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Abstract: 

Many academics are fascinated by integral transforms, which leads to the gradual formation of 

many sorts. In the realm of special functions, integral transformations are crucial. The Laplace 

Transforms, an important class of Integral Transform, of a number of notable Special Functions 

are examined in this work. Bessel's functions are mathematically significant for solving 

differential equations, particularly in real-world applications. Numerous application equations 

and their solutions using these functions are the subject of extensive research. Because integral 

transforms are so effective at obtaining precise solutions to a wide range of differential and 

integral equations, this study applies the "Laplace Transforms method for Bessel functions."  

The two-dimensional chlorine transport model in pipes is examined in this work. The model 

under study takes the shape of a partial differential equation of second order with a set of 

boundary conditions. Because of the nature of the involved boundary, it is difficult to provide 

a precise solution for the current model. circumstances, particularly when using the Laplace 

transform. Nevertheless, these issues are resolved by applying the residues approach. The 

Bessel functions are used to express the precise solution. Additionally, the expression for the 

average concentration of a dimensionless cup-mixing is determined analytically. Numerical 

examples are used to validate the suggested method and compare the outcomes with those 

found in the literature. The current method is clear-cut and efficient, and it may be used on 

other comparable models with other boundary conditions. 

 

 

Keywords: Special functions, Bessel’s Functions, Laplace Transform.  

 

1. Introduction 

This article defines some renowned Special Functions (Debnath [1], Snedon [2]).  and 

derives their Laplace transforms. Initially, we define the Laplace transform of  

F(t) as  

 

       𝐿{𝐹(𝑡)} = ∫ 𝑒−𝑠𝑡𝐹(𝑡)𝑑𝑡, 𝑤ℎ𝑒𝑟𝑒 𝑠 > 0
∞

0
                                                               (1)     

 

The subsequent renowned Special Functions are defined as per Rainville [3], and Srivastava 

and Manocha [4]. Define the Poch hammer symbol (𝛼)𝑛 by the equation  

 

  (𝛼)𝑛 = 𝛼(𝛼 + 1)(𝛼 + 2)(𝛼 + 3) … … … . . (𝛼 − 𝑛 + 1) 

         

           = ∏ (𝛼 − 𝑛 + 1), 𝑛 ≥ 0 𝑎𝑛𝑑 𝑛
𝑚=1 (𝛼)0 = 1, 𝛼 ≠ 0                                           (2) 
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The function (𝛼)𝑛  is referred to as the fractional function and it is clear that (1)𝑛 = 𝑛! 
The data presented here are highly beneficial for the study of Special Functions.  

 

A. If n∈ 𝑁, 𝑡ℎ𝑒𝑛  
 
Γ(𝛼+𝑛)

Γ(𝛼)
= (𝛼)𝑛 ,   𝛼 ≠ 0 

B. If 𝛼 𝑖𝑠 𝑛𝑜𝑡 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 , 𝑡ℎ𝑒𝑛  
Γ(1−𝛼+𝑛)

Γ(1−𝛼)
=

(−1)𝑛

(𝛼)𝑛
  

C. (1 − 𝑧)−𝛼 = ∑
(𝛼)𝑛(𝑧)𝑛

𝑛!
∞
𝑛=0  

D. (𝛼)𝑛−𝑘 =
(𝛼)𝑛(−1)𝑛

(1−𝛼−𝑛)𝑛
 ,0 ≤ 𝑘 ≤ 𝑛  

𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟𝑙𝑦 𝛼 = 1, 𝑡ℎ𝑒𝑛 
𝑛! (−1)𝑘

(−𝑛)𝑘
 , 0 ≤ 𝑘 ≤ 𝑛 

E.   (𝛼)2𝑛 = 22𝑛 (
𝛼

2
)

𝑛
(

𝛼+1

2
)

𝑛
 

 

 

 

Bessel functions are increasingly employed alongside other equations, including those in 

physics and mathematics, to address a broad spectrum of scientific and engineering challenges.  

Bessel functions can be employed to address many issues in mathematical and physical 

applications [5].  

Functions of Bessel of order is given by [5] 

 

           𝐽𝑛(𝑡) = ∑
(−1)𝑘(𝑡)2𝑘+1

(2)2𝑘+1𝑘!Γ(1+𝑛+𝑘)
∞
𝑛=0                                                                                       

                     =  
𝑡𝑛

2𝑛𝑛!
[1 −

𝑡2

4Γ(𝑛+1)
+

(𝑡2)2

4.4Γ(𝑛2+3𝑛+2)
−

(𝑡2)3

4.4.6Γ (𝑛2+3𝑛+2)Γ(𝑛+2)
+ ⋯ … . . ]         (3) 

If n=0, The infinite power series yields functions of Bessel of zero order, denoted by   𝐽0(𝑡). 

