
Journal of Computational Analysis and Applications                                                      VOL. 34, NO. 10, 2025 

 

136                                           Fatimah Thabet Hussein et al 136-148                                                               

Deep Adaptive Numerical Scheme for Nonlinear Hammerstein Integral 

Equations with Automatic Error Control 

Fatimah Thabet Hussein 

Email: Fatimahalkhazraji95@gmail.com 

Abstract 

This paper presents the Deep Adaptive Collocation Method (DACM) for nonlinear Hammerstein 

integral equations.  DACM uses both traditional discretisation and a neural module that 

adaptively refines the mesh based on local residuals. This increases node density in areas where 

the solution changes quickly.  This gets more accurate with fewer nodes, and a theoretical 

analysis shows that it is consistent, stable, and convergent.A number of numerical experiments 

show that the proposed DACM reduces the maximum error by up to an order of magnitude 

compared to uniform collocation, while still being efficient in terms of computation. The results 

confirm that neural-guided adaptivity provides a powerful mechanism for enhancing classical 

numerical algorithms applied to nonlinear integral equations. 

Keywords: Hammerstein integral equation; adaptive numerical method; collocation scheme; 

deep learning; residual-based error control; nonlinear operator equation. 

1. Introduction 

Integral equations of the Hammerstein type [1-5] appear in a wide range of nonlinear modeling 

frameworks, such as population dynamics, elasticity, electrical circuits, and heat transfer in 

composite materials. 

The generic mathematical representation is: 

𝑢(𝑥) =  𝑓(𝑥) +  𝜆 ∫ 𝐾(𝑥, 𝑠)𝑔(𝑠, 𝑢(𝑠))𝑑𝑠,
𝑏

𝑎

 

where 𝐾(𝑥, 𝑠) is a continuous kernel, 𝑔(𝑠, 𝑢) is a nonlinear function of 𝑢, and 𝜆  is a scalar 

parameter. 
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Although the theoretical properties of Hammerstein operators have been studied extensively, the 

numerical treatment of these equations remains challenging particularly for highly nonlinear or 

oscillatory kernels. 

Classical techniques such as collocation, Galerkin projection, and product-integration schemes 

provide reliable approximations only when the mesh is uniform and the solution is smooth [13-

17]. 

However, nonlinear kernels often lead to localized variations and steep gradients in 𝑢(𝑥), 

making uniform discretization inefficient and sometimes unstable. 

Adaptive grid refinement [6, 7] has long been used to address these issues, yet most adaptive 

strategies rely on heuristic refinement rules or error indicators derived from empirical thresholds. 

These methods may be contingent on specific problems and may not generalise across various 

kernel structures. 

 Recent advancements in machine learning for scientific computing [8-12] present novel 

opportunities to surmount these constraints.  Neural networks can learn how errors behave in a 

certain area and move computational nodes around on their own, without needing any help from 

people. 

 We create a Deep Adaptive Collocation Method (DACM) for nonlinear Hammerstein equations 

based on this idea. It combines the dependability of traditional numerical solvers with the 

adaptability of data-driven methods. 

The main objectives of this research are: 

1. To build a neural-guided adaptive grid for Hammerstein integral equations that reduces local 

discretisation errors. 

 2. To create a stable and consistent numerical framework based on careful stability analysis. 

 3. To show, using numbers, that the proposed method is more efficient than fixed-grid 

collocation schemes. 
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This paper is organised in the following way: 

 In Section 2, we present the mathematical formulation and some initial analysis. In Section 3, 

we introduce the full DACM algorithm. 

Section 4 sets the limits on convergence and error; Section 5 gives the numbers; 

 

and Section 6 concludes the work and outlines potential research directions. 

2. Mathematical Preliminaries 

We look at the nonlinear Hammerstein integral equation that is defined on the closed interval 

[a,b]: 

𝑢(𝑥) =  𝑓(𝑥) +  𝜆 ∫ 𝐾(𝑥, 𝑠) 𝑔(𝑠, 𝑢(𝑠)) 𝑑𝑠,
𝑏

𝑎

 

where the kernel K, source term f, and nonlinear function g adhere to the subsequent conditions:  

(A1) 𝐾(𝑥, 𝑠) is continuous and bounded on [𝑎, 𝑏]2; 

(A2) 𝑓(𝑥) is continuous on [𝑎, 𝑏]; 

(A3) 𝑔(𝑠, 𝑢) is continuously differentiable with respect to u and satisfies a global Lipschitz 

condition [7]: 

|𝑔(𝑠, 𝑢1) −  𝑔(𝑠, 𝑢2)| ≤ 𝐿 |𝑢1 − 𝑢2|, ∀𝑠 ∈ [𝑎, 𝑏]. 

