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TERNARYHOM-DERIVATION-HOMOMORPHISM

SAJJADKHAN,JUNGRYELEE*,ANDEONWHASHIM

ABSTRACT.Inthispaper, weintroduceandsolvethefollowingadditive-additive(s, t)-functional inequality

lg(x+y+2)—g(x) —g(y) —g(2)|
+H|h (x+y+z)+h(x—2y+z)+h(x+y—2z)—3h(x))| (0.1)

<53 —g(x)=g(y)-a(2)
3

X+y+z

+t3h _+h(x=2y+z)+h(x+y—2z)—3h(x),
3

wheresandtarefixednonzerocomplexnumberswith|s|<land|t|<1.Usingthe
directmethodandthefixedpointmethod,weprovetheHyers-Ulamstabilityofternaryhom-

derivations and ternary homomorphisms inC*-ternary algebras, associated to the additive-
additive (s, t)-functional inequality (0.1) and the following functional inequality

lg([xy,21)~[g(x), h(y),h(2)]-[h(x),g(y),h(2)]-[h(x),h(y),g(2)]] (0.2)
Hlh([xy,2])—[h(x),h(y),h(2)]|ISP(xy,2).

1. INTRODUCTIONANDPRELIMINARIES

AC+-ternaryalgebraisacomplexBanachspaceA,equippedwithaternaryproduct
(%,y,2)'—[x,y,z)of A%intoA,whichisC-linearintheoutervariables,conjugate C-linear
inthemiddlevariable,andassociativeinthesensethat[x,y, [z, w,v]]=[x,[w,zy],v]=
[xy,z],w, v],andsatisfies”[x,y,zﬂ‘s”xH- ||y|| Hz|bnd||[x,x,x]H:HxW(see[SS]).

LetAbeaC*-ternaryalgebra.AC-linearmappingg:A— Aisaternaryderivationif
g:A— Asatisfies

a(lxy,z])=lg(x),y,z]1+[x,g(y),z]+[x,y,9(2)]

forallx,y,z €A,andaC-linearmappingh:A— Aisaternaryhomomorphismifh:A— A
satisfies

h(lxy,z])=[h(x),h(y),h(z)]
forallx,y,z€A(see[1,18]).Foraternaryderivationg:A— Aandaternaryhomomorphism
h: A—A,
goh(lx,y,z])=[geh(x),h(y),h(z)]+[h(x),goh(y),h(z)]+[h(x),h(y),gh(z)]

forallx,y,z€ A.TheC-linearmappinggoh:A— Aiscalledaternaryhom-derivation, which is defined as
follows:
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Definitionl1.1.LetAbeaC*-ternaryalgebraandH:A— Abeternaryhomomorphism.A
C-linearmappingD:A— Aiscalledaternaryhom-derivationinAifD:A — Asatisfies

D([xy,z1)=[D(x), H(y), H(z)]+[H(x), D(y), H(z)]+[H(x), H(y), D(z)]

forallx,y,z€A.

The stability problem of functional equations originated from a question of Ulam [31] con-
cerningthestabilityofgrouphomomorphisms.Hyers[15]gaveafirstaffirmativepartialanswer to the
qguestion of Ulam for Banach spaces.Hyers’ Theorem was generalized by Aoki [2] for ad- ditive
mappings and by Rassias [26] for linear mappings by considering an unbounded Cauchy
difference.AgeneralizationoftheRassiastheoremwasobtainedbyGavruta[13]byreplacing the
unbounded Cauchy difference by a general control function in the spirit of Rassias’ approach.
Park[21,22,24]definedadditivep-functionalinequalitiesandprovedtheHyers-Ulamstability  of  the
additive p-functional inequalities inBanach spaces and non-Archimedean Banach spaces.The
stability problems of various functional equations and functional inequalities have been
extensivelyinvestigatedbyanumberofauthors(see[8,9,10,11,12,14,19,27,28,29,30,32]).

Werecallafundamentalresultinfixedpointtheory.

