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ABSTRACT

This study investigates the static and time-dependent response of graphene-based cantilever
beam resonators when subjected to electrostatic forces applied at their free ends. A detailed
examination of the system’s behavior is carried out, where the nonlinear governing relation
is derived through the energy approach in conjunction with Hamilton’s principle. An explicit
analytical expression for the nonlinear static case is presented. In addition, the effective
stiffness coefficient for a lumped-parameter model of the cantilever beam loaded at its tip is
determined, which provides the basis for a thorough exploration of the system’s dynamics.
Special emphasis is placed on the onset of dynamic pull-in phenomena under both steady and
oscillatory excitations, with analytical forecasts confirmed by numerical computations. The
findings indicate that the system maintains periodic oscillations whenever the excitation
parameters remain below a critical threshold defined by a separatrix curve. Once the
parameters surpass this limit, pull-in instability takes place, leading the beam to collapse onto
the substrate. Furthermore, the effect of excitation frequency on the resonator’s behavior
under harmonic loading is assessed. Simulation results demonstrate that selecting a frequency
close to the natural resonance of the beam may, under specific parameter ranges, induce

structural failure.

Keywords
MEMS, graphene-based resonator, dynamic pull-in instability, periodic oscillations, singular

MEMS systems.
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1 Introduction

Microelectromechanical systems (MEMS) have transformed a wide range of technologies by
making it possible to engineer miniaturized devices with exceptional efficiency and
multifunctionality. Their key strengths include compact geometry, minimal energy demand,
and the ability to merge electrical, mechanical, and optical operations on a single substrate
[1]. Within MEMS, microresonators are critical elements since they operate close to their
natural frequencies. Such devices are extensively used in ultra-sensitive sensing
technologies, such as protein detection [2], molecular analysis [3], electron measurements,
and nanoparticle identification [4]. Nonetheless, the performance of these sensors is often
constrained by the intrinsic mass of the resonator itself, as the smallest detectable load
depends directly on it. For this reason, ultralight, mechanically robust materials are essential.
Graphene has emerged as a breakthrough option because of its very low density combined
with extraordinary strength and stiffness, making it highly suitable for MEMS
microresonators. Table 1 compares its mechanical behavior with that of conventional MEMS

materials like silicon and steel.

Graphene consists of a single atomic layer of carbon atoms arranged in a tightly bonded
hexagonal lattice. Its unique mechanical robustness arises from the sp? carbon—carbon
bonding structure [5]. In addition to strength, graphene possesses remarkable electronic
behavior, which has positioned it as a candidate for spintronics and pseudospintronics, as
described by Pesin and MacDonald [6]. The material exhibits a Young’s modulus
approaching 2 TPa [7], tensile strength far greater than the toughest steel [8], and ductility
that permits stretching up to about 20% [9]. These attributes enable applications ranging from
transparent conductors and flexible composites to stretchable electronic displays and high-
capacity energy storage devices [10]. Moreover, its distinctive topological features, including
conical singularities and bound states, have been studied for their potential in novel

nanostructures, as highlighted in Riiegg and Lin [11].

Although graphene was once considered non-piezoelectric due to its inherent lattice

symmetry, recent progress has demonstrated its use in MEMS/NEMS for energy harvesting,
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actuation, and signal transduction [12]. Its exceptionally small mass and responsiveness also
make it highly attractive for ultra-precise mass sensing. With a thermal conductivity reaching
~500 Wm™K™" at room temperature [14], it shows strong potential in thermal management
applications as well. Long-term integration in devices, however, requires stable adhesion
with substrates, while its friction-reducing and corrosion-resistant tribological properties add

further advantages [10, 15].

