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Abstract: 

A graph  𝐺 with 𝑝 vertices and 𝑞 edges is said to have k- Heinz Quarter Mean Labeling 

if it is possible to label the vertices 𝑣 ∈ 𝑉 with distinct labels 𝑓(𝑥) from 𝑘, 𝑘 + 1, 𝑘 +

2, … . . 𝑘 + 𝑞` in such a way that in each edge 𝑒 = 𝑢𝑣 is labeled with 𝑓(𝑒 = 𝑢𝑣) =

⌊
√𝑓(𝑢)𝑓(𝑣) 

4
(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌋ or  ⌈

√𝑓(𝑢)𝑓(𝑣) 
4

(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌉ , and the edge labelings are distinct. In 

this case 𝑓 is called 𝑘- Heinz Quarter Mean labeling of Graph. The graph which admits k- 

Heinz Quarter mean labeling is called 𝑘- Heinz Quarter mean graph . Here we investigate k-

Heinz Quarter mean labeling of 𝐷2(𝑃𝑛), Mirror graph ,Split graph of Comb, 𝑃𝑛ʘ𝐾1,2. 
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1. INTRODUCTION 

Most graph labeling methods trace their origin to one introduced by Rosa in 1967,or 

one given by Graham and Sloane  in 1980. Rosa  called a function 𝑓 a 𝛽-valuation of a graph 𝐺 

with 𝑞 edges if 𝑓 is an injection from the vertices of  𝐺 to the set {0,1, . . . , 𝑞} such that, when 

each edge 𝑥𝑦 is assigned the label  |𝑓(𝑥) − 𝑓(𝑦)|, the resultingedge labels are distinct. Golomb 

subsequently called such labelings graceful and this is now the popular term. Alternatively, 

Buratti, Rinaldi and Traetta define a graph 𝐺 with 𝑞 edges to be graceful if there is an injection 

𝑓 from the vertices of 𝐺 to the set {0,1, . . . , 𝑞} such that every possible difference of the vertex 

labels of all the edges is the set {1,2, . . . , 𝑞}. 

A graph labeling is an assignment of integers to the vertices or edges or both subject to 

certain conditions. A useful survey on graph labeling by Gallian (2016) can be found in [1]. 

Somasundaram and Pondraj have introduced the notion of mean labeling of graphs. In [9], 

Bhatia introduced the Heinz mean 𝑓(𝑢, 𝑣;  𝑦)  = 
 𝑓(𝑢)𝑦 𝑓(𝑣)1−𝑦+ 𝑓(𝑢)1−𝑦𝑓(𝑣)𝑦

2
 , for 0 ≤ 𝑦 ≤  

1

2
. We  
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introduced Heinz Quarter mean labeling in [7]. In this paper we investigate 𝑘- Heinz Quarter 

mean labeling of some special graphs. 

2. PRELIMINARIES 

Definition 2.1: A graph 𝐺 = (𝑉, 𝐸) having number of vertices as 𝑝 and number of edges as 𝑞 

can be called as Heinz Quarter Mean graph, if the vertices 𝑥 ∈  𝑉 can be labeled  with 

distinct labels 𝑓(𝑥) from 1,  2, 3, … … , 𝑞 +  1  and each edge   𝑒 =  𝑢𝑣 is labeled with 

𝑓(𝑒 = 𝑢𝑣) = ⌊
√𝑓(𝑢)𝑓(𝑣) 

4
(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌋ or  ⌈

√𝑓(𝑢)𝑓(𝑣) 
4

(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌉ , then the resulting edge 

labels are distinct. Here, 𝑓 is called Heinz Quarter mean labeling of 𝐺. This graph is said to 

Heinz Quarter Mean Graph. 

Definition 2.2: D2 (𝑃𝑛) is a graph obtained from two copies of 𝑃𝑛 so that the pair of vertices 

𝑢, 𝑣′and 𝑢ꞌ, 𝑣 are adjacent in D2 (𝑃𝑛) whenever uv and 𝑢ꞌ𝑣′ are the respective edges of the 

copies of 𝑃𝑛. 

