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ABSTRACT  

             In this paper we found new generalized Ruopoola derivative operator. Associated with 

this operator new generalized classTr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞) of normalized holomorphic functions is 

investigated. Different geometric properties we obtained are Growth theorem, Closure theorem, 

Integral mean inequality, Extreme point theorem, Coefficient inequality, Convolution and 

Distortion theorem for given class.  

1.  INTRODUCTION AND PRELIMINARIES.  

     Let N denotes subclass of all holomorphic functions in open unit disk U= {z: │z│< 1} 

normalized with conditions f (0) =0, f’ (0) =1 given by 

f (z) = z +∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 .                                                                                                    (1.1)        

Definition 1.1.   Ruscheweyh in [3] has introduced following differential operator.  

     𝑅𝑛: N→N defined by 

    𝑅𝑛(f (z)) = 
𝑧

(1−𝑧)𝑛+1 * f(z)                             n ∈  ℕ ∪ {0} 

                   = z + ∑ 𝐶 𝑛
𝑛+𝑘−1∞

𝑘=2 𝑎𝑘𝑧𝑘              (z∈U)                                                      (1.2)   

Where * is hadmard product defined in (6.1). 

 We note that R0 f(z)=f(z), R’ f(z)=zf ‘(z) 

[6] has used following definition 1.1 and 1.2      

Definition 1.2. A function f in N is said to be in C (𝛼), if and only if   
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                            Re {f’ (z)}> 𝛼                         (z∈U and 0≤  𝛼<1)                                (1.3)                

 Definition 1.3. A function f in N is said to be in  𝐶𝑆∗(𝛼) if and only if    

                            Re { 
f (z) 

𝑧
}  > 𝛼       (z∈ U and 0≤  𝛼<1)                                              (1.4)                                                      

We write the classes C (0) = C, 𝐶𝑆∗(0) = 𝐶𝑆∗  

Definition 1.4. For f ∈ 𝑁, [1] has introduced following differential operator, known as Al-

Oboudi differential operator. 

     𝐷𝑛: N→Ndefined by 

    D0f(z)=f(z)                                                                                                                    (1.5) 

   D1f(z)=(1- ẟ)f(z)+ ẟ𝑧𝑓′(𝑧) = Dẟf(z)             ẟ≥0.                                                        (1.6) 

   Dnf(z)=Dẟ (D
n-1f(z))                                                                                                        (1.7) 

From (1.8) and (1.9) we have 

    𝐷𝑛(f (z)) = z + ∑ [1 + (𝑘 − 1)𝜕]𝑛∞
𝑘=2 𝑎𝑘𝑧𝑘              (z∈U)                                          (1.8) 

We will make use of definition of subordination between analytic functions [2] in our further 

investigation. Also, [11] has defined the following Rusal differential operator. Expression for 

this operator is  

Let n∈ N∪ {0}, 0≤ ⅄ ≤ 1,  𝐴⅄
𝑛: N→N defined by  

   𝐴⅄
𝑛(f (Z)) = z+∑ ([1 + (𝑘 − 1)𝜕]𝑛∞

𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑎𝑘𝑧𝑘.                                  (1.9) 

[12] has introduced the Opoola differential operator for f(z) in N is denoted by Dn(u,𝛼,c). It is 

defined as below: 

              D0(u,𝛼, 𝜕)f(z)=f(z) 

  D1(u,𝛼, 𝜕)= zDcf(z)= zcf ‘(z)-z(𝛼 − 𝑢)𝑐 + (1+( u-𝛼-1)c)f(z) 

D2(u,𝛼, 𝜕)f(z)=zDc(zDcf(z)) 

Dn(u,𝛼,)f(z)= zDc D
n(u,𝛼,c) 

After simplification we get 
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Dn(u,𝛼,c)f(z) =  z+  ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝑐]𝑛∞
𝑘=2 𝑎𝑘𝑧𝑘                                                (1.10) 

Here   0 ≤ 𝑐,  0 ≤ 𝜇 ≤ 𝛼 

Definition 1.5. For two functions f and g analytic in U, we say that the function f (z) is 

subordinate to g (z) in U and write 

f (z)  ⊰ g (z)                                                  (z ∈U)                                                           (1.11)  

If there exit Schwarz function w (z), analytical in U with w (0) = 0 and   │w (z) │< 1 such 

  that f (z) = g (w (z))                                        (z ∈ U)                                                    (1.12) 

  J.E. Littlewood has introduced following subordination theorem which we stated as lemma. 

