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ABSTRACT

Booth introduced and investigated the (left) Jacobson radicals of type 0, 1 and 2 for I'-
nearrings which are extensions of the (left) Jacobson radicals of nearrings. In this paper right
quasiregular elements are introduced in a I'-nearring and a characterization of the right
Jacobson radical of type-0 is presented using these elements. The paper establishes that the
right Jacobson radical of type-0 of a I'-nearring W is the largest right quasiregular ideal of W
and also right Jacobson radical of type-0 of W is the intersection of all right 0-primitive ideals
of W. Furthermore, a right O-primitive ideal of a I"-nearring W 1is also a prime ideal of W.
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L.INTRODUCTION

I'-nearrings are generalizations of rings, I'-rings and nearrings. Booth (1988) started the study
of radicals of gamma nearrings [4]. Many radicals of gamma nearrings were developed and
studied by Booth (1989, 1998) [3]. The Jacobson radicals, [,,, (v =0, 1, 2), of nearrings were

extended to I'-nearrings by Booth (1989). Several other radicals of nearrings including the
Brown-McCoy radical was extended to I'-nearrings.

In rings, I'-rings and nearrings, element wise characterization of Jacobson radicals
were given through the quasiregularity. On quasiregular elements in a ['-nearring (left) are
introduced and a characterization of Jacobson radicals of a I'-nearring (left) in terms of quasi-
regular ideas [1].

Right Jacobson radicals of nearrings were introduced and studied in [2]. Unlike in left
Jacobson radicals of nearrings, the right Jacobson radicals of nearring provide an analogous of
Wedderburn-Artin theorem of rings and all these right Jacobson radicals are KA-radicals.

In this paper the right jacobson radical of type-0 of nearrings is extended to I'-
nearrings. Similar to nearrings right quasiregularity and right modularity are introduced in I'-
nearrings, in order to give element wise characterization and other characterizations of
Jacobson radicals of I'-nearrings and thus to develop new structure theorems in I'-nearrings.

It is proved that The Jacobson radical [;(W) is the largest ideal of W included within

the radical J1;,(W). A maximal right modular ideal C of a I'-nearring W is a right O-primitive

ideal of W. Furthermore, a right O-primitive ideal of a I'-nearring W is also a prime ideal of
W.

2.PRELIMINARIES

Definition 2.1. A I'-nearring is defined by the triple (W, +, T).
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1. The pair (W, +) forms a group;
ii. T isanon-empty collection of binary operations defined on the set W provided that for
eachy € I', (W, +, v) is a right nearing;

iii.  (syt)uu = sy(tuu) for each s, t, ue W, y, n €T.
A T'-nearring W is zerosymmetric I'-nearring if sy0 = 0 for everys € W,y € T.
Wo={seW | sy0 = 0 for each y € I'} which is known as the zerosymmetric part of W.
Wc={seW | sy0 = s for each y € I'} which is known as the constant part of W.
Unless or until specified all I'-nearring are zerosymmetric I'-nearrings.

Definition 2.2. If C is a subset of I -nearring W then C is right ideal of W if

1. Cis a normal subgroup of the additive group W;
1. syueCforeach ue W,y €Tl ands & C.

Definition 2.3. If C is a subset of I'-nearring W then C is left ideal of W if

1. Cis a normal subgroup of the additive group W;
ii. uy(v+ts)—uyveCforeach uuveW,yET ands € C.

If C is a subset of T'-nearring W then C is an ideal of W if it is both a right and a left ideal.

Definition 2.4. If P is an ideal of a I'-nearring W then P is a prime ideal if S, T are ideals of
W and ST'T € P implies either SEP or T EP.

Definition 2.5. If P is an ideal of a I'-nearring W then P is a semi-prime ideal if S is ideal of
W and ST'S € P implies S € P.

Remark 2.6.

i. A Tl-nearring W is known as prime (semi-prime) if {0} is prime (semi-prime) ideal of
Ww.
ii. If P is an ideal of a I'-nearring W then P is a prime (semi-prime) ideal of W if and

only if W/C is prime (semi-prime) I'-nearring.
iii.  Every prime ideal of a '-nearring W is semi-prime ideal of W.

Definition 2.7. If W is a I'-nearring, an element s € W is nilpotent element if for every y €T
exists a positive integer n (based on y) provided that (sy)"s = 0.

If B is a subset of W then B is nil if every element of B is nilpotent.
If B is a subset of W then B is nilpotent if (BI')®B = {0}, for few positive integer n.

3. RIGHT QUASI REGULARITY AND JACOBSON RADICALS OF TYPE-0

Definition 3.1. If W is a T'-nearring, s € W and y € T'. Consider C,, to be a right ideal of W

generated by the set of each element {u — syu | u € W}. Then s is Right y-quasiregular if s
EC.y (orC=W).
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Definition 3.2. If W is a I'-nearring and s € W. Then s is Right quasiregular if s is Right y-
quasiregular for each y € T.

