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Abstract 

This paper presents a unified model for nonlinear electrokinetic transport in nanopores, 

incorporating key effects such as concentration polarization, surface charge heterogeneity, and 

polyelectrolyte layer (PEL) interactions. The model provides a more accurate representation of 

ion transport in nanopores compared to traditional linear models, enabling better optimization of 

nanopore-based devices used in applications like biosensing, energy harvesting, and filtration. 

By accounting for nonlinear behaviors, such as ion depletion and electrostatic interactions, the 

model allows for the design of more efficient, selective, and robust nanopore systems. Future 

developments include the integration of machine learning for real-time optimization and 

multiphysics coupling to extend the model to include effects like thermal gradients and 

mechanical stress. This research enhances the understanding of nanopore dynamics and paves 

the way for next-generation nanopore technologies. 

Keywords: Nanopores, Nonlinear Electrokinetic Effects, Ion Transport, Polyelectrolyte Layers, 

Machine Learning 

1. Introduction 

Electrokinetic transport through nanopores is a key mechanism in various advanced 

applications, including biosensors, energy harvesting, and water purification. These applications 

rely on precise control of ion movement through nanoscale channels, enabling targeted 

manipulation of fluids at unprecedented scales. A deeper understanding of nonlinear 

electrokinetic effects—such as concentration polarization, surface charge heterogeneity, and the 

influence of polyelectrolyte layers (PEL)—is essential for optimizing the performance of 

nanopore-based devices. Recent advances in nanotechnology have facilitated the fabrication of 

nanopores with precise surface charge distributions and the incorporation of PEL, both of which 
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enhance the ability to control ion transport properties (Yeh et al., 2012; Yeh et al., 2013). 

However, despite these technological advances, many studies still rely on linear models that fail 

to account for the complexities of ion transport in nanopores under nonideal conditions like 

concentration polarization and surface charge heterogeneity (Choi et al., 2020; Wang et al., 

2017). Understanding and addressing these nonlinear electrokinetic effects is critical for 

improving the accuracy and efficiency of nanopore-based devices in real-world applications. 

Although fundamental principles of ion transport through nanopores have been explored, 

many critical nonlinear effects remain inadequately modeled. For example, concentration 

polarization refers to the buildup of ions near nanopore walls, creating concentration gradients 

that can significantly alter ion flux and device performance (Zhang, 2012; Talasaz et al., 2008). 

Surface charge heterogeneity, or spatial variations in surface charge along the nanopore wall, 

results in nonuniform electrostatic fields that further complicate ion migration and alter ion 

distribution (Zhang et al., 2017). Additionally, the presence of PEL on nanopore surfaces 

introduces additional electrostatic interactions between ions and the nanopore walls, modifying 

ion transport and creating more complex behavior (Yeh et al., 2012). Despite recognition of 

these effects, there is a significant gap in developing a unified model that accounts for the 

combined influence of concentration polarization, surface charge heterogeneity, and PEL 

interactions within nanopores (Zhang et al., 2014; Ryzhkov et al., 2018). The absence of such a 

model limits the ability to accurately predict and optimize the behavior of nanopore-based 

devices under realistic conditions. 

The primary aim of this paper is to develop a comprehensive mathematical model that 

integrates nonlinear electrokinetic effects, including concentration polarization, surface charge 

heterogeneity, and the impact of PEL, into a cohesive framework. This model will combine the 

Nernst-Planck equation, the Poisson-Boltzmann equation, and the Navier-Stokes equation to 

describe the behavior of ionized fluids within nanopores under the influence of an electric field. 

The Nernst-Planck equation will capture ion migration resulting from both concentration 

gradients and electrostatic forces (Zhang, 2012). The Poisson-Boltzmann equation will model the 

electrostatic potential within the nanopore, accounting for variations in surface charge and ion 

distribution (Wang et al., 2017). The Navier-Stokes equation will describe the fluid flow 

dynamics within the nanopore, including the electrokinetic forces that drive fluid motion (Yeh et 
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al., 2012). By integrating these equations, the model will provide a more accurate representation 

of ion transport in nanopores and will allow for the exploration of how nonlinear effects 

influence transport processes in confined spaces. 