Theorem1.2.[3,6]Let(X,d)beacompletegeneralizedmetricspaceandlet): X — X
beastrictlycontractivemappingwithlLipschitzconstanta<1.Thenforeachgivenelement X €
X, either

d(J"x,J"1x)=00

forallnonnegativeintegersnorthereexistsapositiveintegernosuchthat
(1) d(U"x,J"1x) <00, Y n=ng
(2) thesequence{J"x}convergestoafixedpointy*ofl;
(3) yristheuniquefixedpointoflinthesetY={y€X|d(J™x,y)<oo};
(4) dly,y*)<td{yJy)forallyEy.

In 1996, Isac and Rassias [16] were the first to provide applications of stability theory of
functional equations for the proof of new fixed point theorems with applications.By
usingfixedpointmethods, thestabilityproblemsofseveralfunctionalequationshavebeenextensively
investigated by a number of authors (see [4, 5, 7, 18,23, 25]).

In this paper, we solve the additive-additive (s,t)-functional inequality (0.1).Furthermore, we
investigate ternary hom-derivations and ternary homomorphisms inC*ternary algebras
associatedtotheadditive-additive(s,t)-functional inequality(0.1)andthefunctionalinequality (0.2)
by using the direct method and by the fixed point method.

Throughout this paper, assume thatAis aC*-ternary algebra and thatsandtare fixed nonzero

complex numbers with |s|<1 and |t|<1.
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2. STABILITYOFADDITIVE-ADDITIVE(S, t)-FUNCTIONALINEQUALITY(O.1):ADIRECT
METHOD
In this section, we solve and investigate the additive-additive (s,t)-functional inequality (0.1)

in C+ternary algebras.
Lemma2.1./fmappingsg,h:A— Asatisfyg(0)= h(0)=0and

lg(x+y+2)—g(x)—gly)—g(2)|

+Hh(x+y+z)+h(x— 2y+z)+h(x+y—2z)— 3h(x)H

X+y+2 .

—gt—alv)—a(2)

+..13h Xty+Z  +h(x—2y+z)+h(x+y—2z)—3h(x)
3

(2.1)

<.’s3g

forallx,y,z€ A, thenthemappingsg,h:A— Aareadditive.
Proof.Lettingx=y=zin(2.1),weget
lg(3x)—3g(x) +Ih(3x)—3h(x)I<0
forallx€A.Sog(3x)=3g(x)andh(3x)=3h(x)forallxcA.Itfollowsfrom(2.1)that
lgbe+y+2)—g(x)—aly)—g(2)l
+lh(x+y+2)+h(x— 2y+2z)+h(x+y—22)—3h(x)|
<lstg(x+y+2)—a(x)—g(y)—g(2))l
HE(h(x+y+2)+h(x— 2y +2)+h(x+y —22)—3h(x))|

forallx,y,z€A.Thus
glx+y+z)=g(x)+g(y)+g(z),

h(x+y+z)+h(x—2y+z)+h(x+y—2z)=3h(x)

forallx,y,zEA,since|s|<land|t|<1.Sothemappingsg,h:A— Aareadditive.

Lemma2.2.[20,Theorem?2.1]Letf:A— Abeanadditivemappingsuchthat
flAa)=Af(a)
forallAeT? :={& €C:|€|=1}andallac€ A.Thenthemappingf:A— AisC-linear.
Usingthedirectmethod,weprovetheHyers-Ulamstabilityofpairsofternaryhom-derivations
andternaryhomomorphismsinC*-ternaryalgebrasassociatedtotheadditive-additive(s, t)- functional
inequality (2.1).

Theorem?2.3.Let¢:A>— [0, 00 )beafunctionsuchthat

> xyz
27¢ <o (2.2)
37373

J=1
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forallx,y,zEA.Letg,h:A— Abemappingssatisfyingg(0)=h(0)=0and

lg(A(x+y+2))—Alg(x)+g(y)+g(2))l
HhA(x+y+2))+h(A(x— 2y+2))+h(A(x+y—22))— 3Ah(x)ll (2.3)
s."ssg;\x+y+i—3&eg<*>+g(y)+g(z))"
+ .1t3h N X+y+z

