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Abstract

In the present paper we have obtained finite difference formula, Simple Generating relation,
Contour Integral Representation, Real Integral Representation, Single Infinite Integral
Representation, Finite Single Integral Representation, Infinite Single Integral Representation,
Finite Double Integral Representation and Infinite Double Integral Representation of the one
variable Generalized Gauss Hypergeometric Polynomials.

Keywords: New Generalized Gauss Hypergeometric Polynomials, Integral Representation,
Generating functions.

1. Introduction

Bajpai and Aroara [1] studied the Gauss Hypergeometric polynomials which give rise to
generalization of the some classical polynomials like Jacobi polynomial, Legendre polynomial
Gegenbauer polynomial and Chebyshev polynomial [2-6]. Therefore, it is important to study
their properties like orthogonality, recurrence relations, integral representations and other
aspects [5].

In the present paper, we derived finite difference formula, Simple Generating relation and
Additional Generating relation, Contour Integral Representation, Real Integral Representation,
Single Infinite Integral Representation, Finite Single Integral Representation, Infinite Single
Integral Representation, Finite Double Integral Representation and Infinite Double Integral
Representation of the one variable New Generalized Gauss Hypergeometric Polynomials.

1.1 Definition
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The one variable New Generalized Gauss Hypergeometric Polynomial R,ﬁ“’b) (x,a),n=0,1,2,3,...
has been defined and stated as follows

R (x;a) = x" ZF{— n,a;b;g} (1)

X

where, i) n a nonnegative integer n=0,1,2,...
ii) ais areal number
iii) b is a positive integeri.e., b # 0,—1,-2,-3,....
iv) a and b are independent n
v) «a isanon zero real number.
For the sake of conciseness, the class defined by (1) will be denoted by R'“” (x, ).

(@b) _ a&(=n)(a) (e ‘
R = %)
& (—n), (@), a* x"*

_ kz G _

« ), k!

k
Using (-n), = S O0<k<n

3 (-1) n! (a), a* x"*
& (n-k)(p), &
R ey (@) ) 5 .
" = (n—k)(p)k
For a =1, in Eq. (1), we get the class of Gauss’ Hypergeometric polynomials [1] which is Semi-
Orthogonal and is defined as follows :

1
AP (x) = x" ZFI[— n,a;b;—}
X

therefore,

2. Finite Difference Formula
From (2),

R (x,0) = & ol (a), (Ca) 2

k=

Ia)&Z (n—k) T(b+k)k!
g aere e o

replacing aand b by a+ Aand b+ A respectively,
Rr(la+l,b+/1) (x.a) = (_ l)n F(b + /1) Z": cr (_ 1)n—k b ok F(a +A+ k)

k

Ma+1)& O Thiatk)
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)1

(b_'_l) n Cl(_l)n_ka/“'k xn_‘_}’ r(a-l-//i‘f‘k) l
(a+ 1) Lh+A+k) a* x**
)

n A+k
A n+a C'(=1 n—k g} F(a+ﬂ+k)
“ kZ; (1) (x T(b+A+k)

- (1

=~

= 4

b+ 4
(a+/1)

- 1y

=

n

using, A,g(4)=g(A+1)-g(2) and A7 ¢(2)=>"(-1) C7 g2 +k),

R0 (¢ ) = (_ l)n F(b'i‘j:)azxnm An/ll: F(a:ﬂ) (g} :| (3)

3. Generating Relation
3.1 Simple Generating Relation
From (1), we write

From (2),

using, i

k
= ¢ |F[a;b—ot] (4)
3.2 Additional Generating Relation
By using definition (1),
= (5), R\ " & (9), 1"
Z( )n n (x,a) — z ( )n R’(Ia,b)(x,a)

n=0 n! n=0 n!
From (2),

R.R. Jagtap et al 5873-5886



Journal of Computational Analysis and Applications
Journal's ISSN: 1521-1398 (Paper),1572-9206 (Online)

VOL. 33 NO. 8, 2024
10.48047 /jocaaa.2024.33.08.220

using,

Substituting o = b, we get

R("b)(x o)t

(5)

5
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1 1

=i

=(1=xt)"(1+(@—x)k)" (6)
4. Integral Representation

4.1 Contour Integral Representation

© R(a,b) , tn
From (4), we have, Z"(;a) = " lFl[a;b;—at]

n=0 n'

0 R(a,b) , tn
let, f(t) - Zn(;a) = ¢ |F [a;b,—at]

n=0 n'

0 n 0 tn
using Maclaurin’s theorem, f(t) = Z%
n!

n=0

where, f"(0),n=0,1,2,3,...is given by formula,

rry="" [ S gt = 01.25...