           𝐽0(𝑡) =  [1 −
𝑡2

4
+

(𝑡2)2

43 −
(𝑡2)3

43.62 + ⋯ … . . ]                                                                 (4) 

If n=1, The infinite power series yields functions of Bessel of first order, denoted by   𝐽1(𝑡). 

           𝐽1(𝑡) =  
𝑡

2
+

𝑡3

42
+

𝑡5

43.6
−

𝑡7

4.42.626.8
+ ⋯ … ….                                                               (5) 

Now eq. (5) can be written as 

           𝐽1(𝑡) =  
𝑡

2
+

𝑡3

23.2!
+

𝑡5

25.2!.3! 
−

𝑡7

27.3!.4! 
+ ⋯ … ….                                                           (6)                                                               

And if n=2, The infinite power series yields functions of Bessel of second order, denoted by   

𝐽2(𝑡). 

         𝐽2(𝑡) =  
𝑡2

2.4
−

𝑡4

42.6
+

𝑡6

43.62.8.10
+ ⋯ … ….                                                                        (7) 
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1.1.Relationships Between 𝐽0(𝑡) and 𝐽1(𝑡)  

                    
𝑑

𝑑𝑡
𝐽0(𝑡) = − 𝐽1(𝑡)                                                                                               (8) 

1.2.  Relationships Between 𝐽0(𝑡) and 𝐽2(𝑡)  

                       𝐽2(𝑡) = 𝐽0(𝑡) + 2𝐽0
′′(𝑡)                                                                                    (9) 

1.3. Laplace Transform of Bessel Functions  

From equations (1) and (4), we derive  

 

                𝐿{𝐽𝑛(𝑡)} = 𝐿 {∑
(−1)𝑘(𝑡)2𝑘+1

(2)2𝑘+1𝑘!Γ(1+𝑛+𝑘)

∞
𝑘=0 } 

 

                               = ∫ 𝑒−𝑠𝑡 ∑
(−1)𝑘(𝑡)2𝑘+1

(2)2𝑘+1𝑘!𝛤(1+𝑛+𝑘)

∞
𝑘=0 𝑑𝑡

∞

0
 

 

                               = ∑
(−1)𝑘

(2)2𝑘+1𝑘!𝛤(1+𝑛+𝑘)

∞
𝑘=0 ∫ 𝑒−𝑠𝑡 ∑ (𝑡)2𝑘+1∞

𝑘=0 𝑑𝑡
∞

0
 

 

                               = ∑
(−1)𝑘

(2)2𝑘+1𝑘!𝛤(1+𝑛+𝑘)

∞
𝑘=0

Γ(2𝑘+𝑛+1)

𝑠2𝑘+𝑛+1  

 

                               =
1

2𝑛
∑

(−1)𝑘

22𝑘𝑘!

Γ(𝑛+1)

Γ(𝑛+𝑘+1)

∞
𝑘=0

Γ(2𝑘+𝑛+1)

Γ(𝑛+1)
.

1

𝑠2𝑘 

 

Based on outcomes A and E, this may be expressed as 

 

𝐿{𝐽𝑛(𝑡)} =
1

2𝑛
∑

(−1)𝑘

22𝑘𝑘!

(1 + 𝑛)2𝑘

(1 + 𝑛)𝑘

∞

𝑘=0

.
1

𝑠2𝑘
 

 

                                                    =
1

2𝑛
∑

(−1)𝑘

22𝑘𝑘!

22𝑘(
1+𝑛

2
)𝑘(1+

𝑛

2
)𝑘

(1+𝑛)𝑘

∞
𝑘=0 .

1

𝑠2𝑘
                (10) 

 

 

2. MAIN RESULTS 

Water quality research is expanding because of its significance in engineering sciences and 

industry. Chlorine is utilized in most parts of the world as a guarantee for the provision of clean 

drinking water because of its significance in drinking water quality. [6, 7]. To maintain the 

water's purity, some chlorine must be left in the water to stop any microbes from surviving and 

growing while the water moves through the networks. Thus, keeping the chlorine level at a 

specific level guarantee that no hazardous byproducts are created inside the distribution 

networks.  

According to Ref. [8,] {0.2} mgl {-1} is the proportion of chlorine concentration that guarantees 

the avoidance of public health hazards. As a result, maintaining the previously indicated 

chlorine content and making sure that this percentage stays below the designated threshold are 

essential for the effective management of drinking water quality. Biswas et al. [9] developed 

the fundamental model of chlorine transport, which looks like this: 
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𝜕𝑓