X +h(A(x— 2y+2))+h(A(x+y— 22)) —3Ah(x) T+ (x,y,2)

foralAe T andallx,y,z€A.Ifthemappingsg, h:A— Asatisfy

l9(Ix,y,21)—[g(x),h(y),h(2)]— [A(x),g(y), h(2)]— [A(x), h(y),g(2)]l (2.4)
+lh(Ix,y,21)— [h(x), h(y), h(2)] <P (x.y,2)

forallx,y,z€ A,thenthereexistauniqueternaryhom-derivationD: A — Aandaunique ternary
homomorphism H: A — A such that

> i yz
lg(x)— D)k (%) — H(x) < Ee (2.5)
g(x)— D(x)Hlh(x) — H(x) - 37373
forallx€A.
Proof.LettingA=1andy=z=xin(2.3),weget
lg(3x)—3g(x)+h(3x) = 3h(x) < P (x,x,x) (2.6)
andso
lg-3g" +h-3h<e, _ xx
3 3 3337
forallx€A.Thus
"3lg"—3mg" "+ 3 —3mp ) (2.7)
3/ 3m 3l 3m
= x j+1 x = % 41 x
< 35 _ -3 g ., + 3h X -3 P
j=1 3 3 j=l ¥ 3/+1
> 1 XX X
< 3 @ ..
Jj=1+1 37373

forallnonnegativeintegersmand/withm>/andallx€A.ltfollowsfrom(2.7)thatthe

sequences{3fg 5)}and{3"h(’—‘)}a3£eCa uchyforallx€A.SinceYisaBanachspace,the
sequences{3*g(* k}and{3kh(¥)}cork1verge.Sooneca ndefinethemappingsD,H:A— A
3 3

by

X .
D(x):=lim 3*g~, &  H():=lim g X
k—oo 3k k—> o0 3k

forallx&A.Moreover,letting/=0andpassingtothelimitm— coin(2.7),weget(2.5).
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Itfolllowsfrom(2.3) that

ID(A(x+y+2)) —A(D(x)+D(y)+D(2))l
HH(A(x+y+2))+H(A(x—2y+2))+H(A(x+y—22)) —3AH(x)||

. . Xty+2z X y z-
=lim3" gA —Ag +g +g

moe F T3 T
+lim3" T a2 2y+z+hAH+_zz—3Ahx" =
”,_m . T oX+y+Z X y z-
<lim3" s3gA —Ag +g +g
n—oo s n+1 > 37 3n
+Him3" 30 Y e T Y —3AK"

n—co BEL T30 3n

+Him3ng™ L2
n—co 3n3n3n

X+y+z .
=..s3DA J?QD(X)+D(y)+D(z))

+LBH S XIVRZ (A (x—2y+2))+H(A(x+y—22)) — 3AH(x)
3

x+)3}n— 2z

forallA €T'andallx,y,zEA.So

ID(A(x+y+2))—A(D(x)+D(y)+D(2))!
+HH(/\(X+K,-_+Fz))l-§H(A(x— 2y+2))+H(A(x+y—22))—3AH(x)||

<-s3DA" 7 T —A(D(x)+D(y)+D(2)) "
. ;
+8H ) X¥VRZ () (x—2y+2))+H(A(x+y—22)) — 3AH(x)
3

forallAeT'andallx,y,zE€A.
LetA=1in(2.8).ByLemma2.1,themappingsD,H:A— Aareadditive. It follows
from (2.8) and the additivity of Dand Hthat

DA (x+y+2)) —A(D(x)+D(y)+D(2))|

HHA (c+y+2))+HA (x— 2y+2))+ HA (x+y — 22)) — 3AH(x)|
<lls(D(A(x+y+2)) —A(D(x)+D(y)+D(2)))

+ [t (HA (X +y +2)) +HA(x — 2y +2)) +H(A(x +y —22)) —3AH))I

forallA€T'andallx,y,zEA.Since|s|<land|t|<1,

(2.8)

D(A(x+y+2)) —A(D(x)+D(y)+D(2))=0,
HA(x+y+2))+H(A(x—2y+2))+H(A(x+y—22)) —3AH(x)=0

andsoD(Ax)= AD(x)andH(Ax)= AH(x)forallA€ T!andallx,y,zE€ A.ThusbyLemma 2.2, the

additive mappings D,H: A — A are C-linear.
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Itfollowsfrom(2.4)andtheadditivityofD, Hthat

