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Abstract

In this article, the authors use the Hurwitz—Lerch zeta function associated with the subclasses
of bi-univalent functions. Three new subclasses of bi-univalent functions are introduced. For
these new classes, the authors obtain first two initial coefficient bounds. Furthermore, the
famous Fekete-Szegd inequality is also drive for this new subclass of functions. Some
findings improved results already available in the literature.
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1. Introduction
Indicate A be the class of all functions f : E — C defined by

O =5+ ) a (L)

which are analytic in open unit disk E:={£ € C: |§|] < 1}. Indicate § be the subclass of A
which are univalentin E. Fix 0 < § < 1. Let §*(9), C(0) and R(0) be the subclasses of class

S which is well known the class of starlike, convex and the class of functions whose
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derivatives have positive real part of order o respectively. The analytic descriptions of the above
classes are given by

$F' ()
f(&)

S
(&

5*(5)={fe§:ﬁn( >>5,0$5<1},

C(5)={f65:ﬁR(1+ >>5,035<1}

and
RO ={feS: RUE'(E)>50<6<1}.

The Koebe one-quarter theorem [11] ensures the range of every function of the class §
contains the disc of radius 1/ 4. Hence, every univalent function f € § has an inverse f~1

which is introduced by
fUf@)=¢ ¢€E
and

1
FE @) =¢ ce (K<)
The inverse function h = f~1 is given by the power series

h(Q) = 1) =7 —apd* + (2a5 — a3){* + (5a3 — 5a,a3 + a,)J* + - (1.2)

A function f € A is said to be bi-univalent in E if f and it’s inverse h = f~1 are univalent in E.
Let X be the class of all bi-univalent functions in E. In 1985 Louis de Branges [7] show that the
Bieberbach Conjecture which states that, for each f € § given by (1.1) then following inequality
holds

la,| < n,n € N\ {1}.

Brannan and Clunie [4] conjectured that |a, | < /2. Further in 1981, Styer and Wright [26]
observed that there exist functions in X for which |a,| > 4/3 and in 1984 Tan [27] proved
that |a,| < 1.485. For more details, see [1, 6, 17, 18, 28].

For two holomorphic functions f;, f, € A and their Taylor series are given by

AE) =E+ ) Ag™ and () =+ ) Buf™,
n=2 n=2

then the function f; = f, : E — C defined by
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s &) = i@+ o) =§ + ) AnBpg™
n=2

Is called the convolution of f; and f,. The function f; * f, belongs to A and it is also called
the Hadamard product of f; and f,.

1.1 Hurwitz—Lerch Zeta function. Hurwitz—Lerch Zeta function [22,16] plays an
important role in various fields of mathematical sciences, especially in geometric function
theory. A general Hurwitz—Lerch Zeta function W(¢, A, b) defined in [24] by

{‘_’Tl
W(E A D) = z e

whereb € C\{By},A € CRA) > 1and B, := Z\ {N}.

Now we consider the normalized function

0

£(£,1,9) = (1+71)? [W(f, Ab) — Aln] — 4 (%)ﬁ e

n=2
Motivated by the investigation of operators we introduced an operator Aﬁ: A — A defined by

9

142
BIEO =£EAD O = £+ Y () ant™

Hence, we have

M@ = £+ ) Dl Dand™,
n=2

where
1+
0.9 = (157) -
Remark 1. For the choice of parameters A and 9 we have:
(i) If9 = 0then

Asf (&) = ().
(i) IfY = 1and 1 = 0then
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@ N,
MfE = | ——du —Lf(f)—€+;7€

0

Is well known as Alexander operator [2].
(ii) IfY9 = 1andA=Db, (b >—1) then
3

o [wtrodu - €+Z(1+b>an€”

0

Af) =Fpf () =

is well known as Bernardi operator [3].

(iV)Ify =n,(m > 0)and A = 1then
ATfE) =J"f(&) = f+2 (n—+1) an$"

is well known as Jung—Kim-Srivastava integral operator [10].

