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ABSTRACT: In this paper, we introduce a new domination parameter called the co-secure
semitotal domination number. A set D of vertices in a graph G with no isolated vertices is a co-
secure semitotal dominating set of G if D is a semitotal dominating set of G and for each u €
D there exists a vertex v € V' \ D such that uv € E and (D \ {u}) U {v} is a semitotal
dominating set of G. The minimum cardinality of a co-secure semitotal dominating set of G is
called the co-secure semitotal domination number and is denoted by .4, (G). We investigate
the basic properties of this parameter and establish relationships with known domination
parameters. Exact values and bounds for y ., (G) are determined for various standard graphs.
This study opens a new directions in the ongoing development of domination theory in graphs.

Keywords: graphs, co-secure semitotal dominating set, co-secure semitotal domination
number

INTRODUCTION: The graphs considered here are simple, finite, nontrivial, undirected and
without isolated vertices. The graph G = (V,E) considered here have n = |V| vertices and
m = |E| edges. A set D of vertices in a graph G is a dominating set if every vertex not in D is
adjacent to at least one vertex in D. The domination number y(G) of G is the order of a smallest
dominating set in G. Any dominating set with y(G) vertices is called a y(G) — set of G. The
concept of co-secure domination was introduced by S. Arumugam, Karam Ebadi, Martin
Manrique!'l. A dominating set D of a graph G is called a co-secure dominating set, if for each
u € D there exists a vertex v € V \ D such that v € N(u) and (D \ {u}) U {v} is a dominating
set of G. The co-secure domination number y,.4(G) is the minimum cardinality of a co-secure
dominating set of G. Any co-secure dominating set with y.,(G) vertices is called a y.;(G) — set
of G.The concept of semitotal domination was introduced by Wayne Goddard, Michael A.
Henning and Charles A. McPillan!?!. A set D of vertices in a graph G with no isolated vertices
to be a semitotal dominating set of G if it is a dominating set of G and every vertex in D is
within distance 2 of another vertex of D. The semitotal domination number, denoted by y,(G),
is the minimum cardinality of a semitotal dominating set of G. Any semitotal dominating set
with y4,(G) vertices is called a y;,(G) — set of G. Motivated by these two domination
parameters, the co-secure semitotal domination number is devised. In this paper we determine
the co-secure semitotal domination number of some standard graphs and basic properties of
this parameter are also discussed.

METHODS:

Definition: A set D of vertices in a graph G with no isolated vertices is a co-secure semitotal
dominating set of G if D is a semitotal dominating set of G and for each u € D there exists a
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vertex v € V \ D suchthat uv € E and (D \ {u}) U {v} is a semitotal dominating set of G. The
minimum cardinality of a co-secure semitotal dominating set of G is called the co-secure
semitotal domination number of G and is denoted by Y .u2(G). Any co-secure semitotal
dominating set with y .4, (G) vertices is called a Y52 (G) —set of G.

Example: For the graph G, in Figure 1, D = {v,, Vs, v¢} forms a y.42(G;) — set. Hence

VcstZ(Gl) = 3.

vl ! w3
Gn: *} /

i w7

Figure 1: A graph G; with y 42 (G;) = 3

RESULTS AND DISCUSSION

Observation: If a co-secure semitotal dominating set exists for the graph G, then y 5, (G) =

2.

Observation: Every co-secure semitotal dominating set is a co-secure dominating set, but not

conversely.

Observation: Every co-secure semitotal dominating set is a semitotal dominating set, but not

conversely.

Observation: Let G be a connected graph that has a y 4, (G) — set but the complement of the

graph G need not contain a y .4, (G) — set.

Observation: If a spanning subgraph H of a graph G has a co-secure semitotal dominating set,

then G also has a co-secure semitotal dominating set.

Observation: Let G be a connected graph and H be a spanning subgraph of G. If H has a co-
secure semitotal dominating set, then Y 5;2(G) < Vese2(H).