ID([x,y, 21) — [D(x), H(y), H(2)]— [H(x), D(y), H(2)]— [H(x), H(y), D(2)]l

+H([x,y,21) — [H(x),H(y), H(2)]l

=27"g WS — _ _
27" 3n 3n 3n
Xy, z X,y z-
—h ’ ~h —h /h7 ~ - ~
Y 379 3 3n 3n 3
AT n XY 2 .
+27" h ?{I‘F h h <2—7 ¢, ’gn 3n 373737

whichtendstozeroasn— o0,by(2.2).So
D([x,y,2])—[D(x),H(y), H(z)]—[H(x),D(y), H(z)] — [H(x), H(y), D(z)]=0,
H([x y,z])—[H(x),H(y),H(z)]=0
forallx,y,z€A.HencethemappingD:A— Aisaternaryhom-derivationandthemapping

H:A— Aisaternaryhomomorphism.

Corollary2.4.Letr>3and9benonnegativerealnumbersandg,h:A— Abemappings satisfying g(0)
= h(0) = Oand

lg(A(x+y+2))—Ag(x)+a(y)+g(2))

HhA(+y+2))+h(A(x— 2y+2))+h(A(x+y—22))— 3Ah ()| (2.9)
X+y+z

<"s3gA ——Mata+a())+a(2)”

+.3h _ﬂiz +h(A(x—2y+2))+h(A(x+y—22))—3Ah(x)
N " 3

+0(x+Iy/)
forallAETandallx,y,zEA.Ifthemappingsg,h:A— Asatisfy
la(lxy,2))—[g(x), h(y), h(2)]— [h(x),g(y), h(2)] — [h(x), h(y),g(2)]] (2.10)
Hlh([x,y,21) = [h(x), A (y), b (2) < (bl -+l + 2]

forallx,y,zE A, thenthereexistauniqueternaryhom-derivationD: A — Aandaunique ternary
homomorphism H: A — A such that

30,
lg(x)— D)l (x) — Hix)lI< 33 A

forallx€A.

Proof.Theprooffollowsfrom Theorem2.3by(,b(x,y,z)=19(||x||r+HyHr+\H|r)foraIIx,y,zE
A.

Theorem?2.5.Let¢:A3— [0, 00 )beafunctionandg,h:A— Abemappingssatisfying
g(0)=h(0)=0,(2.3),(2.4)and

> S
D(x,y,2):= —;jqb(3fx,3fy,3fz)<oo (2.11)
j=0
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forallx,y,z €A.Then there exist a unique ternary hom-derivation D :A— A and a unique
ternary homomorphism H: A — A such that

1
lg(x)— D) (x)— H(x)l < JOlxx0) (2.12)
forallx€A.

Proof.1tfollowsfrom(2.6)that

1 1 1
“g(x)— ;9(3’()* “h(x)— 3,h(-%x)s 3¢(x,x,x) (2.13)
forallx€A.Thus
.ol 1 .
nlx 1 g(37x) "+ “h3x—"h(3x) no (2.14)
EAETE 3 3
’Zl" ) l . =1. A l '
< lg Ix — ¢ 3 X+ t—l—g_ Ix _ o Fxe
o 7 3/+1 =l 3j+1
i_l
1=1 . .
=< $3/x,3'x,3/x
3j:/3 J

forall nonnegative integers m and Iwith m>/and all x€A.It follows from (2.14) that the

sequences{lg(3kx)}and{lh(%’?()}areCa uchyforallx€A.SinceYisaBanachspace,the
sequences{ig(S"x)}and{lh( kx)}converge.Sooneca ndefinethemappingsD,H:A— A
3 3

by
D(x):=lim %{gSkx,
HO:=lim™> ] h3k
k—>003_k

forallx€A.Moreover,letting/=0andpassingtothelimitm— oin(2.14),weget(2.12).
BythesamereasoningasintheproofofTheorem2.3,onecanshowthatthemappings