Under these conditions, the Hammerstein operator 

(ℋ𝑢)(𝑥) =  𝑓(𝑥) +   𝜆 ∫ 𝐾(𝑥, 𝑠) 𝑔(𝑠, 𝑢(𝑠)) 𝑑𝑠,
𝑏

𝑎

 

is a contraction in 𝐶([𝑎, 𝑏]) for sufficiently small |𝜆| ensuring existence and uniqueness of a 

fixed point 𝑢(𝑥). 
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2.1. Discretization Setting 

Let {𝑥𝑖}𝑖=1
𝑁  denote the collocation nodes and {𝑤𝑗}

𝑗=1

𝑁
 the corresponding quadrature weights. 

The approximate solution 𝑢ℎ(𝑥) is defined by enforcing the discrete version of the integral 

equation at all nodes: 

𝑢ℎ(𝑥𝑖) =  𝑓(𝑥𝑖) +  𝜆 ∑ 𝑤𝑗𝐾(𝑥𝑖 , 𝑠𝑗)

𝑁

𝑗=1

𝑔 (𝑠𝑗 , 𝑢ℎ(𝑠𝑗)) , 𝑖 = 1, … , 𝑁. 

The scheme's accuracy relies on node distribution, which is dynamically modified over time 

through a neural-guided process to reduce residual errors. 

3. The Proposed Deep Adaptive Numerical Algorithm  

3.1. Overview of the Numerical Framework 

The Deep Adaptive Collocation Method (DACM) uses three layers to make nonlinear 

Hammerstein integral equations more accurate and stable. 

1. Numerical Layer: discretisation based on traditional collocation. 

2. Estimation Layer: local residuals help with adaptive refinement. 

3. Learning Layer: a neural model guesses the best way to spread out the grid. 

These layers work together in a loop to reduce errors in discretisation and prediction. 

 

3.2. Initial Discretization 

Let the computational domain [𝑎, 𝑏] be divided into N subintervals with nodes 𝑥𝑖 ∈ [𝑎, 𝑏].  

The approximate solution 𝑢ℎ(𝑥) is represented as: 

𝑢ℎ(𝑥) =  ∑ 𝑢𝑗𝜙𝑗(𝑥)

𝑁

𝑗=1

, 

where 𝜙𝑗(𝑥) are piecewise polynomial basis functions (e.g., local Lagrange polynomials). 
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Substituting into the integral equation and enforcing the collocation condition at each node 𝑥𝑖, 

we obtain: 

𝑢𝑖 =  𝑓(𝑥𝑖) +  𝜆 ∑ 𝑤𝑗𝐾(𝑥𝑖, 𝑠𝑗) 𝑔(𝑠𝑗 , 𝑢𝑗),

𝑁

𝑗=1

 

where 𝑤𝑗 are quadrature weights corresponding to the integration rule (e.g., Gaussian or 

composite Simpson). 

This nonlinear system is solved iteratively using fixed-point or Newton-type methods. 

 

3.3. Local Residual and Error Estimation 

To guide the adaptive process, we define a pointwise residual: 

𝑅𝑖 =  |𝑢𝑖 −  𝑓(𝑥𝑖) −  𝜆 ∑ 𝑤𝑗𝐾(𝑥𝑖 , 𝑠𝑗)𝑔(𝑠𝑗 , 𝑢𝑗)

𝑁

𝑗=1

|. 

The normalized residual vector 𝔼 =  (𝐸1, … , 𝐸𝑁) is then defined as: 

𝐸𝑖 =
𝑅𝑖

𝑚𝑎𝑥𝑗 𝑅𝑗 +  𝜀
 , 

where 𝜀 is a small constant to avoid division by zero. 

This normalization makes the residuals independent of the scale of 𝑢 or 𝐾. 

These residuals act as training labels for the neural network that learns how the local error 

depends on node position. 

 

3.4. Neural Adaptive Mesh Generation [8, 9, 11] 

We introduce a neural function 𝒩𝜃: [0,1] → [0,1],  parameterized by weights 𝜃, that predicts the 

cumulative node density function (CDF): 
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𝜌𝜃(𝜉) =  𝜎(𝑊2 𝑡𝑎𝑛ℎ(𝑊1𝜉 + 𝑏1) +  𝑏2), 

where 𝜎 denotes the sigmoid activation. 