We use this lemma to prove integral mean inequality given in theorem 5.1 

Lemma1.1 Let f and g analytic in unit disc and suppose g ⊰  f, then for   0 < t < ∞ 

 

∫ │𝑔( 𝑟𝑒𝑖∅  )│𝑡2𝜋

0
d𝜃 ≤ ∫ │𝑓( 𝑟𝑒𝑖∅  )│𝑡2𝜋

0
 d𝜃     (0≤ 𝑟 < 1, 𝑡 > 0 )                             (1.13) 

Strict equality holds for   0 ≤ r < 1   unless f is constant or w (z) = α z, │α │=1. 

In next section we have defined Ruopoola differential operator. It is generalization of latest 

Opoola derivative operator given by [12] 

2. Ruopoola Differential Operator, Classes 𝐓𝐫(𝑬⅄
𝒎; 𝜸, 𝝁 ,m, 𝒒) and 𝐓𝐫 ̌ ( 𝑬⅄

𝒏; 𝜸, 𝝁, m,𝒒). 

      We derived the Ruopoola differential operator by making convex combination of Rusal  

  & Opoola differential operators discussed in (1.2) and (1.8) respectively. We also introduced  

New subclasses Tr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞) and Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m,𝑞) which are generalization of 

Tr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞) and Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m, 𝑞) respectively[7].                 

Definition 2.1. Let n∈ N∪ {0}, 0≤ ⅄ ≤ 1,  𝐸⅄
𝑛: N→N defined by  

    𝐸⅄
𝑛(f (Z)) = (1- ⅄) 𝐷𝑛f (Z) + ⅄𝑅𝑛f (z). 

 = (1- ⅄) z + ∑ [1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 𝑎𝑘𝑧𝑘  + ⅄ z + ∑ 𝐶 𝑛

𝑛+𝑘−1∞
𝑘=2 ⅄𝑎𝑘𝑧𝑘          (2.1)                                                                         

= (1- ⅄) z + ⅄ z+ ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘 

= z+∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘.                                 (2.2) 

   If n=0,  𝐸⅄
0f (z) = f (z).                                                                                                  (2.3)      
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  ⅄=1,  𝐸1
𝑛(f (Z))= 𝑅𝑛f (z).                                                                                               (2.4) 

⅄=0,  𝐸0
𝑛(f (Z)) = 𝐷𝑛f (Z)                                                                                                  (2.5) 

Definition 2.2. Tr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞)={f ∈ N: │

1

𝑟𝛾
((r – u)

 𝐸⅄
𝑚𝑓

𝑧
 + u (𝐸⅄

𝑚𝑓)’ -  r) │<𝑞 }      (2.6)          

Where z ∈  U,  𝛾 ∈ C│ {0}, r∈ ℝ+, 0 < 𝑞 ≤  1    0 <𝜇 ≤ 𝑟 , m∈  N∪ {0}, 𝐸⅄
𝑚𝑓 is defined   in .We 

illustrate the subclassTr (𝐸⅄
𝑚; 𝛾, 𝜇 ,m, q) with following example. 

Definition 2.3: If f (z) = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2         g (z) = z +∑ 𝑏𝑘𝑧𝑘∞

𝑘=2 , then hadmad product 

(Convolution) is defined as given bellow  

f * g = z +∑ (𝑎𝑘𝑏𝑘)𝑧𝑘∞
𝑘=2                                                                                                 (2.7) 

 

EXAMPLE 2.1 If f (z) = z, then for 𝛾 = 1 , 𝜇 = 𝑟, 𝑚 = 0, 0 < 𝑞 ≤ 1, show that f (z) ∈

Tr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞) 

                for 𝛾 = 1 , 𝜇 = 𝑟, 𝑚 = 0, 0 < 𝑞 ≤  1, 

                    │ 
1

𝑟𝛾
((r – u)

 𝐸⅄
𝑚𝑓

𝑧
 + u ( 𝐸⅄

𝑚𝑓)’ - r) │= │ 
1

𝑟1
((r– r)

 𝐸⅄
0𝑓

𝑧
 + r (  𝐸⅄

0𝑓)’ - r) │ 

                 =│ 
1

𝑟
(│ 𝑟( 𝐸⅄

0𝑓)’ − r │)│ 

                =│ ( 𝐸⅄
0𝑓)’ - 1 │  

                =│ (𝑧)’ - 1 │ 

               = │ 1 - 1 │ 

               <   𝑞. 

