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1. Introduction 

Let 𝒜 represent the family of all functions 𝑓 of the form 

                                                           𝑓(𝑧) = 𝑧 +∑𝑎𝑛𝑧
𝑛

∞

𝑛=2

                                                                 (1.1)  

which are analytic in open unit disk 𝔼:= {𝑧 ∈  ℂ ∶  |𝑧|  <  1}. Also let 𝒮 denote the class of 

functions in 𝒜 which are univalent in 𝔼. If 0 ≤ 𝜙 < 1. In 1936, Robertson [23] introduced the 
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𝒮∗(𝜙) containing all starlike functions of order 𝜙. A function 𝑓 is said to be in the class 𝒮∗(𝜙) 
if and only if   

ℜ(
𝑧𝑓′(𝑧)

𝑓(𝑧)
) > 𝜙,       𝑧 ∈ 𝔼. 

Similarly, 𝒞(𝜙) containing all convex functions of order ϕ. A function 𝑓 is said to be in the 

class 𝒞(𝜙) if and only if 

ℜ(1+
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) > 𝜙,       𝑧 ∈ 𝔼. 

It is also known that a function 𝑓 ∈ 𝒞(𝜙)  if and only if 𝑧𝑓 ′ ∈ 𝒮∗(𝜙). Let ℛ(𝜙) represent the 

family of all functions 𝑓 ∈ 𝒜 satisfying 

ℜ(𝑓′(𝑧)) > 𝜙,       𝑧 ∈ 𝔼. 

Functions in ℛ(𝜙)  are called of bounded turning of order 𝜙. For 𝜙 = 0,ℛ(𝜙) ≡ ℛ(0) ≡ ℛ, is 

the family of bounded turning functions or sometimes called functions of bounded rotation 

introduced by Goodman [10]. An analytic function 𝑓 is subordinate to an analytic function ℎ, 

written 𝑓(𝑧)  ≺  ℎ(𝑧), if there is a Schwarz function 𝜔(𝑧) ∶  𝔼 →  𝔼 with 𝜔(0) = 0 and |𝜔(𝑧)| <

1, satisfying 𝑓(𝑧) = ℎ(𝜔(𝑧)).  

In 1966 Pommerenke [19,20] introduced the concept of hankel determinant. The uth 

Hankel determinant ℋ𝑢(𝑛) of the function 𝑓 are defined by 

ℋ𝑢(𝑛) = |

𝑎𝑛 𝑎𝑛+1 ⋯ 𝑎𝑛+𝑢+1
𝑎𝑛+1 𝑎𝑛+2 ⋯ 𝑎𝑛+𝑢
⋮ ⋮ ⋱ ⋮

𝑎𝑛+𝑢+1 𝑎𝑛+𝑢 ⋯ 𝑎𝑛+2𝑢−2

|. 

 

Noor [18] determined the rate of growth of ℋ𝑢(𝑛) as 𝑛 → ∞ for functions 𝑓(𝑧) given by (1.1) 
with bounded boundary and Ehrenborg [8] studied the Hankel determinant of exponential 
polynomials. 

In particular, by varying the parameters 𝑢 and 𝑛, we get 

 

ℋ2(1) = |
𝑎1 𝑎2
𝑎2 𝑎3

| = 𝑎3 − 𝑎2
2,   𝑎𝑠  𝑎1 = 1 

and  

ℋ2(2) = |
𝑎2 𝑎3
𝑎3 𝑎4

| = 𝑎2𝑎4 − 𝑎3
2. 
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In 2017 Thomas and Halim [32] gives the concept of Toeplitz determinant. The 𝑢𝑡ℎ Toeplitz 

determinant 𝒯𝑢(𝑛) of the function 𝑓 are defined by 

 

𝒯𝑢(𝑛) = |

𝑎𝑛 𝑎𝑛+1 ⋯ 𝑎𝑛+𝑢−1
𝑎𝑛+1 𝑎𝑛 ⋯ 𝑎𝑛+𝑢−2
⋮ ⋮ ⋱ ⋮

𝑎𝑛+𝑢+1 𝑎𝑛+𝑢−2 ⋯ 𝑎𝑛

| 

In particular, by varying the parameters 𝑢 and 𝑛, we get 

𝒯2(1) = |
𝑎1 𝑎2
𝑎2 𝑎3

| = 𝑎3 − 𝑎2
2,   𝑎𝑠  𝑎1 = 1, 

𝒯2(2) = |
𝑎2 𝑎3
𝑎3 𝑎2

| = 𝑎2
2 − 𝑎3

2 

and  

𝒯3(1) = |

𝑎1 𝑎2 𝑎3
𝑎2 𝑎1 𝑎2
𝑎3 𝑎2 𝑎1

| = 1 − 2𝑎2
2 + 2𝑎2

2𝑎3 − 𝑎3
2,   𝑎𝑠  𝑎1 = 1. 

