and (𝐷 ∖ {𝑢}) ∪ {𝑣} is a semitotal dominating set of 𝐺. The 

minimum cardinality of a co-secure semitotal dominating set of 𝐺  is called the co-secure 

semitotal domination number of 𝐺  and is denoted by 𝛾𝑐𝑠𝑡2(𝐺) . Any co-secure semitotal 

dominating set with 𝛾𝑐𝑠𝑡2(𝐺) vertices is called a 𝛾𝑐𝑠𝑡2(𝐺) – set of 𝐺. 

 

Example: For the graph 𝐺1  in Figure 1, 𝐷 = {𝑣4, 𝑣5, 𝑣6}  forms a 𝛾𝑐𝑠𝑡2(𝐺1) – set.  Hence 

𝛾𝑐𝑠𝑡2(𝐺1) = 3. 

 

Figure 1: A graph 𝐺1 with 𝛾𝑐𝑠𝑡2(𝐺1) = 3  

 

RESULTS AND DISCUSSION 

 

Observation: If a co-secure semitotal dominating set exists for the graph 𝐺, then 𝛾𝑐𝑠𝑡2(𝐺) ≥

2. 

Observation: Every co-secure semitotal dominating set is a co-secure dominating set, but not 

conversely. 

Observation: Every co-secure semitotal dominating set is a semitotal dominating set, but not 

conversely. 

Observation: Let 𝐺 be a connected graph that has a 𝛾𝑐𝑠𝑡2(𝐺) – set but the complement of the 

graph 𝐺 need not contain a 𝛾𝑐𝑠𝑡2(𝐺̅) – set. 

Observation: If a spanning subgraph 𝐻 of a graph 𝐺 has a co-secure semitotal dominating set, 

then 𝐺 also has a co-secure semitotal dominating set. 

Observation: Let 𝐺 be a connected graph and 𝐻 be a spanning subgraph of 𝐺. If 𝐻 has a co-

secure semitotal dominating set, then 𝛾𝑐𝑠𝑡2(𝐺) ≤ 𝛾𝑐𝑠𝑡2(𝐻). 

Example: For the graph 𝐺2 in Figure 2, 𝐷 = {𝑣1, 𝑣2} is a 𝛾𝑐𝑠𝑡2(𝐺2) – set and so 𝛾𝑐𝑠𝑡2(𝐺2) =

2.  For the spanning subgraph 𝐻1 of 𝐺2, 𝐷 = {𝑣1, 𝑣2} is a 𝛾𝑐𝑠𝑡2(𝐻1) – set and so 𝛾𝑐𝑠𝑡2(𝐻1) =
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2.  Hence 𝛾𝑐𝑠𝑡2(𝐺2) = 𝛾𝑐𝑠𝑡2(𝐻1).  For the spanning subgraph 𝐻2 of 𝐺2, 𝐷 = {𝑣1, 𝑣2, 𝑣4} is a 

𝛾𝑐𝑠𝑡2(𝐻2) – set and so 𝛾𝑐𝑠𝑡2(𝐻2) = 3.  Hence 𝛾𝑐𝑠𝑡2(𝐺2) < 𝛾𝑐𝑠𝑡2(𝐻2). 

 

                                        

 

Figure 2: Shows that 𝜸𝒄𝒔𝒕𝟐(𝑮𝟐) = 𝜸𝒄𝒔𝒕𝟐(𝑯𝟏) and 𝜸𝒄𝒔𝒕𝟐(𝑮𝟐) < 𝜸𝒄𝒔𝒕𝟐(𝑯𝟐) 

Exact values for some standard graphs: 

1. For any path 𝑃𝑛  of order 𝑛 ≥ 3 , 𝛾𝑐𝑠𝑡2(𝑃𝑛) =

{
 
 
 

 
 
 ⌈

𝑛

2
⌉ ,   𝑛 = 3,4,5,7,8,9,10

4,   𝑛 = 6
4𝑟 + 1,   𝑛 = 9𝑟

4𝑟 + 2,   𝑛 = 9𝑟 + 𝑠;  𝑤ℎ𝑒𝑟𝑒 𝑠 = 1,2,3 𝑎𝑛𝑑 𝑛 ≥ 11
4𝑟 + 3,   𝑛 = 9𝑟 + 𝑠;  𝑤ℎ𝑒𝑟𝑒 𝑠 = 4,5
4𝑟 + 4,   𝑛 = 9𝑟 + 𝑠;   𝑤ℎ𝑒𝑟𝑒 𝑠 = 6,7