These extraordinary characteristics of graphene pave the way for pushing MEMS resonators
to even smaller scales. In fact, graphene-based mass sensors are increasingly studied as
nonlinear effects in vibrations can enhance their detection capabilities, as shown in [16].
Nonlinear analytical methods, previously employed in wave propagation and system stability
studies, have also been adapted for graphene resonators [17]. For example, Natsuki et al.
demonstrated that dual-layer graphene sheets provide greater sensitivity than single-layer
ones [18], while Karli¢i¢ et al. [19] reported that tuning magnetic fields could further shift
resonance frequencies and improve sensitivity. In addition to experimental explorations, a
significant body of work focuses on mathematical modeling. Wei et al. analyzed the steady
response of a graphene Euler beam under uniform loading and provided both analytical and
finite element solutions [20]. Approximate finite element formulations derived from the

Rayleigh—Ritz approach with Hermite interpolation also matched the analytical results.

The dynamic aspects of graphene-based devices under electrostatic actuation have attracted
significant research attention. Notable investigations include those by Anjum and He [21],
Kadyrov et al. [22], Skrzypacz et al. [23], Wei et al. [24], and Omarov et al. [25]. Insights
from nonlinear Schrodinger-type soliton models [26] may also inform analytical strategies
for MEMS resonator dynamics. Electrostatic actuation remains the most widely used method
in MEMS, outperforming thermal, piezoelectric, or electromagnetic methods in terms of
simplicity and energy efficiency [1, 27]. In electrostatically driven cantilever beams, the
applied voltage usually contains both DC and AC components: the DC bias shifts the
equilibrium position of the beam, while the AC input produces oscillations about that
equilibrium. Stability is achieved when the elastic restoring force equals the applied

electrostatic attraction [1].
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If the DC voltage surpasses a critical level, the electrostatic force overwhelms the elastic
restoring capacity, forcing the beam to collapse onto an adjacent electrode. This is identified
as the pull-in phenomenon, with the associated threshold referred to as the pull-in voltage.
Two distinct categories exist: static pull-in, driven purely by DC bias, and dynamic pull-in,
triggered by harmonic excitation or system motion. Controlling these instabilities is vital to
MEMS design because uncontrolled pull-in leads to failure. Skrzypacz et al. [23] derived
necessary and sufficient conditions for the existence of periodic orbits in a lumped mass
MEMS model subjected to constant bias. Studies by Kadyrov et al. [22] and Omarov et al.
[25] further expanded this analysis by examining harmonic excitation, with Omarov et al.
employing Sturm’s theorem to classify periodic solutions and verifying results numerically
using Python. Meanwhile, Anjum and He [21] and Wei et al. [24] studied the nonlinear beam
equations governing graphene resonators and uncovered multiple natural frequencies through

the variational iteration method.

Table 1. Mechanical parameters of graphene compared with steel and silicon

Material Young’s modulus (GPa) Tensile strength (GPa)
Graphene 2000 £ 400 [7] 130+ 10 [33]
Steel 200 [39] 0.25[40]
Silicon 130-169 [41] 7[42]
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FIGURE 1
A schematic of a graphene microresonator.

Approximation strategies such as the Laplace transform in combination with Padé
approximants have been employed to derive near-exact solutions for nonlinear oscillatory
systems. More recent applications of approximation methods targeting periodic responses of
MEMS oscillators are illustrated in He [28], while the collapse behavior of nonlinear
quadratic oscillators has been analyzed in He et al. [29]. Parallel research on nonlinear wave
equations has revealed that higher-order dispersion mechanisms significantly influence both

stability and the dynamic response of such systems, as discussed by Li and Fajun [30].

In this paper, attention is directed toward the static and dynamic response of a
graphene cantilever beam operated under electrostatic loading applied at its free end. The
model framework follows the formulation of Skrzypacz et al. [31], where the system is
represented by a lightweight graphene cantilever of length €, coupled with a rigid electrode

platform attached to its tip, positioned opposite to a grounded electrode coated with a
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dielectric layer of thickness / and relative permittivity 7 (see Figure 1). The separation
distance d and the potential difference V' between the electrodes determine the electrostatic
attraction. The competition between this attraction and the nonlinear restoring action of the
beam is predicted to produce high-frequency oscillatory behavior. Furthermore, the influence
of nonlocal interactions in phononic lattices—structures with characteristics resembling
graphene resonators—has been examined for their effects on localized modes and wave

transmission, as shown by Poggetto et al. [32].
The structure of this study is as follows:

e Section 2 derives the governing nonlinear equation of motion using Hamilton’s

principle and the energy approach, along with the associated boundary conditions.
e Section 3 addresses the analytical solution for the static equilibrium configuration.

