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ABSTRACT
In this paper we found new generalized Ruopoola derivative operator. Associated with
this operator new generalized classTr(E}"; y, u ,m, q) of normalized holomorphic functions is
investigated. Different geometric properties we obtained are Growth theorem, Closure theorem,
Integral mean inequality, Extreme point theorem, Coefficient inequality, Convolution and

Distortion theorem for given class.
1. INTRODUCTION AND PRELIMINARIES.

Let N denotes subclass of all holomorphic functions in open unit disk U= {z: | z | <1}

normalized with conditions f (0) =0, f* (0) =1 given by
f(z) =z +Xpe, arz". (1.1)
Definition 1.1. Ruscheweyh in [3] has introduced following differential operator.

R™: N-N defined by

z
(1_Z)n+1

R™(f(2)) =

*1(z) n€ NuU{0}

=z+ Y%, "kIC q,z" (zeU) (1.2)
Where * is hadmard product defined in (6.1).
We note that R® f(z)=f(z), R f(z)=zf (z)
[6] has used following definition 1.1 and 1.2

Definition 1.2. A function fin N is said to be in C («), if and only if
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Re {f (2)}> a (z€U and 0< a<1) (1.3)

Definition 1.3. A function fin N is said to be in CS*(«) if and only if
Re {"2}>q  (z€ Uand 05 a<1) (1.4)

We write the classes C (0) =C, €S*(0) = CS”
Definition 1.4. For f € N, [1] has introduced following differential operator, known as Al-

Oboudi differential operator.

D™: N-Ndefined by

DYf(z)=f(z) (1.5)
Df(z)=(1- 8)f(z)+ 8zf'(2z) = Dsf(2) 5>0. (1.6)
D"f(z)=Ds (D™'f(z)) (1.7)

From (1.8) and (1.9) we have
D™ (z))=z+ Xi,[1 + (k — 1)3]" a,z* (zeU) (1.8)

We will make use of definition of subordination between analytic functions [2] in our further
investigation. Also, [11] has defined the following Rusal differential operator. Expression for

this operator is
Letne NU {0}, 0< A < 1, A}: N-N defined by
HE2Z) =z2+2p=([1 + (k— 1] (1 — A) + A™R=LC) ap ZF. (1.9)

[12] has introduced the Opoola differential operator for f(z) in N is denoted by D"(u,a,c). It is
defined as below:
D%u,a, 8)f(z)=f(z)
D!(u,a, 8)= zDcf(z)= zcf (z)-z(a — u)c + (1+( u-a-1)c)f(z)
D*(u,a, 0)f(z)=zD(zDf(z))
D"(u,a,)f(z)= zD. D"(u,a,c)

After simplification we get
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D (u,a,0)f(z) = z+ Yv,([1+ (k + a —u— 1)c]" axz® (1.10)

Here 0<c¢, 0<u<a
Definition 1.5. For two functions f and g analytic in U, we say that the function f (z) is

subordinate to g (z) in U and write

f(z) 2g(2) (z €U) (1.11)
If there exit Schwarz function w (z), analytical in U with w (0) = 0 and | w (2) | <1 such
that f (z) = g (w (2)) (zeU) (1.12)

J.E. Littlewood has introduced following subordination theorem which we stated as lemma.
We use this lemma to prove integral mean inequality given in theorem 5.1

Lemmal.1 Let f and g analytic in unit disc and suppose g 2 f, then for 0 <t<oo

[T lg(re®)|tdo < [ | f(re®)|tdo (07 <1, t>0) (1.13)

Strict equality holds for 0 <r <1 wunless fis constant or w (z) = a z, | o | =1.

In next section we have defined Ruopoola differential operator. It is generalization of latest

Opoola derivative operator given by [12]

2. Ruopoola Differential Operator, Classes Tr(E™;y, u ,m, q) and Tr ( E%; ¥, u, m,q).
We derived the Ruopoola differential operator by making convex combination of Rusal

& Opoola differential operators discussed in (1.2) and (1.8) respectively. We also introduced

New subclasses Tr(E™; y, u ,m, q) and Tr ( EI%; ¥, u, m,q) which are generalization of

Tr(E™;y, u ,m, q) and Tr ( EZ; ¥, u, m, q) respectively[7].