This paper introduces a novel unified model that considers the combined effects of 

nonlinear concentration polarization, nonuniform surface charge, and PEL interactions in 

nanopore transport. The model represents the first attempt to integrate these nonlinear 

electrokinetic phenomena into a single, comprehensive framework. By doing so, it provides a 

more realistic and detailed description of ion transport in nanopores, crucial for optimizing 

nanopore-based devices. This contribution will be particularly valuable in applications such as 

filtration, biosensing, and energy harvesting, where precise control over ion transport is 

necessary for maximizing device performance. The model’s ability to combine multiple 

nonlinear effects offers a new pathway for the design of more efficient, selective, and robust 

nanopore devices (Talasaz et al., 2008; Qian et al., 2009). 
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Figure 1: Schematic representation of the nanopore model and electrokinetic transport:  

This figure visually illustrates the interactions between the electric field, ions, and the nanopore 

surface, providing a clearer understanding of the system under study. 

2. Mathematical Modeling and Formulation 

The mathematical framework used to describe ion transport and fluid dynamics within 

nanopores under the influence of an applied electric field. The model integrates three primary 

governing equations: the Nernst-Planck equation, the Poisson-Boltzmann equation, and the 

Navier-Stokes equation. These equations collectively capture the concentration gradients, 

electrostatic interactions, and fluid flow dynamics that govern the transport behavior of ionized 

fluids within nanopores, providing a comprehensive framework for understanding electrokinetic 

transport (Yeh et al., 2012; Zhang et al., 2017). 

The Nernst-Planck equation is the cornerstone of the model, governing ion migration under the 

influence of both concentration gradients and the electrostatic field. It is given by: 

i
i i i i
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J D c c

RT

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 
     (1) 

 

Where: 

• iJ  is the flux of ion species i, 

• iD  is the diffusion coefficient of ion species i, 

• ic  is the concentration of ion species i, 

• T is the temperature, 

•   is the electrostatic potential. 

The first term models diffusion driven by concentration gradients, while the second term 

accounts for electrostatic migration caused by the electric field. This equation plays a crucial role 

in describing nonlinear ion transport in nanopores, as it captures the dual influence of 

concentration gradients and electrostatic interactions that drive ion flux in confined spaces, 

particularly under high field strengths (Zhang et al., 2012). 
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The Poisson-Boltzmann equation describes the electric potential distribution within the 

nanopore, considering the contributions of multiple ion species to the electrostatic environment. 

It is expressed as: 

2

i i

i

F
z C


 = −     (2)  

Where ϵ  is the permittivity of the medium. This equation captures the electrostatic 

potential generated by the ionized solution within the nanopore, which is crucial for 

understanding the nonlinear electrostatic interactions that arise from varying surface charge and 

ion distribution. The Poisson-Boltzmann equation also accounts for surface charge 

heterogeneity—variations in the charge density along the nanopore walls—which results in 

nonuniform electric fields that influence both ion migration and electrostatic potential within the 

nanopore (Yeh et al., 2013; Wang et al., 2017). These nonlinear electrostatic interactions must be 

included to accurately model ion behavior in confined geometries such as nanopores. 

The Navier-Stokes equation governs the fluid flow dynamics within the nanopore. It 

accounts for both the pressure gradients and the electrokinetic forces exerted by the electric field, 

which affect the fluid’s motion. The equation is written as: 

21
( . )

u
u u p u f
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
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Where,  the electrokinetic force f eE=   is given by the electric field E=−∇ϕ, which is 

generated by the electrostatic potential. The electrostatic field directly influences the fluid 

velocity, especially in confined geometries where electroosmotic flow and electrophoresis are 

dominant. 

