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ON THE GREEN FUNCTIONS TO ITERATED BELTRAMI
OPERATORS ON »-DIMENSIONAL SPHERES

ILONA IGLEWSKA-NOWAK

ABSTRACT. A method for computation of iterated Beltrami operator on an Nn-dimensional
sphere is proposed. It is based on integration of the Poisson kernel.

1. INTRODUCTION

Green functions with respect to iterated Beltrami operators (Ae» + A)™ on the two-
dimensional sphere have been studied in detail e.g. by Freeden [3, 4] and Backus [2]. In
[5] the authors introduce iterated operators

80,...,1( = 80 .......... Ok

for

Ok := Aen — (AEn)NK), (D)
where

(Aen)Mk) = —k(k+ 1)
is the kth eigenvalue to the Laplace-Beltrami operator on the two-dimensional sphere.
Using the Green function with respect to the iterated Beltrami operator they generalize
the Green second fundamental theorem, see [5, Theorem 4.2.4]. Further, they study their
properties in spherical spline setting corresponding to iterated Beltrami deivatives [5,
Chapter 6].
In the present paper this definition is generalized to the n-dimensional sphere. I propose
an alternative method (to the one udes in [5] or other textbooks of Willi Freeden and his
co-workers like [6]) of computing an explicit representation of the Green function with
respect to operators being products of (1) (with (Ag» )A(k) adapted to the n-dimensional
case).

2. PRELIMINARIES

A square integrable function /" over the n-dimensional unit sphereg "c R™, n 5 2,
with the rotation-invariant measure do normalized such that

YT L
\.:.n = ] .X:I = ‘-'—.
,/S.,‘"(‘ T((n+1)/2)
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L L

can be represented as a Fourier series in terms of the hyperspherical harmonics,
=Y T o, @
=0 keM,,

where Ma—1(/) denotes the set of sequences k = (ko, ki, . . ., kn—1) in N?—1 X Z such that

[ ko ki ... kn—1 and ak(f') are the Fourier coefficients of /. The hyperspherical
harmonics of degree / and order k are given by

n—1

= .4;‘ H (:‘: 1. (cos U7) sin®r 9, - et ikn-1¢ (3)
for some constants A%, Here, (44,..., 9n—1, @) are the hyperspherical coordinates of
xe§",

x1=cos Y,

X2 = sin &1 cos Yo,

Xn =sin Y1 . .. sin $—2 sin In—1 oS ¢,

Xn+1 = sin i . .. sin $p—2 sin Fn—1 sin @,

and GK are the Gegenbauer polynomials of degree x and order K. The set of degree /
hyperspherical harmonics is denoted by H:.

Zonal (rotation-invariant) functions are those depending only on the first hyperspherical
coordinate 3 = $1. Unless it leads to misunderstandings, we identify them with functions
of 9 or t = cos 9. A zonal L'- function / has the following Gegenbauer expansion

ft) = Zf 2L (t), t = cos, (4)

1=0
where f(/) are the Gegenbauer coefficients of f/'and A is related to the space dimension
by

EEY
For f; g € L'(S"), g zonal, their convolution f"* g is defined by
(F+9)) = 5 / ORI, Hek) = glk-y), (5)
and for /€ L*(S") it is equal to
e ;; 2 5o A a (g v
If f'is a zonal function, then J
Fre = DD (©)
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The Laplace-Beltrami operator Ae» on the sphere is the tangential part of the Laplace

operator in Rn+1,
.Af — an 2 ])n Uf L l .A f Ll
$EE AR\ R T R \7)

-1

where R > 0 is the radial distance of X ¢ R"*! in the hyperspherical coordinates, see [9,
Chapter II, Proposition 3.3]. It satisfies the following relation [1, formula (3.8)]:

3 1 13 o O 1 ;
Asnf = ——=— |1 —-)F - == | + —Asa1]. 8
Agn f 1— )2 ot {(l ) :.'H} +1- [lAb i f (8)
In both cases, S"~' denotes the (n — 1)-dimensional unit sphere with hyperspherical
coordinates (9o, ..., 9n—1, ¢). The hyperspherical harmonics are the eigenfunctions of
AEn, i.e.,
Ban¥=Unl — 0P, ()

see [9, Chapter II, Theorem 4.1].
Denote by D" the interior of the sphere, D" = {x € Rn*t : |x| < 1}. Let & € D" with
r=|&| and x € S". The Poisson kernel for the sphere is given by