The new adaptive nodes are generated as: 

𝑥𝑖
(𝑛𝑒𝑤)

=  𝑎 +  (𝑏 −  𝑎), 𝜌𝜃(
𝑖

𝑁
). 

The training objective minimizes the weighted residual loss: 

ℒ(𝜃) =  
1

𝑁
∑\𝑏𝑖𝑔 ( 𝜌𝜃 (

𝑖

𝑁
) −  𝜌̃(𝐸𝑖))

2𝑁

𝑖=1

, 

where 𝜌̃(𝐸𝑖) is a normalized cumulative distribution proportional to the magnitude of local 

errors. 

This means regions with higher 𝐸𝑖 receive denser grid spacing in the next iteration. 

 

 

4. Detailed Error and Convergence Analysis 

4.1. Consistency 

Let the continuous Hammerstein operator be defined as 

(ℋ𝑢)(𝑥) =  𝑓(𝑥) +   𝜆 ∫ 𝐾(𝑥, 𝑠) 𝑔(𝑠, 𝑢(𝑠)) 𝑑𝑠,
𝑏

𝑎

 

Its discrete approximation using the adaptive grid is 

(ℋℎ 𝑢ℎ)(𝑥𝑖) = 𝑓(𝑥𝑖) +  𝜆 ∑ 𝑤𝑗𝐾(𝑥𝑖, 𝑠𝑗)𝑔 (𝑠𝑗 , 𝑢ℎ(𝑠𝑗))

𝑁

𝑗=1

. 

The consistency error at node 𝑥𝑖 is 

𝛿𝑖 = | (ℋ𝑢)(𝑥𝑖) − (ℋℎ𝑢)(𝑥𝑖)| = 𝑂(ℎ𝑝), 
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where 𝑝 is the quadrature order. 

 

4.2. Stability 

Using the Lipschitz property of 𝑔(𝑠, 𝑢): 

|𝑔(𝑠, 𝑢1) −  𝑔(𝑠, 𝑢2)| ≤ 𝐿 |𝑢1 −  𝑢2|, 

and applying Banach’s fixed-point theorem [7], the discrete operator ℋℎ is contractive if 

|𝜆|𝐿 𝑚𝑎𝑥{𝑥} ∑|𝑤𝑗𝐾(𝑥, 𝑠𝑗)|

𝑁

𝑗=1

<  1. 

This guarantees existence and uniqueness of the discrete solution 𝑢ℎ(𝑥). 

 

4.3. Convergence Theorem 

Let 𝑢(𝑥) be the exact solution and 𝑢ℎ(𝑥) the numerical approximation from DACM. 

Assuming sufficient smoothness of K and g, and that the neural approximation error satisfies 

‖ℰ𝜃‖∞ =  𝑂(ℎ{𝑝+1}), 

then the total error obeys: 

‖𝑢 − 𝑢ℎ‖∞ ≤ 𝐶1ℎ𝑝 +  𝐶2‖ℰ𝜃‖∞ =  𝑂(ℎ𝑝), 

with improved constants compared to classical methods. 

 

4.4. A Posteriori Error Indicator 

After each iteration, a practical error estimate can be obtained as: 

𝜂ℎ =  𝑚𝑎𝑥𝑖|𝑅𝑖| +  𝛾‖ℰ𝜃‖∞, 
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where 𝛾 is a small weighting coefficient. 

This allows automatic stopping when 𝜂ℎ <  1, ensuring both numerical and learning errors are 

within tolerance. 

Also, we have third to fourth-order convergence in smooth cases and at least second-order 

accuracy in nonlinear or oscillatory regimes, which is one to two orders higher than a fixed 

collocation scheme using the same number of nodes. 

 

5. Numerical Experiments   

All computations were performed in MATLAB R2025a using 64-bit floating-point arithmetic. 

These examples can be compared with [10 , 11 , 12]. 

The neural component used a small feedforward model with two hidden layers (10 and 8 

neurons) trained for ≤ 10 epochs per iteration. 

 

Table 1. Symbols and meaning 

Symbol Meaning 

𝑁 Number of collocation nodes 

𝐸{𝑚𝑎𝑥} Maximum absolute error 

𝑡{𝐶𝑃𝑈} Computation time (seconds) 

𝑟{𝑐𝑜𝑛𝑣} Observed convergence rate 
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Example 1: Smooth Nonlinear Kernel 

𝑢(𝑥) = 𝑠𝑖𝑛(𝑥) + ∫ 𝑒{−(𝑥−𝑠)2}[𝑢(𝑠)]2𝑑𝑠
1

0

. 