Definition 2.3: For a graph G, the split graph is obtained by adding to each vertex v, a new vertex 

𝑣′such that 𝑣′is adjacent to every vertex that is adjacent to v in G. The resultant graph is denoted 

as Spl (𝑃𝑛). 

Definition 2.4: Let G be a graph. Let 𝐺′be a copy of G. The Mirror graph 𝑀(𝐺) of G is defined 

as the disjoint union of G and 𝐺′with additional edges joining each vertex of G to its corresponding 

vertex in 𝐺′. 

Definition 2.5 : 𝑃𝑛ʘ𝐾1,2 is a graph obtained by attaching each vertex of 𝑃𝑛 to the central vertex 

of 𝐾1,2  

Definition 2.6: 𝑃𝑛ʘ𝐾1,3  is a graph obtained by attaching each vertex of 𝑃𝑛 to the central vertex 

of 𝐾1,3 

3. Main Results 

Definition 3.1: A graph  𝐺 with 𝑝 vertices and 𝑞 edges is said to have 𝑘- Heinz Quarter Mean 

Labeling if it is possible to label the vertices 𝑣 ∈ 𝑉 with distinct labels 𝑓(𝑥) from 𝑘, 𝑘 + 1, 𝑘 +

2, … . . 𝑘 + 𝑞` in such a way that in each edge 𝑒 = 𝑢𝑣 is labeled with 𝑓(𝑒 = 𝑢𝑣) =

⌊
√𝑓(𝑢)𝑓(𝑣) 

4
(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌋ or  ⌈

√𝑓(𝑢)𝑓(𝑣) 
4

(√𝑓(𝑢)+√𝑓(𝑣) ) 

2
⌉ , and the edge labelings are distinct. In 

this case f is called k- Heinz Quarter Mean labeling of Graph. The graph which admits k- 

Heinz Quarter mean labeling is called k- Heinz Quarter mean graph. 

Theorem 3.2: 𝐷2(𝑃𝑛)  is 𝑘 –Heinz Quarter Mean graph for all 𝑛 ≥ 2 & 𝑘 ≥ 3 

Proof : Let  𝑉(𝐷2(𝑃𝑛)) = {𝑢𝑖, 𝑣𝑖  ; 1 ≤ 𝑖 ≤ 𝑛} 

       𝐸(𝐷2(𝑃𝑛)) = {𝑢𝑖𝑢𝑖+1, 𝑣𝑖𝑣𝑖+1 ; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖𝑣𝑖+1, 𝑣𝑖𝑢𝑖+1; 1 ≤ 𝑖 ≤ 𝑛 − 1} 
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The ordinary labeling  

 

 

v1 v2 v3
v4 v5 vn-1 vn

u1 u2 u3 u4 u5
un-1 un

 

Define a function 𝑓: 𝑉(𝐷2(𝑃𝑛)) → {𝑘, 𝑘 + 1, 𝑘 + 2, … … 𝑘 + 4𝑛 − 4}  

            𝑓(𝑢𝑖) = 𝑘 + 4𝑖 − 3     𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1 

𝑓(𝑢𝑛) = 𝑘 + 4𝑛 − 4 

                                                           𝑓(𝑣1) = 𝑘 

                                                           𝑓(𝑣𝑖) = 𝑘 + 4𝑖 − 6    𝑖𝑓   2 ≤ 𝑖 ≤ 𝑛 

Then the induced edge labels are   

 𝑓(𝑢𝑖 𝑢𝑖+1) = 𝑘 + 4𝑖 − 1               𝑖𝑓     1 ≤ 𝑖 ≤ 𝑛 − 1 

                                       𝑓(𝑣𝑖 𝑣𝑖+1) = 𝑘 + 4𝑖 − 4                𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

                                      𝑓(𝑢𝑖 𝑣𝑖+1) = 𝑘 + 4𝑖 − 3                𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

                                     𝑓(𝑢𝑛−1 𝑣𝑛) = 𝑘 + 4𝑛 − 2 

                                     𝑓(𝑣𝑖 𝑢𝑖+1) = 𝑘 + 4𝑖 − 2               𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

                                    𝑓(𝑣𝑛−1 𝑢𝑛) = 𝑘 + 4𝑛 − 7 

The above defined function f provides 𝑘- Heinz Quarter mean labeling of the graph. 