% t’Hl
(a.b) nl 00
R* (x,a)=7 t e | F|a;b;—at]dt (7)
Y/
= (6), R (x,a)1” 1 —
and from (5), if we take f(t): Z ( )” (%) == =, F, [5,(1;5; ot }
n=0 n! (1 - xt) 1—xt
again by using Maclaurin’s theorem, we have
! (0+) 1 —at
R (x,a =T t" T ——— F|S8,a;b;—— |dt 8
P (x,@) M((S)HJ ey 2 - (8)

where ,the origin of the ¢ plane lies inside contour in positive direction.
4.2 Real Integral Representation
Substituting # = ¢ (0< @ < 27) and dt = ie'’ d6 in (7), we get

n! 27( . \en-1 o i
ng“’b)(x,a):—2 -, (e’g) et F a;b;—ae’g]ze’edé?
7T

5878

R.R. Jagtap et al 5873-5886



Journal of Computational Analysis and Applications VOL. 33 NO. 8, 2024
Journal's ISSN: 1521-1398 (Paper),1572-9206 (Online) 10.48047 /jocaaa.2024.33.08.220

B n! Znefm,g exp(xem{i (a)k (_aeig)k:|d9

_ZO

27 .
ez(k—n+n1)9d9

| J0

Il
[
[

—_

Q
==
~—
=~
TR
S [T=
=

3

| IS

= EZZM:J‘;E Cis(k—n+m)d d@}

where, Cisp =cos@+ising.

therefore, we get

(a.b) _ NSy (a)k(_a)kxm
Ry (x’a)_27rzz [

27 . .
(b), kim J.O (cose +isin go)d@} (9)
k=0 m=0 Ve tite
where, q0=(k—n+m)9.

Now, substituting ¢ = " (0 <0< 27[) and dt =ie"’ dé in (8), we get

R“P (x,0) = % [l m 2171{5, asbi _Ofem }e’gdﬁ

R A 1 2 (8),(a), [ - e k .
_27z(5) Io (e ) (l_xe,-,g)b‘ [kz(; (b)kk! (l—xemJ ]e do

__n i (), (a), (_ a) J':” ik (1 —xe' )_k_5 do
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L n 5Ll R (o) g

m

_n i i (5)k (a)k (_ a)k (5 + k)m X J'Oz” olk=nmo g9

. ﬁ(cs)k(a)k(—a)k(m)m [ e g

o) s} k m
ZZ k”” ( afx 2”Cis(k—n+m)¢9cll9
=0m

—~ k' m! 0
where, Cisp =cos@+isin ¢
therefore, we get

o0 0 k m
ZZ k+m k(l m?) X .[02” (COS(p +isin (0)d9 (10)
=0 m

=0

R (x,a) =

where, go:(k—n+m)t9.

4.3 Single Infinite Integral Representation

By using definition (1), R“"(x,a) = x" ,F, [— n,a;b; ﬁ}
X

by using,

we get

_ 1 i(_ n)k af x" Tezztzmzkldt

F(a) k=0 (b)k k! —
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I(a) =,
(ah) A R at’ . 1
R (x,a)—r(a) :[Oe t IE{—n,b,T}h,lf Re(a)>5. (11)
4.4 Finite Single Integral Representation
By (1)
RV (x,a) = x" ZF{— n,a;b; %}

S CORONES

— (b)), k! x

by using, (v), = F(l‘: i k), we write
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—n 1
M "1-t) " (x— ) dt
[(a)r(b-a)
F(b X i b a— l
(a,b) — a-1
R“Y (x,a) = F(a)r(b " !t (1=t (x—ot)'dt (12)

if Re(a)>0and Re(b—a)>1
4.5 Finite Double Integral Representation

Srivastava and Karlsson [3,p.275,(2)] stated the result that if Re(a) >0, Re(b) >0 and Re(c) >0

”ua_lvb_l (I1—u—v) " dudv = M

a+b+c)

where Dis bounded by the lines # >0,v>0 and u+v<1.