If B is a subset of W then B is Right y-quasiregular if every element of B is Right y-
quasiregular.

Definition 3.3. If W is a I'-nearring, C is a right ideal of W then C is Right modular if there
exists ey € W and vy, €T provided that u — eyy,u € C for eachu € W.

In this case C is right modular by &,.

Note: Consider C to be a proper right ideal of W and C is right modular by e,. Then e, & C.
We have u — eyy,u € C for each u € W for few y, € I'. If e; € C then, eyy,u € C for each u
EW. Asu — eyy,u € C for each u € W. We get that u = (u — ey u) + eyyu € C for each u
EW.

So W < C and hence C = W, a contradiction.
Proposition 3.4. Consider W to be I'-nearring and s € W, y € I'. Then

i. C,,=Wifandonlyif s€C_,

ii. €, modular by s.

Proof. (i) If C_, = W then obviously, s € C_,,. Assuming that s € C_,, and w € W. We have
w = (w — syw) + syw. Also syw € C__as C__, is a right ideal of W and s € C_, and w -

and hence C,,, = W.

A

syw€ C_, . Sow=(w — syw) +syw € C_ . Therefore WS C_,

(ii) A right ideal C
W. Thus C

=y is generated by {w — syw | w € W}. Sow — syw € C_, foreach w €

=y 1S modular by s.

Proposition 3.5. If s is an element in I'-nearring W is nilpotent then s is right quasiregular.

Proof. Assuming that s € W is nilpotent and y, € T'. Since s € W is nilpotent there is a
positive integer n provided that (syy)™s = 0. Presently C_,  is the right ideal generated by the
set {u — sypu | u € W}. s € Wimplies that s — sygs € C_,, . So sy,S — S¥p(SYpS) = SYpS —
(5¥p)’s € C\ -5 — SYpS, 5YpS — (SYp)’s, (5Y0)’s — (5Yp)’s, . .., (S¥p)" s — (s¥p)"s €C,, .
(s — 5YpS) + ((5YoS — (5Y0)’8)) + (((5¥0)s — (5vo)'s)) +. .. + ((5Y0)" " 's — (5vp)"5) €
Cey,-S0s —(syp)"'s€C that is, s = 0 € C_ . Thus s is right y-quasiregular. Since vy

€ T is arbitrary, s is right quasiregular.

E¥p

Corollary 3.6. Every nil subset of a I'-nearring W is right quasiregular.
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Proof. Consider B to be nil subset of a I'-nearring W.Then by definition for each b € B, b is
nilpotent in W for all b € B, b is right quasiregular by Proposition 3.5. Therefore B is right
quasiregular. Thus every nil subset of W is right quasiregular.

Corollary 3.7. Every nil ideal C of a I'-nearring W is right quasiregular.

Proof. Consider C to be nil ideal of a I'-nearring W. Then every element of C is a nilpotent
element of W. By the above Corollary 3.6, every element of C is right quasiregular. Hence C
is right quasiregular ideal of W.

Lemma 3.8. Consider W to be non zerosymmetric I'-nearring. Then the constant part of W is
right quasiregular.

Proof. Consider Wc to be a constant part of W and s € Wc. We have that We:= {u € W |
uy0 =u for all y € T'}. Consider we € Wc . So wey0 = we. We prove that weyw = we for each
w E W, y €. Consider w € W and § € T'. Presently (w.y0)dw = wc.dw and that wey(06w) =
wcdw and that wey0 = wedw. So we = wedw. Consider C be the right ideal of W generated by
u—syu,,ueEWandy€ETl. Forue W, yel, (u+ts)—sy(uts)y=(u+s)-s=u€C.
Therefore C = W and hence s is right quasiregular. So Wc is right quasiregular.

Proposition 3.9. Consider e € W. Then e is a right quasiregular if and only if no proper right
ideal of W is right modular by e.

Proof. Assuming that e is a right quasiregular. Consider C to be a proper right ideal of W
right modular by e. So e & C by the above argument. Consider v, € I'. Presently u — ey u €
C for each u € W as e is right y,-quasiregular. Since e is right y,-quasiregular, C = W. This
is inconsistent with e &€ C. Therefore, W has no proper right ideal which is right modular by
e. Conversely, Assuming that no proper right ideal of W is right modular by e. We prove that
e is right quasiregular in W. Consider v, € I and C be the right ideal of W generated by u —
eypu, u € W. Presently C is right modular by e. By our assumption C = W. So, e is right y;-
quasiregular. Since v, € I is arbitrary, e is right quasiregular.

Proposition 3.10. Consider C to be a proper right ideal of I'-nearring W. If C is a right
modular, then C included in a maximal right ideal of I'-nearring W which is also right
modular.