Hence 𝐷2(𝑃𝑛) is k-Heinz Quarter Mean graph for all 𝑛 ≥ 2 & 𝑘 ≥ 3. 

Example 3.3 

   



Journal of Computational Analysis and Applications                                                                          VOL. 33, NO. 2, 2024 
   

                                                                                                                          10.48047/jocaaa.2024.33.02.27 

                                                                                                            2019                                        S. Latha et al 2016-2024 

 

  

40 42 50 54

41 45 49 53 56

46

 

    40 - Heinz Quarter Mean Labeling of  𝐷2(𝑃𝑛) 

 

Theorem 3.4: The Mirror graph 𝑀(𝑃𝑛) is k-Heinz Quarter Mean graph for all 𝑛 & 𝑘 

Proof :  Let 𝑉(𝑀(𝑃𝑛)) = {𝑣𝑖  , 𝑣𝑖
′; 1 ≤ 𝑖 ≤ 𝑛} 

𝐸(𝑀(𝑃𝑛)) = { 𝑣𝑖𝑣𝑖+1 ; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑒𝑖
′ = (𝑣𝑖

′𝑣𝑖+1
′ ): 1 ≤ 𝑖 ≤ 𝑛 − 1}  

∪ {{𝑒𝑖
′ = (𝑣𝑖𝑣𝑖

′): 1 ≤ 𝑖 ≤ 𝑛 − 1}} 

The ordinary labeling is 

vv1
vv1 vvn-1

vvn v'1 v'2
v'n-1 v'n

e1 e2 en-1 e'1 e'2 e'n-1

e"1

e"2

e"n-1

e"n

 

  Define a function 𝑉(𝑀(𝑃𝑛)) → {𝑘, 𝑘 + 1, … . 𝑘 + 3𝑛 − 2}  

By     𝑓(𝑣𝑖) = 𝑘 +  3𝑖 − 3           𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛   

         𝑓(𝑣′2𝑖−1) = 𝑘 + 6𝑖 − 5     𝑖𝑓 1 ≤ 𝑖 ≤
𝑛

2
 

                                                        𝑓(𝑣2𝑖
′ ) = 𝑘 + 6𝑖 − 1         𝑖𝑓 1 ≤ 𝑖 ≤

𝑛

2
 

Then the induced edge labels are  

                                         𝑓(𝑒𝑖) = 𝑘 + 6𝑖 − 5       𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1 

                                                           𝑓(𝑒𝑖
′) = 𝑘 + 3𝑖 − 1      𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1 

       𝑓(𝑒𝑖
") = 𝑘 + 3𝑖 − 3     𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 
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The above defined function 𝑓 provides k- Heinz Quarter mean labeling of the graph. 

Hence 𝑀(𝑃𝑛) is k-Heinz Quarter Mean graph for all 𝑛 & 𝑘 

                                                                                                                                                                        

Example 3.5  

450 453 456 459 462 451 455 457 461 463

 

         450 - Heinz Quarter Mean Labeling of M(P7) 

Theorem 3.6: The Splitting graph of comb Spl (𝑃𝑛ʘ𝐾1) is k – Heinz Quarter mean graph for 

all 𝑛 &𝑘 ≥ 4. 