𝜕𝑥
=

𝐴0

𝑟

𝜕

𝜕𝑟
(

1

𝑟

𝜕𝑓

𝜕𝑟
) − 𝐴1𝑓,                                                     (11)                                                

and 

𝑓(0, 𝑟) = 1, 0 ≤ 𝑟 ≤ 1,
𝜕

𝜕𝑟
𝑓(𝑥, 0) = 0, 0 ≤ 𝑥 ≤ 1,

𝜕

𝜕𝑟
𝑓(𝑥, 1) + 𝐴2𝑓(𝑥, 1) = 0, 0 ≤ 𝑥 ≤ 1,

                                                                          (12)                                           

where 𝑓(𝑥, 𝑟) is the chlorine concentration, and 𝐴0, 𝐴1 and 𝐴2 are dimensionless parameters 

related to the chlorine decay. Further, details about the dimensionless parameters and 

derivation of the Eqs. (11)-(12) can be found in Ref. [9]. The purpose of the present work is to 

solve the system (11)-(12) through applying the Laplace transform (LT). The LT is a well-

known and effective approach to solving various scientific models in physics and engineering 

11 − 18. Ebaid and Al sharif [11] applied the LT on the ODE governing the heat transfer of 

nanofluids suspended with carbon-nanotubes. Ebaid et. al [12] provided the analytic solution 

for a class of singular boundary value problems (SBVPs) via the LT. Khaled [13] obtained the 

exact solution of the model describing the radiation effect on MHD Marangoni convection over 

a flat plate. Ebaid et. al [14] solved a general class of SBVPs with applications in nanofulids 

via the LT. Bakodah and Ebaid [15] addressed the Ambartsumian delay equation using the LT. 

A variety of other of LT applications in addition to other transforms can be found in Refs. 

[16 − 35]. In this paper we consider the application of the LT for the solution of the system 

(11)-(12). The paper is structured as follows. The LT approach is applied in "Application of 

LT" on Eqs. (11)-(4). Section "Analysis and exact solution of the chlorine decay model" is 

devoted to obtaining exact solution. Section "Discussion of results" analyses the results and 

discusses their physical meaning. In addition, the results are to be compared with those in Ref. 

[9]. Finally, Section "Conclusion" outlines the main conclusions. 

Now Applying LT on Eq. (10) with respect to the variable 𝑥, we can write 

 

𝐿 (
𝜕𝑓(𝑥,𝑟)

𝜕𝑥
) = 𝐿 (

𝐴0

𝑟

𝜕

𝜕𝑟
(

1

𝑟

𝜕𝑓(𝑥,𝑟)

𝜕𝑟
)) − 𝐿(𝐴1𝑓(𝑥, 𝑟)),                                                               (13) 

which gives 

𝑠𝑓(𝑠, 𝑟) − 𝑓(0, 𝑟) =
𝐴0

𝑟

𝜕

𝜕𝑟
(

1

𝑟

𝜕𝑓(𝑠,𝑟)

𝜕𝑟
) − 𝐴1𝑓(𝑠, 𝑟),                                                               (14) 

where 𝐿(⋅) and 𝑠 denote the Laplace operator and variable, respectively. After introducing the 

BC given in (2), Eq. (14) becomes 

(𝑠 + 𝐴1)𝑓(𝑠, 𝑟) − 1 =
𝐴0

𝑟

𝑑

𝑑𝑟
(

1

𝑟

𝑑𝑓(𝑠,𝑟)

𝑑𝑟
).                                                                                 (15) 

Re-arranging Eq. (15), yields 

𝑑2𝑓(𝑠,𝑟)

𝑑𝑟2
+

1

𝑟

𝑑𝑓(𝑠,𝑟)

𝑑𝑟
− (

𝑠+𝐴1

𝐴0
) 𝑓(𝑠, 𝑟) = −

1

𝐴0
,                                                                           (16) 
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which is the well-known Bessel differential equation with inhomogeneous part ( −
1

𝐴0
 ). The 

solution of Eq. (16) is given by 

𝑓(𝑠, 𝑟) = 𝑐1𝐽0 (𝑖√
𝑠+𝐴1

𝐴0
𝑟) + 𝑐2𝑌0 (𝑖√

𝑠+𝐴1

𝐴0
𝑟) +

1

𝑠+𝐴1
,                                                            (17) 

where 𝐽0(⋅) and 𝑌0(⋅) are Bessel functions and 𝑐1 and 𝑐2 denote unknown constants, 𝑖 = √−1. 

Since 𝑓(𝑥, 𝑟) and its LT, 𝑓(𝑠, 𝑟), must be bounded at 𝑟 = 0, the value of 𝑐2 must be zero since 

𝑌0 (𝑖√
𝑠+𝐴1

𝐴0
𝑟) → ∞ as 𝑟 → 0. Thus, we can write 

𝑓(𝑠, 𝑟) = 𝑐1𝐽0 (𝑖√
𝑠+𝐴1

𝐴0
𝑟) +

1

𝑠+𝐴1
                                                                                            (18) 

and 

𝑑𝑓(𝑠,𝑟)

𝑑𝑟
= −𝑐1𝑖√

𝑠+𝐴1

𝐴0
𝐽1 (𝑖√

𝑠+𝐴1

𝐴0
𝑟),                                                                                          (19) 

where 𝐽0
′ (𝜆𝑟) = −𝜆𝐽1(𝜆𝑟). From Eqs. (18) and (19), we obtain 

𝑑𝑓(𝑠,𝑟)