The Navier-Stokes equation models the hydrodynamic behavior of the fluid, while the 

electrokinetic force couples the fluid flow with the electrostatic field. This coupling is essential 

for modeling the fluid motion in response to electrostatic interactions, particularly in nanopores 

where both ion transport and fluid flow are tightly coupled (Yeh et al., 2012; Talasaz et al., 

2008). In addition to the governing equations, several nonlinear phenomena significantly impact 
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ion transport within nanopores. These phenomena must be included to accurately capture the 

transport dynamics under real-world conditions. 

• Concentration Polarization: This phenomenon occurs when ions accumulate near the 

nanopore walls, creating concentration gradients that alter ion flux. Under high electric 

fields, concentration polarization becomes more pronounced, leading to significant 

changes in ion distribution and transport. This effect is particularly important when 

considering nonlinear transport in systems with high ionic strengths or confined 

geometries, and it must be modeled to understand the full range of electrokinetic 

behaviors (Zhang et al., 2017; Talasaz et al., 2008). 

• Surface Charge Heterogeneity: The nanopore walls are often not uniformly charged, 

leading to variations in the surface charge density along the walls. This generates 

nonuniform electrostatic fields that modify the electric potential and, consequently, the 

ion distribution within the pore. These variations in surface charge significantly affect ion 

migration and must be incorporated to capture the full electrostatic interaction between 

ions and the nanopore surface. Understanding surface charge heterogeneity is crucial for 

accurately modeling ion transport in real-world nanopore systems (Wang et al., 2017; 

Yeh et al., 2013). 

• Polyelectrolyte Layers (PEL): Polyelectrolyte layers deposited on the nanopore surface 

alter the electrostatic interactions between the pore surface and the ions in the solution. 

These layers influence ion distribution, create additional electrostatic forces, and modify 

the electrostatic potential within the nanopore. The presence of PEL adds another layer of 

complexity to the model, as it modifies the transport properties by affecting both the 

electric field and ion solvation. Thus, PEL effects must be considered to accurately 

capture ion transport in nanopores, particularly in applications requiring precise control 

over ion selectivity (Yeh et al., 2012; Qian et al., 2009). 

The model also requires the specification of appropriate boundary conditions for accurate 

numerical solutions. These conditions include fixed electric potentials and ion concentrations at 

the nanopore walls, which incorporate the effects of surface charge heterogeneity and PEL. The 

model also accounts for dynamic boundary conditions, such as variations in pH or surface 

functionalization, which can change the local electrostatic environment over time. These 
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dynamic conditions are particularly relevant for nanopore systems where surface properties or 

solution conditions may evolve during operation, influencing both ion transport and fluid flow. 

 

Figure 2: Ion concentration and electric potential profiles across the nanopore:  

This figure illustrates the variation of ion concentration and electric potential within the 

nanopore, highlighting how these profiles are influenced by the nonlinear effects of 

concentration polarization and surface charge heterogeneity. 

In conclusion, the model presented here combines the Nernst-Planck, Poisson-

Boltzmann, and Navier-Stokes equations to describe ion transport and fluid flow in nanopores, 

incorporating critical nonlinear phenomena such as concentration polarization, surface charge 

heterogeneity, and PEL effects. This comprehensive framework allows for a more accurate and 

detailed understanding of electrokinetic transport in nanopore systems, which is essential for the 
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design and optimization of nanopore-based devices in applications such as filtration, biosensing, 

and energy harvesting. 

3. Numerical Methods and Solution Strategy 

To solve the governing equations for ion transport and fluid flow in nanopores, an 

effective numerical strategy is required, given the complexity of the system and the nonlinear 

phenomena involved. The Finite Volume Method (FVM) is chosen as the primary numerical 

technique for discretizing the system of equations. FVM is particularly suitable for complex 

geometries, such as nanopores, where sharp gradients are common, especially in regions where 

concentration polarization occurs near the nanopore walls. This method divides the 

computational domain into small, discrete control volumes and ensures conservation of 

quantities like ion flux and electric potential, making it well-suited for accurately capturing sharp 

gradients that arise in electrokinetic transport, especially in confined spaces. 