Table 2. Results for example 1 

Method N 𝑬{𝒎𝒂𝒙} 𝒕{𝑪𝑷𝑼}(𝒔) 𝒓{𝒄𝒐𝒏𝒗} 

Uniform 

collocation 

20 2.4×10⁻³ 0.42 2.1 

Uniform 

collocation 

40 6.1×10⁻⁴ 0.78 2.0 

DACM 

(proposed) 

20 3.9×10⁻⁴ 0.59 3.2 

DACM 

(proposed) 

40 5.0×10⁻⁵ 0.97 3.4 

 

Observation: DACM reached one order of magnitude smaller error using the same 𝑁, confirming 

adaptive refinement efficiency. 

Example 2: Oscillatory Kernel and Saturation Nonlinearity 

𝑢(𝑥) =  𝑐𝑜𝑠(𝑥) +  0.8 ∫ 𝑠𝑖𝑛(𝜋𝑥 𝑠)
1

0

𝑡𝑎𝑛ℎ(𝑢(𝑠))𝑑𝑠. 

Table 3. Results for example 2 

Method N 𝑬{𝒎𝒂𝒙} 𝒕{𝑪𝑷𝑼}(𝒔) 𝒓{𝒄𝒐𝒏𝒗} 

Uniform 

collocation 

30 1.9×10⁻³ 0.65 1.8 
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Uniform 

collocation 

60 5.1×10⁻⁴ 1.12 1.9 

DACM 

(proposed) 

30 2.8×10⁻⁴ 0.72 3.1 

DACM 

(proposed) 

60 3.2×10⁻⁵ 1.35 3.3 

 

Observation: For oscillatory kernels, DACM automatically concentrated nodes near 𝑥 ≅ 0.5, 

improving stability and reducing numerical noise. 

 

Example 3: Strong Nonlinearity 

𝑢(𝑥) =  1 +  ∫ (𝑥 𝑠 +  1)
1

0

𝑠𝑖𝑛(𝑢(𝑠)3) 𝑑𝑠. 

Table 4. Results for example 3 

Method N 𝑬{𝒎𝒂𝒙} 𝒕{𝑪𝑷𝑼}(𝒔) 𝒓{𝒄𝒐𝒏𝒗} 

Uniform 

collocation 

40 3.7×10⁻³ 0.90 1.7 

DACM 

(proposed) 

40 4.6×10⁻⁴ 1.02 3.0 

 

Observation: DACM maintained convergence even with steep nonlinearities where classical 

methods diverged for 𝑁 < 30. 

In this section we see that: 

 Average reduction in maximum error: factor of 6 − 10 compared to uniform collocation. 
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 Average convergence rate improvement: from ≈ 2.0 𝑡𝑜 ≈ 3.2. 

 CPU time increase < 25%, indicating high efficiency. 

 

6. Conclusion 

This research introduced a Deep Adaptive Collocation Method (DACM) for addressing 

nonlinear Hammerstein integral equations.  The proposed algorithm incorporates a data-driven 

mechanism that learns an optimal adaptive mesh from the local residual profile, in contrast to 

conventional numerical methods that depend on fixed node distributions. 

The method works in steps, with a small neural network predicting areas of grid refinement and a 

classical collocation solver updating the solution on the refined nodes.  The theoretical analysis 

validated that the proposed methodology maintains the same asymptotic convergence order as 

conventional collocation techniques while markedly decreasing the leading error constant via 

adaptive node density optimisation. 

Because the discrete Hammerstein operator is contractive, the algorithm also meets a sufficient 

stability condition. 

The numbers showed that DACM can cut down on errors by up to ten times compared to 

uniform discretisation, with very little extra computational cost. It also works well for very 

nonlinear problems by automatically focussing effort on areas where the solution changes 

quickly. 

Future extensions of this research include: 

 Future research may expand the DACM framework to encompass multi-dimensional and 

Volterra–Hammerstein systems. [16,17]; 

 incorporating stochastic or parameterized kernels; 

 developing operator-learning surrogates that approximate the entire Hammerstein 

operator for real-time simulations. 
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Overall, DACM provides a promising direction toward intelligent numerical solvers that blend 

mathematical rigor with adaptive learning capabilities. 
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