e Section 4 develops a lumped-parameter model to explore the essential dynamic
characteristics of the cantilever system, including the determination of the generalized

stiffness coefficient for tip loading.

e Section 5 is dedicated to analyzing pull-in instability under both steady and

oscillatory excitation.

e Section 6 presents numerical simulations highlighting the system’s resonance and

dynamic pull-in scenarios.

e Section 7 concludes with key findings and implications of the study.

2.1 Stress—strain formulation for graphene

Both theoretical considerations and experimental observations confirm that the stress—strain
law for a graphene beam following Euler—Bernoulli theory can be expressed as:

oc=FEe+Dleleg, (1)
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where gis the stress, ethe strain, and Edenotes Young’s modulus. The parameter D =
EZ

represents the second-order elastic stiffness coefficient [33, 34]. A negative value of

Umax

Dindicates a reduction in stiffness under strong tensile loading, while compressive loading
leads to stiffening.

Khan et al. [35] experimentally obtained values for Eand Dby conducting nanoindentation
tests with an atomic force microscope on monolayer graphene sheets. Their results indicated
E =2440.04TPa and D = —2.0 £ 0.4TPa. Lee et al. [33] further explained that the
nonlinear character of the stress—strain curve in graphene originates from the third-order
contribution of the strain-dependent energy potential expanded in a Taylor series.

This constitutive stress—strain model will serve as the basis for the mathematical
developments presented in the next section.

2.2 Governing equation for a graphene Euler—Bernoulli beam

We examine a cantilever beam subjected to a tip force and consider an infinitesimal segment
before and after bending (see Figure 2). Let the transverse displacement of the beam be
denoted as w = w(x, t), where tis time and xis the axial coordinate. In line with Euler—
Bernoulli assumptions, cross-sections of the beam remain flat and perpendicular to the

neutral axis throughout deformation [1].

Consider a point Bpositioned a distance yaway from the neutral axis. Its axial displacement

due to bending is given by

!

Uup = —yw,
so that the corresponding axial strain is

_aub_
_ax_

n

&p —yw .

Using the constitutive relation (Eq. 1) and integrating with respect to strain, the strain energy

density is obtained, which represents the energy stored per unit volume from deformation:

1 1
U=§E££T+§D | e | €T, (2)

Here, € = (&, &y, &2, Yxy» Vxz» Vyz)denotes the strain tensor, with
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_6u _aw _6v _1 6u+6w
BT Ty T o = 3G, T o)
1 ou ov 1 ow o0Ov

==(z—=t+) W =5(F+ ).
ve =5 G e =G Ty
For an Euler—Bernoulli beam, only the axial strain component &,is relevant, so that

— "no_ — — — — —
Ex = =YW =&y, & =& = Vaxy = Vaz = Vyz = 0.

Substituting into Eq. (2) yields
1...1 2
U =§E£x +§D | & | 5.

The total potential energy is obtained by integrating over the beam’s volume V:

1 2 1 2
Ep0t=§j Esde+§f Dleg,legdV. 3)
4

4
Substituting £, = —yw"into Eq. (3) gives
1 1
Epot = —f E(yw")?dV + —f DIw" | (w")?2y3dV.
2/, 3),
This can be decomposed into
1(* EL (¢
BY =5 [ By v amar =S [ o)
P2 ), A 2 Jy

2 1 ¢ ’ 1"\2 3 _DIZ ! " Y2
Et=—jD|w'|(W)(jydA)dX= flwl(w)dx, (7
pot 3 ) A 3 Jo

where I; = [, y? dAis the second moment of inertia and I, = [, y* dAis the third moment of

inertia of the cross section.