4𝑟 + 5,   𝑛 = 9𝑟 + 8

 

2. For any cycle 𝐶𝑛 of order 𝑛 ≥ 3, 𝛾𝑐𝑠𝑡2(𝐶𝑛) =

{
 
 
 
 

 
 
 
 

2, 𝑖𝑓 𝑛 = 3,4,5
3,        𝑖𝑓 𝑛 = 6
4,    𝑖𝑓 𝑛 = 7,8
4𝑟, 𝑖𝑓 𝑛 = 9𝑟

4𝑟 + 1, 𝑖𝑓 𝑛 = 9𝑟 + 𝑠;   𝑤ℎ𝑒𝑟𝑒 𝑠 = 1,2
4𝑟 + 2,   𝑖𝑓 𝑛 = 9𝑟 + 𝑠;   𝑤ℎ𝑒𝑟𝑒 𝑠 = 3,4
4𝑟 + 3,   𝑖𝑓 𝑛 = 9𝑟 + 𝑠;    𝑤ℎ𝑒𝑟𝑒 𝑠 = 5,6
4𝑟 + 4,   𝑖𝑓 𝑛 = 9𝑟 + 𝑠;    𝑤ℎ𝑒𝑟𝑒 𝑠 = 7,8

 

3. For any complete graph 𝐾𝑛 of order 𝑛 ≥ 3, 𝛾𝑐𝑠𝑡2(𝐾𝑛) = 2 

4. For any complete bipartite graph 𝐾𝑚,𝑛, where 𝑚 ≤ 𝑛,𝑚 ≥ 1 𝑎𝑛𝑑 𝑛 > 1,  
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𝛾𝑐𝑠𝑡2(𝐾𝑚,𝑛) = {

𝑛,   𝑚 = 1
2,   𝑚 = 2
3,   𝑚 = 3
4,   𝑚 ≥ 4

 

Proof:  

1.  Let 𝐺 = 𝑃𝑛 be a path. Let 𝑉 = {𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} be the vertex set of 𝐺. For 3 ≤ 𝑛 ≤ 10, 

the result is obvious. Now, for 𝑛 ≥ 11, we consider the following cases: 

Case (i): For 𝑛 ≡ 0 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛

9
} ∪ {𝑣𝑛}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (ii): For 𝑛 ≡ 1 (𝑚𝑜𝑑 9), 

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−1

9
} ∪ {𝑣𝑛−2, 𝑣𝑛}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (iii): For 𝑛 ≡ 2 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−2

9
} ∪ {𝑣𝑛−2, 𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (iv): For 𝑛 ≡ 3 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−3

9
} ∪ {𝑣𝑛−2, 𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (v): For 𝑛 ≡ 4 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−4

9
} ∪ {𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – 

set. 

Case (vi): For 𝑛 ≡ 5 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−5

9
} ∪ {𝑣𝑛−4, 𝑣𝑛−2, 𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) 

– set. 

Case (vii): For 𝑛 ≡ 6 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−6

9
} ∪ {𝑣𝑛−5, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛} , forms a 

𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (viii): For 𝑛 ≡ 7 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛+2

9
}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (ix): For 𝑛 ≡ 8 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−8

9
} ∪ {𝑣𝑛−7, 𝑣𝑛−5, 𝑣𝑛−3, 𝑣𝑛−2, 𝑣𝑛}  forms a 

𝛾𝑐𝑠𝑡2(𝐺) – set. 
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2.  Let 𝐺 = 𝐶𝑛 be a cycle. Let 𝑉 = {𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} be the vertex set of 𝐺. For 3 ≤ 𝑛 ≤ 8, 

the result is obvious. Now, for 𝑛 ≥ 9, we consider the following cases: 

Case (i): For 𝑛 ≡ 0 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛

9
}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (ii): For 𝑛 ≡ 1 (𝑚𝑜𝑑 9), 

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−1

9
} ∪ {𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (iii): For 𝑛 ≡ 2 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−2

9
} ∪ {𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (iv): For 𝑛 ≡ 3 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−3

9
} ∪ {𝑣𝑛−2, 𝑣𝑛}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (v): For 𝑛 ≡ 4 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−4

9
} ∪ {𝑣𝑛−3, 𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (vi): For 𝑛 ≡ 5 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−5

9
} ∪ {𝑣𝑛−4, 𝑣𝑛−2, 𝑣𝑛}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – 

set. 