Definition 2.1. Let n€ NU {0}, 0< A < 1, E}': N->N defined by

E}Nf(2)) = (1- A) D™ (Z) + AR (2).
=(1-Nz+¥2, 1+ k+a—u—1)0]"arzk + Az+ X7, " L Aayz* 2.1
=(1-Nz+Az+Y¥0,([1+ (k+a—u—1)a]" (1 — A) + A"KRIC) ap z*
=ztY 5w ([1+ (k+a—u—1)3]" (1 —A) + A"*71C) a,z*. (2.2)

Ifn=0, E°f (2) = f (2). (2.3)
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A=1, EN(f(Z))= R™ (2). (2.4)

A=0, EI(f(Z))= D" (2) 2.5)
Definition 2.2. Tr(E{"; v, 1t m, )={f € N: | Z((r~ WL Py <) @6

Wherez€ U, y €C| {0},r€ R, 0<qg< 1 0<u<r,m€ NU {0}, E"*f is defined in.We
illustrate the subclassTr (E; ¥, 1 ,m, q) with following example.

Definition 2.3: If f (z) =z + Yoo, axz® g (2) =z +X%_, byz", then hadmad product
(Convolution) is defined as given bellow

f* g=z+Yp (arby)z" (2.7)

EXAMPLE 2.1 Iff(z)=z, thenfory =1, u=r,m=0,0<q < 1, show that f (z) €

Tr(EX: v, 1 .m, q)
fory=1,u=rm=0,0<qg< 1,

| 2w uEpey-n = | 202 e By -0 |
= 2(| By -1 )]
=| (EXf) -1
=| @@ -1
=|1-1|

< q.
Hence, by definition (2.2),

f(z) € Tr(EY; v, u.m, q)
Definition 2.4

Let Tr (E};y, u, m,q) be the subclass of N which satisfies inequality
SR+ (k= D1+ (k= DA = N + A™730) [ai| <rlylq  @8)
Example 2.2. Tr(EY;1,7,0,q)EC(1- q)

Te(EY 1,7, 0,)={f €N ;| (- 2L 4 r (BYfy - 1) |<q )}
={feN:|- @ ES) -1 |<q}

={feN: | ((EXf)-1) |<q}
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= {feN: | P(2)-1|<q}

Suppose g(z) € Tr( Ex; 1, p, 0,9)
“lg@-1]<q

1+r X

[REY

~Re {g’ (2)} >1-7r
Therefore, g (z) EC (1 - 1)
Hence,Tr( EY; 1,7,0,q)E C (1 - q).
Remark 2.1. Fory € C | {0},0<g <1,0<u<r,meNU {0} thefollowing functions are in
class Tr (EY;y, u, m,q)

o 7‘Q|Y| 2
h@ =zt WD((+a—0)d) 1-N+Amic) & (zeU)

_ rq |Y| 3
fa(2)=z+ r+2p)((1+2+a-u)d)(1-A)+A"120) z (z€ U)

2

_ z rlylg -1) 3
5 = 2 o e G Aie) | rrzr) (@2 ta—d) =D TATC) (z€U)
Example 2.3. Tr(EY;1,0,0,g)ECS* (1- q)
0
Tr (E(; 1,00, ={f N: | 2~ 02+ 0 (B ) - 1) | <q}
1, EXf
= {fEN: [r=2%-1) |<q}
=ffen: [ 22 1| <q

Suppose g (z) € Tr( EY; 1,0, 0,q)
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) 9(2)
oo |T-1 |<q

@ lies in circle around (1,0) of radius g

9(2)
ERA

g(z)e Cs"(1- @)
Hence,Tr( E; 1,0, 0,¢q) ECS* (1 - q)