Proof : 

Let 𝑉(𝑆𝑝𝑙(𝑃𝑛ʘ𝐾1)) = {𝑣𝑖 , 𝑣𝑖 ,
′ 𝑢𝑖

′ ; 1 ≤ 𝑖 ≤ 𝑛} 

  𝐸 (𝑆𝑝𝑙((𝑃𝑛ʘ𝐾1))) = {𝑣𝑖 , 𝑣𝑖
′, 𝑣𝑖𝑢𝑖

′, 𝑣𝑖𝑣𝑖
′; 1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣𝑖𝑣𝑖+1, 𝑣𝑖𝑢𝑖+1, 𝑢𝑣𝑖+1; 1 ≤ 𝑖 ≤

𝑛 − 1} 

The ordinary labeling of Split graph of comb is  

     

  

u1
u2 u3 un-1 un

v1
v2

v3 vn-1 vn

v1
' v2

' v3
'

vn-1
' vn

'

u1
' u2

' u3
' un-1

'
un

'

 

Define a function 𝑉(𝑆𝑝𝑙(𝑃𝑛ʘ𝐾1)) → {𝑘, 𝑘 + 1, … . 𝑘 + 6𝑛 − 3} by                                               

𝑓(𝑣𝑖) = 𝑘 + 6𝑖 − 4            𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 ;         𝑓(𝑢𝑖
′) = 𝑘 + 6𝑖 + 2              𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 ;   

𝑓(𝑢𝑖) = 𝑘 + 6𝑖 − 5           𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 ;         𝑓(𝑣𝑖
′) = 𝑘 + 6𝑖 − 6           𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 
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And the induced edge labels are   

     𝑓(𝑣′𝑖 𝑢𝑖) = 𝑘 + 6𝑖 − 6               𝑖𝑓     1 ≤ 𝑖 ≤ 𝑛 

              𝑓(𝑣𝑖 𝑢′𝑖) = 𝑘 + 6𝑖 − 4               𝑖𝑓     1 ≤ 𝑖 ≤ 𝑛                                

 𝑓(𝑣𝑖 𝑣′𝑖) = 𝑘 + 6𝑖 − 5               𝑖𝑓     1 ≤ 𝑖 ≤ 𝑛 

              𝑓(𝑣𝑖 𝑣𝑖+1) = 𝑘 + 6𝑖 − 1           𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

                                                 𝑓(𝑢𝑖 𝑣𝑖+1) = 𝑘 + 6𝑖 − 3          𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

                                                𝑓(𝑣𝑖 𝑢𝑖+1) = 𝑘 + 6𝑖 − 2          𝑖𝑓      1 ≤ 𝑖 ≤ 𝑛 − 1 

Thus the above defined function 𝑓 provides k- Heinz Quarter mean labeling of the graph. 

Hence 𝑆𝑝𝑙(𝑃𝑛ʘ𝐾1) is k-Heinz Quarter Mean graph for all 𝑛 & 𝑘 ≥ 4. 

Example 3.7 

6 12 18 24

13
25

17 23

8 14 20
26

5 6 12 18 24

10
16 22

7
19

115

7 13

8 14 20

9
15 21

11 17 23

19 25

 

5-Heinz QuarterMean Labeling of Spl(𝑃4ʘ𝐾1) 

Theorem 3.8: 𝑃𝑛 ⊙ 𝐾1,2 admits 𝑘- Heinz Quarter mean labelling, for all positive integer 𝑘. 

Proof :  Let 𝐺 = 𝑃𝑛 ⊙ 𝐾1,2 where 𝑃𝑛 is a path with vertices 𝑢1, 𝑢2, … , 𝑢𝑛 and 𝑣𝑖 , 𝑤𝑖 be the 

vertices of 𝐾1,2 which are attached to the vertex 𝑢1of 𝑃𝑛, for 1 ≤ 𝑖 ≤ 𝑛, respectively.  