Let P,(c,8) be the class of analytic functions x (&) analytic in E normalized by the conditions
x(0) = 1andx(0) > 1and

21

1+ < [x(§) — 1] -
[ ——

de < 2m,
0

where u > 2,0 < 6§ < 1and ¢ € C\ {0}. P,(c,6) was introduced in [13]. A function x €
P.(c,8) then there exists two analytic functions x; (¢) and x, (&) belongs to the class P(c, §)
such that

x(§) =7 [xl(f) x (] + [x1(f)+xz(f)]

Remark 2. For the choice of parameters p, § and 9 we have:
(i) If ¢ = 1then, B,(1,6) = P,(5) was introduced in [14].
(ii)Ifc = 1and 5§ = 0then, P,(1,0) = P, was introduced in [15].

(iii)Ifc = 1,6 = 0and p=2then, P,(1,0) = P isthe well — known class of Caratheodory
functions of positive real part.

Lemma 1. [13] A function x € P,(c, §) given in the form

4
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x(€)=1+2xn€n=1+x1€+x252+x3f3+---, ¢ € E,
n=1

then
|%,] < plc](1 — 6), vV n € N.

This result is sharp.

In this article, the authors use the hurwitz—lerch zeta function associated with the subclasses
of bi-univalent functions. We introduce three new subclasses of bi-univalent functions. For these
new classes, the authors obtain first two initial coefficient bounds. Furthermore, the famous
Fekete-Szeg0 inequality are also drive for this new subclass of functions. Some findings improved
results already available in the literature.

2. Main Definition

Definition 1. For fixed 2 < p < 4,c € C\{0},4 € Ca,v =2 0and 0 < § < 1. We say
that the function f € X is in the class Rg"jl’,a(c, u, &) if the following conditions hold:

AF(®)

aENSF(E) + (v —2a)AS f'(E) + (1 — v + 2a) :

€ P.(c,96)

and

)
aASH" Q) + (v — 20)ATH'(O) + (1 — v + 20) Aﬂ’;“ )

€ P.(c,96)

where h is the inverse function of £ givenin (1.2).
Remark 3. For the choice of parameters in Definition 1 we have the following cases:
(i) If9 = 0,u = 1 + 2aandc = 1then Ry;:°*(1,1,6) = F&(, 8) is the class of
functions hold the following conditions:
[+ aéf"(§) € Pu(S)
and
h'($) + adh’"({) € B, (6).
The family F¢'(u, §) was initiated by Sharma [20] in 2023.
(i) IfY = O,v = 1 + 2a,p = 2and ¢ = 1then Ry;;**(1,2,6) = FE(8) is the
class of functions hold the following conditions:
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R+ asf"(E))>6

and
R(R'({) + alh”(])) > 6.
The family F5(8) was initiated by Srivastava [23] in 2015.

(@) If9 = 0,a = 0andc = 1 then :jo'/{,o(l, U, 6) = G5 (W, ) is the class of functions hold
the following conditions:

f
vf' )+ (11— v)% € Fu(d)

and

vh' (D) + (1— v)&f)e P.(5).

The family G5 (y, &) was initiated by Sharma [20] in 2023.
(iv)Ify = 0,a = O,p = 2andc = 1then 3223,0(1»2»5) = Gy () is the class of functions
hold the following conditions:

ER(vf’(E) + (11— u)§> )

and
%(vh'(f) + (1 - v)@) > 4.

The family G5 ( 8) was initiated by Frasin and Aouf [9] in 2011,

(V) If 9=0,a=0,u=1 and c =1 then then Ry; ,(1,u4,68) = Hx(,8) is the class of
functions hold the following conditions:

f'(€) e P

and
h'(¢) € B, (8).
The family Hx(u, ) was initiated by Li [12] in 2020.
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(Vi) If 9 =0, =0,u =1, = 2 and ¢ = 1 then then Ry} ,(1,2,8) = Hx(8) is the class of
functions hold the following conditions:
R(f'(§) >
and
R(R'(D) > 6.
The family Hx(8) was initiated by Srivastava [25] in 2020.