Case (vii): For 𝑛 ≡ 6 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛−6

9
} ∪ {𝑣𝑛−5, 𝑣𝑛−3, 𝑣𝑛−1}, forms a 𝛾𝑐𝑠𝑡2(𝐺) 

– set. 

Case (viii): For 𝑛 ≡ 7 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛+2

9
}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Case (ix): For 𝑛 ≡ 8 (𝑚𝑜𝑑 9),  

The set, 𝐷 = {𝑣9𝑖−8, 𝑣9𝑖−6, 𝑣9𝑖−4, 𝑣9𝑖−2: 1 ≤ 𝑖 ≤
𝑛+1

9
}, forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

3. Let 𝐺 = 𝐾𝑛 be a complete graph. Let 𝑉 = {𝑣𝑖: 1 ≤ 𝑖 ≤ 𝑛} be the vertex set of 𝐺. Then 

the 𝛾𝑐𝑠𝑡2 – set is 𝐷 = {𝑣𝑘, 𝑣𝑙}, ∀𝑘 ≠ 𝑙 𝑎𝑛𝑑 1 ≤ 𝑘, 𝑙 ≤ 𝑛. Since (𝐷 ∖ {𝑣𝑘}) ∪ {𝑣𝑖} and 

(𝐷 ∖ {𝑣𝑙}) ∪ {𝑣𝑖} , where 𝑣𝑖 ∈ 𝑉 ∖ 𝐷  form semitotal dominating sets.  Therefore, 

𝛾𝑐𝑠𝑡2(𝐾𝑛) = 2. 
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4. Let 𝐺 = 𝐾𝑚,𝑛  be the complete bipartite graph, where 𝑚 ≤ 𝑛 . Let 𝑉 = 𝑉1 ∪ 𝑉2 =

{𝑢𝑖: 1 ≤ 𝑖 ≤ 𝑚} ∪ {𝑣𝑗: 1 ≤ 𝑗 ≤ 𝑛} be the vertex set of 𝐺. To find the 𝛾𝑐𝑠𝑡2(𝐺) – set, 

consider the following cases: 

Case (i): Suppose 𝑚 = 1 and 𝑛 > 1. 

This represents a star graph 𝐾1,𝑛. Suppose 𝐷 = {𝑢1, 𝑣𝑗} is the co-secure semitotal dominating 

set. The vertex 𝑣𝑗  has no adjacent vertex in 𝑉 ∖ 𝐷 and the universal vertex 𝑢1 has no vertex 𝑣𝑘 

in 𝑉 ∖ 𝐷 such that (𝐷 ∖ {𝑢1}) ∪ 𝑣𝑘 is a semitotal dominating set. Hence, the universal vertex 

𝑢1 of 𝐾1,𝑛 should not be included in the 𝛾𝑐𝑠𝑡2(𝐺) – set. Thus, the set of all pendant vertices of 

𝐾1,𝑛 forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Therefore, 𝛾𝑐𝑠𝑡2(𝐾1,𝑛) = 𝑛. 

Case (ii): Suppose 𝑚 = 2 and 𝑛 > 1. 

Then the set, 𝐷 = {𝑢1, 𝑢2} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Since (𝐷 ∖ {𝑢1}) ∪ {𝑣𝑗} and (𝐷 ∖ {𝑢2}) ∪

{𝑣𝑗}, where 𝑣𝑗 ∈ 𝑉 ∖ 𝐷 form semitotal dominating sets. 

Case (iii): Suppose 𝑚 = 3 and 𝑛 > 1.  

Then the set, 𝐷 = {𝑢1, 𝑢2, 𝑢3} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Since (𝐷 ∖ {𝑢1}) ∪ {𝑣𝑗}, (𝐷 ∖ {𝑢2}) ∪

{𝑣𝑗} 𝑎𝑛𝑑 (𝐷 ∖ {𝑢3}) ∪ {𝑣𝑗}, where 𝑣𝑗 ∈ 𝑉 ∖ 𝐷 form semitotal dominating sets. 