2 A Lor—jg2 1 1 —r2
PEX)=p(x)= 5 =

. =_ - 10
n|&—x|n n (1 = 2rcosd+r2)n+1)/2 (10)
where ¢ denotes the angle between the vectors ¢ and x. It is given as a series
1 < A+l ; ‘
].),\(i.X) — \;“ .iZ(:)r!. X C{'\(_('()Sl/] (11)
and it is a harmonic function of the variable ¢,
Ag pM(¢ x) = 0.
Since the Gegenbauer polynomials C* over the interval [—1, 1] are bounded by
|C!.’\(('«:».< 9| < (n+1-2)" 2 (12)

uniformly in ¢ (compare [10, Theorem 7.33.1]), the series in (11) is uniformly (in $)
convergent for each » € [0, 1).
3. ITERATED BELTRAMI OPERATOR

Green functions with respect to the iterated Beltrami operators on the 2-dimensional
sphere are introduced and discussed in [6, Section 5]. The definition can be generalized
to the case of an n-dimensional sphere in the following way.

Definition 3.1. Let the differential operator ok, k € No, be given by
Ok = Aen — (Aen)NK),
where

(Aen)NK) = —k(n + k — 1)
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is the k" eigenvalue to the Laplace-Beltrami operator. G(0o, X Y) is the Green func-
tion to the Laplace-Beltrami operator and the Green functions with respect to the iterated
operators

Oo,..,.K := Oo01. .. Ok, K e N,
are defined inductively by the following convolutions

1
G(0o, 1% Y = GO0, k—1;X-2)GEk ;z-y)dor)y K=12....

n E
The Green functions to 0o,k are given explicitely as series.

Lemma 3.2. ForK € No andt€ [—1, 1),
~ .

50 K
2 : 1 A+ o :
G(6o.. k:;t) = : CMt). 13)
(%....k3t) Z A1_[“/.'[71-%!;—l)—l(n—l—l) A ¢ (t) (

I=K+1

Proof. According to [7, Theorem 1 together with Remark 2 p. 2],

- o0 1 P el = A
G(oh: 1) = ’ ¢ G (1),
Ok L) ngkk(n*k_l)_[(”+1_“ X TOE )

Thus, (13) holds for K =0. For K > 1, representation (13) is obtained" recursively via (6).

Remark 3.3. The difference in the normalization of the Green functions G(0o...k, t)
between the present paper and [6] lies in the fact that convolution in the case of a two-
dimensional sphere in the textbook of Freeden and Schreiner is defined by integral of a
product of fuctions over the sphere, whereas in formulas (5) factor z}_n is used.

The aim of this paper is to obtain an integral representation of the Green functions. For a
specific set of parameters (dimension #n and order K), a closed formula can be computed.

Theorem 3.4. Let G(0o,..x; t) be the Green function to the operator do,..x on an n-
dimensional sphere. Fort € [—1, 1) it is given explicitely by
J i = '
> A+
G(0o...x3 1) = Ar U+ Bt S0 pAe) — —r CNo) ar,

0 k=0 =0

where Ak and Bk are the coefficients of the partial fraction decomposition
K K

K
—1 A B;.
= - : (14
H(.\'—l;){-\'—n+l;—1‘) kZM.Y—A‘+§.\'+11+A'—I S

k=0 ;

Proof. Set :
* —k—1 +k \ X+ L CA
GH{0o,. x;°) = A r + By " Xn - pN2) — _i_i r- G ) (15)
k=0 1=0
x = x =
— Ak M I,L—k—1 qA 4+ Bk M rL+n+k qxl.
=0 L=K+1 A k=0 L=K+1
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Now, for /+a > 0, ,
I, |

el dr= .
0 [+a

D
By (12), the series =, 4%Lyi+a—1 C(y) is absolutely convergent for each r € [0, 1) and

K+ o = 0. Hence, when computing 01 G, dr, the order of integration and summation
may be changed and