The Toeplitz determinant |𝒯𝑢(𝑛)| for starlike and convex functions studies by Thomas and Halim 

[32]. Similarly, the Toeplitz determinant |𝒯𝑢(𝑛)| for functions of bounded turning studies by 
Radhika [21]. For additional resources in this area, refer to [7, 14, 22, 31, 33, 34]. For a function 

𝑓 ∈ 𝒮 the logarithmic coefficients 𝛾𝑛 are defined by 

 

                                                  𝑓(𝑧) = 𝑧𝑒𝑥𝑝 (2∑𝛾𝑛(𝑓)

∞

𝑛=2

𝑧𝑛) ,      𝑧 ∈  𝔼.                                     (1.2) 

It is well known that the logarithmic coefficients play an important role in geometric function 

theory. In particular, the logarithmic coefficients of the Koebe function 
𝑧

(1−𝑧)2
 are 𝛾𝑛 =

1

𝑛
.  

For 𝑓 ∈ 𝒮, Milin conjecture [17], that 

∑∑(𝑣 |𝛾𝑣|
2 −

1

4
) ≤ 0.

𝑛

𝑣=1

𝑛

𝑘=1

 

It is interesting that for the class 𝒮 the sharp estimates of logarithmic coefficients are known 

only for the first two 𝛾1 and 𝛾2 : 

|𝛾1| ≤ 1     𝑎𝑛𝑑     |𝛾2| ≤
𝑒 + 2

2𝑒
=  0.635…, 
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and it is not known for 𝑛 ≥  3. Equating the coefficients of 𝑧, 𝑧2 and 𝑧3 in (1.2), we get 

                                                                            𝛾1 =
𝑎2 

2
,                                                                        (1.3) 

                                                                  𝛾2 =
1 

2
(𝑎3 −

𝑎2
2

2
)                                                               (1.4) 

and  

                                                              𝛾3 =
1 

2
(𝑎4 − 𝑎2𝑎3 +

𝑎2
3

3
).                                                    (1.5) 

 For any univalent function 𝑓 has an inverse 𝑓−1 satisfying 

𝑓−1(𝑓(𝑧)) = 𝑧,       𝑧 ∈  𝔼 

and  

𝑓(𝑓−1(𝑤)) = 𝑤,        |𝑤| <
1

4
. 

A function is considered bi-univalent in 𝔼 if both 𝑓 and its inverse 𝑓−1 are univalent in 𝔼. 

In the recent past, several subclasses of analytic univalent functions and bi-univalent functions 

have been identified and researched; see [4, 5, 25, 26, 27, 28, 29, 30] for further details. Let 𝐹 be 

the inverse of a function 𝑓 ∈ 𝒮 defined by 

                                    𝐹(𝑤) = 𝑓−1(𝑤) = 𝑤 +∑𝐴𝑛𝑤
𝑛,

∞

𝑛=2

          |𝑤| <
1

4
.                                     (1.6) 

Hence, from (1.1) and (1.6), we get 

𝐴2 = −𝑎2, 

𝐴3 = −𝑎3 + 2𝑎2
2 

and 

𝐴4 = −𝑎4 + 5𝑎2𝑎3 − 5𝑎2
3. 

Similarly, we can define logarithmic coefficient for inverse function 

 

                                                                           Γ1 =
𝐴2 

2
,                                                                        (1.7) 
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                                                                  Γ2 =
1 

2
(𝐴3 −

𝐴2
2

2
)                                                               (1.8) 

and  

                                                             Γ3 =
1 

2
(𝐴4 − 𝐴2𝐴3 +

𝐴2
3

3
).                                                    (1.9) 

In the context of univalent functions, Krushkal [13] established and demonstrated the inequality 

represented as 

                                                           |𝑎𝑛
𝑟 − 𝑎2

𝑟(𝑛−1)
| ≤ 2𝑟(𝑛−1) − 2𝑟 .                                              (1.10) 

In 1960, Lawrence Zalcman introduced a significant conjecture within Geometric Function 

Theory, which posits that the coefficients of the functional class 𝒮 fulfill the condition: 

|𝑎𝑛
2 − 𝑎2𝑛−1| ≤ (𝑛 − 1)

2. 

This equality is valid for the famous Koebe function 𝑓(𝑧) =
𝑧

(1 − 𝑧)2
, including its rotated 

versions. 

Let 𝒫 denote the class of analytic functions 𝑞(𝑧) in 𝔼 satisfying the following conditions 

𝑞(0) =  1 𝑎𝑛𝑑 ℜ(𝑞(𝑧)) >  0,    𝑧 ∈ 𝔼. 

Hence, if a function 𝑞 ∈ 𝒫, then the function 𝑞(𝑧) given in the form 

 

                                                       𝑞(𝑧) = 1 +∑𝑞𝑛𝑧
𝑛

∞

𝑛=1

,    𝑧 ∈ 𝔼.                                                  (1.11) 

Lemma 1. [6] If the function 𝑞 ∈ 𝒫 is given in the form (1.11), then 

|𝑞𝑛| ≤  2,    ∀      𝑛 ≥  1. 