Therefore, Re {

3. Geometric Properties for Classes Tr(E™; y, u ,m, q) and Tr ( E¥; y, u, m,q)
Our first theorem gives sufficient condition for normalized analytic functions to be in
Tr(E{"; v, i, m,pB)
Theorem 3.1 let f (z) € N satisty
S+ (k= D1+ (k +a —u—=D"A - A +A"*20) | <rlvle @D
v,EC| {0},0<q< 1 0<u<r,me NU {0}
Then f€ Tr(E; v, wm, q)
Proof: Assume (3.1) is valid for f(z) E Nandy (y € C | {0}), q(0<g < ), u(O<u<|r]), m
€ NU {0},
Using (1.8) we have

(r—u)
(r-

Z

E}

o (BT ) 1) =

W Z4322 L ([1+ (k + a —u— 1] (1 — A) + A™K-10) q, 2%.] +

W+ T (1 4+ (k+ @ —u— DT (1 — A) + A™F10)k a7 ] -
(r—u)

_(-w

1+ k+a—u—1)03]"(1—A)+ A*E=1C) a, zF

zZ+ k=2
tu+ T[T+ (k+a—u—1)0]" (1 —A) + A0 ku a2z -1,
=) +Yr, w1+ k+a—u—1a"(1—A)+ A" 10) a2k
+ut Y, ([1+ (k+a—u—1)0]" (1= A) + A" 30 ku a, 2" - p.
=T, + (k+a—u— DL+ (k +a—u— 1AL - A) + A™F1C) azt
Therefore
| () L uErfy-n) |

= |30+ (k= D1+ (k+a—u—1)3]"(1 — A) + A"*1C) apzk1 |

— Z(r F k= DW[1+ k+a—u—-1D3" = A) + A10) | | |25
k=2
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< YL+ (k—DW1+ k+a—u—1)a"1 —A) + A" 10) |ay]

< rlylq
Hence

| S-S L@y -0 |<q

Thus f(z2) € Tr(E%;y, um, q)

Corollary 3.1: Tr (E;y,;,m,q) E Tr(EM;y, 1, m,q).
Proof. Suppose f (z) =z +¥ o, a,z¥ € Tr (EL v, 1, m, q).

AR+ (=D + (k+a—u—13"(1 = A +A"0) |a| <r|y]q

From theorem 2.1,
f(z) € Tr(E{% v, 1 .m, q)
The following example illustrate that converse of the above corollary need not be true.

2
Example 3.1 : Iff(z)=z + 27 and |r>1. Taking y =1, u =r,m =0,q = 1,we will get

| Se-wELru (B -0 |

0
= | @02 r CERfy -0 |
= | = (B - D
=| (EXfy -1 |
2
=l @+ -1
= 1+221 |
2
=| Z|<1.
Therefore,
f(z) € Tr(EQ; 1,7,0,1).
But ¥2,(r + (k— D)1+ (k+ a —u—1)3]°(1 — A) + A%**=1C) | a; |
= Y9 kr(l1-A+ A) | ay |
Yo kr

2r a,
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Therefore, f (z) & Tr (E; v, u, m,q)

Hence,
f(z) € Tr(EY; 1,p,0,1) but f ()& Tr (EY; v, 1, m,q).
Our next theorem gives coefficient inequalities for f(z) belonging to class Tr ( EL; v, i, m,q).

Theorem 3.2: Coefficient inequality

== . rlyla
Iff(Z) E Tr ( EA ) y:» “’ m’q) then |a'k | S (‘r+(k—1)u)([1+(k+a—u—1)6]"(1—A)+An+k_711C) k 2 2

Proof: Given that f(z) € Tr (E v, u, m,q)

Therefore

D = DL+ G+ @ —u= DI = D)+ A 40) |a| <rlylq
k=2

(r+ (k= D1+ (k +a—u—1)31"(1 = A) + A" 10) |a, | <7lylq

la, | < rlyla
k1= Gr+k-1)w) (1+(c+a—u-1)a]m(1-A)+A"E=1c)

Now we prove the following theorem
Theorem 3.3: Growth theorem

Let function f (z) defined by (1.1) be in class Tr ( EX; ¥, i, m,q) ,then

rlylq
| z | ) [r+ul((1+a-u)d)"(1-A)+A"t1c) |Z | = | f(z) | = | z | +

rlvla )
[r+ ] (1+a-1)d) " (1-N)+ATFAC) ] (3.2)

r|y|q 2

Equality is attained for function f (z) given by f (z) =z + () (LR i0)