Thus, the full potential energy expression is
Ell ¢ 1M\ 2 DIZ ¢ n 1"\ 2
Ep0t=7 (W)dx+? [w"” | (w")=dx.
0 0
The kinetic energy of the beam, based on distributed mass pA, is given by
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with w = aw/ t.

Finally, the external work from a tip load Fapplied at x = #is expressed as

W = Fw(¥).

FIGURE 2
A segment of a beam before and after bending.

2.3 Application of Hamilton’s principle

To derive the governing equation of motion for the graphene cantilever beam, we employ
Hamilton’s principle together with the Lagrangian functional [1, 36]. The Lagrangian is
defined as

I(w) = Exin(W) — Epee(W) + W (W),
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where Ey;is the kinetic energy, E,the potential energy, and Wthe work of the external force.

According to Hamilton’s principle, the variation of the action integral satisfies

t2 t2

SI(w) dt = f [6Ein (W) — 8 E o (W) + SW (w)] dtt = 0, (8)

t1 ty

for two arbitrary instants t;and t,, with ddenoting the variation operator. This requires

evaluating the variations of each energy contribution in terms of the virtual displacement dw.

The variation of the external work is

SW = F éw(¥),

and the variation of kinetic energy is
¢
0E i, = pAf w ow dx. 9)
0
Integrating in time gives
¢
tz t2
OE, dt = pAf [wéw IZ—J w ow dt] dx. (10)
t1 t1
0

Since the virtual displacement is zero at the time boundaries (dw(t;) = dw(t,) = 0), the

boundary term vanishes, leaving only the integral term.

The variation of the potential energy, from Eq. (4), is

£

¢
SEpp = Ellj w'éw' dx + DIZJ lw" |w" dw" dx. (11)
0

0
Using integration by parts, these terms can be rewritten:

£ t
El, j w"sw' dx = EL[w" 8w’ 15— w""éw 5+ J w®éw dx], (12)
0 0

£ £
Dlzf lw” | w”sw"” dx = DL[I w" | w"”éw' 15— (I w" | w") w |£+f lw"” 1w'")"éw dx] (.
0 0
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Substituting (12) and (13) into Eq. (8) and grouping terms leads to

ts ¢
f {f [—pAW — ELw® — DL,(Iw" | w")"]éw dx
ts 0
—[ELw"” + DI, | w" | w"]6w' [§+ [ELw"" + DL,(I w" | w")' + Fléw(£) — [ELw"" + DL,(I w" | w

Since dwis arbitrary, each group of terms must vanish independently, yielding the governing

equation of motion:
pAW + ELw™® + DL,(Iw" |w")" =0,
with boundary conditions

w(t,0) =0,w'(t,0) =0, (17)
ELw" + DL,(Iw" |w") = 0atx =0,
ELw" + DL, (Iw" | w") = —Fatx =¥,
ELw" + DI, |w" |w" = 0atx = ¥. (16)

Thus, Hamilton’s principle provides both the beam’s nonlinear equation of motion and its

boundary conditions for a graphene cantilever under tip loading.
3 Analytical solution for the static case

Consider a point load F(x) = Fapplied at the free end of the cantilever. The governing

differential equation of the beam under this tip load is
ELw® + DL(Iw" |w")"=00<x <, (18)

subject to the boundary conditions

w(0) =0, (19)

w’(0) =0, (20)

(EL; + DI | w" Dw" |y=p= 0, 2
(ELw"" + DL,(Iw" | w")") ly=p= —F. (22)

By integrating Eq. (18) twice and imposing the tip conditions (21)—(22), the reduced form

becomes
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(EL+DL 1w hw"=-Fx—-4),0<x<¥. (23)

Since the right-hand side of Eq. (23) is nonnegative for F > 0, the left-hand side must also
remain nonnegative. For a downward-deflecting cantilever under a positive tip force, the

deflection curve is concave, implying w'’ < 0. Hence, Eq. (23) reduces to
ELw" — DI,(w'")? = —=F(x — ?).