Lemma 2. [16] For any 𝜆 ∈ ℂ. If the function 𝑞 ∈ 𝒫 is given in the form (1.11), then 

|𝑞2 − 𝜆𝑞1
2| ≤ {

2 − 4𝜆  ∶             𝜆 ≤ 0,
2              ∶      0 ≤ 𝜆 ≤ 1,
4𝜆 − 2  ∶           𝜆 ≥ 1.  

 

Lemma 3. [1] If the function 𝑞 ∈ 𝒫 is given in the form (1.11), with 0 ≤  𝑏 ≤  1 and 𝑏(2𝑏 −

1)  ≤  𝑑 ≤  𝑏, then 

|𝑞3  −  2𝑏𝑞2𝑞1 + 𝑑𝑞1
3|  ≤  2. 
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Lemma 4. [15] If the function 𝑞 ∈ 𝒫 is given in the form (1.11), then 

2𝑞2 = 𝑞1
2  +  𝑦(4 − 𝑞1

2) 

and 

4𝑞3 = 𝑞1
3  +  2𝑦𝑞1(4 − 𝑞1

2)  −  𝑦2𝑞1(4 − 𝑞1
2)  +  2(4 − 𝑞1

2)(1 − |𝑦|2)𝑥, 

for some 𝑦 and 𝑥 such that |𝑦|  ≤  1 and |𝑥|  ≤  1. 

Inspired by the previously mentioned studies [2, 3, 9, 11, 12, 24], this article presents the 

class ℛ𝑠𝑖𝑛ℎ
∗  which is defined as follows: 

Definition 1. A function 𝑓 ∈  𝒮 is recognized as part of the ℛ𝑠𝑖𝑛ℎ
∗  class if it complies with the 

following subordination condition: 

𝑓′(𝑧)  ≺  1 +  𝑠𝑖𝑛ℎ(𝑧). 

In similar way, if the function 𝐹 = 𝑓−1 given in the form (1.6) belongs to the class ℛ𝑠𝑖𝑛ℎ
∗ class if 

it complies with the following subordination condition: 

𝐹′(𝑤)  ≺  1 +  𝑠𝑖𝑛ℎ(𝑤). 

In this article, we obtain upper bounds for the Hankel determinant, Toeplitz determinant 

and logarithmic coefficients for the functions of bounded turning associated with sine hyperbolic 

function and in the same time Hankel determinant, Toeplitz determinant and logarithmic 

coefficients for the inverse map. 

2. Coefficient bounds and Fekete-Szegö inequality 

In this section, we will examine several concerning coefficient bounds and the Fekete-Szegö 

inequality relevant to the function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  and 𝑓−1 = 𝐹 ∈ ℛ𝑠𝑖𝑛ℎ

∗ . 

Theorem 1. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then 

                                                                         |𝑎2| ≤
1

2
,                                                                          (2.1) 

                                                                         |𝑎3| ≤
1

3
                                                                          (2.2) 

and 

                                                                         |𝑎4| ≤
1

4
.                                                                          (2.3) 

The equalities of these inequalities are derived for functions in the following manner: 
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𝑓1(𝑧) = cosh(𝑧) + 𝑧 − 1, 

𝑓2(𝑧) = ∫(1 + sinh(𝑠
2))

𝑧

0

𝑑𝑠 

and 

𝑓3(𝑧) = ∫(1 + sinh(𝑠
3))

𝑧

0

𝑑𝑠. 

Proof. If 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ , then according to Definition 1, there exists a Schwarz function 𝜔(𝑧) with 

𝜔(0) =0 and |𝜔(𝑧)|  <  1, we have 

𝑓′(𝑧)  =  1 +  𝑠𝑖𝑛ℎ(𝜔(𝑧)). 

Let us consider the function 𝑞 ∈  𝒫 and 

𝑞(𝑧) = 1 +∑𝑞𝑛

∞

𝑛=1

𝑧𝑛 =
1 +  𝜔(𝑧)

1 −  𝜔(𝑧)
. 

Clearly, we have 

𝜔(𝑧) =
𝑞(𝑧) −  1

𝑞(𝑧) +  1
=

𝑞1𝑧 + 𝑞2𝑧
2 + 𝑞3𝑧

3 +⋯

2 + 𝑞1𝑧 + 𝑞2𝑧
2 + 𝑞3𝑧

3 +⋯
. 