Hence, by definition (2.2), 

    f (z) ∈ Tr(𝐸⅄
0; 𝛾, 𝜇 ,m, 𝑞) 

Definition 2.4  

 𝐿𝑒𝑡  Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞) be the subclass of  N which satisfies inequality 

     ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│ < r│𝛾│ 𝑞       (2.8) 

 Example 2.2.   Tr( 𝐸⅄
0; 1, 𝑟, 0, 𝑞) ⊑ C (1 -  𝑞) 

     Tr( 𝐸⅄
0; 1, 𝑟, 0, 𝑞) )={f ∈ N  :│

1

𝑟.1
((r – r)

 𝐸⅄
0𝑓

𝑧
 + r (𝐸⅄

0𝑓)’ -  r) │<𝑞 } 

                                       ={f ∈ N :│
1

𝑟
 (r (𝐸⅄

0𝑓)’ -  r) │< 𝑞 } 

                                     = {f ∈ N: │ ( (𝐸⅄
0𝑓)’ - 1) │< 𝑞 } 
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                                      = {f ∈ N: │ f’ (z) - 1 │< 𝑞 } 

Suppose g(z) ∈ Tr( 𝐸⅄
0; 1, 𝑝, 0,𝑞) 

    ∴ │ g’ (z) -  1 │< 𝑞  

 

                

 

  ∴ Re {g’ (z)} > 1- 𝑟 

Therefore, g (z) ∈ C (1 -  𝑟) 

 Hence,Tr( 𝐸⅄
0; 1, 𝑟, 0,𝑞) ⊑ C (1 -  𝑞). 

Remark 2.1. For 𝛾 ∈ C │ {0}, 0<𝑞 ≤ 1, 0 ≤ 𝜇 ≤ r, m ∈ N ∪ {0}   the following functions are in 

class  Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

𝑓1(z) = z +
𝑟𝑞│𝛾│

( 𝑟+ 𝜇)((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 𝑧2              (z ∈ U) 

𝑓2(z)= z+ 
𝑟𝑞│𝛾│

(𝑟+2𝜇 )((1+2+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+2 𝑧3              (z∈ 𝑈) 

𝑓3(z) = z + 
𝑧2

(𝑟+ 𝜇)((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1   + 

(𝑟│𝛾│𝑞  −1 )

(𝑟+2𝜇 )((1+2+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+2 𝑧3              (z ∈ U) 

Example 2.3.    Tr( 𝐸⅄
0; 1, 0, 0,𝑞) ⊑ C𝑆∗ (1 -  𝑞) 

 Tr (𝐸⅄
0; 1, 00, 𝑞)={f ∈ N: │

1

𝑟1
((r – 0)

 𝐸⅄
0𝑓

𝑧
 + 0 (𝐸⅄

0𝑓)’ -  r) │<𝑞 } 

               = {f ∈ N: │
1

𝑟
(r 

 𝐸⅄
0𝑓

𝑧
  - r) │<𝑞 } 

               = {f ∈ N: │ 
𝑓(𝑧)

𝑧
  - 1 │<𝑞 } 

Suppose g (z) ∈ Tr( 𝐸⅄
0; 1, 0, 0,𝑞) 
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   ∴  │ 
𝑔(𝑧)

𝑧
  - 1 │<𝑞 

 ∴  
𝑔(𝑧)

𝑧
 lies in circle around  (1,0) of radius 𝑞 

 Therefore, Re { 
𝑔(𝑧)

𝑧
 } > 1- 𝑞 

   𝑔(𝑧) ∈   C𝑆∗ (1 -  𝑞) 

 Hence,Tr( 𝐸⅄
0; 1, 0, 0,𝑞) ⊑ C𝑆∗ (1 -  𝑞) 

  3. Geometric Properties for Classes 𝐓𝐫(𝑬⅄
𝒎; 𝜸, 𝝁 ,m, 𝒒) and 𝐓𝐫 ̌ ( 𝑬⅄

𝒏; 𝜸, 𝝁, m,𝒒) 

Our first theorem gives sufficient condition for normalized analytic functions to be in 

Tr( 𝐸⅄
𝑚; 𝛾, 𝜇, m,𝛽) 

Theorem 3.1 let f (z) ∈ N satisfy 

∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│  ≤ r│ 𝛾│𝑞       (3.1) 

   𝛾, ∈ C│ {0}, 0 < 𝑞 ≤  1    0 <𝜇 ≤  r, m ∈  N∪ {0}  

Then f∈ Tr(𝐸⅄
𝑚; 𝛾, 𝜇,m, 𝑞) 

Proof: Assume (3.1) is valid for f (z) ∈ N and 𝛾 (𝛾 ∈ C│ {0}),  𝑞 (0 < 𝑞 ≤  1), 𝜇 (0 <𝜇 ≤ |r |), m 

∈  N∪ {0},  

       Using (1.8) we have 

        ((r – u)
 𝐸⅄

𝑚𝑓

𝑧
 +𝜇 (𝐸⅄

𝑚𝑓)’ - r) =  

         
 (r − u)

𝑧
  [Z+∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑎𝑘𝑧𝑘.] +   

                       𝜇 [1+ ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶)𝑘 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘−1 ] – r 

= 
 (r − u)

𝑧
𝑧 +  ∑   

 (r − u)

𝑧
([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑎𝑘𝑧𝑘   

  + u + ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶)𝑘𝑢 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘−1- r. 