Definition 2. Forfixed2 < p < 4,c € C\{0}, A € Cn = 0and0 < § < 1.We say

that the function f € X is in the class 559,',{] (c, u, 6) if the following conditions hold:
ENSS'(§) 9
—5 o TSN (E) € Bu(c, 6)
G ! "

and
AR (9)
AZh()

where h is the inverse function of f givenin (1.2).

+n{ASR" Q) € Pu(c, 6)

Remark 4. For the choice of parameters in Definition 2 we have the following cases:

() 1fY = 0,n = 0andc = 1 then Sg5 (1,1, 8) = S5 (u, ) is the class of functions hold
the following conditions:

§f'(©)

TG

and

¢h'({)
h($)
The family Sy (u, 6) was initiated by Li [12] in 2020.

€ P,(6).

(ii)If9 = 0,n = O,p = 2andc = 1thenSy;(1,2,6) = S5(8) is the class of functions

hold the following conditions:
R (ff (5)) > 5

£
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and

Q)
m(MO>>&

The family S5 (6) was initiated by Brannan and Taha [5] in 1985.

Definition 3. Forfixed2 < p < 4,c € C\{0},1 € C,0 <un < 1and0<6<1. We say that
the function f € X isin the class C‘;'/{t(c, u, &) if the following conditions hold:

, E05 " (§)
(1—mygf@)+n<1+7é7§7>eﬂxa®
and
, (AR ()
(1- M)Alzh Q)+ l/l(l + W) € fpu(C, d)

where h is the inverse function of f givenin (1.2).

Remark 5. For the choice of parameters in Definition 3 we have the following cases:

M IfY =0, n= 1andc = 1then C’gj(l, u,8) = Cs(u, 6) is the class of functions hold the
following conditions:

§f7()

AT

€ P, (6)

and

¢h"({)
h' ()
The family Cs(u, §) was initiated by Li [12] in 2020.

1+ € R,(8).

i) If9 = O,u= 1,p = 2and ¢ = 1 then €1 (1,2,8) = Cx(5) is the class of functions
XA

hold the following conditions:
§f" ()
m(H f,@))w

and
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Ch" (¢ ))
R(1+ > 4.
( h'(9)
The family Cs(6) was initiated by Brannan and Taha [5] in 1985.

(iii) If 9 = 0,u= 0and c = 1 then C;3(1,18) = Hz(w, ) is the class of functions hold
the following conditions:

f(€) e R(6)
and

() € Bu(&).
The family Hx(u, ) was initiated by Li [12] in 2020.

(iv) If9 = 0,u = 0,p = 2andc = 1then C;%(1,2,8) = Hx(8) is the class of functions
hold the following conditions:

R(f'(©) > 6
and
R(R'(Q)) > 6.
The family Hx(8) was initiated by Srivastava [25] in 2020.
3. Main Theorems

Theorem 1. Forfixed2 < p < 4,c € C\{0},A € C,a,v =2 0and 0 < § < 1. A function
f € Ry ,(c,u,6) then

plcl(1—6)
22| S\/¢3(A,ﬁ)[2(a+v) 1 3.1)
| < plcl(1—6) (3.2)

T d;(49[2(a+v) + 1]

and
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[ ule]l(1—=8)(1 —K)

, X<0
d;(4,9)[2(a +v) + 1]
plel(1 - 6)
Iag—Na§|s<q)3(/1,19)[2(a+v)+1], 0<K<?2 (3.3)
ulel(1 -8R -1) X > 2