Proof: [r+ ul((1+a—w)d)"(1—A) + A™10) 37, |ak |
< S0+ (k= D[+ e+ a—u—1)3]"(1 = A) + A™*720) | ay |

<rlylq
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Therefore ,

oo r | Y | q
Zk:z lax [ < [r+ul(A+a-w)d)n(1-A)+A"+1i0) (3-3)

Also f(z)=z+ X%, a,z* and using (3.3)
|t |= | z+ X5, arz” |

<|z| + | 32, apz" |

< |z| + 3 |a| [ 2]

< |z| + |z|* Eiz lax |

2 rlylq
= |Z| * Izl [p+ul((1+a-w)d)n(1-A)+A"*10) (3.4)

similarly,

|f(2) | = | z+ TR, arz” |
> |z| - | Zp, anz® |
>|z| - T laxl | 2%

= |Z|' |z|? Xr=y |ay |

5 rlylq
2 |2 1o G

Using (3.4) and (3.5)

rlylg
| g | " [r+ud ((L+a-w)d)n(1-A)+A"FE0) |Z | 2 < | f(z) | < | Z | +

rlylq
[r+ul((1+a—w)d)*(1-A)+A"*Lc

2
||

Hence

2] - rlylq
[r+ul((1+a—w)d) " (1-A)+A"10)

|Z|2S|f(z) |S|z| +

rlylq | z | 2
[r+ul((1+a-w)d)n(1-A)+A"*10)

rlylq 2
[r+ul((1+a—w)d)n(1-A)+A"+10)

Equality is attained for function f (z) given by f(z) =z +

Theorem 3.4: Distortion theorem

Let function f (z) defined by (1.1) be in class Tr ( EL; ¥, u, m,q) ,then
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2r|ylq 2r|ylq
1- u((1+a-w)d)"(1-A)+A"t1c) | z | s | (2 | = I+ u((@+a-w)d)(1-A)+A"+10) |Z | (3-6)

r | Y | q 2
u((1+a-w)d)n(1-A)+A"t1c)

Equality attained for function f (z) given by f(z) =z +

Proof: Letf(z2) =z + Y5, aiz" and £ (z2) =1+ Y3, kayz*?!

£ (2) |= |1+ Zie, kapz |
< 1+ i klagl | 2577
< 1+|7 Xilo klag | (3.7)
But 5, (r + (k — D) ([1 + (k + @ —u— D" A — A) + A™*710) [a| <r|y]q
Also
2r+(k2) >0
2r+kpu-2u>0
2r + 2kp - 2p >k
Bt (k1) p
Similarly
(r+ (k= D1+ (k+ @ —u— D1 = A) + ™50 > (1 + @ —w)d)"(1 -
A) + AT
SE, 2 ((L+a—wd)(1— A + A0 | <

Yo+ (k= D@1+ (k+ a —u—1)3]"(1 = A) + " 1) |ay |

<r|rlq
oo 2r|y|q
Zkzz klak = u((Q+a-w)d)n(1-A)+A"t10)
From (3.7)
2r|yla
P& <1+ u((1+a-w )" (1-AD+AFiC) 2] (3.8)
Similarly

1P @) |= |1+ T kaz*" |

>1- Yoo klag] | 247
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21 - |z] Xk klag |

2rlyla
=1- u((1+a-w)d)"(1-A)+A" 1) 1 (3.9

(3.8) and (3.9) we have

2rlylaq 2rlylaq
L- u((1+a-w)d)"(1-A)+A"*10) | z | S | £ (2) | = I+ u((1+a—-w)d)"(1-A)+A"t1c) |Z|

2rlylq 2
i Z
u((1+a—-u)d)*(1-A)+A"",;0)

Equality attained for function f'(z) given by f(z) =z +

In this section we will prove the extreme point theorem. We also find the extreme points for the
subclass Tr ( ElL v, u, m,q).
Theorem 3.5. Extreme Point Theorem

Let fi(z) =z and

_ rlylq k
G vy PR TR Y s (k= 2) (3.10)

Then f (z)€ Tr (E}; v, u, m,q) if and only if f (z) = Y51 Ak fx(2)
Where 1), > 0 and ;72 A, = 1.