= (r-u) + ∑   (𝑟 − 𝑢)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘  

  + u+ ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2 (1 − ⅄ ) + ⅄ 𝐶)𝑘𝑢 𝑛

𝑛+𝑘−1 𝑎𝑘𝑧𝑘−1- p. 

       =∑ (𝑟 + (𝑘 + 𝛼 − 𝑢 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 𝑎𝑘𝑧𝑘−1 

Therefore 

│ ((r–𝜇) 
 𝐸⅄

𝑚𝑓

𝑧
+𝜇(𝐸⅄

𝑚𝑓)’- r) │ 

         = │∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 𝑎𝑘𝑧𝑘−1 │ 

 = ∑(𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) +  ⅄ 𝐶) 𝑛
𝑛+𝑘−1

∞

𝑘=2

│𝑎𝑘││𝑧𝑘−1│ 
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                 ≤    ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│  

                                             <  𝑟|𝛾|𝑞 

      Hence 

                             │ 
1

𝑟𝛾
((r – u)

 𝐸⅄
𝑚𝑓

𝑧
 + u (𝐸⅄

𝑚𝑓)’ - r) │< 𝑞 

         Thus    f (z) ∈ Tr(𝐸⅄
𝑚; 𝛾, 𝜇,m, 𝑞) 

Corollary 3.1: Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m, 𝑞) ⊑  Tr(𝐸⅄

𝑚; 𝛾, 𝜇 , m, 𝑞). 

Proof. Suppose f (z) = z +∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  ∈ Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m, 𝑞). 

    ∴ ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│   < r│ 𝛾│ 𝑞 

   From theorem 2.1, 

         f (z) ∈ Tr(𝐸⅄
𝑚; 𝛾, 𝜇 ,m, 𝑞) 

  The following example illustrate that converse of the above corollary need not be true. 

Example 3.1 : If f (z) = z + 
𝑧2

2
 and | r|≥1. Taking  𝛾 = 1, 𝜇 = 𝑟, 𝑚 = 0, 𝑞 = 1, 𝑤𝑒 𝑤𝑖𝑙𝑙 𝑔𝑒𝑡 

               │ 
1

𝑟𝛾
((r – u)

 𝐸⅄
𝑚𝑓

𝑧
 + u ( 𝐸⅄

𝑚𝑓)’ - r) │ 

                       = │ 
1

𝑟1
((r– r)

 𝐸⅄
0𝑓

𝑧
 + r (  𝐸⅄

0𝑓)’ - r) │ 

                 = │ 
1

𝑟
  (r (  𝐸⅄

0𝑓)’ −  r)│ 

                        =│ ( 𝐸⅄
0𝑓)’ - 1 │ 

                       =│ (𝑧 +
𝑧2

2
)’ - 1 │ 

                       =│ 1 + 2
𝑧

2
- 1 │ 

                       =│ 𝑧│< 1.   

 Therefore,  

                f (z) ∈ Tr( 𝐸⅄
0; 1, 𝑟 ,0, 1). 

But  ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]0(1 − ⅄) + ⅄ 𝐶) 𝑛
0+𝑘−1∞

𝑘=2 │𝑎𝑘│   

               =    ∑ 𝑘𝑟∞
𝑘=2 (1- ⅄ +  ⅄)│𝑎𝑘│ 

               =    ∑ 𝑘𝑟∞
𝑘=2 │𝑎𝑘│ 

               = 2r 𝑎2  

                    =2r. 
1

2
 

                   =r≮r|𝛾|𝛽. 
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Therefore, f (z)  ∉ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞) 

Hence, 

     f (z) ∈ Tr( 𝐸⅄
0; 1, 𝑝 ,0, 1) but f (z)∉ Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m,𝑞). 

Our next theorem gives coefficient inequalities for f(z) belonging to class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞). 