Proof. Assuming that C is a right modular by e, that is, u — eyu € C for each u € W, for few
yETl. Ife€C,then C=W,a contradiction. Soe & C. let S := {E | E is a right ideal of W, e
€ E and C € E}. Since C € S, S # Q. If is clear that S satisfies the hypothesis of zorn’s

lemma under set inclusion. So by zorn’s lemma, S includes a maximal element, say U.
Presently U is a right ideal of W, e € U and C € U. We claim that U is maximal right ideal of

W. Presently U # W as e € U. Consider V to be right ideal of W provided that U &V EW,
and V#W.Ife €V, then u = (u — eyu) + eyu € V for each u € W and hence V=W, a
contradiction. So e &€ V, and hence V € S. By the maximality of U, U = V. Therefore, U is a
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maximal right ideal of W. Since C is right modular by & and C & U, we have that U is also
right modular by e. Thus U is a maximal right modular right ideal of W containing C.

Corollary 3.11. Consider W to be I'-nearring, C is a modular right ideal of W, C #= W and
which is modular by e then e is not quasiregular in W,

Proof. Given that C is a modular right ideal of the I'-nearring W, modular by &,, and C = W.
Since C is a right modular right ideal of W, there exist v, € I provided that u — ey u € C

for each u € W. Presently, consider C be the right ideal of W generated by {u — eyy u|

o, Yo
u € W}. Since C is modular by e, all elements of the form u — eyy,u are in C. Thus, C,
S C. However, C = W, so C__

quasiregular in W. So e, is also yo-quasiregular in W. Therefore C, , =W and that C =W,

o

v, 18 @ proper right ideal of W. Presently, suppose 4 is

a contradiction to C # W. Therefore e, is not quasiregular in W.

Definition 3.12. If W is a T'-nearring, a group (D, +) is a right TW-group if there is a
mapping (d, v, w) — dyw of D X I" X W into D provided that

1. (dyu)uv =dy(upv)
ii. (d+h)yu=dyu+hyuforeveryu,vEW,y,u €Tl andd, h € D.

Here, W is a I'-nearring and D is a T'W-group.

Definition 3.13. An element d € D is known as distributive if there is a y € I" provided that
dy(u +v) =dyu + dyv for eachu, v E W,

Definition 3.14. An element d € D is known as generator of 'W-group D, if dyW = D for
fewvy eT.

Definition 3.15. Assuming that D is a 'W-group and d € D is a distributive element, that is,
for few v, €T, dyy(u + v) = dyyu + dy,v for each u, v € W.Then D is known as monogenic
I'W-group if dy,W =D.

Definition 3.16. If H to be subgroup of D then H is an (right) F'W-subgroup of D, if hyw €
H foreachw €W, yeTand h € H.

Definition 3.17. If K to be normal subgroup of D then K is an 'W-ideal of D, if syw € K for
eachw €W, y€Tl ands € K.

Every right ideal of W is an ideal of the right TW-group W. Also, if C is a right ideal of W,
then W/C is a right T'W-group, where (u + C)yw = uyw + C, for eachu + C € W/C, w €W
and vy T,

Definition 3.18. If D is a right [W-group. Then D is simple if DI'W =+ {0}, {0} and D are
the only ideals of D.
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Definition 3.19. If W is a I'-nearring and D, E be right I' W-groups a mapping /: D — E is

called an 'W-homomorphism if

Lo futv) =fw+f(v);
it.  f(uyw) =f(u)yw foreachu,ve D,we W, yeT.

D is ' W-isomorphic to E if there is a one-one I'W-homomorphism of D onto E.
We write D 2, Eif D is 'W-isomorphic to E.

Proposition 3.20. If W is a I'-nearring and D is a right 'W-group then D is monogenic if and
only if there is a right modular right ideal C of W provided that W/C 2r,; D.

Proof. Consider W be a I'-nearring and D be an I'W-group. First Assuming that D is
monogenic. So we get a distributive element d € D, that is, for few v5 € T, dyy(u + v) = dy,u
+ dy,v for each u, v € W with dy,W = D. Define f: W — D by f(w) = dy,w for each w € W.
Consider w, z€ W, 6 € T and h € D. Also, f(w + z) = dyy(w +z) = dy,w + dy,z = f(w) +
f(z) and f(héw) = dy,(hdéw) = (dy h)dw = f(h)dw. So fis an I W-homomorphism. For d, €
D there exists w € W provided that dy,w = d; and f(w) = dyy,w = d,. Thus f is onto D.
Presently kerf = {w € W | f(w) = 0} = {w € W | dy,w = 0}. Consider kerf= C. Then C is a
right ideal of W and W/C =, D. Since dy,W = D, we get ¢ € W provided that dy,e = d.
Presently dyg(w — eyow) = dypgw — (dyvg)eygw = dyyw — (dyge)ypw = dygw — dy,w = 0.
Therefore, w — eyyw € C for each w € W. Thus C is a right modular right ideal of W.
Conversely, Assuming that C is a right modular right ideal of W and W/C =r,, D. We get e
€ W, v, €T provided that u — eyyu € C for each u € W. We see that (e + C) is a generator of
the right T'W-group of W/C. Consider u € W. Nowu —eyau € C.Sou+C=eyu+C=(e+
C)ypu € (e + C)yyW and hence (e + C)y,W = W/C. Therefore, e + C is a generator of the
I'W-group W/C. Consider u, w € W. We have (u + w) — eyp(u + w), u — eypu, w — eyyw
€ C. Consideri=u —eyyu and j=w —eygw.u=1+eysu and w=j+ey,w.(u+w)—
evo(u + W) = (i + eyou) + ( + evoW) — eyo(u + W) = i + (eYou + j — eyou) + eyou +
eYoWw — eYp(u + w) € C. And that, eyyu + eyyw — ey,(u + w) € C. Therefore eyy(u + w)
+ C = (eypu + eyyw) + C. (e + C)yglu + w) = eyy(u + w) + C = (eypu + eyyw) + C =
(eygu + C) + (eyyw + C) = (e + O)ygu + (e + C)yyw € W/C. This shows that (e + C) is a
distributive element of the 'W-group W/C. Therefore, W/C is monogenic 'W-group. Since
W/C =2y D, D is also a monogenic 'W-group.