𝑑𝑟
+ 𝐴2𝑓(𝑠, 𝑟) = 𝑐1 [𝐴2𝐽0 (𝑖√

𝑠+𝐴1

𝐴0
𝑟) − 𝑖√

𝑠+𝐴1

𝐴0
𝐽1 (𝑖√

𝑠+𝐴1

𝐴0
𝑟)] +

𝐴2

(𝑠+𝐴1)
.                      (20) 

Applying LT on (12) yields 

[
𝑑𝑓(𝑠,𝑟)

𝑑𝑟
+ 𝐴2𝑓(𝑠, 𝑟)]

𝑟=1
= 0.                                                                                                  (21) 

From Eqs. (20) and (21), we obtain 

𝑐1 = −
𝐴2

(𝑠+𝐴1)[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

.                                                                              (22) 

Substituting (22) into (18) leads to 

𝑓(𝑠, 𝑟) = −
𝐴2𝐽0(𝑖√

𝑠+𝐴1
𝐴0

𝑟)

(𝑠+𝐴1)[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

+
1

𝑠+𝐴1
                                                         (23) 

However, Eq. (23) can be written as 

𝑓(𝑠, 𝑟) = −𝐴2𝐹(𝑠, 𝑟) +
1

𝑠+𝐴1
,                                                                                                (24) 

were 

𝐹(𝑠, 𝑟) =
𝐽0(𝑖√

𝑠+𝐴1
𝐴0

𝑟)

(𝑠+𝐴1)[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

.                                                                       (25) 

Applying the inverse LT on Eq. (24), yields 

𝐿−1(𝑓(𝑠, 𝑟)) = −𝐴2𝐿−1(𝐹(𝑠, 𝑟)) + 𝐿−1 (
1

𝑠+𝐴1
),                                                                    (26) 
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or 

𝑓(𝑥, 𝑟) = −𝐴2𝑓(𝑥, 𝑟) + 𝑒−𝐴1𝑥,                                                                                              (27) 

where 𝑓(𝑥, 𝑟) is the inverse LT of 𝐹(𝑠, 𝑟) so that 

𝑓(𝑥, 𝑟) = 𝐿−1 (
𝐽0(𝑖√

𝑠+𝐴1
𝐴0

𝑟)

(𝑠+𝐴1)[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

).                                                           (28) 

Analysis and exact solution of the chlorine decay model 

Analysis. The below theorem introduces the method of residues when applied to calculating 

the inverse LT. 

Theorem 1 (Method of residues 31 ) Let 𝑠𝑖 are the poles of 𝐹(𝑠, 𝑟), then 𝑓(𝑥, 𝑟) (inverse LT of 

𝐹(𝑠, 𝑟) ) is 𝑓(𝑥, 𝑟) = ∑ 𝑅𝑒𝑠𝑛
𝑖=1 (𝑒𝑠𝑖𝑥𝐹(𝑠𝑖, 𝑟)) at all poles 𝑠𝑖. 

It will be shown later that the inverse LT of the function 𝐹(𝑠, 𝑟), defined in (25), using the 

residues, can be obtained in terms of Bessel functions with the help of their properties. In this 

regard, the Bessel functions 𝐽0(𝑦), 𝐽1(𝑦) and 𝐽2(𝑦) are defined by the expressions: 

𝐽0(𝑦) = ∑
(−1)𝑘

(𝑘!)2
∞
𝑘=0 (

𝑦

2
)

2𝑘

,

𝐽1(𝑦) = ∑
(−1)𝑘

𝑘!(𝑘+1)!

∞
𝑘=0 (

𝑦

2
)

2𝑘+1

,

𝐽2(𝑦) = ∑
(−1)𝑘

𝑘!(𝑘+2)!

∞
𝑘=0 (

𝑦

2
)

2𝑘+2

,

                                                                                               (29) 

that satisfy the following properties: 

𝑑

𝑑𝑦
(𝐽0(𝜆𝑦)) = −𝜆𝐽1(𝜆𝑦)

𝑑

𝑑𝑦
(𝐽1(𝜆𝑦)) =

𝜆

2
(𝐽0(𝜆𝑦) − 𝐽2(𝜆𝑦)),

𝑦𝐽2(𝑦) + 𝑦𝐽0(𝑦) = 2𝐽1(𝑦).

                                                                                      (30) 

Exact solution of the chlorine decay model.  

The main challenge of this paper is to obtain the inverse LT of the expression in Eq. (28). The 

expression (28) is really complex due to the nature of the boundary conditions (12). This is 

because the denominator in expression (28) involves Bessel functions of first and second kind 

which leads to actual difficulties when deriving the inverse LT of the expression in Eq. (28). 