\D; (4,9 [2(ax +v) +1]’
Proof. Consider f € :jo{ﬂ (¢, u, 6). Then, there exist two analytic functions x(§) and y({)

belongs to the class 7, (c, §) such that

9
GO + - 20 ©) + (1 - v+ 200 2L < a) (3.4)
and
s P A3R()
alAjh" () + (v —20)Ah () + (1 —v+ 2a) 7 = y({) (3.5)
where
x(f)=1+2xn€"=1+x1€+x2 E2 + x3&3 + - (3.6)
n=1
and
y(6)=1+2yn€"=1+y1€+yz §% +y30% + . (3.7)
n=1
Now using (3.4), (3.5), (3.6) and (3.7), we get
v+ 1Dd,(4,9)a, = x4, (3.8)
[2(a +v) + 1]DP3;(1,9)as = xy, (3.9)
—w+1)P,(4,9)a, =y, (3.10)
and
[4(a +v) + 2]P3(4,9)az — [2(a +v) + 1]P3(A,9)as = y,. (3.11)
On addition of (3.8) and (3.10) we have x; = —y; and similarly adding (3.9) and (3.11), we get
[4(a +v) + 2]P5 (4,9)a3 = x, + y,. (3.12)

10
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Using Lemma 1 in (3.12), we get

ple[(1—8)
[4(a +v) + 2]P;(1,09)°

Equation (3.13) gives the bound of |a,| given in (3.1). Similarly Using Lemma 1 in (3.9) gives
the bound of |a5| given in (3.2). Hence, for any fixed real number & and from (3.9) and (3.12),
we get

|az|2 <

(3.13)

. (2—N)x, — Ry,
27 [4(a+v) +2]P5(1,9)

a; —Na (3.14)

Using Lemma 1 in (3.14), we get

la; — X a§|
< (2 —R)x; — Ry,
T [4(a+v) + 2]D3(4,9)

Equation (3.15) gives the bounds given in (3.3). Which completes the proof of Theorem 1.

(3.15)

Theorem 2. Forfixed2 < p < 4,c € C\{0},1 € C,n = 0and0 < § < 1.A
function f € cSﬁ"}?(c, u, 8) then

a,| < ulc|(1 —6) (3.16)
227 121 + 3n) @5 (4,9) — D,(4, 29)| '

lag| < el — 9) (3.17)
12(1 + 3n)P5(4,9) — D, (4, 29)]
and
( plel(1=6)(1 - K) % <l
12(1 + 3n)D3(4,9) — P, (4, 29)|’ -
w2 plel(1—6) B
las Na2|§<|2(1+3n)¢3(/1’19)|, M<R<2-1 (3.18)
plel(1-6)(X—1) K> 2Tl

\2(1 + 3n)P3(A4,9) — D, (4, 29)|’
where X 1s a real number and

 9,(4,29)
C2(1 4+ 3n)@5(1,9)
11
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Proof. Consider f € Sg;{’ (¢, u, 8). Then, there exist two analytic functions x (&) and y({)

belongs to the class 7, (c, ) such that

ENS () 9 en

NG) + 1A (&) = x(§) (3.19)
and

INI@) o

ATh(O) +n¢AR"(E) = y(O) (3.20)

where x(&) and y({) are given in (3.6) and (3.7). Now using (3.5), (3.6), (3.19) and (3.20), we
have

(1+2n)P,(1,9)a, = x4, (3.21)
2(1 4 3n)P3(4,9as; — , (4,29)az = x,, (3.22)
—(1+2n)d,(4,9)a, = y,, (3.23)

and
[4(1 + 3n)D3(A4,9) — D, (4, 20)]as — 2(1 + 3n)P3(4,9)as = ys,. (3.24)

On addition of (3.21) and (3.23) we have x; = —y, and similarly adding (3.22) and (3.24), we
get

Using Lemma 1 in (3.25), we get

plel(1—6)
12(1 + 3n)@3(2,9) — D, (4, 29)|°

Equation (3.26) gives the bound of |a,| given in (3.16). Now subtracting (3.24) from (3.22) we

la,|? < (3.26)

get
4(1 4 3n)P3(4,9as = 4(1 + 3n)D3(4,9)az + x, + y,. (3.27)
Using the value of a3 given in (3.25) in (3.27), we get