Solving for w"'yields

_ElL £ (EL)? — 4DLF (x — £)
B 2DI, '

14

(24)

A physically meaningful solution exists only if the applied force is below a certain threshold,

namely

2
p e L)
41D | LY

Condition (21) is satisfied only for the minus root, giving

, _ElLL =\ (EL)? — 4DLF (x — £)

25
v 2D1, 25)
Integrating Eq. (25) once provides
El EL)? — 4DI,F (x — £))3/?
o Bl (ELY —4DLFG = )2
2DI, 12(D1,)?*F
and a second integration gives
El EL)? — ADI,F (x — £))5/?
Lo (BL —4DLFG =)

Y= 4pn,* 120(D1,)3F2
The constants C;and C,follow from the clamped-end conditions (19)—(20), resulting in

C(ER)* + 4DI,F£)3/?

C, = ,
1 12(DI1,)2F

- ((E1)? + 4DI,F£)5/?
27 120(DI,)3F?
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Thus, the closed-form static deflection of the graphene beam under a tip load is

B , ((EL)*=4DLF(x —£))°* ((EL})* + 4DL,F¢)3/? N ((EI)? + 4DI,F£)>/?
W) = g5 120(D1,)3F? 12(DL)%F 120(D1,)3F?

When the nonlinear stiffness coefficient D — 0, this solution simplifies to the well-known
Euler—Bernoulli expression for a linearly elastic cantilever beam subjected to a point force at
its tip. That classical result assumes small deflections, uniform cross section, and a transverse
load applied perpendicular to the beam axis. A detailed derivation is included in the

Supplementary Appendix.

4 Galerkin Approximation

4.1 Equivalent Lumped Mass Model

The transverse vibration of the graphene beam along x € [0, £]at time t > Ois governed by:
pAW(t,x) + ELw® (t,x) + DL,(I w"(t,x) | w"(t,x))" =0, (27)

with the boundary and initial conditions:

w(t,0) =0, (28)

w'(t,0) = 0, (29)

(EL, + DI, | w'" (£, ) Dw" (t,£) = 0, (30)
ELw"'(t,€) + DI,(1 w"(t, ) | w'(t, £)) = —Fj, G1)

w(0,x) =0,w(0,x) =0,
where the electrostatic load is given by:

gV?2S
FE = 7
2(d + h/e, —w(t, 0)

Assuming the deformation remains small and the geometry is simple, a single-mode Galerkin

expansion is adopted:

w(x, t) = X(t)Y (x),
where X(t)is a generalized coordinate and Y (x)is a trial shape function satisfying the
cantilever boundary conditions, Y (0) = Y'(0) = 0.
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Multiplying Eq. (27) by Y (x), integrating over [0, ¢], and applying the boundary conditions
(28)—(31) yields:

£ £

1
Y(#)_f pAW(t, x)Y (x)dx + —= 7o), ELw"(t,x)Y"(x)dx + — 7o), DL, (I w"(t,x) | w"(t, x)

This reduces to the Galerkin equation:

. B gV?2S
mX(t) +k X(t) +k, | X(8) 1 X(E) = 2+ hje, — X(OV (D)2’ (33)
where the effective parameters are:
_PA f{JYZ dx, k, = ElL fﬁ Y” 2dx, k, = s '[{} | Y" | (Y" 2d 34

Here, m;acts as the equivalent mass of the beam, while k,and k,represent the linear and

nonlinear stiffness coefficients.

4.2 Dimensionless Single-Degree-of-Freedom Model

Following Skrzypacz et al. [37], the scaled first eigenfunction of the cantilever beam is

chosen as the trial function:

P 1 5 1 1
P =5 (FsCom) - ngl 25, ),

where

Y; (x, 1) = cosh(ux) + cos(ux), ¥, (x, u) = sinh(ux) + sin(ux),
Y3(x, 1) = cosh(ux) — cos(ux), Y4 (x, u) = sinh(ux) — sin(ux).
The spectral parameter p4is the first positive solution of:
1 + cosh(u)cos(u) = 0.
Thus, the Galerkin ansatz uses Y(x) = Y(x/#), ensuring that Y(0) = Y’(0) = Oand

