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ABSTRACT 

This paper utilizes the finite difference method to numerically analyze the laminar flow of a 

Cu-water nanofluid past a permeable, vertical plate. This study focuses on how the flow 

characteristics are affected by the Reynolds number (R), solid volume fraction (φ), and 

magnetic parameter (M). The findings suggest that increasing R improves fluid motion and 

raises velocity. Improved viscosity and momentum transfer result from a higher solid volume 

fraction (φ), which affects the flow profile. The velocity distribution changes when a 

magnetic field (M) is present because it creates a Lorentz force that opposes fluid motion. 

With ramifications for fluid dynamics and heat transfer engineering applications, this work 

sheds light on the behavior of nanofluids in magnetohydrodynamic (MHD) flows. 

Keywords: Nanofluid, laminar flow, Reynolds number, Solid volume fraction, Magnetic 

field, MHD, Finite difference method. 

 

Introduction 

The enhanced convective heat and mass transfer properties of nanofluids have recently drawn 

a lot of attention in a variety of fields, including environmental studies, blood flow dynamics, 

and flow boiling. Further developments in these applications, however, still require a 

comprehensive grasp of nanoparticle behavior in laminar flow. Ajeeb, Wagd, et al. [1] 

examined forced convection heat transfer in non-Newtonian MWCNT nanofluids moving 

through microchannels in a laminar environment. Examined are the effects of magnetic field, 

Reynolds number, and solid volume fraction on heat transfer and velocity. The results 

indicate that while the magnetic field affects flow behavior, increasing Reynolds number and 

nanoparticle concentration improves heat transfer. Saha, Sandip, et al. [2] study how heat 

moves convectively when a laminar nanofluid flows through a rectangular microchannel 

using various baffle-corrugation designs. It examines the effects of various baffle geometries 

on flow behavior and heat transfer efficiency. The results show that optimized baffle 

configurations improve convective heat transfer, especially at higher Reynolds numbers. 

Ben Ltaifa et al.[3] investigates the numerical analysis of mixed convection heat 

transfer and laminar flow in a rectangular inclined micro-channel filled with Water/Al2O3 

nanofluid. The paper focuses on how the inclination angle, Reynolds number, and 

nanoparticle concentration affect the flow and heat transfer performance. Results indicate that 

mixed convection significantly enhances heat transfer, with nanoparticle volume fraction 

improving the thermal conductivity and overall thermal performance.Burggraf, Jonas, et al. 

[4] focuses on the numerical investigation of laminar flow heat transfer of TiO2-water 

nanofluid in a heated pipe. It examines the effects of various parameters, such as Reynolds 
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number, nanoparticle concentration, and heat flux, on the flow behavior and thermal 

performance. The results demonstrate that the presence of TiO2 nanoparticles enhances the 

heat transfer rate, improving thermal efficiency in the pipe. 

Laminar flow is a type of fluid motion where the fluid flows in parallel layers with 

little to no mixing between them, occurring at low Reynolds numbers. In this flow regime, 

fluid particles move in a smooth, orderly manner, which results in a predictable and steady 

velocity profile. It is widely studied in fluid dynamics to understand the behavior of fluids 

under controlled conditions. Laminar flow is essential for predicting heat transfer, fluid 

resistance, and the transport of particles or heat. Applications include flow through pipes, 

lubrication systems, and biomedical flows, where stability and minimal turbulence are 

crucial. It is also important in microfluidics, where precise control of fluid motion is required. 

Khan, Umair, et al. [5] investigates MHD mixed convection hybrid nanofluid flow over a 

permeable, moving, inclined flat plate, considering the effects of thermophoretic and 

radiative heat flux. The paper examines the combined impact of magnetic fields, inclination 

angle, and heat transfer mechanisms on the flow and thermal characteristics. Results show 

that thermophoresis and radiation influence the heat transfer rate, while mixed convection 

enhances fluid movement and temperature distribution.Huang, Zhong, et al. [6] explores 

natural convection and radiation heat transfer in power-law fluid food contained in 

symmetrical open containers. The paper investigates the effects of fluid properties and 

container geometry on heat transfer performance. Results show that both natural convection 

and radiative heat transfer play significant roles in thermal distribution within the container, 

influencing the cooling or heating efficiency of the food.Rauf, Abdul, et al. [7]investigates 

MHD mixed convection flow of Maxwell hybrid nanofluid, incorporating the effects of Soret, 

Dufour, and morphology. The paper examines how thermal diffusion (Soret effect), mass 

diffusion (Dufour effect), and the morphology of the nanofluid influence the heat and mass 

transfer characteristics. Results highlight the combined effects of these parameters on flow 

behavior, thermal distribution, and overall convection efficiency in the presence of a 

magnetic field. 

 Magnetohydrodynamics (MHD) studies the behavior of electrically conducting fluids 

under magnetic fields, combining fluid dynamics and electromagnetism. It has significant 

applications in astrophysics, fusion energy, cooling systems, and biomedical engineering. 