[4(1 + 37) @5 (4, 9) — D, (A, 20)]x, + D, (1, 20)y,
2(1 + 37 @3 (4, 9) — D, (4, 29)

4(1 4 3 P5(4, )a; = (3.38)

Using Lemma 1 in (3.28) gives the bound of |a3| given in (3.17). Hence, for any fixed real

12
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number X and from (3.25) and (3.28), we get
2

¢z - 40+ 3O3(,9) — 9,(2,26) — 21 + 3Py, )X,
43— Raz = 4(1+ 30034, 9 [2(1 + 30) D3 (4, 9) — D, (4, 20)]
[@,(4,29) — 2(1 + 3n)P3(4,9)KR]y,

T AT 300, (D2 1 3P4 ) — b, (4 29)]" (3:39)
Using Lemma 1 in (3.29), we get
R el =8)[4(1 + 3n)D3(4,9) — P,(4,29) — 2(1 + 3n)P3(4,9)X|
43— Raz = 4(1+ 37 D5 (4, N[2(1 + 30)P3 (4, 9) — D,(4, 20)]
ple|(1 = 8)|P,(4,29) — 2(1 + 3n)P3(4,9)K| (3.40)

4(1+3n) @34, 9)[2(1 + 3 P3(4,9) — P,(4,29)]
Equation (3.30) gives the bounds given in (3.18). Which completes the proof of Theorem 2.

Theorem 3. Forfixed2 < p < 4,c € C\{0},1 € CO <unu <1land0 <6 < 1.A
function f € C’g;{t(c, u,8) then

|a| S\/ Hleld = 6) (3.31)

13(1 + P34, 9) — 4nd, (4 29)|’

lag| < el = 9) (3.32)
13(1 + WP3;(4,09) — 4nd,(4,29)]
and
( uld@-9)a-¥) <o
13(1 + W)D3(A,9) — 4nd,(4,29)|’ -
ple|(1—=6)
— 2| < <N<2-— )
las — R a2| <4 ST 0.0’ O<N<2-0 (3.33)
1-8H)(R-1
ulel(1 - )R- 1) <576

where X is a real number and
o — 4nd, (4, 29)
T 3(1+n)d5(4,9)
Proof. Consider f € C;’i;‘f(c, i, 8). Then, there exist two analytic functions x(&) and y({)

belongs to the class 7, (c, §) such that

13
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o fAﬁf”(f)) _ 331
(1= WA f'(E) + n(l NI x(§) (3.34)
and
, EASf(8)
(1= WA f'(€) +n (1 + —A,; G ) = x(§) (3.35)

where x(&) and y({) are given in (3.6) and (3.7). Now using (3.5), (3.6), (3.34) and (3.35), we

have
20,(4,9)a, = x4, (3.36)
3(1 + P34, 9)a; — 4nd, (4, 29)as = x,, (3.37)
—2®,(4,9)a, = y,, (3.38)
and
[6(1 +W)P3(14,9) — 4nd, (4, 29)]aZ — 3(1 + WP5(A,9)as = y,. (3.39)

On addition of (3.36) and (3.38) we have x; = —y, and similarly adding (3.37) and (3.39), we
get

[6(1 + n)D3(1,9) — 8ud,(A,29)]as = x, + y,. (3.40)
Using Lemma 1 in (3.40), we get

plel(1 — 6)
13(1 + W)P3(1,09) — 4ud,(4,29)|
Equation (3.41) gives the bound of |a,| given in (3.31). Now subtracting (3.39) from (3.37)
and using the value of a3 given in (3.40), we get

“ T T + W, (& [6(1 + WDy (A, 9) — BuP,(4,20)] | (3.42)

la,|? < (3.41)

Using Lemma 1 in (3.42) gives the bound of |as| given in (3.32). Hence, for any fixed real
number X and from (3.40) and (3.42), we get