YII(#) — Y”,(‘B) — 0
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From [37], the following integrals hold:

1 1 1 ‘ll4
f 72(x)dx = —,f (7" (x))%dx = —.
0 4 0 4

This implies:
? ¢ 4
? ' Hi
J; Y2(x)dx = Z,fo (Y (x))%dx = e
Numerical evaluation gives:
1 ~
f (Y"(x))3dx = 8.02945400733,
0
so that
3 8.02945400733
f Y"(x))°dx = 75 .
0
The effective coefficients are therefore:
m ElLuf 8.02945400733D1,
my =gk = s ke = s '

where mis the total mass of the beam and y; = 1.8751040687.

Introducing the nondimensional variables:
_t |E Lt X 36
YT | Toa Y T At hye, (36)

(3%)

Eq. (33) becomes:

yty+talyly=—=,
(1-y)?

with initial conditions

y(0) =0,y(0) =0,
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where

gK?(1)S
2k,(d + h/e)?

k
a=-—2(d+h/e), A7) =
ky
and

pA

K =V (tf?
O =V o a

).

5 . Pull-in and Resonance
5.1 Constant Voltage Excitation

In this part, we analyze the dynamic pull-in instability of the lumped-mass formulation (Eq.
48) when the cantilever is biased with a constant DC voltage. The investigation relies on a
phase-plane approach, which clearly distinguishes between regions of periodic oscillations

and those where collapse (pull-in) takes place.

Earlier studies [23] established that the nondimensional equation

j}+y+a|y|y—( =0, (39)

1-y)2

admits bounded oscillatory solutions when a < 0and A > 0. To examine its qualitative
dynamics, we recast the system in the (y, y)-plane. Multiplying Eq. (39) by yand integrating

with respect to Tgives an energy conservation law:

_ 1. 2,15 1 2 A =C 4
E(T)—E()’(T)) +5y (T)+§Of|}’(T)|y (T)_l——y(‘l,')_ : (40)

The integration constant Cfollows from the initial conditions (Eq. 38), yielding C = —A.
Substituting this into Eq. (40) provides the equivalent form:

)? =~y

: ly | y*+ 24 22 41
gy Iy 3 : (41)
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The structure of Eq. (41) determines the shape of the phase portrait. If the right-hand side
admits roots within y € (0,1), the trajectories form closed loops corresponding to periodic
solutions (limit cycles). Conversely, if no such roots exist, the beam undergoes pull-in

collapse.

The boundary separating these regimes is the separatrix curve, which defines the threshold
between oscillatory behavior and instability. To derive this separatrix, we denote the right-

hand side of Eq. (41) as

2 2
22 YGay?—(Ga—-1y*—y+21)

2
— N2 _ _ 3 R —

Equation (42) has up to four roots: one negative root outside (0,1), the trivial root at y = 0,

and at most two within the open interval (0,1). The cubic polynomial

Z2 3 2 2
hea() =gay” —Ga-Dy " —y+24 (43)
shares the same interior roots. Tangency with the horizontal axis occurs when both
haa(y") = 0,he,(y") =0

for some y* € (0,1). Solving the derivative condition gives
, 2
hapa(¥) = 2ay® —2(za -1y -1=0,

with solutions

(%a—l)i\/(%a—l)2+2a
Y12 = o :
Only
(%a—1)+\/(§a—1)2+2a
Y= 2a

falls within (0,1). Hence, the system supports periodic motion provided that
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hap(y™) < 0.
Expanding yields
hoa(y) = T67a? (—8a® + a(27 — 6v) —9(—3 +v) — 2a?(9 + 2v — 1621)) < 0,
with

v =4/9 + 6a + 4a?.

Rearranging gives the separatrix function:

A< k() =—

35007 (—8a3 + a(27 — 6v) — 9(—=3 +v) — 2a?(9 + 2v)). (44)

The operational chart in Figure 4 illustrates that points (a, A)lying above the separatrix

k(a)lead to pull-in collapse, while those below correspond to stable oscillations.