Proof: Suppose that f (z) = ;721 Ak fx(2)

_ o r | Y | q k
= Mfi(@) F L=z e (2 F r+ (k- D (4 (et a—u—1) (1N +AF4c) 2 )

_ 00 o) r | Y | q k
= (- = ) 2+ D=2 A 2+ e S Geramu o Gon i 2 )

rlylq
(r+(k—1)w) ([1+(k+a—u-1)a]*(1-A)+A"E"10)

rlylq 1
(r+ (k=D ([1+(k+a—u—1)a]n(1-A)+A™k=1cy Tk

=z+ Y, a,z¥  where a; =

Claim: f(2)€ Tr (E};y, p, m,q)

Sealr+ u(k = DAL+ (k+a—u—1Da]"(1 =) + A" 70) | ay |
=Yrolr+u(k —1D)]J(1+k+a—-—u—-1)0]"(1—-A) +

n+k—1 rlylq
A nC) (p+ (k=D ) ([1+(k+a—-u—1)0](1-A)+A"k=1c) z

=rly]qa X, &
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=r|y|q(- 1)

<rlylq
From theorem 2.1 f(2)€ Tr (El;y, i, m,q)

Conversely suppose that f (z)€ Tr ( E; ¥, 1, m,q)

r+u(k —1)] ((1+k+a-u-1)0]"(1-A)+A"E=1) a

Setting )lk—[ ToTa

and A=1- X, A

Lic=1 Ak fie(2) = A1 £1(2) + =z Ak fic(2)

_ oo oo n T|V|q k
- (1_ Zk:z AR)Z + Zk:Z Ak (Z ! (r+(k—1)#)([1+(k+0£—u—1)6]”(1-A)+An+k_711C) Z )

_ oo r | Y | q k
=Z+ Ypea A r+(k=1) ) ([1+(+a-u-1)a](1-A)+A"*=1c) z

yoo [r+u(k—D]([1+(k+a-u-1)a]"(1-A)+"*=1¢) ax rlylaq Sk
k=2 rlvla (p+ (k=D ) ([1+(k+a—u—1)3] (1—-A)+A"E=1¢)

=z + Yo, apz®
=1(2)

Hence f(2) = Xp=1 Ak fi(2).

Corollary 3.2. The extreme points of the Tr ( EX%; ¥, u, m,q)are the functions f;(z) =z and

_ r|y|q k _
fk(Z)—z+(r+(k_1)”)([1+(k+a_u_1)6]11(1_)\)““,{_%6) z (k=2,3,4............

We now turn to Convolution theorem, which gives that the class Tr ( E}; y, u, m,q) is closed

under convolution.
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Theorem 3.6 Convolution Theorems

Let f, g€ Tr (E}; y, 1, m, q)

1
f(z)=z+ Yo, ,a,z", g(z)=z+ Y7, bez" with a, =0, b, =>0and (aybg)z< 1

Then f * g€ Tr (E ¥, u, m,q)
Proof: We have f€ Tr ( E{; ¥, u, m,q) if and only if
Sl +uCk = DT+ (e +a—u=D"(A—A) +A™10) [ae | <7lylq
g€ Tr (EY; v, u, m,q) if and only if
Sl +uCk = 1)1 ([1+ (e +a—u=D3"(A = A) +A™*10) [ | <7lylq
By Cauchy Schwarz inequality

- 1 c 1 c 1
Y elaltlbe Dz <) telachz O el bl
k=2 k=2 k=2

Where t,=(r+ (k-Dp) ([1+ (k +a—u—1)3]"(1 — A) + AME=10)