D,H: A — AareC-linear.
Itfollowsfrom(2.4)andtheadditivityofDandHthat

ID([x,y,21) — [D(x), H(y), H(2)]— [H(x),D(y), H(2)] — [H(x), H(y), D(2)]l
+HH(1[x,y,z1)—[H(x),H(y),H(z)]H
=77 19(27"Ix,y,2])—[g(3x),h(3"y),h(3"2)]

—[h(3"x),g(3"y),h(3"2)]—[h(3"x),h(3"y),g(3"2)]]

+|h(27"[x,y,2])—[h(3"x),h(3"y),h(3"2)]|
27"

1
_1 p(37%,37,372) <" (3"%,37,3"2),
< . 3n
whichtendstozeroasn— oo,by(2.11).So

D([x,y,z])—[D(x),H(y),H(2)]—[H(x), D(y), H(z)] — [H(x), H(y), D(z)]=0,
H([x,y,z])—[H(x),H(y),H(z)]=0

forallx,y,zeA.HencethemappingD:A— Aisaternaryhom-derivationandthemapping
H:A— Aisaternaryhomomorphism.
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Corollary 2.6.Let r<land8® benonnegative real numbers and g,h:A—Abemappings
satisfyingg(0)=h(0)=0,(2.9)and (2.10).Then there exist a unique ternary hom-derivation D :
A — A and a unique ternary homomorphism H: A — A such that

30,
lg(x)— D)+l () — Hix)ll< 3—3 | A

forallx€A.

Proof.Theprooffollowsfrom Theorem2.5by¢(x,y,z)=19(||x||r+|\y|\r+\E”’)foraIIx,y,ze
A.

3. STABILITYOFADDITIVE-ADDITIVE(S, t)-FUNCTIONALINEQUALITY(O.1):AFIXEDPOINT
METHOD

Using the fixed point method, we prove the Hyers-Ulam stability of pairs of hom-derivations
and homomorphisms in C*ternary algebras associated to the additive-additive (s,t)-functional
inequality (0.1).

Theorem3.1.Let¢:A®— [0, 00 )beafunctionsuchthatthereexistsanL<1with
xyz L L
) = y2)<"d(xy,2) (3.1)
333 27 3

forallx,y,z€A.Letg,h:A— Abemappingssatisfyingg(0)=h(0)=0,(2.3)and (2.4).Then there exist

a unique ternary hom-derivation D:A— A and a unique ternary homomorphism H: A —A
such that

L
lg(x)— D)+ lA (x) — H(x)lI< mfﬁ(xﬁcx) (3.2)
forallx€A.

Proof.ltfollowsfrom(3.1)that

> xyz : e
27¢p < 27 —o¢pxy)=

j1 ¥I¥Y 27

oo .
1 Pxy2z)<eo
forallx,y,z€A.ByTheorem?2.3,thereexistauniqueternaryhom-derivationD:A— A

andauniqueternary homomorphism H:A— A satisfying (2.5).
LettingA=1andy=z=xin(2.3),weget

lg(3x)—3g(x) I+ (3x) —3h(x) < P (x,x,x) (3.3)

forallx € A.
Considertheset

$:={(g, h):(A,A)—(A,A),g(0)=h(0) = 0}

andintroducethegeneralizedmetriconS:
d((g,h), (g1, h1))=influeR.:lg(x) — g1 (x)+Ih(x) — b1 ()< pd(x % ), Vx€AY,

where,asusual,info=+00 . Itiseasytoshowthat(S,d)iscomplete(see[17]).
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Nowweconsiderthelinearmapping/:S— Ssuchthat

Jg,h)(x):=3g>,3n*
3 3

forallxeA.
Let(g,h),(g1, h1)ESbegivensuchthatd((g, h),(g1,h1))=€.Then

lg(x)— g1 (0)l+IP (x) — A1 (x)|< £ (x,x,)

forallx €A.Since

_ "3gi(—§gx"+':_3hx—73hx" o
XXX L
S3€¢ 313_3{ <3¢ §¢(X/X/X) =LE¢(X,X,X)

forallx€A,td(J(g,h),J(g1,h1)) <Le.Thismeansthat
d(‘l(glh)l'l(gllhl)) = Ld((g/h)/ (gllhl))

for all(g,h),(g1,h1)ES.
Itfollowsfrom(3.3)that
“g0)=3¢" + h(x) 30" <&,
3 3

L
_ f X§ P (X, x,x)
333 3
forallx€A.Sod((g,h),(Jg,Jh))<*". 3

ByTheorem1.2,thereexistmappingsD,H:A— Asatisfyingthefollowing:
(1) (D,H)isafixedpointofJ,i.e.,