Now 

          1 + sinh(𝜔(𝑧)) = 1 +  𝑠𝑖𝑛ℎ (
𝑞(𝑧) −  1

𝑞(𝑧) +  1
)                                                     

                                                          = 1 +
1

2
𝑞1𝑧 +

1

2
(𝑞2 −

1

2
𝑞1
2) 𝑧2 + (

1

3
𝑞3 −

1

2
𝑞1𝑞2 +

7

48
𝑞1
3) 𝑧3 

                                                           + (
1

2
𝑞4 −

1

2
𝑞3𝑞1 +

7

16
𝑞2𝑞1

2 −
1

4
𝑞2
2 −

3

32
𝑞1
4) 𝑧4 +⋯       (2.4) 

Also, 

                                                    𝑓′(𝑧) = 1 + 2𝑎2𝑧 + 3𝑎3𝑧
2 + 4𝑎4𝑧

4 +⋯                                   (2.5) 

From (2.4) and (2.5), comparing the coefficient of 𝑧, 𝑧2, 𝑧3 and 𝑧4, we have 

                                                                          2𝑎2 =
1

2
𝑞1,                                                                     (2.6) 
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                                                                  3𝑎3 =
1

2
(𝑞2 −

1

2
𝑞1
2)                                                            (2.7) 

and 

                                                                  3𝑎4 =
1

3
𝑞3 −

1

2
𝑞1𝑞2 +

7

48
𝑞1
3.                                            (2.8) 

An application of Lemma 1 and Lemma 2 in (2.6) and (2.7), we get results given in (2.1) and 

(2.2), respectively. An application of Lemma 3 in (2.8), we get results given in (2.3). This 

completes the proof of Theorem 1. 

Theorem 2. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then for any 𝜆 ∈  ℂ, we have 

                                           |𝑎3  −  𝜆𝑎2
2| ≤

{
 
 

 
 −

𝜆

4
, 𝜆 ≤ −

4

3
1

3
, −

4

3
≤ 𝜆 ≤

4

3
𝜆

4
, 𝜆 ≥

4

3
.

                                                 (2.9) 

Proof. For any 𝜆 ∈  ℂ, and from (2.6) and (2.7), we get 

                                                    𝑎3  −  𝜆𝑎2
2 =

1

6
[𝑞2 − (

4 + 3𝜆

8
)𝑞1

2].                                            (2.10) 

Now by using triangle inequality in (2.10), we get 

                                                    |𝑎3  −  𝜆𝑎2
2| ≤

1

6
|𝑞2 − (

4 + 3𝜆

8
) 𝑞1

2|.                                         (2.11) 

An application of Lemma 2, we get results given in (2.9). This completes the proof of Theorem 

2. 

When we assign 𝜆 =  1 in Theorem 2, the resulting corollary is as follows: 

Corollary 1. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then 

|𝑎3  −  𝑎2
2| ≤

1

3
< 1. 

Theorem 3. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

                                                                        |𝐴2| ≤
1

2
,                                                                        (2.12) 
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                                                                         |𝐴2| ≤
1

2
                                                                        (2.13) 

and 

                                                                         |𝐴4| ≤ 1.                                                                        (2.14) 

Proof. Substituting, we get 

                                                                          𝐴2 = −
1

4
𝑞1,                                                                 (2.15) 

                                                                  𝐴3 = −
1

6
(𝑞2 −

5

4
𝑞1
2)                                                       (2.16) 

and 

                                                                  𝐴4 = −
1

2
(𝑞3 −

17

12
𝑞1𝑞2 +

21

32
𝑞1
3).                                (2.17) 

Now by using Lemma 1 and Lemma 2, in (2.15) and (2.16) gives (2.12) and (2.13), 

respectively. Now, from (2.17), we have 

                                                                  |𝐴4| =
1

2
 |𝑞3 − 2𝑏𝑞2𝑞1 + 𝑑𝑞1

3|.                                      (2.18) 

where 

𝑏 =
17

24
    𝑎𝑛𝑑  𝑑 =

21

32
 . 

We can see that 

85

288
= 𝑏(2𝑏 − 1) ≤ 𝑑 ≤ 𝑏. 

Therefore, by using Lemma 3, in (2.18) we get (2.14). This completes the proof of Theorem 3. 

Theorem 4. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then for 

any 𝜆 ∈  ℂ, we have 

                                          |𝐴3  −  𝜆𝐴2
2| ≤

{
 
 

 
 
2 − 𝜆

4
, 𝜆 ≤

2

3
1

3
,

2

3
≤ 𝜆 ≤

11

3
𝜆 − 2

4
, 𝜆 ≥

11

3
.

                                           (2.19) 

Proof. For any 𝜆 ∈ ℂ, and from (2.15) and (2.16), we get 
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                                                𝐴3  −  𝜆𝐴2
2 = −

1

6
[𝑞2 − (

10 − 3𝜆

8
)𝑞1

2].                                         (2.20) 

Now by using triangle inequality in (2.10), we get 

                                              |𝐴3  −  𝜆𝐴2
2| ≤

1

6
|𝑞2 − (

10 − 3𝜆

8
)𝑞1

2|.                                             (2.11) 

An application of Lemma 2, we get results given in (2.9). This completes the proof of Theorem 

2. 

