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ABSTRACT
For a graph G, a set H € V is a hub dominating set if every vertex u in V — H is
adjacent to a vertex v in H and any two non-adjacent vertices v,w € V — H has a path in G
in which all the internal vertices of the path must be in H. The least cardinality taken over all
hub dominating set H of vertices in graph G is known as the hub domination number. We

denote the hub domination number of G by y,(G).
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1. INTRODUCTION

All the graphs considered in this context are finite, undirected and loop-free. Graph
theoretical terms are defined as in Harary [2]. The concept of dominating sets in graph theory
was first formally investigated in the early 1960’s. Ore introduced the terms dominating set
and domination number in his work [3]. The notion of hubs in graphs was first proposed by
Walsh in 2006, expanding the toolkit for network analysis and optimization [5]. Hub
domination has evolved by combining graph domination and hub concepts. In this paper we

studied the hub domination number of the cartesian product of various graphs.
2. PRELIMINARIES

Definition 2.1 The Cartesian product of G and H is a graph, denoted as G O H, whose vertex
set is V(G) x V(H). Two vertices (g,h) and (g',h") are adjacent precisely if g = g’ and
hh' € E(H) or gg' € E(G) and h = h'. Thus,

V(GOH)={(g,h): geV(G)and h e V(H)}

E(GOH)={(g,h)(g" h"):g=g hh' € E(H)or gg' € E(G),h =h'}.

2025 T. ANITHA BABY et al 2025-2035


mailto:anithasteve@gmail.com
mailto:abiah1997@gmail.com

Journal of Computational Analysis and Applications VOL. 33, NO. 2, 2024
10.48047/jocaaa.2024.33.02.28

Definition 2.2 The line graph of a graph Gis the graph L(G) with the edges of G as its
vertices and two vertices of L(G) are adjacent if and only if their corresponding edges are

incident in G.
3. HUB DOMINATION NUMBER

Definition 3.1 For a graph G, a set H € V is a hub dominating set if every vertex u in V — H
is adjacent to a vertex v in H and any two non-adjacent vertices v,w € V — H has a path in
G in which all the internal vertices of the path must be in H. The least cardinality taken over
all hub dominating set H of vertices in graph G is known as the hub domination number. We

denote the hub domination number of G by y,(G).

Theorem 3.2 If G, is a path graph B, or cycle graph C,, and G, is a path graph P, or cycle
graph C,, then forany m,n > 2,
mn—2m form>n
Yn(G,OG,) = {mn—2n form<n
n?—2n form=n

Proof:

Let G; O G, be the graph with vertex set V = V; X V, where V] is the vertex set of P,

or C,,, and V, is the vertex set of P, or C,.
Casei:m>n

We claim, H = {(ui,vj) EViXV,:i=12,.m2<j<n-— 1} is a hub
dominating set of G; O G, . Now, V —H = {(ui ,vj) EViXV,:i=12,...,m;j= 1,n}.
Clearly the vertices (u;,v;) € V — H are adjacent to (u;,v,) € H and (u;,v,) €V — H are

adjacent to (u; ,v,_1) € H.

Subcase i: For any pair of non-adjacent vertices (u;,v,),(u;,v,) €V —H where

i=12,..,m.

Then (u;,v,), (u;,v,) €V — H has a path (u; ,v,)(W;,v3) ... Wi, V1)@, vy) in

G; O G, whose internal vertices are in H.

Subcase ii: For any pair of non-adjacent vertices (u;,vy),(uyx,v;) €V —H where

i,k=12,..,mandi # k.
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Then (u;,vy),(ux,v,) EV—H has a path (u;,v)W;,vy) Wi ,v;)

. (Ug , v3)(ug ,v1) in Gy O G, whose internal vertices are in H.

Subcase iii: For any pair of non-adjacent vertices (u;,v,),(u;,v,) €V —H where

i,k=12,..,mandi # k.

Then (u;,vn), (wi,vn) €V —H has a path  (u;,vn) (U, V1) (Uis1, Vn—1)

oo (Ug , V1) (ug , vy) in Gy O G, whose internal vertices are in H.

Subcase iv: For any pair of non-adjacent vertices (u;,v,),(uy,v,) €V —H where

i,k=12,..,mandi < k.

Then (u;,v1),(ux,vy) EV—H has a path (u;,v)(w,vz) ... (U, Vn-1)
(Uiy1,Vn-1) o (Ug—1 V1) (Ug , V1) (Ug , v,) in G; O G, whose internal vertices are in

H.

Subcase v: For any pair of non-adjacent vertices (u;,v;),(ug,v,) €V —H where

i,k=12,..,mandi > k.