1
S+ (k= Dp) (14 (k+a—u—1a]"(1—A) +A"*30) [ab |z <rlylq @311
1
By assumption (a;by)2< 1
Then
1
arbr<(axby)?z (3.12)
Thus from (3.11) and (3.12)
S+ (k= Dp) ([1+ (k+a—u—13"(1~A) + A7) [apbe|<rlylq
Hence f * g€ Tr (EL; v, u, m,q)
In our next example we will show that the class Tr ( E%; y, u, m,q) is convex set.
Example 3.2. Let fi(z)=z+ Y2, ay: z*, fi(z)€ Tr (E};y, u, m,q), then
p j k=2 (i, j j A
for g2 She1; f(@).
g(@€eTr (ER;y,u,myq) , where}i ¢ = L
Proof: Let fij(z)=z+ Xi_,a; z® with fi(2)€ Tr (ELy, u, myq) .
Siealr +uCk = DT+ (e +a—u—1I"1 = A) + A"*10) |ap;| < rlylq
2@ =Xi=16 f;(2).
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_v! k
=2k=16 (z+ Xi—pax,; 2" )
2t Yhr € N, a7
Z7T Lk=1Cj Zik=20k,;jZ
— [os) k!
=z+ Y22 Xj=1C Qi
=Z+Zloco=2€k zk where ey = Z§=1Cj Ay, j

Claim: g(z)€ Tr (Ey, u, m,q)
Sl +uCk — 1)L+ G+ a—u— 11— A) + A1) |e]

=Ye[r+ulk — DL+ (k+a—u—13]"(1 - A+ A" 10) | Ty ¢ ay |

<Yhoi( o Dealr+uCk — 1)1+ G+ a—u—13*(1 = A) + A" 1) |ay; |)

l

SZ ¢ rlylq

j=1

<rlylq.
Therefore g (2)€ Tr (E};y, i, m,q)

In our next example we prove Integral Mean Inequality for the class Tr ( E}; y, u, m,q)

Example 3.3.f (z)€ Tr (E}; y, u, m,q) and suppose that

o —u—1)am(1 - n+k-1 _rlvla
T a(1+ (k + @ == DAL= A) + A™40) || < L1

Also let the function

rlyla o
2 Dt Grawara i - 022 (3-13)

Consider the function w (z) as given bellow

j— ( j— oo — —
w(z)i1 = Wzm[u — D[+ (k+a—u—1)3]" + AMK1C Ja, 251, (3.14)
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Then for z=re®®with 0<r <1
FTERfy | tde < [ | EPfi(2) | tdo (0<SA<1, t0)
Where E}' fis differential operator defined in (2.2)
Proof: We have from definition (2.2)

EM@z)=z+ X7, -AN[1+ (k+a—u—1)3]" +A "k1Cla, z*

_ rlvla  ;
fo](Z) = Z+mzj

For z= re'® with 0 <r < 1 we have to show that

[T+ 22,[A =M1+ (k+a—u—1I]" +A™*1Cla, 2571 | tdo

2m rlvla j-1 ¢
< [ |1+(r+(j_1)#)z |tdo (t>0)

By applying Littlewoods subordination theorem, it would sufficient to show that

o0 — — o — n n+k-1 k-1 Tl)’lq j-1
1+Yr,A=-MN[1+k+a—-—u—-1)0]" +A aClag 2% 21+ -0 Z
That is t(z) 2 h(z)

Wheret(z) =1+ Yi,[(1 = A)[1+ (k+a—u—1)0]" + A"k IC)a, zF1
=1+ r|y|q j-1
h@ =" om?
That is we want to show that t (z) = h(w(z)), w(0)=0 and |w(z)|<1
_ r|y|q j—-1
h(w(z) =1+ (r+(j_1)”)w(z)
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e ) )
=1+ (r:(|jy_|1"m LRSI = DL+ (ke a—u = DI + A™EC Jayzt?

1+ Y2,[(1—D[1+ (k+a—u—1)3]" + A"kIC Ja,z*1

t(z)

Therefore h (w (z)) =t (z) and w (0) =0
Moreover, we prove that analytic function | w (z) | <l,zeU

[w(@ | = [ TR TR (1= DL+ (k+ @ —w = 1DA]" + A4 Jayz |

< EE 5 [ = D[+ (k+ @ —u— DAl + ke ] gy | | 21|

< |z| EED g (1 - DL+ (ke +a—u— 1A + A1 ]| ay |

rlylq
<|z|<1

Hence proved.
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