Thus, the critical pull-in voltage is given explicitly by

2k, (d + h/g.)3Kk(@)
Vpull-in = €S .

In addition, the pull-in time—the duration until the structure collapses under electrostatic
loading—is a key measure of device reliability and will be addressed in the following

analysis.
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The velocity of the cantilever tip for a given parameter Acan be written as

=9 2 3+ 24 24, 45
Y= = —y? 3T, (45)

From this, the pull-in time ¢,,;;,1s obtained as

dy

pull in f \/ 21

N Ly} |
-y y

(46)

1-

The integral (46) represents the time required for the beam’s free end to move from its initial
equilibrium to contact with the fixed electrode, which marks the onset of pull-in. Figure 5
illustrates how the excitation parameter Ainfluences the collapse time for different values of

a. As expected, increasing Ashortens the pull-in time for a fixed a.

In the same spirit, the oscillation period T can be derived. Integrating (45) between y = Oand

the oscillation amplitude yy,.x, and doubling the result gives:

dy

Ymax
T=2j > > , 47)
0 \/— 2——a:y3+m—2/1

3

where Yax € (0,1)is the maximum displacement amplitude, obtained as a root of the cubic
function h, 5 (v). Phase-plane trajectories and potential energy plots (Figures 6-9) illustrate

these oscillatory amplitudes.

A more general setting involves an applied time-dependent voltage, studied in [22],

expressed as
V(t) = Vpc + Vaccos(Qt), (48)

with excitation frequency Qand period T = %ﬂ Kadyrov et al. established a theorem for such

systems: if ¢ = Ois a constant, h(x)is a continuous real function on (—oo, 1], and V(t)is a

periodic function, then the nonlinear second-order differential equation
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admits a periodic solution provided

y+cy+h(y) -

h(y) =

where Vy,denotes the maximum of V (¢t).

V2(t)
(1-y)?2

=0

2

_Ym
(1 -7

VOL. 34,NO. 8, 2025
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When the condition

2

"=y

has a solution in the interval (0,1), the system supports a periodic response. If this equation
has no roots in (—oo, 1), then no periodic orbit exists, but if it has at least one real solution
within (—oo,1), the dynamics may still involve instability. Here, V,,and V)denote the

minimum and maximum amplitudes of the applied voltage V (t), defined as

Vi = min V() I, Vy = max V() I

Our nondimensional model in Eq. (39) corresponds to a particular case of Eq. (49), where

¢ = Oand

h(y)=y+alyly.
To verify the existence of periodic motion, let us introduce

Ay = max | A(7) I.
720

According to the theorem of Kadyrov et al., the nonautonomous nonlinear oscillator

ity +alyly——D __g
yryrTalyly— =
(1-y)?
admits a periodic solution whenever the equation
Am
ytalyly=—=
(1-y)?

has a root in the interval (0,1).

Define

fa)=@+alyly)(d-y>

Since y € (0,1), the absolute value simplifies and we can write

fa) =+ ay>)(1 —y)?y € [0,1). (50)
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To find the turning points of f,(y), we set its derivative equal to zero:

fe(y) = 0.

This yields the critical values

20 —3+V4a2 +4a+9
8a

Vi2 = ,y3 = L

Using the second derivative test, it follows that f, (y)achieves a local maximum at the smaller

of these critical points,

_2a—3+\/4a2+4a+9
= = )

V1

6 Simulation Results
6.1 Constant Voltage

In this part, we report numerical experiments of the normalized tip deflection y(t)as a
function of nondimensional time. Different parameter sets with 4 > 0and a < Owere
considered. All simulations were carried out using Maple™ software [38], and the outcomes

are illustrated in Figures 10—13.