However, such difficulties are overcome through applying the method of residues as indicated 

below. 

At first sight, the expression (𝑠 + 𝐴1) [𝐴2𝐽0 (𝑖√
𝑠+𝐴1

𝐴0
) − 𝑖√

𝑠+𝐴1

𝐴0
𝐽1 (𝑖√

𝑠+𝐴1

𝐴0
)] has simple zeros 

at 𝑠 = −𝐴1 and 𝑖√
𝑠+𝐴1

𝐴0
= 𝜆1, 𝜆2, … 𝜆𝑛, …, and thus we find simple poles at 𝑠1 = −𝐴1 and 𝑠2 =

−𝐴1 − 𝐴0𝜆𝑛
2 , 𝑛 = 1,2,3, …. Therefore, the inverse LT of 𝐹(𝑠, 𝑟), i.e., 𝑓(𝑥, 𝑟) can be obtained 

from Theorem 1 by calculating the residues (Res) of 𝑒𝑠𝑥𝐹(𝑠, 𝑟) at 𝑠1 = −𝐴1 and 𝑠2 = −𝐴1 −
𝐴0𝜆𝑛

2 , and then by taking their sum. At 𝑠1 = −𝐴1, we have 
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(Res)𝑠1
 =  lim

𝑠→𝑠1

(𝑠 − 𝑠1)𝑒𝑠𝑥𝐹(𝑠, 𝑟)                                                                                        (31) 

                                            =  𝑒−𝐴1𝑥 lim
𝑠→−𝐴1

(
𝐽0(𝑖√

𝑠+𝐴1
𝐴0

)𝑟

[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

) 

                       =  𝑒−𝐴1𝑥 lim
𝑠→−𝐴1

(
𝐽0(0)

[𝐴2𝐽0(0) − 0]
) 

=  
 𝑒−𝐴1𝑥

𝐴2
                                                                                                                                 (32) 

where J0(0) =1. 

 

At 𝑠2 = −𝐴1 − 𝐴0𝜆𝑛
2 , we have 

(Res)𝑠2 =  lim
𝑠→𝑠1

(
(𝑠−𝑠2)𝑒𝑠𝑥𝐽0(𝑖√

𝑠+𝐴1
𝐴0

)𝑟

(𝑠+𝐴1)[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

)                                                         (33) 

 

= lim
𝑠→𝑠2

(
(𝑠+𝐴1+𝐴0𝜆𝑛

2  )

[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

) × lim
𝑠→𝑠1

(
𝑒𝑠𝑥𝐽0(𝑖√

𝑠+𝐴1
𝐴0

)𝑟

(𝑠+𝐴1)
)                                             (34) 

 

= lim
𝑠→𝑠2

( (𝐺(𝑠, 𝑟)) ×
𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥𝐽0(−𝜆𝑛𝑟)

−𝐴0𝜆𝑛
2 )                                                                                (35) 

The limit of 𝐺(𝑠, 𝑟) as 𝑠 → 𝑠2 can be calculated using the L’Hospital’s rule as follows 

lim
𝑠→𝑠2

 (𝐺(𝑠, 𝑟)) =
𝑙𝑖𝑚𝑠→𝑠2(𝑠−𝑠2)

𝑙𝑖𝑚𝑠→𝑠2[𝐴2𝐽0(𝑖√
𝑠+𝐴1

𝐴0
)−𝑖√

𝑠+𝐴1
𝐴0

𝐽1(𝑖√
𝑠+𝐴1

𝐴0
)]

=
0

0
                                                       (36) 

=
𝑙𝑖𝑚𝑠→𝑠2

𝑑

𝑑𝑠
(𝑠+𝐴1+𝐴0𝜆𝑛

2 )

𝑙𝑖𝑚𝑠→𝑠2
𝑑

𝑑𝑠
[𝐴2𝐽0(𝑖√

𝑠+𝐴1
𝐴0

)−𝑖√
𝑠+𝐴1

𝐴0
𝐽1(𝑖√

𝑠+𝐴1
𝐴0

)]
                                                                                  (37) 

=
1

𝑑
                                                                                                                                            (38) 

 

were 

𝑑 = lim
𝑠→𝑠2

𝑑

𝑑𝑠
[𝐴2𝐽0 (𝑖√

𝑠+𝐴1

𝐴0
) − 𝑖√

𝑠+𝐴1

𝐴0
𝐽1 (𝑖√

𝑠+𝐴1

𝐴0
)]                                                              (39) 

=
1

4𝑖𝐴0𝜆𝑛
[−2𝑖(1 + 𝐴2)𝐽1(−𝜆𝑛) + 𝑖 𝜆𝑛(𝐽0(−𝜆𝑛) − 𝐽2(−𝜆𝑛))].                                                       (40)                                        

Since the functions 𝐽0 and 𝐽2 are even and 𝐽1 is odd, we obtain 
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𝑑 =
1