Theorem 3.2: Coefficient inequality 

 If f (z)  ∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   then |𝑎𝑘 | ≤ 

r│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1     k ≥ 2 

Proof:  Given that f (z)  ∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

                  Therefore  

             ∑(𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1

∞

𝑘=2

│𝑎𝑘│ ≤ 𝑟│𝛾│𝑞 

 

                   (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 │𝑎𝑘│ ≤ 𝑟│𝛾│𝑞 

 

                                     │𝑎𝑘│ ≤ 
r│𝛾│𝑞

 (𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1   

                       

  Now we prove the following theorem 

Theorem 3.3:  Growth theorem 

Let function f (z) defined by (1.1) be in class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   ,then  

 

│z│- 
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2 ≤│f (z) │≤│z│ + 

                                                           
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2                       (3.2)                                                          

 

Equality is attained for function f (z) given by f (z) = z +   
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 𝑧2    

 

Proof:   [𝑟 + 𝜇]((1 + 𝛼 − 𝑢)𝜕)𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+1  ∑ |𝑎𝑘

∞
𝑘=2  |  

                        ≤  ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 │𝑎𝑘│∞

𝑘=2  

                         ≤ 𝑟│𝛾│𝑞  
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              Therefore , 

                   ∑ |𝑎𝑘
∞
𝑘=2  | ≤

r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1                              (3.3)                                               

Also f (z) = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2    and using (3.3)   

                │f (z) │= │ z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  │ 

                              ≤ │z│ +  │ ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 │    

                            ≤ │z│ + ∑ │𝑎𝑘││𝑧𝑘│∞
𝑘=2  

                           ≤ │z│ +  |𝑧|2 ∑ |𝑎𝑘
∞
𝑘=2 |       

                            ≤ │z│ +  |𝑧|2 
r│𝛾│𝑞

[𝑝+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1                       (3.4)                           

similarly,   

 

            │f (z) │= │ z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  │ 

                  ≥ │z│ -  │ ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2 │    

                  ≥│z│ - ∑ |𝑎𝑘| | 𝑧𝑘∞
𝑘=2 |   

                         ≥ │z│-  |𝑧|2 ∑ |𝑎𝑘
∞
𝑘=2 | 

              ≥ │z│-  |𝑧|2 
r│𝛾│q 

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1                                 (3.5)                         

          Using (3.4) and (3.5)  

 

        │z│- 
r│𝛾│q

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2 ≤│f(z) │≤│z│  +   

                                                                                    
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2 

Hence 

     │z│ - 
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2 ≤│f(z) │≤│z│  +   

r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│2 

  Equality is attained for function f (z) given by f (z) = z +  
r│𝛾│𝑞

[𝑟+𝜇]((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 𝑧2 

Theorem 3.4: Distortion theorem 

Let function f (z) defined by (1.1) be in class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   ,then  
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1 -  
2r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │z│≤│f’ (z) │≤  1 + 

2r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│                  (3.6) 

  

  Equality attained for function f (z) given by f(z) = z +  
r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 𝑧2  

 

Proof: Let f (z) = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  and f’ (z) = 1 +  ∑ 𝑘𝑎𝑘𝑧𝑘−1∞

𝑘=2   

 

                | f’ (z) │= │1 +  ∑ 𝑘𝑎𝑘𝑧𝑘−1∞
𝑘=2  │ 

                              ≤  1 +  ∑ 𝑘|𝑎𝑘| | 𝑧𝑘−1|∞
𝑘=2  

                              ≤  1 + |z| ∑ 𝑘|𝑎𝑘
∞
𝑘=2 |                                                                        (3.7) 

        But ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│    ≤ 𝑟│𝛾│ 𝑞 

     Also 

              2r + (k-2) 𝜇 ≥ 0 

              2r + kµ - 2µ ≥ 0 

              2r + 2kµ - 2µ ≥ kµ 

              
kµ

2
 ≤ r + (k-1) µ 

               Similarly  

      (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + 𝐶) 𝑛
𝑛+𝑘−1 ≥ 

kµ

2
 ((1 + 𝛼 − 𝑢)𝜕)𝑛(1 −

⅄) + ⅄ 𝐶) 𝑛
𝑛+1    

    ∑
kµ

2
 ((1 + 𝛼 − 𝑢)𝜕)𝑛(1 − ⅄) +∞

𝑘=2 ⅄ 𝐶) 𝑛
𝑛+1  │𝑎𝑘│≤  

     ∑ (𝑟 + (𝑘 − 1)𝜇)([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘│                       

                                                                           ≤ r│𝛾│𝑞 

                                                       ∑ 𝑘|𝑎𝑘
∞
𝑘=2  | ≤ 

2𝑟│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1  

            From (3.7) 

           | f’ (z) │≤  1 +  
2𝑟│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1   │𝑧│                                                          (3.8)                                                                                                                                                                                     