Example: For the graph G, in Figure 2, D = {v;, U5} i @ ¥5t2(G2) — set and 0 Ys2(G2) =
2. For the spanning subgraph H; of G,, D = {v;,V,} is a Y g2 (Hy) — set and 80 Vg2 (Hy) =
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2. Hence y.512(G;) = Ycst2(Hy). For the spanning subgraph H, of G,, D = {v,,v,,v,}is a

Yest2(Hz) —set and so Y g2 (Hp) = 3. Hence V52 (G2) < Vesez (Ha).

V1

V4 V3

V1

Va4 V3

Figure 2: Shows that YCStZ(GZ) = Yecste2 (Hl) and YCStZ(GZ) < Yese2 (HZ)

Exact values for some standard graphs:

1. For any path P, of order nx=3
( 2], n=34578910
2
4 n=6

r+1, n=9r

<4r+2, n=9r+s; wheres =1,2,3andn > 11
4r+ 3, n=9r + s; wheres = 4,5
4r + 4, n=9r +s; wheres = 6,7

2. For any cycle C,, of order n = 3, y.512(Cy) = <

3. For any complete graph K,, of order n = 3, y 512 (K;,) = 2

4. For any complete bipartite graph K,;, ,, wherem <n,m > 1l andn > 1,

4r+1, if n=9r+s;
4r+ 2, if n=9r +s;
4r + 3, if n=9r +s;
\4r + 4, if n =9r +s;

s Yest2(Pn) =

\ 4r+5 n=9r+8
( 2, if n=34,5
3, ifn=6
4, ifn=78
4r, if n=9r

wheres = 1,2
where s = 3,4
wheres = 5,6
wheres = 7,8
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Proof:
1. LetG = B, beapath. Let V = {v;: 1 < i < n} be the vertex set of G. For 3 < n < 10,
the result is obvious. Now, for n > 11, we consider the following cases:
Case (i): Forn = 0 (mod 9),
The set, D = {Ugi_g, Voi—gr Voi—g Vgi_2: 1 <0 < %} U {v,,}, forms a y 4, (G) — set.
Case (ii): Forn = 1 (mod 9),
The set, D = {vgi_g, Voi—g» Voi—a, Vgi—2: 1 S 1 < nT_l} U {vp—2, v}, forms a ¥4, (G) — set.
Case (iii): Forn = 2 (mod 9),
The set, D = {Ugi_s, Voi—gr Voi—g Vgi—2: 1 S0 < nT_Z} U {Vp—2, Vp_1}, forms a y 42 (G) — set.
Case (iv): For n = 3 (imod 9),
The set, D = {vgi_g, Voi—g» Voi—a, Vgi—2: 1 S 1 < nT_3} U {Vp—2, Vn—1}, forms a y 42 (G) — set.
Case (v): Forn = 4 (mod 9),
The set, D = {V9i—8» Voi—6) Voi—4s Voi—2: 1 S I < nT_‘l} U {Vn_3, Vn—-2, U}, forms a y s, (G) -

set.

Case (vi): Forn = 5 (mod 9),

, n-5
The set, D = {vgi_g, Voi—6) Voi-4, Voi—2: 1 ST < —= }U {Vn—1,Vn_2,Vn_1}, forms a y.s(G)

— set.
Case (vii): For n = 6 (mod 9),

n-—6

5 }U{vn_s,vn_3,vn_2,vn} , forms a

The set, D = {V9i—8; Voi—6) Voi—4, Voi—2: 1 < I <

Vest2(G) — set.

Case (viii): For n = 7 (mod 9),

The set, D = {Ugl’_s, Vgi_6,Vgi_4,Voi_2: 1 < I < nTTZ}, forms a y . (G) — set.

Case (ix): For n = 8 (mod 9),

The set, D = {V9i_8, Voi—g» Voi—a, Vgj—2: 1 S 1 < nT_S} U {Vn—7, Vn_s, Un_3,Vn_s, Uy} forms a

Yest2 (G) — set.
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2. LetG = C,beacycle. Let V = {v;: 1 < i < n} be the vertex set of G. For 3 <n < 8,

the result is obvious. Now, for n > 9, we consider the following cases:

Case (i): Forn = 0 (mod 9),

The set, D = {Ugi_g, Vgi—6,Vgi—4,Vgi—2:1 < I < %}, forms a y ¢, (G) — set.