4𝐴0𝜆𝑛
[2(1 + 𝐴2)𝐽1(𝜆𝑛) + 𝜆𝑛(𝐽0(𝜆𝑛) − 𝐽2(𝜆𝑛))] 

                                           =
1

4𝐴0𝜆𝑛
[2(1 + 𝐴2)𝐽1(𝜆𝑛) + 𝜆𝑛(𝐽0(𝜆𝑛) − 𝐽2(𝜆𝑛))] 

                      =
1

4𝐴0𝜆𝑛

[2(1 + 𝐴2)𝐽1(𝜆𝑛) + 𝜆𝑛𝐽0(𝜆𝑛) − 2𝐽1(𝜆𝑛) + 𝜆𝑛𝐽0(𝜆𝑛)] 

=
1

2𝐴0𝜆𝑛
[𝐴2𝐽1(𝜆𝑛) +  𝜆𝑛𝐽0(𝜆𝑛)].                                                                                              (41) 

From (38) and (41), we get 

lim
𝑠→𝑠2

(𝐺(𝑠, 𝑟)) =
2𝐴0𝜆𝑛

[𝐴2𝐽1(𝜆𝑛)+𝜆𝑛𝐽0(𝜆𝑛)]
, 

Substituting above equation into (35), yields 

(Res)𝑠2
= (

𝑒−(𝐴1+𝐴0𝜆𝑛
2 )𝑥𝐽0(−𝜆𝑛𝑟)

−𝐴0𝜆𝑛
2 ) ×

2𝐴0𝜆𝑛

[𝐴2𝐽1(𝜆𝑛)+𝜆𝑛𝐽0(𝜆𝑛)]
                                                            (42) 

= −
2𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥𝐽0(−𝜆𝑛𝑟)

𝜆𝑛[𝐴2𝐽1(𝜆𝑛) + 𝜆𝑛𝐽0(𝜆𝑛)]
 

Hence, 

𝑓(𝑥, 𝑟) =
𝑒−𝐴1𝑥

𝐴2
− 2 ∑

𝑒−(𝐴1+𝐴0𝜆𝑛
2 )𝑥𝐽0(𝜆𝑛𝑟)

𝜆𝑛[𝐴2𝐽1(𝜆𝑛)+𝜆𝑛𝐽0(𝜆𝑛)]
∞
𝑛=1 .                                                                       (43) 

Inserting (43) into (24) leads to 

𝑓(𝑥, 𝑟) = 2 ∑
𝐴2𝐽0(𝜆𝑛𝑟)𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥

𝜆𝑛[𝐴2𝐽1(𝜆𝑛)+𝜆𝑛𝐽0(𝜆𝑛)]
∞
𝑛=1 ,                                                                                   (44) 

where the symbols 𝜆𝑛 denote the roots of the equation: 

𝐴2𝐽0(𝜆𝑛) − 𝜆𝑛𝐽1(𝜆𝑛) = 0.                                                                                                       (45) 

Using (45), the solution (44) can be written as 

𝑓(𝑥, 𝑟) = 2 ∑
𝜆𝑛𝐽1(𝜆𝑛)𝐽0(𝜆𝑛𝑟)

(𝐴2
2+𝜆𝑛

2 )𝐽0
2(𝜆𝑛)

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥,                                                                         (46) 

which agrees with solution in Ref. 4 derived by the separation of variables technique. 

Discussion of results 

The dimensionless cup-mixing average concentration is defined by 

𝑓𝑎𝑣 = 2 ∫ 𝑓
1

0
(𝑥, 𝑟)𝑟𝑑𝑟.                                                                                                            (47) 

Substituting (46) into (47), yields 

𝑓𝑎𝑣 = 4 ∑
𝜆𝑛𝐽1(𝜆𝑛)

(𝐴2
2+𝜆𝑛

2 )𝐽0
2(𝜆𝑛)

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥 ∫ 𝑟
1

0
𝐽0(𝜆𝑛𝑟)𝑑𝑟                                                       (48) 

or 
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𝑓𝑎𝑣 = 4 ∑
𝐽1

2(𝜆𝑛)

(𝐴2
2+𝜆𝑛

2 )𝐽0
2(𝜆𝑛)

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥.                                                                               (49) 

After including the relation (45) we obtain 

𝑓𝑎𝑣 = 4 ∑
𝐴2

2

𝜆𝑛
2 (𝐴2

2+𝜆𝑛
2 )

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥.                                                                                    (50) 

If 𝐴2 → ∞, then 

 𝑓𝑎𝑣 = lim
𝐴2→∞

(∑
𝐴2

2

𝜆𝑛
2 (𝐴2

2+𝜆𝑛
2 )

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥)                                                                             (51) 

which gives 

𝑓𝑎𝑣 = ∑
4

𝜆𝑛
2

∞
𝑛=1 𝑒−(𝐴1+𝐴0𝜆𝑛

2 )𝑥.                                                                                                   (52) 

Moreover, if 𝐴2 → 0 then Eq. (27) implies 

𝑓(𝑥, 𝑟) = 𝑒−𝐴1𝑥,                                                                                                                     (53) 

and the corresponding 𝑢𝑎𝑣 is obtained from Eq. (47) as 
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Figure 1. Plot of 𝑓(𝜆) vs 𝜆 for 𝐴2 = {0.0,0.3,0.5,0.7,0.9}. 