When we assign 𝜆 =  1 in Theorem 2, the resulting corollary is as follows: 

Corollary 2. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ .  Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

|𝐴3  −  𝐴2
2| ≤

1

3
< 1. 

Remark 1. Corollary 1 and Corollary 2 are both satisfies the Zalcman conjecture. 

 

3. Hankel determinant 

Theorem 5. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then 

                                                            |𝑎2𝑎4 − 𝑎3
2| ≤

1

9
 .                                                                        (3.1) 

Proof. From (2.6), (2.7) and (2.8), we get 

 |𝑎2𝑎4 − 𝑎3
2| =

1

2304
|72𝑞3𝑞1 − 64𝑞2

2  − 8𝑞2𝑞1
2 + 5𝑞1

4|.  

Let us assume that 𝑞1 = 𝑞 ∈  [0, 2]. Now by using Lemma 4, to express 𝑞2 and 𝑞3 in term of 

𝑞1 = 𝑞, we get 

|𝑎2𝑎4 − 𝑎3
2| =

1

2304
|3q4 + 36q(4 − q2)(1 − |y|2)x − 18q2(4 − q2)y2 − 16y2 (4 − q2)2|.  

Let us assume that |𝑦|  =  𝛿, 𝛿 ∈  [0, 1] and |𝑥|  ≤  1, we get 

|𝑎2𝑎4 − 𝑎3
2| ≤

1

2304
|3q4 + 36q(4 − q2)(1 − 𝛿2) + 18q2(4 − q2)𝛿2 + 16𝛿2 (4 − q2)2|

= 𝛷(𝛿, 𝑞). 

Differentiating 𝛷(𝛿, 𝑞) with respect to 𝛿, we get 
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𝜕𝛷

𝜕𝛿
=

1

576
𝛿(4 − 𝑞2)(𝑞 − 2)(𝑞 − 16) ≥ 0. 

As 
𝜕𝛷

𝜕𝛿
≥ 0 on 𝛿 ∈  [0, 1], therefore 𝛷(𝛿, 𝑞) is increasing on 𝛿 ∈  [0, 1] and hence 𝛷(𝛿, 𝑞)  ≤

 𝛷(1, 𝑞). Putting 𝛿 =  1, and assume 𝜗 =  𝑞2, 𝜗 ∈  [0, 4], we get 

𝛹(𝜗) ≔ 𝛷(1, 𝑞2) ≔
1

2304
[256 − 56𝜗 + 𝜗2]. 

Differentiating 𝛹(𝜗) with respect to 𝜗, we get 

𝛹′(𝜗) =
1

1152
[𝜗 − 28] < 0. 

As 𝛹′(𝜗) < 0 on 𝜗 ∈  [0, 4], therefore 𝛹(𝜗) is decreasing on 𝜗 ∈  [0, 4]. Therefore, the 

maximum value of 𝛹 is 
1

9
  on 𝜗 =  0. Hence, we obtain 

|𝑎2𝑎4 − 𝑎3
2| ≤

1

9
. 

This completes the proof of Theorem 5. 

Theorem 6. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

ℋ2(2)𝑓
−1 ≔ |𝐴2𝐴4 − 𝐴3

2| =
1

9
. 

Proof. From (2.15), (2.16) and (2.17), we get 

|𝐴2𝐴4 − 𝐴3
2| =

1

1152
 |36q3q1 − 32q2

2 + 13q1
4 − 16q2q1

2|. 

Let us assume that 𝑞1 =  𝑞 ∈  [0, 2]. Now by using Lemma 4, to express 𝑞2 and 𝑞3 in term of 

𝑞1 = 𝑞, we get 

|𝐴2𝐴4 − 𝐴3
2| =

1

1152
 |6q4 − 6yq2(4 − q2) − 9y2q2(4 − q2) − 8y2(4 − q2)2

+ 18q(4 − q2)(1 − |y|2)x|. 

Let us assume that |𝑦|  =  𝛿, 𝛿 ∈  [0, 1] and |𝑥|  ≤  1, we get 

|𝐴2𝐴4 − 𝐴3
2| ≤

1

1152
 |6q4 + 6𝛿q2(4 − q2) + 9𝛿2q2(4 − q2) + 8𝛿2(4 − q2)2

+ 18q(4 − q2)(1 − 𝛿2)|:= 𝛷(𝛿, 𝑞). 

Differentiating 𝛷(𝛿, 𝑞) with respect to 𝛿, we get 
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𝜕𝛷

𝜕𝛿
=

1

1152
2𝛿(4 − 𝑞2)(𝑞 − 2)(𝑞 − 16) + 6𝑞2(4 − 𝑞2). 