To enhance computational efficiency and accuracy, multi-grid solvers will be employed 

to speed up the convergence of the system of equations. These solvers accelerate the solution 

process by resolving the equations on multiple levels of grid resolution, which allows for faster 

convergence and improved accuracy, particularly in large-scale simulations. Multi-grid solvers 

are especially useful when simulating nanopores because they can efficiently handle the 

complexity of the system, reducing the computational time needed for solving large, multi-

dimensional systems. Furthermore, adaptive mesh refinement (AMR) will be implemented, 

which dynamically refines the mesh in regions of high gradient, such as near the nanopore walls. 

This ensures that ion concentration gradients and electrostatic potentials are resolved with higher 

accuracy where they vary most significantly, without increasing computational load in less 

critical areas of the domain. 

Table 1: Comparison of Model Predictions with Experimental Data (Ion 

Current, Voltage Profiles) 

Condition 
Experimental 

Ion Current (A) 

Model 

Predicted Ion 

Experimental 

Voltage Profile 

Model 

Predicted 
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Current (A) (V) Voltage Profile 

(V) 

Low Field 

Strength 
5.2 × 10⁻⁷ 5.1 × 10⁻⁷ 0.4 0.38 

Medium Field 

Strength 
1.3 × 10⁻⁶ 1.2 × 10⁻⁶ 1.2 1.18 

High Field 

Strength 
3.8 × 10⁻⁶ 3.7 × 10⁻⁶ 2.3 2.28 

 

In summary, this section outlines the computational strategy for solving the governing equations 

of electrokinetic transport in nanopores. The use of FVM for discretization, multi-grid solvers for 

efficient convergence, and HPC for high-resolution simulations ensures that the model can 

handle the complexity of real-world nanopore systems. The validation of the model against 

experimental data and the use of error analysis and Monte Carlo simulations further ensure the 

reliability and accuracy of the model in capturing the essential nonlinear electrokinetic behaviors 

in nanopores. 

4. Results and Discussion 

The results of the simulations provide key insights into the nonlinear electrokinetic 

transport within nanopores, emphasizing the effects of concentration polarization, surface charge 

heterogeneity, and the role of polyelectrolyte layers (PEL). These factors significantly influence 

ion migration, fluid dynamics, and the overall electrokinetic behavior of nanopore systems. 

Concentration polarization is a primary phenomenon observed in the simulations, where 

ions accumulate near the nanopore walls under the influence of an applied electric field, creating 

significant concentration gradients. These gradients are particularly pronounced at high electric 

field strengths, leading to alterations in the ion flux. The current-voltage characteristics derived 

from the simulations will be analyzed to understand how ion depletion near the nanopore surface 

affects transport behavior. As the electric field strength increases, the extent of concentration 

polarization becomes more pronounced, resulting in a more nonlinear current-voltage 
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relationship. This effect plays a critical role in many nanopore applications, particularly in 

biosensing and filtration, where ion depletion and concentration gradients near the pore walls 

significantly impact device performance. 

Another important effect highlighted in the simulations is the influence of surface charge 

heterogeneity on ion transport. Variations in surface charge density along the nanopore walls 

generate nonuniform electrostatic fields, which, in turn, affect the electric potential and ion 

migration within the pore. The simulations will reveal how these variations in surface charge 

lead to spatially varying electric potentials, influencing the ion distribution and flux. A 

comparison between nanopores with uniform surface charge distributions and those with 

heterogeneous charge distributions will illustrate the nonlinear effects caused by charge 

heterogeneity. These findings underline the importance of considering surface charge 

heterogeneity in nanopore modeling, as its effects on ion migration are often overlooked in 

simpler models that assume uniform charge. Accurately modeling these effects is crucial for 

nanopore applications that require high selectivity and precision in ion transport. 