Definition 3.21. If D is a monogenic right I'W-group. Then D is a right TW-group of type-0
if D is a simple.

Definition 3.22. If C is a modular right ideal of W. Then C is 0-modular right ideal of W if
W/C is a right T'W-group of type-0.

Theorem 3.23. A modular right ideal C of W is a 0-modular right ideal of W if and only if C
is a maximal right ideal of W.
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Proof. We have that C is a modular right ideal of W. Assuming that C is 0-modular right
ideal. So W/C is a right 'W-group of type-0. Since W/C is a right I'W-group of type-0, W/C
is a simple 'W-group. So C is a maximal right ideal of W. Since W/C is a right 'W-group of
type-0, W/C is a monogenic 'W-group. So we get u + C € W/C and y € T provided that (u +
COyW=W/Cand (u+C)y(v+tz)=@+C)yyv+ (u+C)yz foreachv, z€ W. Define f: W —
W/C by f(w) = (u + C)yw = uyw + C for each w € W, Consider w,z€ W, 5 € 'and h €
W/C. Also, flw +z)=(u+ C)y(w+z)=(u+C)yw+ (u+C)yz=(uyw +C) + (uyz + C) =
f(w) + f(z) and f(hdw) = (u + C)y(héw) = ((u + C)yh)éw = (uyh + C) dw = f(h)éw. So fis
an 'W-homomorphism. Since (u + C)y W = W/C, for v + C € W/C there exists w € W
provided that (u + C)yw =v + C and f(w) = uyw + C = v + C. Thus fis onto W/C. Since (u +
C)y W =W/C, we get e € W provided that (u + C)ye = u + C. Presently for w € W, (u +
Cy(w —eyw) = (u + C)yw — ((u + C)y)eyw = (uyw + C) — ((u + C)ye)yw = (uyw + C) —
(u+ C)yyw = (uyw + C) — (uyw + C) =C. Presently kerf = {w EW | f(w) =0} ={weEW |(u
+C)yw =0} ={weEW|uyw + C=C} = {w € W |uyw € C}. Consider kerf = C. Then C is
a right ideal of W. C is a right modular right ideal of W. Thus, if C is a 0-modular right ideal,

it’s also modular and maximal. Conversely, Assuming that C is maximal. We show that C is
a 0-modular right ideal of W, that is, W/C is a right 'W-group of type-0. First we show that

W/C is a monogenic right T'W-group. Since C is modular, we get e € W, y € " provided that
u — eyu € C for each u € W. We see that (e + C) is a generator of the right T'W-group of
W/C. Consider u € W. Presently u —eyu € C. Sou+ C=eyu+C= (e + C)yu € (¢ + C)yW
and hence (e + C)yW = W/C. Therefore, e + C is a generator of the 'W-group W/C. Consider
u, w € W. We have (u + w) —ey(u + w),u — eyu, w — eyw € C. Consider i =u — eyu
andj=w-eyw.u=i+eyu andw=j+eyw. (utw)—ey(u + w)=_>G+eyu) +(+eyw)
—ey(u + w) =i+ (eyu+j— eyu) +eyu+eyw —ey(u + w) € C. And that, eyu + eyw —
ey(u + w) € C. Therefore ey(u + w) + C = (eyu + eyw) + C, that is, (e + C)y(u + w) =
ey(u + w) + C=(eyu + eyw) + C = (eyu + C) + (eyw + C) = (e + C)yu + (e + C)yw. This
shows that (e + C) is a distributive element of the I'W-group W/C. Therefore, W/C is
monogenic 'W-group. Presently we show that W/C is a simple 'W-group, that is, W/C has
no proper 'W-ideals other than {0} and W/C. Since C is maximal right ideal of W, if E is an
ideal of W and C € E € W then either C = E or E = W. Consider K to be 'W-ideal of W/C.
Now K = E/C for few right ideal E of W containing C. Since C € E & W and C is a maximal
right ideal of W, either C = E or E = W, that is, K = {0} or K = W/C. Therefore W/C is a
simple 'W-group and hence W/C is a 'W-group of type-O0.