,  [12(1+ W) D3(4,9) — 8ud, (4, 29) — 6(1 + W)P3 (4, 9)K]x,
3= R0 = T 0D, (4 0)[6(1 + WD (A 9) — 8ud, (A, 20)]
[Bud, (4, 29) — 6(1 + W)P3(4,I9)R]y,
T A+ 0D, (L) [6(1 + WD, (A 9) — Bud, (A, 20)]

(3.43)

14
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Using Lemma 1 in (3.43), we get

,  tlel(1=8)[12(1 + ) @3(4,9) — 8ud, (4, 29) — 6(1 + W) P3(4, I)N|
43— NGz = 6(1 + W D34 ) [6(1 + W)D3(L,9) — 8ud, (4, 20)]
ule|(1 — 8)[8ud, (4, 29) — 6(1 + W) D5 (1, 9N
6(1+ W34 N [6(1 + W)D3(4 9) — 8ud, (4, 20)]’

(3.44)

Equation (3.44) gives the bounds given in (3.33). Which completes the proof of Theorem 3.

4. Corollaries
With the choice of 3 =0, v =1 + 2a and ¢ = 1 in Theorem 1, we can deduce the following
corollary.

Corollary 1. Forfixed2 < p < 4, =2 0and0 < § < 1.Afunction f € Fg'(u, 6) then

u(1-46)
22| < /3(1 ¥ 2a)

u(1—96)
=l =50z

and
(u(l—6)(1 —X
( )( )’ X <0
3(1 + 2a)
pu(1-46)
— 2l < 2 7 <N<
las Na2|_<3(1+2a), 0<NR<?2
1-6 -1
u( (R ), X > 2
\  3(1+ 2a)

With the choice of 9 = 0,a = 0and c = 1 in Theorem 1, we can deduce the following
corollary.
Corollary 2. Forfixed2 < p < 4,v = 0and0 < § < 1.Afunction f € G5 (u,6) then

/u(l—c?)
< |— 7
l2z] < 1+2v’

15
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u(1-9)
<—
lasl < ===
and
(u(1—46)(1—-X)
<
1+ 2v ’ R=0
u(1-26)

a, —Na?|<{2 77 < X<
las 51 T30 0<R<2
pu(l—-6)(R—1)

> 2
\ 1+ 2v ’ R =2

With the choice of 9 = 0, = 0,v = 1 and ¢ = 1 in Theorem 1, we can deduce the
following corollary.

Corollary 3. Forfixed2 < p < 4and0 < § < 1. Afunction f € Hx(u, 8) then

2] < M(13—5)’
| 3|S#(13—5)
and
ru(1—6;(1—x)’ X <0
|a3—Na§|S<@, 0<N<2
ku(1—5;(N—1)’ X > 2

With the choice of 9 = 0 in Theorem 2, we can deduce the following corollary.

Corollary 4. For fixed2 < p < 4,c € C\{0},n = 0and0 < § < 1.Afunction f €

Sg(c, u, 6) then
ulcl(1—6)
la;| < [——
1+6n

plel(1 = 6)

<
las| < 1+ 61
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and
(ulel(1=86)(1—X) < < 1

1+ 6n ’ ~ 2(1+ 3n)

cl(1-6 1 3+6
ja —x a2 < M0 L ox<tOn
1+ 6n 2(1 + 3n) 2(1 + 3n)

plel -8R —-1) <> 3+ 6n

. 1+ 67 ’ ~2(1+ 3n)

With the choiceof 9 = 0,n = 0andc = 1 in Theorem 2, we can deduce the following

corollary.
Corollary 5. Forfixed2 < p < 4and0 < § < 1. Afunction f € S5 (u, §) then
laz] < v/u(1-9)
laz| < u(1-6)
and
( 1
u(1—=6)(1-Nx), R<-
u(d—=96) 1 3
a; —Na?|<{2__ 7 _<N< =
| 3 2| 2 ) 2 —_ N —_ 2
3
(1= HE-1), X2

With the choice of 9 = 0 in Theorem 3, we can deduce the following corollary.