The polyelectrolyte layers (PEL) on nanopore surfaces also play a significant role in 

governing ion transport. The thickness and charge density of the PEL were found to influence 

both ion flux and electric potential distribution within the nanopore. The simulations will show 

that increasing PEL thickness leads to higher ionic resistance, which reduces ion flux through the 

nanopore. Additionally, variations in PEL charge density will affect the ion selectivity of the 

nanopore, with higher charge densities promoting selective ion transport. The electric potential 

distribution within the nanopore is also modified by the PEL, as these layers alter the 

electrostatic interactions between the pore surface and the ions. These findings are particularly 

valuable for applications requiring precise control over ion transport, such as membrane-based 

separation technologies or energy harvesting devices, where both resistance and selectivity must 

be optimized. 

To ensure the accuracy and reliability of the model, validation will be performed by 

comparing the simulation results with experimental data, specifically ion current-voltage (I-V) 

characteristics and voltage profiles from nanopore experiments. These experimental benchmarks 

will provide a means to assess the model's ability to predict the real-world behavior of nanopore 
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systems. In addition to model validation, a sensitivity analysis will be conducted to examine the 

effects of key parameters, such as surface charge density and PEL thickness, on transport 

behavior. By varying these parameters, the sensitivity analysis will help identify which factors 

most significantly influence nanopore performance and transport dynamics. This analysis will be 

critical for guiding the design of nanopore-based devices that require optimization for specific 

applications. 

 

 

Figure 3: Current-voltage characteristics showing the impact of concentration polarization 

and surface charge heterogeneity.  

This figure will illustrate how the presence of concentration polarization and nonuniform charge 

distributions affects the current-voltage relationship, emphasizing the nonlinear effects that arise 

in nanopore transport. 

Table 2: Sensitivity Analysis of Model Parameters (Surface Charge Density, PEL 

Thickness) 
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Parameter 
Change in 

Parameter 

Effect on Ion 

Transport 

Effect on Nanopore 

Performance 

Surface Charge 

Density 
Increased by 10% 

Increases ion 

migration near the 

nanopore surface, 

resulting in higher ion 

current. 

Enhances nanopore 

selectivity, but may 

lead to higher 

resistance at extreme 

values. 

Surface Charge 

Density 
Decreased by 10% 

Decreases ion 

migration near the 

nanopore surface, 

reducing ion current. 

Reduces nanopore 

selectivity, improving 

resistance but 

lowering ion flux. 

PEL Thickness Increased by 10% 

Decreases ion flux 

due to higher 

resistance within the 

nanopore. 

Reduces nanopore 

efficiency and ion 

selectivity due to 

thicker barriers. 

PEL Thickness Decreased by 10% 

Increases ion flux, but 

may cause selectivity 

loss due to lower ion 

blocking capacity. 

Increases nanopore 

efficiency, but 

reduces ability to 

selectively filter ions. 

Surface Charge 

Density 

Uniform across the 

pore 

Leads to uniform ion 

transport along the 

nanopore length. 

Improves 

predictability and 

uniformity in 

nanopore 

performance. 

Surface Charge 

Density 

Heterogeneous 

distribution 

Creates regions with 

higher or lower ion 

migration, leading to 

non-uniform ion 

transport. 

Causes variations in 

nanopore 

performance, leading 

to selective filtering 

based on charge 

density. 
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5. Implications and Applications 

The insights gained from modeling nonlinear electrokinetic effects in nanopores have 

significant implications across several technological domains, offering a pathway to optimize a 

variety of nanopore-based applications. These include biosensors, energy harvesting, filtration, 

and the design of next-generation nanodevices. By incorporating the complex behaviors 

observed in nanopore systems, such as concentration polarization, surface charge heterogeneity, 

and the influence of polyelectrolyte layers (PEL), this model enables the design of more efficient 

and selective nanopore devices, with a broader range of applications. 

One of the primary applications of this model is in the realm of nanopore-based sensors. 