MHD enhances heat transfer, controls flow stability, and enables efficient electromagnetic 

pumping. Its applications extend to aerospace, oceanography, and advanced industrial 

processes. Chabani, I., et al. [8] numerically analyzes the natural convection of a magnetic 

hybrid nanofluid in a porous trapezoidal enclosure. The effects of magnetic fields, 

nanoparticle concentration, and enclosure geometry on heat transfer and fluid flow are 

examined. Results show that adjusting porosity and magnetic strength significantly influences 

thermal performance and convective behavior.Anusha, T., et al. [9] examines the 

magnetohydrodynamic (MHD) flow of a nanofluid with a Marangoni-driven laminar 

boundary layer over a porous medium. It explores heat and mass transfer characteristics 

influenced by nanoparticles and external magnetic fields. The research aims to understand the 

effects of these factors on fluid dynamics and thermal performance. 

In this paper, focuses on the analysis of both free and forced convection heat transfer in 

nanofluids, specifically in two-dimensional flow past an inclined vertical plate. exploring 

how the nanofluid, consisting of nanoparticles suspended in a base fluid, enhances the heat 

transfer characteristics compared to conventional fluids. The effects of varying parameters 

such as Reynolds number, solid volume fraction of nanoparticles, and the angle of inclination 
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are examined in detail. Both natural (free) and forced convection mechanisms are analyzed to 

understand their impact on thermal performance. Special attention is given to the behavior of 

nanofluids under different flow conditions and their ability to improve heat transfer 

efficiency. The paper aims to provide a comprehensive understanding of how nanofluids can 

be optimized for various engineering applications, including heat exchangers and cooling 

systems. 

 

Mathematical Formulation 

The main assumptions governing the flow with heat transfer is as follows: 

➢ The unsteady convection flow of Copper-water Nano-fluids was considered in past 

vertical moving semi-infinite plate 

➢ This plate was assumed to be non-electrically conducting and move in the positive z-

direction with the velocity 𝑈0 

➢ Here transverse magnetic field is applied 

➢ Initially considering the electrically conducting fluid on the plate is at rest.  

➢ Assuming that the induced magnetic field is smaller than the external magnetic field. 

By taking surface temperature as a constant value 𝑇𝑤 and the ambient temperature 

as𝑇∞, where   𝑇𝑤 > 𝑇∞ 

➢ Suppose that the regular fluid and suspended Cu particle are at the thermal 

equilibrium and no slip occurs between them 

➢ The fluid was assumed to follow the Bossinesq approximation 

The Cartesian co-ordinate system and also the geometry of the plate are shown in the 

following diagram. 
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 1 - Schematic diagram 

Governing Equations 

The boundary layer equations governing the flow and temperature as per above assumptions 

are as follows 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0           (1) 

𝜌𝑛𝑓 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = 𝜇𝑛𝑓 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) − 𝜎𝐵0

2𝑢     (2) 

𝜌𝑛𝑓 (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = 𝜇𝑛𝑓 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2)      (3) 

The boundary conditions for this problem are as follows: 

𝑢(𝑥, 𝑦, 𝑡) = 0, 𝑣(𝑥, 𝑦, 𝑡) = 0, 𝑇(𝑥, 𝑦, 𝑡) = 𝑇∞, 𝑡 < 0 

𝑢(𝑥, 𝑦, 0) = 0, 𝑣(𝑥, 𝑦, 0) = 0 

𝑢(0, 𝑦, 𝑡′) = 0, 𝑣(0, 𝑦, 𝑡′) = 0 

𝑢(𝑥, 0, 𝑡′) = 𝑥, 𝑣(𝑥, 0, 𝑡′) = 1 

𝑢(𝑏, 𝑦, 𝑡′) = 0, 𝑣 (𝑥,
𝑏

2
, 𝑡′) = 𝑏 + 𝑥  , 𝑣 (𝑥,

𝑏

2
, 𝑡′) = 0     (4) 

Thermo-Physical properties were related as follows: 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠, 𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝑐𝑝)
𝑛𝑓

 

(𝜌𝑐𝑝)
𝑛𝑓

= (1 − 𝜙)(𝜌𝑐𝑝)
𝑓

+ 𝜙(𝜌𝑐𝑝)
𝑠
 

(𝜌𝛽)𝑛𝑓 = (1 − 𝜙)(𝜌𝛽)𝑓 + 𝜙(𝜌𝛽)𝑠 

Here we introduce the following dimensionless variables as: 

𝑋 =
𝑥

𝐿
, 𝑌 =

𝑦

𝐿
, 𝑡 = 𝑡′ 𝑈0

𝐿
, 𝑈 =

𝑢

𝑈0
, 𝑉 =

𝑣

𝑈0
       (5) 

Using equations (6), (7), (8) the equations (2), (3) & (4) can also be written in the following 

dimensionless form 
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𝜕𝑈(𝑥,𝑦,𝑡)

𝜕𝑡
+ 𝑈(𝑥, 𝑦, 𝑡)

𝜕𝑈(𝑥,𝑦,𝑡)

𝜕𝑋
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𝜕𝑈(𝑥,𝑦,𝑡)

𝜕𝑌
=

1+(2.5)∅

(1−∅+∅(
𝜌𝑠
𝜌𝑓

))𝑅
(
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𝜕𝑋2
+
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𝜕𝑌2
) −