Corollary 6. Forfixed2 < p < 4,c € C\{0},0 < unu< 1land0 < 6§ < 1. A function

f € Cy(c, 1, 8) then
/#lcl(l —6)
lay| < - —

plel(1 = 8)

Ay <
Jas| < —5—

and
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(ulcl(1-6)(1 -X) g <
3—1un ’ “3(1+wn
|a3_xa%|s<m’ Lsxgm
3(1+mn) 3(1+wn) 31+wn)
plel(1-6)(R—1) N>2(3+M)
\ 3— 1 ’ ~3(14+n

With the choiceof 9 = 0,k = 1 andc = 1 in Theorem 3, we can deduce the
following corollary.

Corollary 6. For fixed2 < p < 4and0 < § < 1. Afunction f € C(p,6) then

u(1—96)
<
|aZ|— 2 ]
pn(1—46)
<
laz| < >
and
A=A -X) <2
2 3
u(l—96) 2 4
a; —Nas| <{—~—__~2 Z<oRN<=
|3 2| 6 ) 3—N—3
p(1—-586)K-1) 4
> -
\ 2 ’ N_S

Remark 6. (i) Corollary 1 and Corollary 2 verifies the results obtained by Sharma et. al. [20].

(if) For p = 2 in Corollary 1 verify the bound of |a,| and improve the bound of |a;| obtained
by Srivastava [23].

(iii) For u = 2 in Corollary 2 verify the bound of |a,| and improve the bound of |a;| obtained
by Frasin and Aouf [9].

(iv) Corollary 3 verifies the results obtained by Sharma et. al. [20] and verify the bound of |a,|
and improve the bound of |a;| obtained by Li et. al. [12].

(v) Corollary 5 and Corollary 7 verifies the results obtained by Sharma et. al. [20] and verify the
bound of |a,| and improve the bound of |a;| obtained by Li et. al. [12].

(vi) For p = 2 in Corollary 5 and Corollary 7 verify the bound of |a,| and |a;| obtained by
Brannan and Taha [5].
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(vi)Ford = 0, = 0,v = 1andu = 2in Theorem 1 verify the bound of |a,| and improve
the bound of |a;| obtained by Deniz et. al. [8].

5. Conclusion

In this article, the authors have introduced three new subclasses of X, the class of bi-
univalent functions related with Hurwitz—Lerch Zeta function in the open unit disk [E. The

author’s established first two initial coefficient bound for the classes 73129,'/1{,04 (c,u,6), S;j ,{’ (c,u,6)

and C’g';(c, u,8). Also, very famous Fekete-Szegd inequality were obtained for these new

subclasses. Interesting remarks on the main results including improvements of the earlier bounds
were also given. More corollaries and remarks could be reported for the selection of parameters,
and those details have been omitted.

Also, the research highlighted in this article can be further developed by analyzing close-
to-convex functions [19], ozaki-close-to-convex functions [17], and concave univalent functions
[21] with constrained boundary rotation.

Moreover, the research highlighted in this article can be further developed by exploring the
g-analogue of a Bessel function, the g-analogue of a Mittag—Leffler-type function, a g-
exponential function, and a g-Ruscheweyh derivative with limited boundary rotation and bounded
radius rotation. However, these fascinating details and observations are not discussed.
Additionally, the same type of findings can be replicated for other significant special functions
documented in the literature.

Notation
A — Class of normalized analytic functions in E.
§ — Class of all normalized univalent functions in E.
§* — Class of starlike functions in E.
C — Class of convex functions in E.
¥ — The class of bi-univalent functions in E.
Y(&, A, b) — Hurwitz—Lerch Zeta function.
L — Alexander operator.
F, — Bernardi operator.

J" — Jung—Kim-Srivastava integral operator.
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