Case (ii): Forn = 1 (mod 9),

The set, D = {vgi_g, Voj—e)Voi—a, Vgj—z: 1 <1 < nT_l} U {v,_1}, forms a ¥ 2 (G) — set.

Case (iii): Forn = 2 (mod 9),

n-2

The Set, D = {Ugi_s, Vgi—6, Vgj—4, Vgj—_>: 1<i< T} V) {vn_l}, forms a Yest2 (G) — set.

Case (iv): For n = 3 (imod 9),

. _n-3
The set, D = {V9i—8; Voi—6) Voi—4s Voi—2: 1 ST < nT} U {vn_2, U}, forms a y .4, (G) — set.

Case (v): Forn = 4 (mod 9),

-4

S

The Set, D = {Ugi_s, Vgi—6, Vgj—4, Vgj—_>: 1<i< } V) {Un_3, Un_l}, forms a yCStZ(G) — set.

Case (vi): Forn =5 (imod 9),

. _n-5
The set, D = {1791‘—8' Voi—6) Voi—4,Voi—2: 1 < 1 < _} U {vy_4, Vn_z, U}, forms a ye2(G) -

S

set.

Case (vii): For n = 6 (mod 9),

n—6

The set, D = {1791'—8; Vgi—6) Voi—a) Vgi—2: 1 < I < } U {vn_s5, V3, Vn_1}, forms ays2(G)

— set.

Case (viii): For n = 7 (mod 9),

The set, D = {vgi_g, Vyi_6,Vgi—g,Voi_2: 1 < 1 < nTTZ}, forms a y ., (G) — set.
Case (ix): For n = 8 (mod 9),

, n+1
The set, D = {Ugi_g, Vgi_6,Vgi_4,Vgi—2:1 < I < T}’ forms a y.¢2(G) — set.

3. Let G = K,, be a complete graph. Let V = {v;: 1 < i < n} be the vertex set of G. Then
the Yooz — set is D = {vy,v;},Vk #land 1 < k,l < n. Since (D \ {v}) U {v;} and

(D\ {v;h) u{v;}, where v; € V\ D form semitotal dominating sets. Therefore,
Vest2 (Kn) = 2.
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4. Let G = Ky, be the complete bipartite graph, where m<n. Let V=V, UV, =

fup1<i<m}u {vj: 1 <j < n} be the vertex set of G. To find the Y52 (G) — set,
consider the following cases:
Case (i): Suppose m = 1andn > 1.
This represents a star graph K, ,,. Suppose D = {ul, vj} is the co-secure semitotal dominating
set. The vertex v; has no adjacent vertex in V' \ D and the universal vertex u, has no vertex vy
in V' \ D such that (D \ {u,}) U vy is a semitotal dominating set. Hence, the universal vertex
u, of K ,, should not be included in the y.s,(G) — set. Thus, the set of all pendant vertices of
K, forms a y 5, (G) — set. Therefore, y g (Kl,n) =n.
Case (ii): Suppose m = 2and n > 1.
Then the set, D = {uy, u,} forms a y 4, (G) — set. Since (D \ {u;}) U {vj} and (D \ {u,}) U
{vj}, where v; € V' \ D form semitotal dominating sets.
Case (iii): Suppose m = 3 andn > 1.
Then the set, D = {u;, u,, u3} forms a y 4, (G) — set. Since (D \ {u,}) U {vj}, (D\ {u,h) v
{vj} and (D \ {us}) U {vj}, where v; € V' \ D form semitotal dominating sets.
Case (iv): Suppose m > 4 andn > 1.
Then, D = {uy, u;, v, v;}, where k # 1, forms a y.4,(G) — set. Since (D \ {vi}) U {w;},
D\ {vHhu{yl} (D\{uphu {vj} and (D \ {y;})) U {vj} , where u;,v; EV\ D, form

semitotal dominating sets.

Theorem: For any connected graph G, y.5(G) < Vese2(G).
Proof: The result follows directly from the observation, which states that every co-secure

semitotal dominating set is also a co-secure dominating set, but not necessarily the converse.