Define 𝑓 ∶ 𝑉(𝐺) → {𝑘, 𝑘 + 1, … , 𝑘 + 3𝑛 − 1} 
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u1 u2 u3 u4 u5
unv1 v2 v3 v4 v5 vn

w1 w2
w3 w4

w5
wn

 

The ordinary labeling is 

𝑓(𝑢𝑖) = 𝑘 + 3𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑣𝑖) = 𝑘 + 3𝑖 − 1,           1 ≤ 𝑖 ≤ 𝑛  

                                             𝑓(𝑢𝑖) = 𝑘 + 3𝑖 − 2,           1 ≤ 𝑖 ≤ 𝑛    

Then the induced edge labels are 

                                          𝑓(𝑢𝑖𝑤𝑖) = 𝑘 + 3𝑖 − 2 

                                          𝑓(𝑣𝑖𝑤𝑖) = 𝑘 + 3𝑖 − 1    

                                          𝑓(𝑢𝑖𝑤𝑖) = 𝑘 + 3𝑖 − 3            

Thus the above defined function 𝑓 provides 𝑘-Heinz Quarter  labeling of the graph. 

Hence 𝑃𝑛 ⊙ 𝐾1,2 admits 𝑘- Heinz Quarter mean labeling, for all positive integer 𝑘. 

Example 3.9 

33 35 36 38 39 41 42 44 45 47 48 50

34 37 40 43 46 49

 

                                             33-Heinz QuarterMean Labeling of   𝑃6 ⊙ 𝐾1,2 

Theorem 3.10: 𝑃𝑛 ⊙ 𝐾1,3 admits 𝑘- Heinz Quartermean labelling, for all 𝑘. 

Proof : Let 𝐺 = 𝑃𝑛 ⊙ 𝐾1,3 where 𝑃𝑛 is a path with vertices 𝑢1, 𝑢2, … , 𝑢𝑛 and 𝑣𝑖 , 𝑤𝑖, 𝑧𝑖 be the 

vertices of 𝐾1,3 which are attached to the vertex 𝑢1of 𝑃𝑛, for 1 ≤ 𝑖 ≤ 𝑛, respectively. 

Define 𝑓 ∶ 𝑉(𝐺) → {𝑘, 𝑘 + 1, … , 𝑘 + 3𝑛 − 1} 
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v1 w1
x1 v2 w2 x2 vn

wn xn

u1 u2 un

 

𝑓(𝑢𝑖) = 𝑘 + 4𝑖 − 3, 1 ≤ 𝑖 ≤ 𝑛 

𝑓(𝑣𝑖) = 𝑘 + 4𝑖 − 4,           1 ≤ 𝑖 ≤ 𝑛  

                                             𝑓(𝑤𝑖) = 𝑘 + 4𝑖 − 2,           1 ≤ 𝑖 ≤ 𝑛    

                                             𝑓(𝑥𝑖) = 𝑘 + 4𝑖 − 1,           1 ≤ 𝑖 ≤ 𝑛    

Then, the distint edge labels are :                                        

                                          𝑓(𝑢𝑖𝑢𝑖+1) = 𝑘 + 4𝑖 − 3         1 ≤ 𝑖 ≤ 𝑛 − 1    

                                              𝑓(𝑢𝑖𝑣𝑖) = 𝑘 + 4𝑖 − 2             1 ≤ 𝑖 ≤ 𝑛 

                                              𝑓(𝑢𝑖𝑤𝑖) = 𝑘 + 4𝑖 − 1              1 ≤ 𝑖 ≤ 𝑛    

                                               𝑓(𝑢𝑖𝑥𝑖) = 𝑘 + 4𝑖 − 4             2 ≤ 𝑖 ≤ 𝑛. 

The graph 𝐺 gets distinct edge labels. 

Thus the above defined function 𝑓 provides 𝑘-Heinz Quarter labeling of the graph. 

Hence 𝑃𝑛 ⊙ 𝐾1,3 admits 𝑘- Heinz Quarter mean labeling, for all positive integer 𝑘. 

Example 3.11 

71 73 74 75 77 78 79 81 82

72 76 80

 

71-Heinz Quarter Mean Labeling of 𝑃3 ⊙ 𝐾1,3 
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