By gaining a deeper understanding of the nonlinear electrokinetic effects at play, it becomes 

possible to enhance the performance of biosensors used for biomolecular detection and 

environmental monitoring. Nanopore sensors, which detect individual ions or molecules as they 

pass through the pore, rely on the precise control of ion transport and selectivity. The model's 

ability to capture the nonlinear interactions between ion migration and electrostatic fields can 

lead to more accurate detection, allowing for better sensitivity and specificity in applications 

such as chemical sensing, DNA sequencing, and pollution monitoring. The model enables fine-

tuning of sensor parameters, allowing for the development of sensors that are both highly 

sensitive and selective, making them suitable for real-time detection of target analytes in 

complex environments. 

The model also holds great promise for improving energy harvesting and filtration 

systems. In energy harvesting devices, such as those that convert ion flow through nanopores 

into usable electrical energy, the efficiency of ion transport directly impacts the system's 

performance. By understanding how nonlinear electrokinetic effects affect ion migration and the 

electric potential distribution within the nanopore, the model can guide the optimization of 

nanopore geometries and materials to improve energy conversion efficiency. Similarly, in 

filtration systems, where selective ion transport is required for separating specific ions or 

molecules from a solution, the model can help design nanopore membranes that maximize ion 
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selectivity while maintaining high flux. The insights from the model will provide a better 

understanding of how factors like surface charge density and PEL thickness influence the 

performance of nanopore-based filtration systems, allowing for more efficient separation 

processes in applications such as water purification and chemical separations. 

In the broader context of next-generation nanodevices, this model will contribute to the 

design of advanced technologies such as smart filters and drug delivery systems, where precise 

control over ion transport is critical. Smart filters that selectively allow certain ions or molecules 

to pass through while blocking others can be optimized using this model to achieve higher 

selectivity and efficiency. Similarly, nanopore-based drug delivery systems, which rely on the 

controlled release of therapeutic agents through nanopores, can be enhanced by understanding 

how nonlinear electrokinetic effects influence the transport of drugs and other molecules. The 

model can guide the design of these devices by enabling more precise control over the release 

rates and ensuring that the devices can operate efficiently under varying conditions, which is 

essential for targeted drug delivery. 

6. Conclusion  

This paper introduces a novel unified model that incorporates nonlinear electrokinetic 

effects such as concentration polarization, surface charge heterogeneity, and polyelectrolyte layer 

(PEL) interactions. By integrating these complex effects, the model provides a more accurate 

representation of ion transport within nanopores compared to traditional linear models. The 

model’s ability to simulate nonlinear phenomena allows for a deeper understanding of how 

factors like ion depletion, spatial variations in surface charge, and electrostatic interactions 

influence nanopore performance. This is crucial for optimizing nanopore-based devices used in a 

variety of applications, including biosensing, energy harvesting, and filtration. Through the 

integration of these nonlinear effects, the model can guide the design of more efficient and 

selective nanopore systems, ensuring that these devices meet the demands of modern 

applications. 
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Future Work 

Looking forward, several key developments could further enhance the capabilities of the 

proposed model. One promising avenue is the integration of machine learning (ML) techniques 

to enable real-time optimization of nanopore designs. By leveraging ML algorithms, it would be 

possible to dynamically adjust nanopore configurations based on real-time performance data, 

enhancing the efficiency and adaptability of nanopore devices. This would be especially 

beneficial for systems where ion selectivity needs to be optimized in changing environments, 

such as biosensors and environmental monitoring systems. 

In addition, the incorporation of multiphysics coupling offers exciting potential for future 

work. This approach would combine additional physical effects, such as thermal gradients and 

mechanical stress, with the current model, providing a more comprehensive description of the 

forces acting on nanopore systems. For instance, thermal gradients can influence ion diffusion 

and viscosity, while mechanical stress may affect the structural integrity and electrostatic 

properties of the nanopore. By extending the model to include these effects, we could better 

understand the full spectrum of conditions that nanopores encounter in real-world applications, 

allowing for more precise design and optimization of nanodevices used in complex 

environments. 
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