 

Figure 2. Plot of 𝑓(𝜆) vs 𝜆 for 𝐴2 = {1,3,5,7,9}. 

𝑓𝑎𝑣 = 2 ∫ 𝑒−𝐴1𝑥1

0
𝑟𝑑𝑟 = 𝑒−𝐴1𝑥                                                                                            (54) 

Therefore, Eq. (50) gives the general expression for the 𝑓av while Eqs. (52) and (54) are limiting 

cases. According to Biswas et al. 4, three roots 𝜆1, 𝜆2, and 𝜆3 of Eq. (45) were used. In addition, 

the following fitting functions were used to reproduce (𝜆1, 𝜆2, 𝜆3) in terms of 𝐴2 at several 

ranges. 

(𝑖) For0.01 ≤ 𝐴2 < 1

𝜆1 = 1.29861(𝐴2)0.477433, 𝜆2 = 4.00946(𝐴2)0.0119894, 𝜆3 = 7.11555(𝐴2)0.00376107

(ii) For1 ≤ 𝐴2 < 10

𝜆1 = 1.30427(𝐴2)0.239289, 𝜆2 = 4.05693(𝐴2)0.0927629, 𝜆3 = 7.10846(𝐴2)0.0463785

(iii) For10 ≤ 𝐴2 < 1000

𝜆1 = 2.10218(𝐴2)0.021361, 𝜆2 = 4.86441(𝐴2)0.0200514, 𝜆3 = 7.71165(𝐴2)0.0182292

 

In order to have a numerical comparison between the current calculations of the first three roots 

𝜆1, 𝜆2, and 𝜆3 of Eq. (45) and the corresponding results in 4 (using (𝜆1, 𝜆2, 𝜆3) in terms of 𝐴2), 

we may write Eq. (45) as a function of 𝜆 in the form: 

𝑓(𝜆) = 𝐴2𝐽0(𝜆) − 𝜆𝐽1(𝜆)                                                                                                       (55) 

Figures 1,2,3,4 and 5) highlight details about the roots of 𝑓(𝜆) for different values of 𝐴2. We 

verify that we have an infinite number of roots. In addition, all the roots of 𝑓(𝜆), excepting the 

first one, are nearly identical for small 𝐴2 ∈, as shown by Fig. 1. However, for the range 1 ≤
𝐴2 < 10, Fig. 2 reveals that the first seven roots are considerably different, while the others 

have approximately the same values. Figure 3 indicates that the first two roots are nearly 

identical, while the rest of roots are considerably different for the range 10 ≤ 𝐴2 < 45. For 

higher values of 𝐴2, namely in the ranges 50 ≤ 𝐴2 < 90 and 100 ≤ 𝐴2 < 900, Figs. 4 and 5 
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reveal that the roots of 𝑓(𝜆) are nearly identical. However, the results introduced 𝑖𝑛4 were 

mainly depend on obtaining the first three roots 𝜆1, 𝜆2 and 𝜆3 and, therefore, the proposed 

approach is more accurate. 

 

Figure 3. Plot of 𝑓(𝜆) vs 𝜆 for 𝐴2 = {10,20,30,35,45}. 
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Figure 4. Plot of 𝑓(𝜆) vs 𝜆 for 𝐴2 = {50,60,70,80,90}. 

 

 

Figure 5. Plot of 𝑓(𝜆) vs 𝜆 for 𝐴2 = {100,300,500,700,900}. 

Table 1 presents the three roots 𝜆1, 𝜆2 and 𝜆3 of Eq. (45) and the corresponding results from 4 

(using Eq. (46)) in the interval 𝐴2 ∈. The calculations of the present roots are accomplished 

through MATHEMATICA. The absolute errors listed in Table 1 show that the results presented 

in 4 agree with the obtained ones only up to two/three digits at most. This means that the new 

approach leads to better results than those of 4 after 3 decimal places. A similar conclusion is 

also obtained in Table 2 regarding 𝜆1, 𝜆2 and 𝜆3 for the range 1 ≤ 𝐴2 < 10. 

Table 3 shows that the absolute errors increase in the range 10 ≤ 𝐴2 < 1000. Such differences 

in the values may lead to differences when calculating the chlorine concentration or the cup-

mixing average concentration. The behavior of the cup-mixing average concentration 𝑢𝑎𝑣, at 

the outlet 𝑥 = 1 of a pipe, versus 𝐴1 are displayed in Figs. 6, 7, 8 and 9 for several values of 

𝐴0 and 𝐴2. These figures indicate that the 𝑓𝑎𝑣 is always a decreasing function in the parameter 

𝐴1. This means that the cup-mixing average concentration decays with increasing the parameter 

𝐴1. In conclusion, the proposed approach gives a clear and precise solution of the mathematical 

model. 