Definition 3.24. J7 (W) is the intersection of all 0-modular right ideal of I'-nearring W. If
W has no 0-modular right ideals then Ji,,(W) is defined as W.

Theorem 3.25. If W is a I'-nearring then J{,, (W) is largest right quasiregular ideal of W.
Proof. Consider W be a I'-nearring. Being the intersection of all 0-modular right ideals of W,

J1i;2(W) is a right ideal of W. Presently we prove that Ji,,(W) is right quasiregular R. If
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J1;2(W) =W then every element of W is right quasiregular and thus the theorem is true in this

case. Assuming that J|;,(W) # W. Consider s € J{,,(W). Let vy €. We presently prove that s
€ C,,, the right ideal of W generated by the set {u — syu|u € W, v € T'}. On the contrary
Assuming that s € C_ . By zorn’s lemma C_,, can be extended to a maximal modular right
ideal of B of W. [A4 = {K| K is a proper right ideal of W and I, ., © K}. <A is poset under set
inclusion (£) (K; = Ko if and only if K; & K>, Ki, Ky € <A). Consider {K_, | @ € A} to be
chain in A4, (a;, ax € A implies either K, & K_, or K, S K, ). Consider K=Ua € A
K,. Clearly K € A and is an upper bound of the above chain. Therefore by zorn’s lemma A4
has a maximal element T. We prove that T is a maximal right ideal of W. Assuming that T &
X €W, X is a right ideal of W. If X # W, X € «A. Therefore T is a maximal right ideal of W,
(If K=W, thens K. Sos €K, forfewa €A, u-syueC,, SK,andsyueK,ass€
K.)l. Since C_,, & B, B is a maximal modular right ideal of W. So Jj,,(W) < B and that s €
B. So, syu € B for each u € W. Alsou - syu € C., =B for each u € W. Therefore, u = (u -
syu) + syu € B for each u € W. So W & B and W = B. This is contradiction to the
maximality of B. Therefore, s € C_ . Hence s is right 7-quasiregular. 7 being arbitrary, s is
right quasiregular and thus Ji,,(W) is a right quasiregular ideal of W. Consider Z to be right
quasiregular ideal of W. Presently show that Z S J[,,(W). Suppose, on contrary that Z &
J1;2(W). Then we have a 0-modular right ideal K of W provided that Z € K. So K + Z=W.
As K is modular, there exists ¢ € W and v € I provided that u — eyu € K for each u € W,
Now e € W that implies e =k + z, k € K and z € Z. Since K is a right ideal of W, u — zyu=u
—(—k+e)yu=u+kyu-eyu=(u—eyu)+kyu € K for each u € W. Thus K (# W) is right
ideal of W which is modular by z. Therefore z is not right quasiregular element which is a
contradiction. Therefore our supposition that Z € J7,,(W) is false. Thus Z S J{,,(W).
Therefore J|,,(W) is a largest right quasiregular ideal of W.

Corollary 3.26. J{;,(W) includes all nilpotent (nil) right ideals of the I'-nearring W.

Proof. Consider W to be I'-nearring. From above Theorem 3.25, [i;,,(W) is largest right

quasiregular ideals of W. Consider C to be nil right ideal of W. Since C is nil, by Corollary
3.7, C is right quasiregular in W. Therefore C is right quasiregular ideals of W. Hence C &
J1;2(W). Consider C to be nilpotent right ideal of W. So C is a nil right ideal of W. As seen

above, C & J1;,(W).

Definition 3.27. Consider D to be right F'W-group. The annihilator of D denoted by (0 : D)
={ueEW|dyu=0foreachd EDandy€T}.

If U and V are non empty subsets of W, then (U : V) denoted the set {w € W | Vyw & U for
eachy €T}.
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Proposition 3.28. If {Ri|i € C} is a non-empty collection of right ideals of TI'-nearring W
then [ cc(Ri: W)= (;cc Ri: W), where (V: W)={ueW |wrue VforallyeIl and we
W 3.

Proof. {Ri|i € C} is a non-empty collection of right ideals of TI'-nearring W. Consider s €
M;zc(Ri: W), Let i € C. Presently, s € (Ri: W) So, wys € R; foreach v €T and w € W,
Since i € C is arbitrary wys € ;- R; for each v € I and w € W. Therefore s € ([, ¢ Ri:
W) and that ; - (Ri: W) & (MN;z¢c Ri: W) — (1). Consider s € (; = Ri: W), Consider i €
C.wys € [l,zc Riforcach vy €I and w € W. So wys ER; for each vy €I, w € W and for
each i € C. Therefore s € (Ri: W) for each i € C, thatis, s € [, . (Ri: W). (M, zcc Ri: W) &
M cc(Ri: W) — (2). From (1) & (2). M cc(Ri: W) = (M; z¢c Ri: W).