𝑀𝑈(𝑥, 𝑦, 𝑡)        (6) 

𝜕𝑉(𝑥,𝑦,𝑡)

𝜕𝑡
+ 𝑈(𝑥, 𝑦, 𝑡)

𝜕𝑉(𝑥,𝑦,𝑡)

𝜕𝑋
+ 𝑉(𝑥, 𝑦, 𝑡)

𝜕𝑉(𝑥,𝑦,𝑡)

𝜕𝑌
=

1+(2.5)∅

(1−∅+∅(
𝜌𝑠
𝜌𝑓

))𝑅
(

𝜕2𝑉(𝑥,𝑦,𝑡)

𝜕𝑋2 +
𝜕2𝑉(𝑥,𝑦,𝑡)

𝜕𝑌2 ) (7) 

Here the corresponding boundary condition of equation (5) was written in the dimensionless 

form as: 

𝑈(𝑥, 𝑦, 0) = 0, 𝑉(𝑥, 𝑦, 0) = 0 

𝑈(0, 𝑦, 𝑡) = 0, 𝑉(0, 𝑦, 𝑡) = 0 

𝑈(𝑥, 0, 𝑡) = 𝑥, 𝑉(𝑥, 0, 𝑡) = 1 

𝑈(𝑏, 𝑦, 𝑡) = 0, 𝑉 (𝑥,
𝑏

2
, 𝑡) = 𝑏 + 𝑥  , 𝑉 (𝑥,

𝑏

2
, 𝑡) = 0     (8) 

Where the parameters present in the above equations are as follows: 

𝑃𝑟 =
𝜈𝑓

𝛼𝑓
Prandtl Number 

𝑀 =
𝜎𝐵0

2𝐿

𝑈0𝜌𝑓
  (Magnetic field parameter) 

𝑅 =
𝐿𝑈0

𝜈
(Reynolds Number 

Solution of the Problem  

The differential equations from (6) to (7) are nonlinear and coupled. The boundary conditions 

described in (8) were applied when solving these equations. The study is carried out in two 

dimensions and the domain under consideration is an infinite rectangular plate. The plate's 

width is one unit and its height is two units for computation. Mathematica “Method of lines” 

tool is used to solve this system. 

 

Discussion of the Results 

The graphs in Figures 2 to 16 plot the effects of several parameters on velocities (u and v) 

including Reynolds number (Re), solid volume fraction (φ), magnetic parameter (M), plate 

inclination angle (γ). For water, the Prandtl number (Pr) was set at 0.7. Horizontal velocity 

(v) is displayed at the x = 1 level, while vertical velocity (u) were computed at the y = 1/2 

level. 
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Fig.2. Profile of vertical velocity u with Re 

 

 

 

 

Fig.3Profile of vertical velocity u with φ 
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Fig.4Profile of vertical velocity u with M 

 

 

 

Fig.7Profile of v with Re 
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Fig.8. Profile of v with φ 

 

 

 

Fig.9. Profile of v with M 
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more in natural convection than in forced convection for all variations. Movement of the 

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4

Chart Title

V1 V2 V3 V4

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0 0.4 0.8 1.2 1.6 2 2.4 2.8 3.2 3.6 4

V1 V2 V3 V4



Journal of Computational Analysis and Applications                                                           VOL. 30, NO. 1, 2022 

10.48047/jocaaa.2022.30.01.25 

                                                                                                        877                                 Penthala Rajitha et al 869-879 

 

plate accelerates the flow is more in natural convection. Thus the movement of the boundary 

regulates the flow in forced convection case. From Fig.2 it is evident that the flow was 

directly proportional to the inertial force in natural convection and the flow is inversely 

proportional to the inertial force in forced convection. Fig.3 confirms that the solid volume 

fraction is always inversely proportional to the flow in both convections. But the flow retards 

gradually. From Fig.4 Lorentz force dominates the flow in both convections. Heat source is 

not much significant on flow in both convections, but it showed negative impact when it was 

increased (Fig.5). It was happened due to the presence of metal particle which is acted as heat 

absorbers. So the Cu-water Nanofluid will be preferred in heat generating systems. Fig.6 

indicates the flow is more when it inclines to the base more for both convections. 

 

The horizontal velocity (v) profiles are displayed from figures 7-11. The horizontal 

velocity is found more in natural convection than in forced convection for all variations. The 

flow was found to be more with the base of the plate and retards from the base. From Fig.7 

viscous force dominates the inertial force and hence the velocity enhances as Re increases. 

From Fig. 8 the presence of metal particle enhances the velocity in the Brownian motion of 

the particle.It was further observed that variation of velocity is significant in forced 

convection than in natural convection. Fig. 9 exhibits the reduction of velocity with Lorentz 

force in both the convections. But the variation of M is not clearly significant in both 

convections.  

 

Conclusions 

 

• Rate of heat transfer is more when plate tends to be horizontal in free convection but 

no significance observed in forced convections. 

• Inclination angle enhances the vertical flow but not significant in horizontal flow. 
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