From (1) R“P (x,a) = x" 2171{— n,a;b;g}
X
—x" i (=n), (@), (g}k
= (b), kK \x
_$Ene
= @)K
by using, (v)k = F(l‘:(t)k)' we write
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X

_ F(}/)x"_ - )J‘J‘ual ;,1(1 Y V);/ ~a-b-1 _i(_”') F(b)(V) (0‘”] :|d dv

_ Ll [Justve (== vy~ Z—(_")k ) [“”j }dudv

C(a)r () (y —b—a)’) = K0),

- r(}/)—b—a)”ual P l—u—v)y ! Rﬁ“’b)(%;a)dudv

D
R ) e s (1) e
(13)
if Re(a)>0,Re(b)>0and Re(y —a—b)> 0.
4.6 Infinite Double Integral Representation
J. Edwards [2,p.177,(16)] stated the result that
IIWW x*yPdxdy = “;iﬂf;l Igo )28 gz, (14)

From (1),
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From (14), we write

s

k=0

y+n—k+;jf(,u+n—k+l)

L 2ut2n- 2k+7 3
J z — Z) 2dz
0

F(2,u+2n—2k+;j

3
,u+n—k+2]1“(,u+n—k+1) . 2k+7(

1- Z) 2dz

z

St} 1

k=0

S ey 8

F(2,u+2n—2k+;j

A. Erdelyi [6,p.10,(12)] stated the result '[ t 7 (1+bt)" 7 dt =b™ B(x,y), we have
0

y+n—k+§jr(y+n—k+1)

= (=n), (a), a*(4c e I
:z%[“_j (

s B(2y+2n—2k+%,2k—2y—2n—lj
F(2y+2n—2k+2j

ek F(y+n—k+;jf(y+n—k+l) F(Zlu+2n—2k+;)F(2k—2y—2n—1)

e

F[Z,u +2n—-2k + 5) F(:Sj
2 2

= i—(_ n);; (a)k.ak [%)nkl“(ﬁw n —k+%jf(ﬂ+ n—k+1) [(2k=2u-2n-1)

= () K l\/;
2
= i—(_n)k (a)kak(ﬁ]n_kl“(y+n—k+l+ljf(,u+n—k+1)r(2k_2’u_2n_l)
k=0 (b)k k' X 2 l\/;
2
by using the result, F(z)l"(z + %) = %

zi(—n)k (a)ka"(gj”"‘ JaT(2u+2n -2k +2) T(2k—2u—2n-1)
2u+2n-2k+1
k! X 2H ;\/;

_ iM(%)k [(241+2n -2k +2) T(2k -2 -2n-1)

2u+2n-2k
2 H
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244 (), Kk \x
w (_ k n—k
! z( n) (@) T(2p+2n— 2k + 2)0(2k — 20— 2n 1)
2“5 (b)

= |0

_~

&

= |a
~ S

by using result, [(z)[(1-z) = —~—, we write

B (5 g%(ak sin[z(2p + Zn —2k+2)

0 00 1 2u
-” w2y (- u— v)% R [_x ;ajdu dv = [lj #R,ﬁ”’b)(i, aj
0% 4uve 2) sin(2ur) c

RE (z;aj _ QP SnRur) e 1y R (L;a}m dv
c o0 4uvc

T
Y7 0 o0 +l
R,(,“’b) (f ; aj = —(4) s1n(2,u7Z)J- uﬂ Zp# (1 —u— v)_% R}E”’b)(—x ;a)du dv (15)
c T 00 duve

The equations (3) to (13) and (15) are not in literature.

5. Conclusion

In the present paper, we obtained finite difference formula, Contour Integral Representation,
Real Integral Representation, Single Infinite Integral Representation, Finite Single Integral
Representation, Infinite Single Integral Representation, Finite Double Integral Representation
and Infinite Double Integral Representation of the one variable New Generalized Gauss
Hypergeometric Polynomials.
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