Proposition 3.29. Consider C to be right ideal of W then C is right modular if and only if
there is a right TW-group D which is monogenic by dg provided that C = (0 : d;).

Proof. Assuming that C is right modular by eo. So we get y, € T provided that u — eoyyu € C
for each u € W. By Proposition 3.20, e + C is a generator of the right I'W-group W/C is
monogenic. Presently w E (C:e0+ C) = epyyw + C=C = epygWwW EC=wECasw —
eoYpw E C. Therefore C = (C : ep + C). Conversely, Assuming that I'W-group D is
monogenic by dg and (0 : dy) = C. We get v, € I provided that d;y,W = D and dgy,(u + v)
=d,yu + dyy,v for each u, v E W. We get e € W provided that dyy, eo = dy. Consider w €
W. Presently dyyy (W — eovow) = dpyow — (dgygleovow = dayow — (dg¥geo) YoWw = dpyaw
— dgyow = 0. Therefore w — eoyyw € (0 : dy) = C. Hence, C is a right modular by eo.

Lemma 3.30. Consider D to be monogenic I'W-group. Then (0 : D) includes a largest ideal
of the I'-nearring W and is denoted by (0 : D).

Proof. We have DT'0 = {0}. We get dy € D, v, € I provided that dyy,(u + v) = dgyu +
dgyev for each u, v € W and dyy,W = D. 0 + dgy,0 = dyv,0 = dpy,(0 + 0) = dyyp0 +
da¥0. 0 + dyyp0 = dayp0 + dgyp0 = 0 = dyy,0. DI0 = (dyypW)I0 = (dpyp) WI0 = dyy,0
=0. So {0} is an ideal of W and {0} = (0 : D) — (1). Let C, E to be ideals of the I'-nearring
WandCE(0:D),ES(0:D)thenC+E S (0:D). SoDI'C= {0} and DTE = {0}. Let D
be monogenic by dy € D as a I'W-group. Let d € D. Now d = dgyyu for few u € W. Let v €
C,z€E. dy(v + z) = (dpyou) ¥ (v + 2) = do¥p(uy(v + 2)) = dg¥p( (uy(v + z) — uyz) +
uyz) =dgyy [vi+ z1] = dgyevi +dgypzi, viEC,Z1EE=0+0=0.SoC+E S (0:D)
—(2). {C, | @ € A} be the set of all ideals of W included in (0 : D) then £, -, C, S (0 : D).
From (2) and £, - , C, is the largest ideal of W included in (0 : D). Hence (0 : D) includes
largest ideal of the I'-nearring W.

Proposition 3.31. Consider D to be right 'W-group and D is a right 'W-group of type-0 if
and only if there is a maximal right modular right ideal C of W provided that D i1s I'W-
isomorphic to W/C.
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Proof. D is a right ' W-group. Assuming that D is a right I W-group of type-0. By proposition
3.20, TW-group D is monogenic, So we get a distributive element d € D, that is, for few y; €
T, dyy(u + v) = dyyu + dygv for each u, v € W with dy,W = D, and D is 'W-isomorphic to
W/C for few right modular right ideal C of W. Since D is simple I' W-group, W/C is also
simple I'W-group. Therefore C is a maximal right ideal of W. Conversely, Assuming that C is
maximal right modular right ideal of W and D is I W-isomorphic to W/C, We show that D is
a right I'W-group of type-0. Since C is maximal right ideal of W, By Theorem 3.23, W/C is
simple I'W-group. Therefore D is also simple I W-group. Since C is right modular right ideal
of W, By Theorem 3.23, W/C is a monogenic I W-group. Therefore D is also monogenic
I'W-group.Hence, D is a right TW-group of type-0.

Proposition 3.32. Consider C to be right modular right ideal of W. Then (C : W) = C.

Proof. Suppose C is a right modular right ideal of W. So we get eo € W and y, € I provided
that u — eoyyu € C for each u € W. Consider E = (C : W). So WI'E € C. Consider v € E.
Now eoygv E C. As v — eoypV E C, (V — eo¥gV) + eoy¥yv E C and that v € C. Therefore E = C,
that is, (C: W) € C.

Proposition 3.33. If C is a right modular right ideal of W, then (C : W) is largest ideal of W
included in C.

Proof. Suppose C is a right modular right ideal of W. So we get eo € W and y, € I provided
that u — eoyyu € C for each u € W. Since C is right modular right ideal of W, by Proposition
3.32, (C: W) € C. Consider E be an ideal of W included in C. So WTE € C and that E € (C :
W). Since E is an ideal of W, E & (C : W). Hence, (C : W) is the largest ideal of W included
in C.

