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Abstract:

A graph G with p vertices and g edges is said to have k- Heinz Quarter Mean Labeling
if it is possible to label the vertices v € V with distinct labels f(x) from k, k + 1,k +
2, .....k + q in such a way that in each edge e = uv is labeled with f(e = uv) =

VFOFW) (JF@)+/f®)) J or [‘Vf(u)f(v) (VF+/f@))

5 5 , and the edge labelings are distinct. In

this case f is called k- Heinz Quarter Mean labeling of Graph. The graph which admits k-
Heinz Quarter mean labeling is called k- Heinz Quarter mean graph . Here we investigate k-

Heinz Quarter mean labeling of D, (P,), Mirror graph ,Split graph of Comb, B, OKj ,.
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1. INTRODUCTION

Most graph labeling methods trace their origin to one introduced by Rosa in 1967,or
one given by Graham and Sloane in 1980. Rosa called a function f a ff-valuation of a graph G
with q edges if f is an injection from the vertices of G to the set {0,1,..., q} such that, when
each edge xy is assigned the label |f(x) — f ()|, the resultingedge labels are distinct. Golomb
subsequently called such labelings graceful and this is now the popular term. Alternatively,
Buratti, Rinaldi and Traetta define a graph G with g edges to be graceful if there is an injection
f from the vertices of G to the set {0,1,..., g} such that every possible difference of the vertex
labels of all the edges is the set {1,2,...,q}.

A graph labeling is an assignment of integers to the vertices or edges or both subject to
certain conditions. A useful survey on graph labeling by Gallian (2016) can be found in [1].
Somasundaram and Pondraj have introduced the notion of mean labeling of graphs. In [9],

fWY FN' Y+ Y f(w)Y
2

Bhatia introduced the Heinz mean f(u,v; y) = ,for0<y < % We
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introduced Heinz Quarter mean labeling in [7]. In this paper we investigate k- Heinz Quarter

mean labeling of some special graphs.

2. PRELIMINARIES

Definition 2.1: A graph G = (V, E) having number of vertices as p and number of edges as g
can be called as Heinz Quarter Mean graph, if the vertices x € V can be labeled with
distinct labels f(x) from 1, 2,3, ... ... ,q + 1 and each edge e = wuwv is labeled with

fle = uv) = VIWr@) (sz(u)wf(v))J or [‘Vf(u)ﬂv) (\/Zf(u)h/f(v))

, then the resulting edge

labels are distinct. Here, f is called Heinz Quarter mean labeling of G. This graph is said to
Heinz Quarter Mean Graph.

Definition 2.2: D; (B,) is a graph obtained from two copies of P, so that the pair of vertices

u, v'and u', v are adjacent in D (B,) whenever uv and u'v’ are the respective edges of the
copies of P,.

Definition 2.3: For a graph G, the split graph is obtained by adding to each vertex v, a new vertex
v'such that v'is adjacent to every vertex that is adjacent to v in G. The resultant graph is denoted
as Spl (B,).

Definition 2.4: Let G be a graph. Let G'be a copy of G. The Mirror graph M(G) of G is defined
as the disjoint union of G and G'with additional edges joining each vertex of G to its corresponding
vertex in G'.

Definition 2.5 : P,,OK , is a graph obtained by attaching each vertex of B, to the central vertex
of K; ,

Definition 2.6: P,OK; ; is a graph obtained by attaching each vertex of P, to the central vertex
of K; 3

3. Main Results

Definition 3.1: A graph G with p vertices and g edges is said to have k- Heinz Quarter Mean
Labeling if it is possible to label the vertices v € V with distinct labels f(x) from k, k + 1,k +
2, .....k + q in such a way that in each edge e = uv is labeled with f(e = uv) =

[‘Vf(u)f(v) (JF+J/f®)) J or [‘Vﬂu)f(v) FW+/F®))
2 2

, and the edge labelings are distinct. In

this case f'is called k- Heinz Quarter Mean labeling of Graph. The graph which admits k-
Heinz Quarter mean labeling is called k- Heinz Quarter mean graph.

Theorem 3.2: D,(P,) is k —Heinz Quarter Mean graph foralln > 2 &k > 3

Proof : Let V(D,(B)) = {w, v;;1<i<n}

E(D;(P)) = (W41, ViVig1;1 S i S = 13U (UVi4q, Villp; 1 S i Sn — 13
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Define a function f: V(DZ (Pn)) ->{kk+1,k+
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Va-1 Vi
un- 1 un
2, .k +4n — 4}

if1<is<n-1

fup) =k+4n—-4

fw) =k
fw) =k+

Then the induced edge labels are

fuiug) =k+4i—1

fwivig) =k+4i—-4
Fluivipy) =k +4i—3
fup_qvy) =k +4n -2
fiugg) =k +4i—-2

fpquy) =k +4n -7

4i—6 if 2<i<n

if 1<i<n-1

if 1<i<n-1
if 1<i<n-1
if 1<i<n-1

The above defined function f provides k- Heinz Quarter mean labeling of the graph.