1 o
[ow-5

[=K+1

K K
Ay By A+1 A s
Zl—k+;l+u—l;-l) S \1e)

k=0
The denominator of the fraction on the left-hand-side of (14) is equal to
Xn+X—1)—k(n+k—1),
hence, the right-hand-side of (16) is equal to (13).
Example 3.5. Letn=2 and K = 1. In this case,
Y i B 1 [ S S B
po K+ 1) — I+ 1) (= DIC+DUI+2) 6(—-1) 21 2(I+1) 6(+2)

and

i+ 1—r®
R A —
Pr(?) = ) ”LG(I)_(l—zrt+r2)3/2_1_3”‘
L=2
Further, |
Pr(t Pr(t Pr(t r Pr(t
G (Opy;5 1) = _6’(_;»2)__§r_)+_’(2_)__é—) dr
11 1, 3 (1= 44— 60+
=6 r—3r(1—3t)+2r (1=90)+rt— 71— 2rf ¥ 12
i+ T4
B(1 -y i oA o
r—t+ 1 —2rt+r2
and

3+¢t+6(1 —f)Ini=t
G(Oo,1;t) = G1(Oo,1; ) _ lim GHOoa; t) = 2 .
r—0 12
This result coincides with the one obtained by Freeden and Schreiner in [6, Lemma 5.25]
(up to the constant 4;).

Remark 3.6. Function G(0os;1) from Example 3.5 does not satisfy the equation

(Ag2 + 1 - 2) G(Oo,1; t) = G(Oo; t). (17)
Using (8), one obtains
g®) 3¢ N 1—1¢

In ,

2 2

1+
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n=2|G(0,:t) ==L+ —]n( °)

G(OO,I,QIf) _ 14(%613{- 4 (l~z)~ ]Il( t)

G(8p._a;t) = 301“4’“5{%{?{5%45“‘ = 12;;} ]n( :)

G(8. 4:t) = 1749-45961+gg;-gi};gsznl—3371: 45 (3}2—:(\" i (1_—1)
n=3|G(01t) = TE},Z}[ = (I_{)éi}:gjlj-(f_m

e ap 4" (1—¢)2(9+-¢ T—

G(Bp10:t:t) = 3i3+1#‘§(§6mh3 - ”6(('):)/1‘?‘,)? -

G(OO.....: tit) = 13-13—1:110:{};L~22§2(%1r'3+24&-1t.3 . (1—(1’7;2';;3;:1_)({'5—0)

G(Bo.. a:t:t) = 03370—136256:—13;);;52;%1.1336:3-127460:" » (F;L’;G!Ot;]r)_r;—m
n=4|G(@:t) = 5 + - In (F)

G(9g10:t) = —5*]ﬁ%;066" _ ht“ In (%)

G(Bo. 3:t) = _1500+7521z:};§gxzéz'-—3035:3 (1—r]> ():,+ 5t) ]n( -r)

G, 4;t) = — 19143+31416r—{;{();Z%i;gg.xoggr +81507¢* (l—t\jéll:]t) ln(_ z)
n=>5|GOos; ;1) = DEELEET _ ‘3"'ﬁ‘({f‘:]j‘fl‘,§"”

G(Bo.23t; ) = 2T g sarset _ (0G0 (o0

~ NG, AT AR L - —)20'7—19¢ — 2_ 3\ —3)
G(By. a:t;t) = .35;—)03%:—1),,)23?;(,(72:3,{‘ 46930¢4 _ (1-t) <;51§(£(:t)\/14—():2)«_.. 9)
G(Bo.. 4:t:t) = 7030194)7!)9‘28714771:‘5;;‘9&’(5;((:13&?()11?:') —374520¢4 172852405
(113 (4451120627063 ) ()
665280(1+t)v1—2

for the left hand-side of (17), whereas G(0o; t) equals [7, Table 1]
1—¢

2
The difference between these expressions is equal to the 1t summand in (13) in the rep-
resentation of G(0o; t). Statements given by formulas (5.158) or (5.159) in [6] should be
corrected taking respect to the different summation range in the series representation of
the kernels whereas formula [6, (5.163)] (respectively [5, (4.2.8)]) reflects this property.

Table 3 gives the expressions for G(Oo...k; ) forn=2,3,4,5and K =1, 2, 3, 4.

1+In—
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