Definition 3.34. If C is a ideal of W. Then C is Right 0-Primitive ideal of W. If C is the
largest ideal of W included in (0 : D) = {w € W | dyw = 0, for each d € D and y € '}, for few
right T'W-group D of type-0.

Consider D to be I'W-group of type-0. Since (0 : D) is the largest ideal of W included in (0 :

D), by the definition of right O-primitive ideal of W, (0 : D) is a Right 0-Primitive ideal of
W.

[-nearring W 1is right O-primitive I'-nearring if {0} is a right O-primitive ideal of W.

Proposition 3.35. Consider Q to be ideal of a zerosymmetric I'-nearring W. Q is right 0-
primitive ideal if and only if Q = (K : W) for few right 0-modular right ideal K of W.

Proof. Q is an ideal of zerosymmetric I'-nearring W. Assuming that Q is a right O-primitive
ideal of W. So there is a right T'W-group D of type-O provided that Q = (0 _: D). By
Proposition 3.31, there is a maximal right modular right ideal K of W provided that D is TW-
isomorphic to W/K. Since D is a right T'W-group D of type-0, W/K is also right T'W-group D
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of type-0. So by definition, K is a 0-modular right ideal of W. Presently Q =(0: D)= (0
W/K) = (K : W). Conversely Assuming that Q = (K : W) for few right 0-modular right ideal
K of W. Since K is a 0-modular right ideal of W, by definition, W/K is a right F'W-group D of
type-0. So (0: W/K) is a right O-primitive ideal of W. Presently Q = (K : W) =(0: W/K) is a
right O-primitive ideal of W.

Definition 3.36. The right Jacobson radical of W of type-0 is defined as J;(W)=n{Q | Q
is a right O-primitive ideal of W} and J;(W) is defined as W if W has no right O0-primitive

ideals.
Theorem 3.37. If W is a ['-nearring then Jg(W) = (J;2.(W) : W).

Proof. If J{,,(W) = W it follows that J;(W) = W = (J{;2(W) : W). Assuming that J{,,(W) #
W. Consider Cj, j € J consist of all 0-modular right ideal of W. Presently J{;,(W) = ;<; ;.
By Proposition 3.28, if {Ri|i € &} is a non-empty collection of right ideals of T'-nearring W
then M; 24 (Ri : W) = (M, =4 Ri: W). So by Proposition 3.32, (C : W) & C, for any right
modular right ideal of W. Therefore (J{;2(W) : W) = (M2 G : W) = M, 5;(Ci: W). By
Proposition 3.35, (C; : W) is a right O-primitive ideal of W for all j € J. Moreover any right 0-

primitive ideal of W is of the form (K : W) for few right 0-modular right ideal of W, by the
same proposition. Hence (Cj : W), j € J is consist of all right 0-primitive ideals of W. So

Jo(W) =M £ (Cie W) = (J;2(W) : W).
Corollary 3.38. If W is a I'-nearring then J;(W) is the largest ideal of W included in J,,(W).

Proof. If J,,(W) = W it follows that J;(W) = W and that J3(W) is the largest ideal of W
included in J{;»(W). Assuming that J{;,(W) # W. By definition, J3(W) is intersection of all
right O-primitive ideals in W. J5(W) = NQ = N(K_: W), Q is any right 0-primitive ideal of W
and that K is any right 0-modular right ideal of W. By Propositions 3.32 and 3.35, for any

right O-primitive ideal Q of W there corresponds a right 0-modular right ideal K of W
provided that Q = (K : W) € K. Since ];;,(W) is intersection of all 0-modular right ideals of

W and J{,,(W) = NK, as seen above J5(W) =NQ = N(K : W) € nK = J[,,(W). Consider C to
be ideal of W provided that C € J{,,(W). Presently WI'C & C € J[,,(W). So C € (J{,,(W) :
W) = J5(W). So, if any ideal C of W included in J{;5(W), then C € J3(W). Therefore [/;(W)
is the largest ideal of W included in [, (W).

Corollary 3.39. If W is a '-nearring then J;(W) is the largest right quasiregular ideal of W
included in J{;,(W).

Proof. The proof is followed by Corollary 3.38 and Theorem 3.25.
Corollary 3.40. J;(W) includes all nilpotent(nil) right ideals of a T-nearring W.
Proof. Consider W to be I'-nearring. From above Corollary 3.39, /5(W) is the largest right

quasiregular ideal of W included in [{,,(W). Consider C to be nil right ideal of W. Since C is
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nil, by Corollary 3.7, C is right quasiregular in W. Therefore, C is right quasiregular right
ideals of W. Hence C € [;(W). Consider C to be nilpotent right ideal of W. So C is a nil right

ideal of W. As seen above, C & [5(W). Therefore J5(W) includes all nilpotent (nil) right
ideals of a I'-nearring W.

Theorem 3.41. A maximal right modular ideal C of W is a right O-primitive ideal of W.