      Similarly 

                       | f’ (z) │= │1 +  ∑ 𝑘𝑎𝑘𝑧𝑘−1∞
𝑘=2  │ 

                           ≥ 1 -  ∑ 𝑘|𝑎𝑘| | 𝑧𝑘−1|∞
𝑘=2  
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                            ≥ 1 - |z| ∑ 𝑘|𝑎𝑘
∞
𝑘=2 |  

           ≥ 1 -  
2𝑟│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1  |z|                                                                       (3.9)                                           

     (3.8) and (3.9) we  have  

  1 -   
2r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │z│≤│f’ (z) │≤  1 +    

2r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 │𝑧│ 

Equality attained for function f (z) given by f (z) = z +   
2r│𝛾│𝑞

𝑢((1+𝛼−𝑢)𝜕)𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+1 𝑧2                  

               

In this section we will prove the extreme point theorem. We also find the extreme points for the 

subclass Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞). 

Theorem 3.5.    Extreme Point Theorem 

Let 𝑓1(z) =z   and 

𝑓𝑘(z)=z+
𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘                  (k≥ 2)                                (3.10)    

Then f (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    if and only if f (z) = ∑ 𝜆𝑘

∞
𝑘=1 𝑓𝑘(z) 

 

           Where 𝜆𝑘 ≥ 0 and ∑ 𝜆𝑘
∞
𝑘=1  = 1. 

 

Proof: Suppose that f (z) = ∑ 𝜆𝑘
∞
𝑘=1 𝑓𝑘(z) 

                                         = 𝜆1𝑓1(z) + ∑ 𝜆𝑘
∞
𝑘=2 (z + 

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘 ) 

                                = (1- ∑ 𝜆𝑘
∞
𝑘=2 ) z + ∑ 𝜆𝑘

∞
𝑘=2 ( z + 

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘 ) 

                                       = z + ∑ 𝜆𝑘
∞
𝑘=2   𝑧𝑘 

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1  

                                = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2      where 𝑎𝑘 =  

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1  𝜆𝑘 

                             Claim:  f (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

       ∑ [ 𝑟 + ∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 │𝑎𝑘 │                                 

 =  ∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) +

                                                  ⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑟│𝛾│𝑞

(𝑝+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝜆𝑘 

                                         = 𝑟│𝛾│𝑞 ∑ 𝜆𝑘
∞
𝑘=2       
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                                        = 𝑟│𝛾│𝑞(1- 𝜆1) 

                                       ≤ 𝑟│𝛾│𝑞 

                                                   

                From theorem 2.1   f (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

 

Conversely suppose that f (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

 

Setting 𝜆𝑘=
[𝑟+ 𝜇( 𝑘 − 1 ) ] ([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛

𝑛+𝑘−1

r│𝛾│𝑞
𝑎𝑘      and    𝜆1= 1 -  ∑ 𝜆𝑘

∞
𝑘=2  

   

       ∑ 𝜆𝑘
∞
𝑘=1 𝑓𝑘(z) = 𝜆1𝑓1(z) + ∑ 𝜆𝑘

∞
𝑘=2 𝑓𝑘(z) 

 

                            = (1- ∑ 𝜆𝑘
∞
𝑘=2 )𝑧 + ∑ 𝜆𝑘

∞
𝑘=2 (z+

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘   ) 

 

                            = z + ∑ 𝜆𝑘
∞
𝑘=2

𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘    

          

   = z + 

∑
[𝑟+𝜇(𝑘−1)]([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+ 𝐶) 𝑛

𝑛+𝑘−1 𝑎𝑘

𝑟│𝛾│𝑞

∞
𝑘=2   

𝑟│𝛾│𝑞

(𝑝+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘    

   

                            = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2   

 

                                   = f (z) 

 

                Hence            f (z) = ∑ 𝜆𝑘
∞
𝑘=1 𝑓𝑘(z). 

Corollary 3.2. The extreme points of the Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)are the functions 𝑓1(z) =z   and 

                          𝑓𝑘(z)=z+
𝑟│𝛾│𝑞

(𝑟+(𝑘−1)𝜇)([1+(𝑘+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑘−1 𝑧𝑘                 (k=2, 3, 4…………) 

We now turn to Convolution theorem, which gives that the class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞) is closed 

under convolution. 
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Theorem 3.6    Convolution Theorems 

Let f, g∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m, 𝑞)  

 f (z) = z + ∑ 𝑎𝑘𝑧𝑘∞
𝑘=2  ,  g(z) = z + ∑ 𝑏𝑘𝑧𝑘∞

𝑘=2    with     𝑎𝑘 ≥ 0 , 𝑏𝑘 ≥ 0 and (𝑎𝑘𝑏𝑘)
1

2<  1 

  Then f * g∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

Proof: We have f∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   if and only if 

∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 │𝑎𝑘 │ ≤ 𝑟│𝛾│𝑞 

g∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   if and only if 

∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 │𝑏𝑘 │ ≤ 𝑟│𝛾│𝑞 

      By Cauchy Schwarz inequality 

∑(𝑡𝑘│𝑎𝑘│𝑡𝑘│𝑏𝑘│)
1

2

∞

𝑘=2

≤ (∑ 𝑡𝑘

∞

𝑘=2

│𝑎𝑘│)
1

2  (∑(𝑡𝑘│𝑏𝑘│)
1

2

∞

𝑘=2

 

 

                           Where   𝑡𝑘= (r+ (k-1)𝜇)  ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1  

 

∑ (r + (k − 1)𝜇 )  ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘𝑏𝑘│
1

2 ≤ 𝑟│𝛾│𝑞 (3.11)  

              By assumption (𝑎𝑘𝑏𝑘)
1

2< 1 

      Then  

     𝑎𝑘𝑏𝑘<(𝑎𝑘𝑏𝑘)
1

2                                                                                                            (3.12) 

           Thus from (3.11) and (3.12) 

∑ (r + (k − 1)𝜇 )  ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1∞

𝑘=2 │𝑎𝑘𝑏𝑘│< 𝑟│𝛾│𝑞 

                Hence f * g∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

In our next example we will show that the class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞) is convex set. 

Example 3.2.  Let   𝑓𝑗(z) = z + ∑ 𝑎𝑘,𝑗
∞
𝑘=2 𝑧𝑘 , 𝑓𝑗(z)∈ Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m,𝑞), then   

 for   g(z)= ∑ 𝑐𝑗  
𝑙
𝑘=1 𝑓𝑗(𝑧). 

                g (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   ,   where ∑ 𝑐𝑗

𝑙
𝑗=1   =  1. 

Proof:    Let   𝑓𝑗(z) = z +  ∑ 𝑎𝑘,𝑗
∞
𝑘=2 𝑧𝑘  with   𝑓𝑗(z)∈ Tr ̌( 𝐸⅄

𝑛; 𝛾, 𝜇, m,𝑞)   . 

∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 │𝑎𝑘,𝑗│ ≤  r│𝛾│𝑞 

g (z) = ∑ 𝑐𝑗  
𝑙
𝑘=1 𝑓𝑗(𝑧).     
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                                 = ∑ 𝑐𝑗  
𝑙
𝑘=1 (z +  ∑ 𝑎𝑘,𝑗

∞
𝑘=2 𝑧𝑘 ) 

 

                                  =z + ∑ 𝑐𝑗  
𝑙
𝑘=1 ∑ 𝑎𝑘,𝑗

∞
𝑘=2 𝑧𝑘 

 

                                    = z +   ∑ 𝑧𝑘∞
𝑘=2 ∑ 𝑐𝑗  

𝑙
𝑗=1 𝑎𝑘,𝑗 

 

                                 = z +∑ 𝑒𝑘   𝑧𝑘∞ 
𝑘=2                      where  𝑒𝑘   =   ∑ 𝑐𝑗  

𝑙
𝑗=1 𝑎𝑘,𝑗 

 

Claim:    g (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)  

 ∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ]([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1  │𝑒𝑘│ 

 

= ∑ [ 𝑟 +∞
𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛

𝑛+𝑘−1 │ ∑ 𝑐𝑗  
𝑙
𝑗=1 𝑎𝑘,𝑗│ 

 

≤ ∑ (  𝑐𝑗  
𝑙
𝑗=1 ∑ [ 𝑟 +∞

𝑘=2 𝜇( 𝑘 −  1 ) ] ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶) 𝑛
𝑛+𝑘−1 │𝑎𝑘,𝑗│) 

 

≤ ∑   𝑐𝑗  

𝑙

𝑗=1

r│𝛾│𝑞 

                                                                ≤ 𝑟│𝛾│𝑞 . 

