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Abstract

In this paper, we introduce the concept detour chromatic number of a graph. Also detour
chromatic number of several classes of graph are determined and some of its general
properties are studied. Let G be a connected graph. A subset S € V(G) is said to be a detour chromatic
set of G if S is both a detour set and a chromatic set of G. A detour chromatic set S is said to be minimum
detour chromatic set of G if there exists no detour chromatic set S of G with |S'| < |S|. The cardinality of
a minimum detour chromatic set of G is the detour chromatic number of G. It is denoted by x4 (G).
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1. Introduction

By a graph G=(V,E) we mean a finite, connected, undirected graph with neither loops
nor multiple edges. The order |V | and size |E| of G are denoted by p and g respectively. For
graph theoretic terminology we refer to west[8]. A vertex v of G is said to be an extreme
vertex if the subgraph induced by its neighborhood is complete. The set of all extreme
vertices i1s denoted by Ext#(G). For vertices x and y in a connected graph G, the defour
distance D(x,y) is the length of a longest x — y path in G. An x — y path of length D(x,y) is
called an x — y detour. The closed interval /p[x,y] consists of all vertices lying on some x — y
detour of G. For § € V,Ip[S] = Ux,eslp[x,y]. A set S of vertices is a detour set if Ip[S] = V(G),
and the minimum cardinality of a detour set is the detour number dn(G). A detour set of

cardinality dn(G) is called a minimum detour set [2, 3,].

A k —coloring of G is a function c:V(G) - {1,2, ..., k} such that c(u) # c(v) for
every adjacent vertices u, v € V (G). The chromatic number of G denoted by y(G), is the
smallest k for which G has a k —coloring. A graph having chromatic number k is called a
k — chromatic graph. Let G be a k-chromatic graph. A set S € V(G) is called chromatic set
if S contains all k vertices of different colors in G. The chromatic number of a graph was

studied in [6, 7].

A vertex of degree 0 is called an isolated vertex and a vertex of degree 1 is called an

end vertex or a pendant vertex. A vertex that is adjacent to a pendant vertex is called a
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support vertex. A vertex of degree p — 1 is called a full vertex. The set of all full vertices is

denoted by Fx(G). A cycle of length three is also a triangle and a graph G containing no

triangles is called triangle-free.
Definition 1.1

Let G be a connected graph. A subset S € V(@) is said to be a detour chromatic set of
G if S is both a detour set and a chromatic set of G. A detour chromatic set S is said to be
minimum detour chromatic set of G if there exists no detour chromatic set S’ of G with
|S’] < |S]. The cardinality of a minimum detour chromatic set of G is the detour chromatic
number of G. It is denoted by x4, (G). Any detour chromatic set S of cardinality y, (G) is

called a x4, —setof G or x4 (G) — set.

Example 1.2

Consider the graph G in Figure 1.1. S = {v¢, v, v} is a unique minimum detour set
of G and S; = {v,,v,} is a chromatic set of G but S is not a chromatic set of G and S; is not a

detour set of G. Thus, x4 (G) = 4. It is clear that S, = {v, V6, v, Vg} is a detour set and a

chromatic set of G. Therefore, S, is a detour chromatic set of G and hence x4, (G) = 4.

Figure 1.1

Here d(G) = 3 and y(G) = 2. Thus, detour chromatic number is different from both

detour number as well as chromatic number.
2 Some Basic Results

Theorem 2.1. [3] Every end vertex of G belongs to every detour set of G.

Theorem 2.2. [3] For a non-trivial tree, dn(G) = k, where k is the number of end vertices of G.
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3 The Detour Chromatic Number of a Graph

Remark 3.1
For any connected graph G, there can be more than one detour chromatic set.

For the graph G in Figure 11, Sl={U3,v6,v7,vg},52={U5,v6,v7,v8},53=

{v4, V6, v7,v5} and S, = {vg, V5, Vg, Vo } are four detour chromatic sets of cardinality four.
Thus, the minimum detour chromatic set of G is not be unique.

Remark 3.2
There is no relation connecting d(G) and x(G).

Consider the connected graph G in Figure 3.2.

<

A

\ graph ¢ with Y () dly)

Foogure 3.2

Here S = {v4, v,, v5} is a minimum chromatic set of G and so y(G) = 3. But it can be

easily verified that S; = {v, v} is @ minimum detour set of G and so d(G) = 2. Therefore,

x(G) > d(G).

Now, consider the connected graph G in Figure 3.3.
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Here S = {v;,v,,v3,v,} is @ minimum detour set of G and so d(G) = 4. But it is

clear that S; = {v;,v,} is a minimum chromatic set of G and so y(G) = 2. Therefore,

x(G) < d(G).

Now, consider the connected graph G in Figure 3.4.

Here, S = {v;, v,, 3} is a minimum detour set as well as minimum chromatic set of

G. Hence d(G) = x(G) = 3.
Theorem 3.3

If G is a connected graph of order n > 2, then 2 < d(G) < x,4,(G) < n.
Proof.

A detour set needs minimum two vertices and so d(G) = 2. Since every detour

chromatic set of G is a detour set, d(G) < xq4,(G). Moreover, the set of all vertices in G form

a detour chromatic set of G and so y4 (G) < n. Hence 2 < d(G) < x4, (G) < n.

Remark 3.4

The bounds in Theorem 3.3 are strict. For the connected graph G given in Figure 3.5,

d(G) =3,x4,(G) =4andn = 7.

Therefore, 2 < d(G) < x4,(G) <n.
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Corollary 3.5

Let G be any connected graph of order n. If d(G) = n, then x4 (G) = n.
Proof.