Proof. Suppose C is maximal right modular ideal in W. By Zron’s lemma, C is included in a
maximal right modular right ideal K of W. So W/K is a right TW-group of type-0 and that E

= (0_: W/K) = (K : W) is a right O-primitive ideal of W. Also E is the largest ideal of W
included in K. Since C is a maximal ideal of W included in K, C € E = W. AsC is a

maximal ideal of W and E # W, C = E. Therefore C is right O-primitive ideal of W.

Theorem 3.42. Consider Q to be ideal of W. Q is a right O-primitive ideal of W if and only if
W/Q is a right O-primitive I'-nearring.

Proof. Suppose Q is a right O-primitive ideal in W. By Theorem 3.41, we have a maximal
right modular right ideal K of W provided that Q is the largest ideal of W included in K.
Presently K/Q is a maximal right modular right ideal of W/Q. As Q is the largest ideal of W
included in K, the zero ideal of W/Q is the largest ideal of W/Q included in K/Q. Therefore
W/Q is a right O-primitive I'-nearring. Conversely, Assuming that W/Q is a right O-primitive
I'-nearring. So we have a maximal right modular right ideal K/Q of W/Q provided that the
zero ideal of W/Q is the largest ideal of W/Q included in K/Q. Clearly K is a maximal right
modular right ideal of W and that W/K is a right I W-group of type-0. As the zero ideal of
W/Q is the largest ideal of W/Q included in K/Q, Q is the largest ideal of W included in K.
So Q = (K : W) = (0_: W/K). Therefore, Q is a right O-primitive ideal of W.

Theorem 3.43. A right O-primitive ideal of a I'-nearring W is a prime ideal of W.

Proof. Consider Q be a right O-primitive ideal of W. We have a right 'W-group D of type-0
which is monogenic by d for which there corresponds a v, € I satisfying dyy(u + v) = dy,u +
dyyv for each u, v € W with dy,W = D provided that Q is the largest ideal of W included in
K= {u € W |dyyu =0}, K is a maximal right modular right ideal of W. by Proposition 3.20
and by Theorem 3.23. So Q = (K : W). Consider S and T be ideals of W and SI'T & Q.
Assuming that S € Q and T € Q. Since S € Q, dy,5 # {0}. Clearly dy,S is a subgroup of
I'W-group D. We have dyy,W = D. Consider h € D and s € S. Then h = dy,u for few u € W.
Presently h + dyys — h = dypu + dygs — dygu =dyg(u+s —u) E dygS,asu+s—u € S. So
dy,S is a normal subgroup of TW-group D. Also, (dyS)voW = dya(SysW) € dy,S. This
shows that dy,S is an ideal of D. Since dy;5 # {0} and D is a right T'W-group D of type-0,
dyyS = D. In the same way dy,T = D. Presently D 2 dy,STT = (dy,5)'T=DI'T 2 dy,T =D.
Therefore dyy5I'T = D, on a contrary to dy,SI'T = {0}, so either S< Q or T & Q. Hence, Q is
a prime ideal of W.

Theorem 3.44. A commutative right O-primitive I'-nearring is a field.
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Proof. Consider W to be commutative right O-primitive I'-nearring. We have a maximal right

modular ideal C of W provided that {0} is the largest ideal of W included in C. Suppose C is
a right modular ideal of W with modular e, there exist v, € I provided that u — ejy,u € C

for each u € W. Since W is commutative, C is an ideal of W. Therefore, C = {0}. Since u —
eo¥ou € C = {0}, u = egyyu = uyyeo. Hence, e is the multiplicative identity in W. As W is a
commutative I'-nearring equipped with an identity. (W, +) is abelian and hence W is a ring.

In a commutative ring with identity there is a maximal ideal {0}, then each non-zero element
must be invertible, W is field. Therefore W is a field as C = {0} is a maximal ideal of the
commutative ring W with identity. W is a field because C = {0} is a maximal ideal.

REFERENCES

[1] Srinivasa Rao Ravi, and Krishnaveni Cheruvu. "On quasi-regularity in gamma near-
rings." Beitrdge zur Algebra und Geometrie/Contributions to Algebra and Geometry 60 (2019): 527-
535.

[2] Ravi Srinivasa Rao and K Siva Prasad. A radical for right near-rings: The right Jacobson radical of
type-0.International journal of mathematics and mathematical sciences, 2006(1):068595, 2006.

[3] Booth, G.L.: A note on I'-nearrings. Stud. Sci. Math. Hung. 23, 471-473 (1998).

[4] Booth, G.L.: Jacobson radical of I'-nearrings. In: rings, modules and radicals (Hobart, 1987) 1-12,
(Pitman research notes, Math. Ser. 204), Longman Sci. Tech., Harlow (1989).

[5] G. Pliz, Near-Rings, rev. ed., North-Holland Mathematics Studies, vol.23, North-Holland,
Amsterdam, 1983.

6155 AdinaVasu Siva Surya et al 6143-6155