Case (iv): Suppose 𝑚 ≥ 4 and 𝑛 > 1. 

Then, 𝐷 = {𝑢𝑘, 𝑢𝑙 , 𝑣𝑘 , 𝑣𝑙} , where 𝑘 ≠ 𝑙 , forms a 𝛾𝑐𝑠𝑡2(𝐺)  – set. Since (𝐷 ∖ {𝑣𝑘}) ∪ {𝑢𝑖} , 

(𝐷 ∖ {𝑣𝑙}) ∪ {𝑢𝑖}, (𝐷 ∖ {𝑢𝑘}) ∪ {𝑣𝑗}  and (𝐷 ∖ {𝑢𝑙}) ∪ {𝑣𝑗} , where 𝑢𝑖 , 𝑣𝑗 ∈ 𝑉 ∖ 𝐷 , form 

semitotal dominating sets.  

Theorem: For any connected graph 𝐺, 𝛾𝑐𝑠(𝐺) ≤ 𝛾𝑐𝑠𝑡2(𝐺). 

Proof: The result follows directly from the observation, which states that every co-secure 

semitotal dominating set is also a co-secure dominating set, but not necessarily the converse. 

Theorem: For any connected graph 𝐺, 𝛾𝑡2(𝐺) ≤ 𝛾𝑐𝑠𝑡2(𝐺). 

Proof: The result follows directly from the observation, which states that every co-secure 

semitotal dominating set is also a semitotal dominating set, but not necessarily the converse. 

Theorem: For any connected graph 𝐺, with order 𝑛 ≥ 3, 2 ≤ 𝛾𝑐𝑠𝑡2(𝐺) ≤ 𝑛 − 1. 

Proof: It is known that the minimum cardinality of a co-secure semitotal dominating set is at 

least two. Hence, 𝛾𝑐𝑠𝑡2(𝐺) ≥ 2. Moreover, in any connected graph 𝐺, each vertex in a co-

secure semitotal dominating set requires a neighbor in the complement of the set to satisfy the 

co-secure semitotal domination condition. If the set included all vertices of 𝐺, then no vertex 
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can find outside the set, which violates the co-secure semitotal domination condition. Thus, at 

most 𝑛 − 1 vertices of 𝐺 forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Therefore, 𝛾𝑐𝑠𝑡2(𝐺) ≤ |𝑉(𝐺)| − 1 = 𝑛 − 1.  

Theorem: If a connected graph 𝐺  has 𝑛 vertices and maximum degree ∆, then 𝛾𝑐𝑠𝑡2(𝐺) ≥

2𝑛

2∆+1
. 

Proof: It is know that for any connected graph 𝐺 of order 𝑛 and maximum degree ∆,  

𝛾𝑡2(𝐺) ≥
2𝑛

2∆+1
. 

Since 𝛾𝑡2(𝐺) ≤ 𝛾𝑐𝑠𝑡2(𝐺), it follows that 

𝛾𝑐𝑠𝑡2(𝐺) ≥
2𝑛

2∆+1
. 

Theorem: For the complete 𝑡 – partite graph 𝐺 = 𝐾𝑝1,𝑝2,…,𝑝𝑡 , where 𝑝1 ≤ 𝑝2 ≤ ⋯ ≤ 𝑝𝑡  and 

𝑡 ≥ 3, 𝛾𝑐𝑠𝑡2(𝐺) = 2. 

Proof: Let 𝐺 = 𝐾𝑝1,𝑝2,…,𝑝𝑡 be a complete 𝑡 − partite graph with partite sets 𝑉1, 𝑉2, … , 𝑉𝑡, where 

|𝑉𝑟| = 𝑝𝑟  for each 𝑟. Choosing any vertices 𝑢 ∈ 𝑉𝑖 and 𝑣 ∈ 𝑉𝑗  where 𝑖 ≠ 𝑗 and 1 ≤ 𝑖, 𝑗 ≤ 𝑡. 

Then the set, 𝐷 = {𝑢, 𝑣} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Since (𝐷 ∖ {𝑢}) ∪ {𝑤} and (𝐷 ∖ {𝑣}) ∪ {𝑤}, 

where 𝑤 ∈ 𝑉𝑟 ,  and 𝑟 ≠ 𝑖, 𝑗, form semitotal dominating sets. Therefore, 𝛾𝑐𝑠𝑡2(𝐺) = 2. 