As 
𝜕𝛷

𝜕𝛿
≥ 0 on 𝛿 ∈  [0, 1], therefore 𝛷(𝛿, 𝑞) is increasing on 𝛿 ∈  [0, 1] and hence 𝛷(𝛿, 𝑞)  ≤

 𝛷(1, 𝑞). Putting 𝛿 =  1, and assume 𝜗 =  𝑞2, 𝜗 ∈  [0, 4], we get 

𝛹(𝜗) ≔ 𝛷(1, 𝑞2) ≔
1

1152
[128 − 4𝜗 − 𝜗2]. 

Differentiating 𝛹(𝜗) with respect to 𝜗, we get 

𝛹′(𝜗) = −
1

576
[𝜗 + 2] < 0. 

As 𝛹′(𝜗) < 0 on 𝜗 ∈  [0, 4], therefore 𝛹(𝜗) is decreasing on 𝜗 ∈  [0, 4]. Therefore, the 

maximum value of 𝛹 is 
1

9
  on 𝜗 =  0. Hence, we obtain 

|𝐴2𝐴4 − 𝐴3
2| ≤

1

9
. 

This completes the proof of Theorem 6. 

4. Toeplitz determinant  

Theorem 7. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗   given in the form (1.1), the 

                                                                      |𝑎2
2 − 𝑎3

2| ≤
1

4
.                                                                   (4.1) 

Proof. From (2.6) and (2.7), we get 

|𝑎2
2 − 𝑎3

2| =
1

144
|9q1

2 + 4q2q1
2 − 4q2

2 − q1
4|. 

Let us assume that 𝑞1 =  𝑞 ∈  [0, 2]. Now by using Lemma 4, to express 𝑞2 and 𝑞3 in term of 

𝑞1 =  𝑞, we get 

|𝑎2
2 − 𝑎3

2| =
1

144
|9q2 − y2(4 − q2)2|. 

Let us assume that |𝑦| =  𝛿, 𝛿 ∈  [0, 1] and |𝑥| ≤  1, we get 

|𝑎2
2 − 𝑎3

2| =
1

144
|9q2 + 𝛿2(4 − q2)2| ≔ 𝛷(𝛿, 𝑞). 

Differentiating 𝛷(𝛿, 𝑞) with respect to 𝛿, we get 

𝜕𝛷

𝜕𝛿
=
1

72
𝛿(4 − 𝑞2) ≥ 0. 
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As 
𝜕𝛷

𝜕𝛿
≥ 0 on 𝛿 ∈  [0, 1], therefore 𝛷(𝛿, 𝑞) is increasing on 𝛿 ∈  [0, 1] and hence 𝛷(𝛿, 𝑞)  ≤

 𝛷(1, 𝑞). Putting 𝛿 =  1, and assume 𝜗 = 𝑞2, 𝜗 ∈  [0, 4], we get 

𝛹(𝜗) ≔ 𝛷(1, 𝑞2) ≔
1

144
[𝜗2 + 𝜗 + 16]. 

Differentiating 𝛹(𝜗) with respect to 𝜗, we get 

𝛹′(𝜗) =
1

576
[1 + 2𝜗] > 0. 

As 𝛹′(𝜗) > 0 on 𝜗 ∈  [0, 4], therefore 𝛹(𝜗) is increasing on 𝜗 ∈  [0, 4]. Therefore, the 

maximum value of 𝛹 is 
1

4
  on 𝜗 =  4. Hence, we obtain 

|𝑎2
2 − 𝑎3

2| ≤
1

4
. 

This completes the proof of Theorem 7. 

Theorem 8. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗   given in the form (1.1), the 

𝒯3(1) ≔ |1 − 2𝑎2
2 + 2𝑎2

2𝑎3 − 𝑎3
2| ≤

5

3
. 

Proof. Since ∈ ℛ𝑠𝑖𝑛ℎ
∗   given in the form (1.1), then 

𝒯3(1) ≔ |1 − 2𝑎2
2 + 2𝑎2

2𝑎3 − 𝑎3
2|. 

Taking modulus and applying the triangle inequality, we get 

|𝒯3(1)|≤ 1 + 2|𝑎2|
2 + |𝑎3||𝑎3 − 2𝑎2

2|. 

Using (2.1), (2.2) and applying Theorem 2, we get 

|𝒯3(1) ≤ 1 +
1

2
+
1

6
=
5

3
. 

This completes the proof of Theorem 8. 

Theorem 9. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

|𝐴2
2 − 𝐴3

2| ≤
1

2
.  

Proof. From (2.15) and (2.16), we get 

|𝐴2
2 − 𝐴3

2| =
1

576
|36q1

2 − 16q2
2 − 25q1

4 + 40q2q1
2|. 
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Let us assume that 𝑞1 = 𝑞 ∈  [0, 2]. Now by using Lemma 4, to express 𝑞2 and 𝑞3 in term of 

𝑞1 = 𝑞, we get 

|𝐴2
2 − 𝐴3

2| =
1

576
|36q2 − 9q4 − 4y2(4 − q2)2 + 12yq2(4 − q2)|. 