𝐴2 Present Ref. 4 Absolute error 

 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 

0.01 0.141

245 

3.834

31 

7.017

01 

0.144

083 

3.794

09 

6.993

37 

0.002

838 

0.040

230 

0.023

645 
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𝐴2 Present Ref. 4 Absolute error 

0.10 0.441

682 

3.857

71 

7.029

83 

0.432

559 

3.900

29 

7.054

19 

0.009

122 

0.042

576 

0.024

369 

0.20 0.616

975 

3.883

51 

7.044

03 

0.602

237 

3.932

83 

7.072

61 

0.014

738 

0.049

329 

0.028

579 

0.50 0.940

771 

3.959

37 

7.086

38 

0.932

732 

3.976

28 

7.097

02 

0.008

038 

0.016

907 

0.010

643 

Table 1. Comparisons of present roots 𝜆1, 𝜆2, and 𝜆3 of Eq. (45) and the corresponding results 

in Ref. 4 using(𝜆1, 𝜆2, 𝜆3) in terms of 𝐴2),) (0.01 ≤ 𝐴2 < 1). 

𝐴2 Present Ref. 4 Absolute error 

 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 

1 1.255

78 

4.079

48 

7.155

80 

1.304

27 

4.056

93 

7.108

46 

0.048

49 

0.022

55 

0.047

34 

2 1.599

45 

4.290

96 

7.288

39 

1.539

57 

4.326

35 

7.340

69 

0.059

87 

0.035

39 

0.052

30 

5 1.989

81 

4.713

14 

7.617

71 

1.917

01 

4.710

16 

7.659

36 

0.072

81 

0.002

98 

0.041

66 

Table 2. Comparisons of present roots 𝜆1, 𝜆2, and 𝜆3 of Eq. (45) and the corresponding results 

in Ref. 4 using (𝜆1, 𝜆2, 𝜆3) in terms of 𝐴2)) (1 ≤ 𝐴2 < 10). 

𝐴2 Present Ref. 4 Absolute error 

 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 𝜆1 𝜆2 𝜆3 

10 2.179

50 

5.033

21 

7.956

88 

2.208

16 

5.094

27 

8.042

23 

0.028

67 

0.061

05 

0.085

35 

50 2.357

24 

5.411

20 

8.483

99 

2.285

40 

5.261

35 

8.281

67 

0.071

85 

0.149

85 

0.202

31 

100 2.380

90 

5.465

21 

8.567

83 

2.319

49 

5.334

98 

8.386

98 

0.061

41 

0.130

23 

0.180

85 
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Table 3. Comparisons of present roots 𝜆1, 𝜆2, and 𝜆3 of Eq. (45) and the corresponding results 

in Ref. 4 using (𝜆1, 𝜆2, 𝜆3) in terms of 𝐴2)) (10≤ 𝐴2 < 1000). 

 

Figure 6. The 𝑓𝑎𝑣 against 𝐴1 at different values of 𝐴2, 𝐴0 = 1.4. 

 

 

 

Conclusion: 

The Laplace integral transforms of Bessel functions will be used in this essay to evaluate 

definite integrals. The findings demonstrate that Laplace transforms for these functions can 

quickly and with little computational effort determine integrals including Bessel functions in 

the integrand.  

 

The two-dimensional chlorine model was discovered to have a theoretical solution. The exact 

response was obtained using the LT. The inverse LT of complex expressions was found using 

the residues approach, and the solution was expressed in terms of Bessel functions of the first 

and second kinds of order zero. The exact outcomes are consistent with those previously 

published by the separation of variables approach. However, the resulting numerical findings 

are superior to those given in^4 due to the limitations on the computation of the roots of Eq. 

(45). In previous publications, a range of fitting curves were used to quantitatively forecast the 

values of such roots at specific values of 𝐴2.  

This fitting method contains some numerical flaws, as shown in Tables (1-3), and the absolute 

errors might be substantial in several cases. An analytical expression for the dimensionless 

cup-mixing average concentration was provided. The results showed that the new approach 

offers reliable and accurate solutions to the problem. 
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Figure 7. The 𝑢𝑎𝑣 against 𝐴1 at different values of 𝐴2, 𝐴0 = 1.4 × 10
−3

. 
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Figure 8. The 𝑢𝑎𝑣 against 𝐴1 at different values of 𝐴2, 𝐴0 = 1.4 × 10
−2

. 

 

Figure 9. The 𝑢𝑎𝑣 against 𝐴1 at higher values of 𝐴2, 𝐴0 = 1.4 × 10
−2

. 
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