Hence D, (P,) is k-Heinz Quarter Mean graph foralln > 2 & k > 3.

Example 3.3
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40 42 46 50 54

41 45 49 53 56

40 - Heinz Quarter Mean Labeling of D, (B,)

Theorem 3.4: The Mirror graph M (B,) is k-Heinz Quarter Mean graph for all n & k
Proof : Let V(M(P,)) = {v; ,v;1<i<n}

EM(P)) ={vivis1;1<i<n—-1}u{ef = (vjvjy,):1<i<n-—1}

uf{e = wv)):1<i<n-—1}}

The ordinary labeling is

Define a function V(M(Pn)) ->{kk+1,...k+3n—2}

By f(v)=k+3i—-3 ifi<i<n
fWu ) =k+6i-5 if1<i<Z
f)=k+6i—1 ifi<is<z

Then the induced edge labels are
fle)=k+6i—5 if1l<i<n-1
fleD=k+3i—1 ifi<i<n-—1

fle)=k+3i—-3 if1<i<n
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The above defined function f provides k- Heinz Quarter mean labeling of the graph.

Hence M (P,) is k-Heinz Quarter Mean graph for all n & k

Example 3.5

450 453 456 459 462 451 455 457 461 463

450 - Heinz Quarter Mean Labeling of M(P7)

Theorem 3.6: The Splitting graph of comb Spl (B,0K;) is k — Heinz Quarter mean graph for
all n &k > 4.

Proof :
Let V(Spl(B,0K,)) = {vi, v{ uj;1 < i < n}
E (Spl((PnOKl))) = {v, v}, vul, viv; 1 < i < n— 13U 0V, Villip, U3 1 <0 <
n—1}
The ordinary labeling of Split graph of comb is

Define a function V(Spl(Pn(DKl)) - {k,k+1,...k+6n—3}by
fw)=k+6i—4 if1<i<n; fw)=k+6i+2 if1<i<n;
flu)=k+6i—5 ifl<i<n; fW)=k+6i—6 ifl<i<n
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And the induced edge labels are

f@Wiu)=k+6i—6 if 1<i<n
fo,u')=k+6i—4 if 1<i<n
fwv')=k+6i—5 if 1<i<n

fwivig) =k+6i—1 if 1<i<n-1
fuviz) =k+6i—3 if 1<i<n-1
fwiupz) =k+6i—2 if 1<i<n-1
Thus the above defined function f provides k- Heinz Quarter mean labeling of the graph.
Hence Spl(P,OK;) is k-Heinz Quarter Mean graph for all n & k > 4.

Example 3.7

5-Heinz QuarterMean Labeling of Spl(P,OK;)
Theorem 3.8: P, © K; , admits k- Heinz Quarter mean labelling, for all positive integer k.

Proof : Let G = B, © Ky, where B, is a path with vertices u;, u,, ..., u, and v;, w; be the

vertices of K; , which are attached to the vertex u,of B, for 1 < i < n, respectively.

Define f : V(G) » {k,k+1,..,k +3n—1}
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fu)=k+3i—-3, 1<i<n
fw)=k+3i—-1, 1<i<n
fu)=k+3i-2, 1<i<n
Then the induced edge labels are
fluw;)) =k +3i—2
foow)=k+3i—-1
fluw)) =k +3i—3
Thus the above defined function f provides k-Heinz Quarter labeling of the graph.
Hence P, © K , admits k- Heinz Quarter mean labeling, for all positive integer k.

Example 3.9

33\/35 36 38 39 41 42\/44 45 47 48 50
34 43 46 49

37 40

33-Heinz QuarterMean Labeling of Pg © Kj
Theorem 3.10: P, © K; 3 admits k- Heinz Quartermean labelling, for all k.

Proof :Let G = P, O K, 3 where B, is a path with vertices u;, u,, ..., u, and v;, w;, z; be the

vertices of K; 3 which are attached to the vertex u;0f P, for 1 < i < n, respectively.

Define f : V(G) - {k,k +1,...,k + 3n — 1}
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Vi Wy X1 \) W2 ox, Va Wy Xp
u Uy u,
fu) =k+4i-3, 1<i<n
fv) =k+4i—4, 1<i<n
Fw) =k +4i—2, 1<i<n
fx))=k+4i-1, 1<i<n

Then, the distint edge labels are :

fluuip) =k +4i—3 1<i<n-1

fuv) =k+4i—2 1<i<n
fluw) =k+4i—-1 1<i<n
fluix)) =k+4i—4 2<i<n

The graph G gets distinct edge labels.

Thus the above defined function f provides k-Heinz Quarter labeling of the graph.

Hence P, © K 3 admits k- Heinz Quarter mean labeling, for all positive integer k.

Example 3.11
71 73 74 7571 78 79 81 8
72 76 80
71-Heinz Quarter Mean Labeling of P; O K 3
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