Theorem: For any connected graph G, y42(G) < V¢st2(G).
Proof: The result follows directly from the observation, which states that every co-secure

semitotal dominating set is also a semitotal dominating set, but not necessarily the converse.

Theorem: For any connected graph G, with ordern > 3,2 < y.2(G) <n — 1.

Proof: It is known that the minimum cardinality of a co-secure semitotal dominating set is at
least two. Hence, y .52 (G) = 2. Moreover, in any connected graph G, each vertex in a co-
secure semitotal dominating set requires a neighbor in the complement of the set to satisty the

co-secure semitotal domination condition. If the set included all vertices of G, then no vertex
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can find outside the set, which violates the co-secure semitotal domination condition. Thus, at

most n — 1 vertices of G forms a Y4, (G) — set. Therefore, Y2 (G) < [V(G)|—1=n—1.

Theorem: If a connected graph G has n vertices and maximum degree A, then y 4, (G) =

2n
2A+1°

Proof: It is know that for any connected graph G of order n and maximum degree A,

2
Ye2(G) 2 2A21~
Since Y42 (G) < Vese2(G), it follows that
2
VcstZ(G) = ZAZI

Theorem: For the complete t — partite graph G = K.

p1pa,.pe» Where py < py < - < ppand

t =3, Yest2(G) = 2.

Proof: Let G = K, p, . p, be a complete t — partite graph with partite sets V3, V5, ..., Vi, where

|V;:| = p, for each r. Choosing any vertices u € V; and v € V; where i # jand 1 <i,j <'t.
Then the set, D = {u, v} forms a y ., (G) — set. Since (D \ {u}) U{w}and (D \ {v}) U {w},

where w € V,, and r # i, j, form semitotal dominating sets. Therefore, ¥ .5, (G) = 2.

Theorem: For any connected graph G with n > 3 vertices, Y.52(G) =n—1 iff G is
isomorphic to K; ,,_; or K3.

Proof: Suppose G is isomorphic to K; ,,_; or K3, then clearly y.5,(G) = n — 1. Conversely,
suppose Yst2(G) =n — 1. Let D be a co-secure semitotal dominating set with |[D| =n —1
and [V\D|=1. If uv € E where u,v €D and D \ {u} forms a co-secure semitotal
dominating set, then the cardinality of D \ {u} is n — 2, which is a contradiction. Hence, D is

an independent set and therefore G is isomorphic to K; ,,_; or K3.

Theorem: For any connected graph G with at least two vertices of degree n — 2, then
Yese2(G) = 2.
Proof: Let G be a connected graph with at least two vertices of degree n — 2. Let u, v € V(G),
where d(u) = d(v) = n — 2. To find the co-secure semitotal dominating set D, consider the
following cases:
Case (i): Suppose u and v are not adjacent.

Then, D = {u, v} forms a y.4,(G) — set, since (D \ {u}) U{w}and (D \ {v}) U

{w} both form semitotal dominating sets, where w € V' \ D. Therefore, ¥.5:2(G) = 2.
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Case (ii): Suppose u and v are adjacent.

There are two possible cases: (1) there exists a vertex adjacent to a vertex other than
u and v. (ii) a vertex adjacent to u is not adjacent to v and a vertex adjacent to v is not adjacent
to u.
Subcase (i): Since u and v are adjacent, there exists a vertex z such that z is adjacent to a
vertex other than u and v. Then D = {u, z} forms a y .4, (G) — set. Since (D \ {u}) U {v} and
(D \ {z}) U {w} form semitotal dominating sets, where wz € E. Therefore y 4, (G) = 2.
Subcase (ii): Since u and v are adjacent, there exists two vertices x and y such that u is
adjacent to x not to y and v is adjacent to y not to x. Then D = {u, v} forms a y s, (G) — set.

Since (D \ {u}) U {x} and (D \ {v}) U {y} both form semitotal dominating sets. Therefore
Yest2(G) = 2.

CONCLUSION

In this paper we have determined the co-secure semitotal domination number of some standard
graphs and also discussed its fundamental properties. Further, the characterization of the graphs
with this parameter and its relationship with other graph theoretical parameters can be
investigated.
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