The results clearly demonstrate how the oscillation amplitude, frequency, and collapse time
depend on the excitation parameter Afor fixed a. As Adincreases, the tip displacement grows
larger, and the oscillation period becomes longer. The maximum deflection amplitude is
observed as Aapproaches the separatrix threshold x(a). In particular, the largest periodic

trajectories correspond to excitations close to this boundary, specifically at A = k(a) — 1073,

Additionally, decreasing awhile keeping Aconstant enhances both the amplitude and the
oscillation period of y(t). This indicates that system stiffness and nonlinearity strongly

influence stability and response time.
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6.2 Harmonic Voltage

We next turn to the resonance response of a graphene cantilever subject to a sinusoidal

excitation. The forcing function is
V(t) = VDC + VACCOS(Qt), (48)

where (is the forcing frequency. The system may undergo primary resonance—when (is
close to the natural frequency—or secondary resonances at other excitation frequencies. Our

focus here is on the primary case.

For the numerical study, we fixed @ = —1.0. The corresponding pull-in threshold for the

excitation parameter is
A" = k(a) = 0.08802549127.
Recalling that

B goVicS
" 2ky(d + h/g)?

A

we define

&S
B= 3
2ki(d + h/e,)

For f = 0.01, the critical DC voltage becomes

*

Voe = 7= 2.97. (51)

Thus, to avoid immediate static collapse, we chose Vpc = 2.5 < V.ixand added a small

harmonic perturbation V - = 0.1.

From Eq. (47), the natural angular frequency for V,c = Owas computed as w, =
0.7391982714. When Qapproaches this value, the amplitude of the oscillations increases

sharply. At exact resonance (2 = w,), the tip deflection grows significantly, ultimately
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leading to pull-in instability, where the free end touches the counter-electrode (Figures 14—

15).

For comparison, simulations with = Oconfirm stable periodic oscillations, since the

parameter pair (a, A)lies below the separatrix curve k(a)shown earlier in Figure 4.

Concluding Observations from Simulations

Under constant voltage, the system is stable only if the parameters remain below the

separatrix. Otherwise, pull-in collapse occurs.

e The deflection amplitude, frequency, and collapse time depend strongly on A; the

maximum amplitude arises just below the separatrix value for a given «.

e Under harmonic excitation, resonance can induce collapse even when the system

parameters are below static pull-in thresholds.

e These findings emphasize the importance of precise modeling and parameter

selection for MEMS graphene resonators.

Future work should focus on experimental verification and a comparative study of
alternative lumped models. Because of graphene’s unique nonlinear behavior, advanced
mathematical methods—such as the homotopy perturbation approach [43—45]—offer
promising tools for tackling the complexity of these systems, potentially outperforming

conventional analytical techniques.
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7. Conclusion and Outlook

This work presented an in-depth study of the static and dynamic responses of a graphene-
based cantilever beam subjected to electrostatic loading at its free end. The nonlinear static
formulation was first solved analytically, and its consistency with the classical linear beam

solution was confirmed in the limiting case where the second-order elastic stiffness parameter
Dtends to zero.
The subsequent analysis focused on the dynamic pull-in instability under both constant bias

and harmonic excitation. The theoretical predictions were thoroughly compared with

numerical simulations. For the constant voltage case, the model produced stable periodic
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oscillations whenever the pair (a,A)remained below the separatrix boundary, while
exceeding this boundary inevitably led to collapse. The simulations further revealed how the
excitation parameter Ainfluences the amplitude, oscillation frequency, and time-to-pull-in for

a fixed a. Notably, the largest stable oscillations occur just beneath the separatrix threshold.

When the system was driven by a harmonic load, the results demonstrated that operating
close to the natural resonance frequency can destabilize the structure even when parameters
are below the static pull-in limit. This shows that resonance effects must be carefully
considered in the design of graphene MEMS devices, since dynamic collapse can occur under

conditions that appear stable in static analysis.

The outcomes of this study provide valuable insights for the design of MEMS resonators.
Future efforts should emphasize experimental validation, along with a systematic comparison
of different lumped-mass models tailored to graphene structures. Because of the pronounced
nonlinearities inherent in graphene resonators, accurate modeling tools are essential.
Advanced analytical approaches, such as the homotopy perturbation method [43—45], hold
significant promise for handling these complexities and may outperform classical

approximation techniques in strongly nonlinear regimes.
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