Theorem: For any connected graph 𝐺  with 𝑛 ≥ 3  vertices, 𝛾𝑐𝑠𝑡2(𝐺) = 𝑛 − 1  iff 𝐺  is 

isomorphic to 𝐾1,𝑛−1 or 𝐾3. 

Proof: Suppose 𝐺 is isomorphic to 𝐾1,𝑛−1 𝑜𝑟 𝐾3, then clearly 𝛾𝑐𝑠𝑡2(𝐺) = 𝑛 − 1. Conversely, 

suppose 𝛾𝑐𝑠𝑡2(𝐺) = 𝑛 − 1. Let 𝐷 be a co-secure semitotal dominating set with |𝐷| = 𝑛 − 1 

and |𝑉 ∖ 𝐷| = 1 . If 𝑢𝑣 ∈ 𝐸  where 𝑢, 𝑣 ∈ 𝐷  and 𝐷 ∖ {𝑢}  forms a co-secure semitotal 

dominating set, then the cardinality of 𝐷 ∖ {𝑢} is 𝑛 − 2, which is a contradiction. Hence, 𝐷 is 

an independent set and therefore 𝐺 is isomorphic to 𝐾1,𝑛−1 or 𝐾3. 

Theorem: For any connected graph 𝐺  with at least two vertices of degree 𝑛 − 2 , then 

𝛾𝑐𝑠𝑡2(𝐺) = 2. 

Proof: Let 𝐺 be a connected graph with at least two vertices of degree 𝑛 − 2. Let 𝑢, 𝑣 ∈ 𝑉(𝐺), 

where 𝑑(𝑢) = 𝑑(𝑣) = 𝑛 − 2. To find the co-secure semitotal dominating set 𝐷, consider the 

following cases: 

Case (i): Suppose 𝑢 and 𝑣 are not adjacent. 

Then, 𝐷 = {𝑢, 𝑣} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set, since (𝐷 ∖ {𝑢}) ∪ {𝑤} and (𝐷 ∖ {𝑣}) ∪

{𝑤} both form semitotal dominating sets, where 𝑤 ∈ 𝑉 ∖ 𝐷. Therefore, 𝛾𝑐𝑠𝑡2(𝐺) = 2. 
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Case (ii): Suppose 𝑢 and 𝑣 are adjacent. 

There are two possible cases: (i) there exists a vertex adjacent to a vertex other than 

𝑢 and 𝑣. (ii) a vertex adjacent to 𝑢 is not adjacent to 𝑣 and a vertex adjacent to 𝑣 is not adjacent 

to 𝑢. 

Subcase (i): Since 𝑢 and 𝑣 are adjacent, there exists a vertex 𝑧 such that 𝑧 is adjacent to a 

vertex other than 𝑢 and 𝑣. Then 𝐷 = {𝑢, 𝑧} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. Since (𝐷 ∖ {𝑢}) ∪ {𝑣} and 

(𝐷 ∖ {𝑧}) ∪ {𝑤} form semitotal dominating sets, where 𝑤𝑧 ∈ 𝐸. Therefore 𝛾𝑐𝑠𝑡2(𝐺) = 2. 

Subcase (ii): Since 𝑢  and 𝑣  are adjacent, there exists two vertices 𝑥  and 𝑦  such that 𝑢  is 

adjacent to 𝑥 not to 𝑦 and 𝑣 is adjacent to 𝑦 not to 𝑥. Then 𝐷 = {𝑢, 𝑣} forms a 𝛾𝑐𝑠𝑡2(𝐺) – set. 

Since (𝐷 ∖ {𝑢}) ∪ {𝑥}  and (𝐷 ∖ {𝑣}) ∪ {𝑦} both form semitotal dominating sets. Therefore 

𝛾𝑐𝑠𝑡2(𝐺) = 2. 

 

CONCLUSION 

In this paper we have determined the co-secure semitotal domination number of some standard 

graphs and also discussed its fundamental properties. Further, the characterization of the graphs 

with this parameter and its relationship with other graph theoretical parameters can be 

investigated. 
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