Then (u;,v1),(ux,v) €V —H has a path (u;,v)(u,vy) ... (W, V1)
(ui—1,vp-1) o (Uks1 V1) Uk , vp—1) (ug , v,) in G; O G, whose internal vertices are in

H.
Hence H is a hub dominating set.
|H| = V1] (V2| = 2)
=m(n-—2)

=mn-—2m
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Caseii: m<n

We claim, H={(u,v)€VyxV,:2<i<m-1,j=12,..,n} is a hub
dominating set of G; O G,. Now, V—H = {(w;,v)) €V xVy:i=1m;j =12,..,n}.
Clearly the vertices (ul, vj) € V — H are adjacent to (uz ,vj) € H and (um, vj) €V —H are

adjacent to (um_1 ,vj) € H.

Subcase i: For any pair of non-adjacent vertices (ul,vj),(um,vj) €V —H where

j=12,..,n

Then (uy,v;), (um,v;) €V —H has a path (uy,v;)(uy, ) o (Ume1, V) (U, V))

in Gy O G, whose internal vertices are in H.

Subcase ii: For any pair of non-adjacent vertices (ul,vj),(ul,vk) €V —H where

j,k=12,..,nandj # k.

Then (u;,v;),(uy,v) €EV—H has a path (uy,v)(uy,v)(uz,vj4q)

v (Uy, ) (uq,vg) in Gy O G, whose internal vertices are in H.

Subcase iii: For any pair of non-adjacent vertices (um,vj),(um,vk) €V —H where

j,k=12,..,nandj # k.
Then (up , vj), (U, Vi) €V — H hasapath (wy,,v;) (Wm—1, ) (Wn-1,Vj41) -
(Um—1, Vi) (Um , V) in G; O G, whose the internal vertices are in H.

Subcase iv: For any pair of non-adjacent vertices (ul,vj),(um,vk) €V —H where

j,k=12,..,nandj <k.

Then (u;,v;),(um,vx) EV—H has a path (u,v)(uz,v;) . (um1,7;)
(um_l ,vj+1) v (Um—1 > V1) (Um—1 , Vi) (U , V) In G; O G, whose internal vertices are in

H.

Subcase v: For any pair of non-adjacent vertices (ul,vj),(um,vk) €V —H where

j,k=12,..,nandj > k.
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Then (u;,v;),(um,vx) EV—H has a path (u,v)(uz,v;) .. (um1,7;)
(wn-1,Yj-1) - (Um—1, Vi+1) Wm—1, V) (W , V¢) in G; O G, whose internal vertices are in

H.
Hence H is a hub dominating set.
|H| = V| (V1] = 2)
=n(m-—2)
=mn—2n
Caseiii: m=n
From case i and case ii we get,
|[Hl=nxn-2n
=n?—-2n

mn—2m form>n
Hence, y,(G,0OG,) = {mn—2n form <n where G, is a path graph P, or
n?—2n form=n

cycle graph C,,, and G, is a path graph P, or cycle graph C,, for any m,n > 2.

Theorem 3.3 If G is a path graph B, or cycle graph C,, then y,(G O K,,,) = n, where K,, is

the complete graph with m vertices.
Proof:

Let ¢ O K,,, be the graph with vertex set V = V; X V, where V; is the vertex set of B,
or C, and V, is the vertex set of K,,,. We claim H = {(ui ,vj) EVixV,:1<i<n,j=1}
is a hub dominating set of ¢ O K,,,.Now, V — H = {(ui ,vj) EViXV,:1<i<n, 2<j<
m}. Clearly, every vertex (u; ,vj) € V — H is adjacent to (u; ,v;) € H. Hence, (u; ,v;) € H

dominates all the vertices (ui ,vj) € V—-H.

Case i : For any pair of non-adjacent vertices (ui ,vj) ,(uj,vx) EV—-—Hwhere1<i< n,

2<j,k<m,j+#k.

Then (ui,vj),(ui,vk) €V —H has a path (u;,v))(u;,v)(U;,v) in G OKpy

whose internal vertices are in H.
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Case ii: For any pair of non-adjacent vertices (ui ,vj), (ug,v;)) €EV—Hwhere 1 < i,k <n,

i<kand2 <j,l <m.

Then (ui,vj),(uk,vl)EV—H has a path (ui,vj)(ui,vl)(uiﬂ,vl)

. (U ,v1) (U, vp) in G O K, whose internal vertices are in H.