                    Therefore    g (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)    

                In our next example we prove Integral Mean Inequality for the class Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞) 

Example 3.3.f (z)∈ Tr ̌( 𝐸⅄
𝑛; 𝛾, 𝜇, m,𝑞)   and suppose that 

    ∑ ([1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛(1 − ⅄) + ⅄ 𝐶)𝑛
𝑛+𝑘−1∞

𝑘=2 |𝑎𝑘|  ≤
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)
                    

                Also let the function 

𝑓𝑗(z)=z+ 
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)([1+(𝑗+𝛼−𝑢−1)𝜕]𝑛(1−⅄)+⅄ 𝐶) 𝑛
𝑛+𝑗−1 𝑧𝑗      (j≥ 2)                                                (3.13) 

 

Consider the function w (z) as given bellow 

 

𝑤(𝑧)𝑗−1 =  
(𝑟+(𝑗−1)𝜇)

 r│𝛾│𝑞 
∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2  + 𝜆 𝐶𝑛
𝑛+𝑘−1  ]𝑎𝑘𝑧𝑘−1.    (3.14) 
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  Then for z= r𝑒𝑖𝜃with 0< r < 1 

 

∫ │𝐸⅄
𝑛 f(z)│𝑡2𝜋

0
d𝜃 ≤ ∫ │𝐸⅄

𝑛fj(z)│𝑡2𝜋

0
d𝜃               ( 0 ≤ ⅄ ≤ 1,  t> 0 ) 

 

Where  𝐸⅄
𝑛 f is differential operator defined in (2.2) 

 

Proof: We have from definition (2.2) 

 

𝐸⅄
𝑛f (z) = z +  ∑ [(1 − ⅄)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛  + ⅄  𝐶𝑛

𝑛+𝑘−1 ]𝑎𝑘 𝑧𝑘∞
𝑘=2  

 

𝐷⅄
𝑛fj(z) = z + 

𝑟│𝛾│𝑞  

(𝑟+(𝑗−1)𝜇)
𝑧𝑗  

 

For z= r𝑒𝑖𝜃 with 0 < r < 1 we have to show that 

 

∫ │1 + ∑ [(1 − ⅄)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛  + ⅄ 𝐶𝑛
𝑛+𝑘−1 ]𝑎𝑘 𝑧𝑘−1∞

𝑘=2 │𝑡2𝜋

0
d𝜃 

 

≤  ∫ │1 +
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)
𝑧𝑗−1 │𝑡𝑑

2𝜋

0
𝜃    (t > 0) 

   By applying Littlewoods subordination theorem, it would sufficient to show that 

  

1 + ∑ [(1 − ⅄)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛  + ⅄ 𝐶𝑛
𝑛+𝑘−1 ]𝑎𝑘 𝑧𝑘−1∞

𝑘=2 ⊰1+ 
𝑟│𝛾│𝑞

(1+(𝑗−1)𝜇)
𝑧𝑗−1  

 

   That is             t (z) ⊰ ℎ(𝑧) 

     Where t (z) = 1 + ∑ [(1 − ⅄)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛  + ⅄ 𝐶𝑛
𝑛+𝑘−1 ]𝑎𝑘 𝑧𝑘−1∞

𝑘=2  

       h (z) = 1+ 
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)
𝑧𝑗−1  

That is we want to show that t (z) = h(w(z)),  w(0)=0 and |w(z)|≤1 

         h (w (z)) = 1+ 
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)
𝑤(𝑧)𝑗−1 
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                = 1+ 
𝑟│𝛾│𝑞

(𝑟+(𝑗−1)𝜇)
  

(𝑟+(𝑗−1)𝜇)

r │𝛾│𝑞 
∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2  + ⅄ 𝐶𝑛
𝑛+𝑘−1  ]𝑎𝑘𝑧𝑘−1 

 

                    = 1 + ∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞
𝑘=2  + ⅄ 𝐶𝑛

𝑛+𝑘−1  ]𝑎𝑘𝑧𝑘−1 

 

                    =   t (z) 

 

           Therefore h (w (z)) = t (z) and w (0) = 0 

                  

       Moreover, we prove that analytic function │w (z) │< 1, z ∈ U 

 

│𝑤(𝑧)𝑗−1│ = │
(𝑟+(𝑗−1)𝜇)

 r│𝛾│𝑞 
∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2  + 𝜆 𝐶𝑛
𝑛+𝑘−1  ]𝑎𝑘𝑧𝑘−1│ 

 

≤
(𝑟+(𝑗−1)𝜇) 

 r│𝛾│𝑞 
∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2  + 𝜆 𝐶𝑛
𝑛+𝑘−1  ]│𝑎𝑘  ││  𝑧𝑘−1│ 

 

≤  │𝑧│
(𝑟+(𝑗−1)𝜇)

r│𝛾│𝑞 
∑ [(1 − 𝜆)[1 + (𝑘 + 𝛼 − 𝑢 − 1)𝜕]𝑛∞

𝑘=2  + 𝜆 𝐶𝑛
𝑛+𝑘−1  ]│𝑎𝑘 │ 

  ≤│z│<1                             

          Hence  proved. 
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