D(x)= 305, H(x)=3H~ (3.4)
3 3

forallx€A.The mapping (D,H) is a unique fixed point of J.This implies that (D,H) is a
uniguemapping satisfying (3.4) such that there exists au&(0, ) satisfying
lg(x)— D)+l (x)— H(x)l <ud(xxx)

forallx€A;
(2) d(/(g,h),(D,H))— 0as/— o .Thisimpliestheequality

X X
lim3/g™=D(x), lim3'h™=H(x)
|—o0 3/ |—o0 3/

forallx€A;
(3) d((g,h),(D,H))<*d((g.h),J(g,h)),whichimplies

o) — D+ — o< 3(1L_L)¢<x,x,x>

forallx€ A.Thuswegettheinequality(3.2).
TherestoftheproofisthesameasintheproofofTheorem?2.3.
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Corollary 3.2.Let r>3and8 benonnegative real numbers and g,h:A—Abemappings
satisfyingg(0)=h(0)=0,(2.9)and (2.10).Then there exist a unique ternary hom-derivation D :

A — A and a unique ternary homomorphism H: A — A such that

3
lg(x)— D)+l (x) — H(x) < 3—=3 A

forallx€A.

Proof.TheprooffollowsfromTheorem3.1bytakingL = 3-"and¢(x,y,z) = O(X +|y|[+
|H|r)forallx,y,z€A.

Theorem3.3.Let¢:A3— [0, 00 )beafunctionsuchthatthereexistsanL<1with
X V4
dx,y,z)<27L¢ _’Z, - (3.5)
22 2

forallx,y,z€A.Letg,h:A— Abemappingssatisfyingg(0)=h(0)=0,(2.3)and (2.4).Then there exist

a unique ternary hom-derivation D:A— A and a unique ternary homomorphism H: A —A
such that

g — Dol b)) — Ho < 3(11_L>¢‘X'X'X’ (3.6)

forallx€A.
Proof.ltfollowsfrom(3.5)that

D U B L
_ @3x,3y,3z<  T(27LYP(x,y,2)="g(x,y,z)< 00
j=127f j=127f 1—L
forallx,y,z€A.ByTheorem?2.5,thereexistauniqueternaryhom-derivationD:A— A

andauniqueternary homomorphism H:A— Asatisfying (2.12).
Let(S,d)bethegeneralizedmetricspacedefinedintheproofofTheorem3.1. Now we

consider the linear mapping /J: S — Ssuch that

1 1
J(g,h)(x):= 3g(3x), ;h(SX)

forallx€A.
Itfollowsfrom(3.3)that

1 1 1
gl 963X chig— hBH= ékexx)

forallx€ A.Thuswegettheinequality(3.6).
TherestoftheproofissimilartotheproofofTheorem3.1.

Corollary 3.4.Let r<land® benonnegative real numbers and g,h:A—Abemappings
satisfyingg(0)=h(0)=0,(2.9)and (2.10).Then there exist a unique ternary hom-derivation D :

A — A and a unique ternary homomorphism H: A — A such that

30,
lg(x)— D)l x) — Hix)ll< 33 I

forallx€A.
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Proof.TheprooffollowsfromTheorem3.3bytakingL=3"-*and¢(x,y,z) = 6(||x||r+|Lv|(+
Hz”r)forallx,y,zeA.

4. CONCLUSIONS

We have introduced the additive-additive (s,t)-functional inequality (0.1), and using the
direct method and the fixed point method, we have proved the Hyers-Ulam stability of ternary
hom-derivationsandternaryhomomorphismsinC*-ternaryalgebras,associatedtotheadditive-
additive(s, t)-functionalinequality(0.1)andthefunctionalinequality(0.2).
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