Case iii: For any pair of non-adjacent vertices (ui ,vj), (ug,v;) €V —H where 1 < i,k <

n,i>kand2 <j,l <m.
Then (ui ,vj), (up ,v;) ) EV—H has a path (ul- ,vj)(ui , V1) (Wi—q, 1)
.. (U ,v1) (U ,v;) in G O K, whose internal vertices are in H.

Clearly, H is a hub dominating set with n elements. Hence, y, (G O K,;) = n, where

G is P, or C,,.
Theorem 3.4 If G is the cycle graph C,, then for any > 3,

_(mn—-2m-n+2 for m>n
Yr(L(Bn) B G) = {mn— 3n form<n’
Proof:

Let L(P,) O G be the graph with vertex set V = V; X V, where V] is the vertex set of

L(P,) with m — 1 vertices and V;, is the vertex set of C,, with n vertices.
Casei:m >n

We claim, H={(w,v)€VyXVy:i=12,...m—12<j<n—1} is a hub
dominating set of L(P,) OG. Now, V—H = {(w;,v) €Vy xV,:i=12,..,m—1;j =

1,n}. Clearly the vertices (u;, v;) € V — H are adjacent to (u;,v,) € H and (u;,v,) €V —

H are adjacent to (u; ,v,_1) € H.

Subcase i: For any pair of non-adjacent vertices (u;,v;),(u,,v;) €V —H where

i,k=12,...,m—1andi # k.

Then (u;,vy),(ux,v;) EV—-H has a path (u;,v)W,v)Wie1,v2)

oo (U, v2)(Uy , V1) in L(B,) O G whose internal vertices are in H.

Subcase ii: For any pair of non-adjacent vertices (u;,v,),(uy,v,) €V —H where

i,k=12,..,m—1andi # k.

2030 T. ANITHA BABY et al 2025-2035



Journal of Computational Analysis and Applications VOL. 33, NO. 2, 2024
10.48047/jocaaa.2024.33.02.28

Then (ui ) Un) ) (uk ’ Un) EV—H has a path (u’i ) Un) (u’i ) vn—l)(ui+1 ) Un—l)

oo (U , V1) (Ug , ) in L(B,,) O G whose internal vertices are in H.

Subcase iii: For any pair of non-adjacent vertices (u;,v;),(u;,v,) €V —H where

i,k=12,...,m—1andi < k.

Then (w;,v1),(ug,v) EV—H has a path (w;,v)(w,v;) .. (U, Vn_1)
(Uiy1,Vn-1) o (Ug—1 V1) (Ug , Vp—1) (ug , v,) in L(B,,) O G whose internal vertices are in

H.

Subcase iv: For any pair of non-adjacent vertices (u;,v,),(uy,v,) €V —H where

i,k=12,...,m—1andi > k.

Then (u;,vy),(u,,v,) EV—H has a path (u;,v)W;,vy) ..U, Vpo1)
(Ui—1,Vp-1) e Ugeg1 V1) (Ug , Vp—1) (Ug , v,) in L(B,,) O G whose internal vertices are in

H.
Hence H is a hub dominating set.
|H| = V1] (IV2| = 2)
=(m-1DHn-2)

=mn—-2m-—-n+2

Caseii:m<n

We claim, H={(u,v)€VyxV,:2<i<m—2,j=12,..,n} is a hub
dominating set of L(P,)OG. Now, V—H= {(u;,v) €V xVy:i=1m—1;j=
1,2, ... ,n}. Clearly the vertices (ul,vj) €V —H are adjacent to (uz ,vj) €H and

(um_l, vj) € V — H are adjacent to (um_z ,vj) EH.

Subcase i: For any pair of non-adjacent vertices (ul,vj),(um_l,vj) €V —H where

j=12,..,n

Then (ul,vj),(um_l,vj)EV—H has a path (ul,vj)(uz,vj) ...(um_z,vj)

(Um-1,7j) in L(B,) O G whose internal vertices are in H.
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Subcase ii: For any pair of non-adjacent vertices (ul,vj),(ul,vk) €V —H where

j,k=12,..,nandj # k.

Then (u1 ,vj) ,(u;,v,) EV—-—H has a path (u1 ,vj)(uz ,vj)(uz ,vj+1)
oo (Uy , v)(uq , vg) in L(B,) O G whose internal vertices are in H.
Subcase iii: For any pair of non-adjacent vertices (um_l ,vj) , (Um—1,V) €V — H where
j,k=12,..,nandj # k.

Then (Upm_1 ,vj) ,(Up—1,V,) EV—H has a path (U1 ,vj) (U2 ,vj)
(um_z ) vj+1) e (Um—2, Vi) (Um—1 ,Vk) in L(B,,) O G whose internal vertices are in H.
Subcase iv: For any pair of non-adjacent vertices (u1 ,vj),(um_1 ,Vx) EV —H where
j,k=12,..,nandj < k.