Let us assume that |𝑦|  =  𝛿, 𝛿 ∈  [0, 1] and |𝑥|  ≤  1, we get 

|𝐴2
2 − 𝐴3

2| ≤
1

576
[36q2 + 9q4 + 4𝛿2(4 − q2)2 + 12𝛿q2(4 − q2)] ≔ 𝛷(𝛿, 𝑞). 

Differentiating 𝛷(𝛿, 𝑞) with respect to 𝛿, we get 

𝜕𝛷

𝜕𝛿
=
1

72
𝛿(4 − 𝑞2)23𝑞2(4 − 𝑞2) ≥ 0. 

As 
𝜕𝛷

𝜕𝛿
≥ 0 on 𝛿 ∈  [0, 1], therefore 𝛷(𝛿, 𝑞) is increasing on 𝛿 ∈  [0, 1] and hence 𝛷(𝛿, 𝑞)  ≤

 𝛷(1, 𝑞). Putting 𝛿 =  1, and assume 𝜗 = 𝑞2, 𝜗 ∈  [0, 4], we get 

𝛹(𝜗) ≔ 𝛷(1, 𝑞2) ≔
1

576
[𝜗2 + 52𝜗 + 64]. 

Differentiating 𝛹(𝜗) with respect to 𝜗, we get 

𝛹′(𝜗) =
1

288
[1 + 104𝜗] > 0. 

As 𝛹′(𝜗) > 0 on 𝜗 ∈  [0, 4], therefore 𝛹(𝜗) is increasing on 𝜗 ∈  [0, 4]. Therefore, the 

maximum value of 𝛹 is 
1

2
  on 𝜗 =  4. Hence, we obtain 

|𝐴2
2 − 𝐴3

2| ≤
1

2
. 

This completes the proof of Theorem 9. 

Theorem 10. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

𝒯3(1) ≔ |1 − 2𝐴2
2 + 2𝐴2

2𝐴3 − 𝐴3
2| ≤

5

3
. 

Proof. Since ∈ ℛ𝑠𝑖𝑛ℎ
∗   given in the form (1.1), then 

𝒯3(1) ≔ |1 − 2𝐴2
2 + 2𝐴2

2𝐴3 − 𝐴3
2|. 

Taking modulus and applying the triangle inequality, we get 

|𝒯3(1)|≤ 1 + 2|𝐴2|
2 + |𝐴3||𝐴3 − 2𝐴2

2|. 
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Using (2.12), (2.13) and applying Theorem 4, we get 

|𝒯3(1) ≤ 1 +
1

2
+
1

6
=
5

3
. 

This completes the proof of Theorem 10. 

5. Logarithmic coefficient 

Now, next we examine the logarithmic coefficients for the function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . 

Theorem 11. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then 

                                                                     |𝛾1| ≤
1

4
 ,                                                                              (5.1) 

                                                                     |𝛾2| ≤
1

6
                                                                                (5.2) 

and 

                                                                     |𝛾3| ≤
1

8
 .                                                                              (5.3) 

Proof. Substituting (2.6), (2.7) and (2.8) into (1.3), (1.4) and (1.5), we get 

 

                                                                          𝛾1 =
1

8
𝑞1,                                                                        (5.4) 

                                                                  𝛾2 =
1

12
(𝑞2 −

11

16
𝑞1
2)                                                         (5.5) 

and 

                                                          𝛾3 =
1

16
(𝑞3 −

4

3
𝑞1𝑞2 +

1

2
𝑞1
3).                                                  (5.6) 

Now by using Lemma 1 and Lemma 2, in (5.4) and (5.5) gives (5.1) and (5.2), respectively. 

Now, from (5.6), we have 

                                                                  |𝛾3| =
1

2
 |𝑞3 − 2𝑏𝑞2𝑞1 + 𝑑𝑞1

3|.                                         (5.7) 

where 

𝑏 =
2

3
    𝑎𝑛𝑑  𝑑 =

1

2
 . 

We can see that 
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2

9
= 𝑏(2𝑏 − 1) ≤ 𝑑 ≤ 𝑏. 

Therefore, by using Lemma 3, in (5.7) we get (5.3). This completes the proof of Theorem 11. 

Now, next we examine the logarithmic coefficients for the inverse function 𝑓−1 ≡ 𝐹. 