The proof is straight forward from Theorem 3.3.
Remark 3.6

The converse of corollary 3.5 need not be true. For the graph G in Figure 3.6,
Xa,(G) =5=n.Butd(G) = 2.

Corollary 3.7

Let G be any connected graph of order n > 2. If x4 (G) = 2, then d(G) = 2.

Proof.

The proof is straight forward from Theorem 3.3.

Remark 3.8
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The converse of corollary 3.7 need not be true always. For the graph G in Figure 3.2,

d(G) = 2, but an(G) = 3.
Observation 3.9

The detour chromatic number of some standard graphs can be easily found and are

given below:

(1) For the complete graph K,(n = 2), x4, (K;,) = n.
(i)  For the star graph Ky ,_1(n = 2), x4, (Kl,n—l) =n.

2if niseven

(iii)  For the path graph P,(n = 2), x4, (P,) = { 3ifnisodd’

2if niseven

(iv)  For the cycle graph C,(n = 3), x4,(Cr) = {3 if nisodd’

v) For the complete bipartite graph K, , (1 < m < n), xq, (Kmn) = 2.
(vi)  For the fan graph G = K; + P,_1(n = 3), x4,(G) = 3.

3ifn—1iseven
4ifn—1isodd’

(vii)  For the wheel graph G = K; + C,_1(n = 4), x4,(G) = {
Theorem 3.10
Let G be a connected graph of order n = 2. Then 2 < y(G) < x4, (G) < n.

Proof.

Since G be a connected graph of order n > 2, we need minimum two colours for a
proper colouring G. Therefore, y(G) = 2. Also, every detour chromatic set of G is a

chromatic set, x(G) < x4,(G). Moreover, V(G) for a detour chromatic set of G. Thus,
Xa, (G) < n.Hence, 2 < x(G) < xq,(G) < n.

Remark 3.11

The bounds in Theorem 3.10 are sharp. For the path graph B,, y(P,) = 2, for the cycle
graph Cynyq, (n = 1), ¥(Capn41) = 3. For the star graph Ky ,,_1, Xq, (Kin_1) = n.

Also, all the inequalities in Theorem 3.10, are strict. For the connected graph G, given

in Figure 3.7, x(G) = 3, x4,(G) = 4 and n = 7. Therefore, 2 < y(G) < x4,(G) <n.
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Corollary 3.12

Let G be any connected graph of order n. If x(G) = n, then x4 (G) = n.
Proof.

The proof is straight forward from Theorem 3.10.
Remark 3.13

The converse of corollary 3.12 need not be true. For the star graph

Kin-1 Xa, (Kl,n—l) = n but X(K1,n—1) = 2.
Corollary 3.14
Let G be any connected graph of order n. If x4 (G) = 2, then x(G) = 2.
Proof.
The proof is straight forward from Theorem 3.10.
Remark 3.15

The converse of corollary 3.14 need not be true. For the graph G in Figure 1.1,
x(G) = 2,but x4 (G) = 4.

Theorem 3.16
Every end vertices of G belong to every detour chromatic of G.
Proof.

Since every detour chromatic set of G is a detour set, the result follows from Theorem

2.1

6275 Temi Maryson et al 6269-6277



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024

10.48047/jocaaa.2024.33.08.246
Observation 3.17

If G is a connected graph, we have the following.

(1) A minimum detour set S in G which is also a chromatic set of G, then S is
Xa, — setof G.
(i) A minimum chromatic set S in G, which is also a detour set of G, then S is a
Xa, — setof G.
Remark 3.18

If S is a yg4, - set of G, then S need not be a minimum detour set as well as minimum

chromatic set of G

For example, consider the connected graph G in Figure 1.1. Here S = {v,, vg, v7, vg}
is a x4 - set of G and so x4, (G) = 4. Also, S; = {vs, 7, g} is a detour set of G and S, =

{vy,v,} is a chromatic set of G.
Theorem 3.19

Let G be any connected graph and if the set of all end vertices S of G is a detour

chromatic set of G, then S is the unique minimum detour chromatic set of G.
Proof.

Let S be the set of all end vertices of G, which is a detour chromatic set of G. Then,
Xa,(G) < |S|. But, by Theorem 3.16, x4 (G) = |S|. Hence, x4, (G) = |S|. Therefore, that S
is a minimum detour chromatic set of G. Moreover, by Theorem 3.16, every minimum detour
chromatic set must contain S and so that S is the unique minimum detour chromatic set of G.

Theorem 3.20

Every full degree vertex of a connected graph G of order n belong to every detour

chromatic set of G.
Proof

Let S be a detour chromatic set of G and let u be a full degree vertex of G. So
deg(u) = n — 1. Let uq,uy,...,u,_1 be the vertices of G adjacent with u. To prove u €

S.Suppose u & S. Let cq,cy, ..., cp_1 be the colours assigns to uq, Uy, ..., U,_4, respectively
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which may be distinct. Since u € S, by proper colouring, u must assign any one of the colour

from the set {cy, ¢y, ..., c,—1 }. Without loss of generality, we assign u as colour ¢;. This shows
that u and u; receive same colour. Since deg(u) = n — 1, that u and u, are adjacent. It

follows that S is not a detour chromatic set of G, which is a contradiction. Hence u € S.
4 Conclusion

In this paper, we get a deep knowledge about detour chromatic number of a graph. It
has many applications in the field of social networking and modern technologies. For our

future work we can extend it for large families of graphs.
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