Theorem 12. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

                                                                     |Γ1| ≤
1

4
 ,                                                                              (5.8) 

                                                                     |Γ2| ≤
3

8
                                                                                (5.9) 

and 

                                                                     |Γ3| ≤
37

48
 .                                                                                       

Proof. Substituting (2.15), (2.16) and (2.17) into (1.7), (1.8) and (1.9), we get 

 

                                                                          Γ1 = −
1

4
𝑞1,                                                                  (5.10) 

                                                                  Γ2 = −
1

6
(𝑞2 −

17

16
𝑞1
2)                                                      (5.11) 

and 

                                                          Γ3 = −
1

384
(24𝑞3 + 56𝑞1𝑞2 + 31𝑞1

3).                                 (5.12) 

Now, using Lemma 1 in (5.10) and Lemma 2 in (5.11), we get (5.8) and (5.9), respectively. Let 

us assume that 𝑞1 =  𝑞 ∈  [0, 2]. Now by using Lemma 4, to express 𝑞2 and 𝑞3 in term of 𝑞1 =

 𝑞 in (5.12), we get 

Γ3 = −
1

384
[67𝑞3 + 44𝑞𝑦(4 − 𝑞2) − 8𝑞𝑦2(4 − 𝑞2) + 16(4 − 𝑞2)(1 − |𝑦|2)𝑥]. 

Let us assume that |𝑦| = , 𝛿 ∈  [0, 1] and |𝑥| ≤  1, we get 

|Γ3| ≤
1

384
[67𝑞3 + 44𝑞𝛿(4 − 𝑞2) − 8𝑞𝛿2(4 − 𝑞2) + 16(4 − 𝑞2)(1 − 𝛿2)𝑥]. 

≔ 𝛷(𝛿, 𝑞). 
Differentiating 𝛷(𝛿, 𝑞) with respect to 𝛿, we get 
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𝜕𝛷

𝜕𝛿
=

1

384
[44𝑞(4 − 𝑞2) + 16𝑞𝛿(4 − 𝑞2) − 32(4 − 𝑞2)𝛿 ≥ 0. 

As 
𝜕𝛷

𝜕𝛿
≥ 0 on 𝛿 ∈  [0, 1], therefore 𝛷(𝛿, 𝑞) is increasing on 𝛿 ∈  [0, 1] and hence 𝛷(𝛿, 𝑞)  ≤

 𝛷(1, 𝑞). Putting 𝛿 =  1, we get 

𝛹(𝑞) ≔ 𝛷(1, 𝑞) ≔
1

384
[208𝑞 − 15𝑞3]. 

Differentiating 𝛹(𝜗) with respect to 𝑞, we get 

𝛹′(𝑞) =
1

576
[208𝑞 − 45𝑞2] > 0. 

As 𝛹′(𝑞) > 0 on 𝑞 ∈  [0, 2], therefore 𝛹(𝑞) is increasing on 𝜗 ∈  [0, 2]. Therefore, the 

maximum value of 𝛹 is 
37

48
  on 𝜗 =  2. Hence, we obtain 

|Γ3| ≤
37

48
. 

This completes the proof of Theorem 12. 

6. Krushkal Inequality 

The following theorems confirm the validity of the inequality (1.10) for the instances where 

𝑛 =  4 and 𝑟 =  1. 

Theorem 13. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗  given in the form (1.1), then 

                                                                     |𝑎4 − 𝑎2
3| ≤

1

4
.                                                                    (6.1) 

Proof. From (2.6) and (2.8), we get 

                                                     |𝑎4 − 𝑎2
3| =

1

8
|𝑞3 − 2𝑏𝑞1𝑞2 + 𝑑𝑞1

3|,                                             (6.2) 

where 

𝑏 =
1

2
    𝑎𝑛𝑑  𝑑 =

1

6
 . 

We can see that 

0 = 𝑏(2𝑏 − 1) ≤
1

6
≤
1

2
. 

Therefore, by using Lemma 3, in (6.2), we get (6.1). This completes the proof of Theorem 13. 
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Theorem 14. If a function 𝑓 ∈ ℛ𝑠𝑖𝑛ℎ
∗ . Let 𝐹 given by (1.6) be the inverse function of 𝑓, then 

                                                                     |𝐴4 − 𝐴2
3| ≤ 1.                                                                    (6.3) 

Proof. From (2.15) and (2.17), we get 

                                                     |𝐴4 − 𝐴2
3| =

1

8
|𝑞3 − 2𝑏𝑞1𝑞2 + 𝑑𝑞1

3|,                                            (6.4) 

where 

𝑏 =
17

24
    𝑎𝑛𝑑  𝑑 =

41

64
 . 

We can see that 

85

288
= 𝑏(2𝑏 − 1) ≤

41

64
≤
17

24
. 

Therefore, by using Lemma 3, in (6.4), we get (6.3). This completes the proof of Theorem 14. 

Concluding remarks and observations 

 In this paper, the authors present a new family of bounded turning functions associated 

with the sine hyperbolic function and obtained sharp upper bounds of some of the initial 

coefficients, including the Fekete-Szegö inequality, Hankel determinant, Toeplitz determinant, 

logarithmic coefficient and Krushkal inequality. The study also suggests that by employing 

𝑞 −calculus for values of 0 <  𝑞 <  1, along with functions that exhibit bounded boundary and 

bounded radius rotation, one can define a functional class. The results obtained in this study open 

new avenues for future research. 
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