Then (ul ,vj) ,(Ump—1,V,) EV—H has a path (ul ,vj)(uz ,vj) (um_z ,vj)
(um_2 ,ij) oo (Un—2 , Vi—1) Uim—2 , Vx) (Um—1 , V%) in L(B,) O G whose internal vertices

are in H.

Subcase v: For any pair of non-adjacent vertices (ul,vj) ,(Upm—1,Vx) EV —H where

j,k=12,..,nandj > k.

Then (uy,v;), (Um—1,v) €V —H has a path (uy,v;)(uz,v;) .. (m—z, ;)
(um_z ,vj_l) o (Un—2 , V1) U2, Vx) (Up—1 , V%) in L(B,) O G whose internal vertices

are in H.
Hence H is a hub dominating set.

|H| = V2] (V1] = 2)

=n(m—-1-2)
=n(m-—3)
=mn— 3n

mn—2m—-—n+2 form>n

mn — 3n formSnWhereGls C, ,Ym>3.

Thus, y,(L(B,) O G) = {

Theorem 3.5 y,(L(B,) O K,,) = m — 1 where L(B,,) is the line graph of the path graph B,

and K,, is the complete graph with n vertices.
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Proof:

Let G be the cartesian product graph L(PB,) O K,, with vertex set V = V; X V, where
V, is the vertex set of L(P,) with m — 1 vertices and V, is the vertex set of K, with n
vertices. We claim H = {(ui ,vj) eV xV,:1<i<m-—1,j=1}1is a hub dominating set
of G. Now, V—H= {(u;,v)) eVyxV,:1<i<m-—1, 2<j<n}. Clearly, every
vertex (u; ,v;) € V — H is adjacent to (u;,v,) € H. Hence, (u;,v;) € H dominates all the
vertices (u;,v;) €V — H.
Case i: For any pair of non-adjacent vertices (ul- ,vj) ,(u;,vy) EV—H where

1<i<m-1,2<j,k<n,j#k.

Then (u;,v;),(u;,v,) €V —H has a path (w;,v))(u;,v;)(w;,v) in G whose

internal vertices are in H.

Case ii: For any pair of non-adjacent vertices (ui,vj), (ug,v) €V —H where

1<ik<m-1,i<kand2<j,l<n.

Then  (u;,v;),(we,v) €EV—H has a path (u,v;)(w,vy)(Wisr,v1)

.. (U , 1) (U ,v;) in G whose internal vertices are in H.

Case iii: For any pair of non-adjacent vertices (ui,vj), (ug ,v;) €V —H where

1<ik<m-1,i>kand2<j,l<n.

Then  (u;,v;),(we,v) €EV—H has a path (u,v;)(w,vy)(wi—g,v1)

. (Ug , 1) (Ug , V) In G whose internal vertices are in H.

Clearly, H is a hub dominating set with m — 1 elements. Hence, y,(L(B,) O K,) =

m—1.

Theorem 3.6 For all n > 3 ,yh(Pn O L(Pn)) = n? — 3n where L(P,) is the line graph of the
path graph B,.

Proof:

Let G be the cartesian product graph P, O L(B,) with vertex set V = V; X V,, where
V; is the vertex set of P, with n vertices and V, is the vertex set of L(B,) with n — 1 vertices.

We claim, H = {(ul ,vj) EVixV,:i=12,..,n,2<j<n- 2} is a hub dominating set
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of G. Now, V — H = {(ui V)EVI XV ii=1.2,..,n, j=1,n— 1}. Clearly the vertices
(u;,v;) €V —H are adjacent to (u;,v,) € H and (u;v,_,) €V —H are adjacent to
(ui ’ vn—Z) €H.

Case i: For any pair of non-adjacent vertices (u;,v;),(W;,vn_1) €V —H where

i=1,2,..,n

Then (u;,vq),(W;,vp—1) EV—H has a path (u;,v)W;,vs) ..U, vp_2)

(u; ,v,_1) in G whose internal vertices are in H.

Case ii: For any pair of non-adjacent vertices (u;,v;),(uy,v;) €V —H where

i,k=12,..,nandi # k.

Then  (w;,v1),(ue,v;) €EV—H has a path (u,v)W,v) W1, 02) -

(ug , v2)(ug ,v1) in G whose internal vertices are in H.

Case iii: For any pair of non-adjacent vertices (u;,v,_1),(Ug,Vn_1) €V —H where

i,k=12,..,nandi # k.

Then (u;,vp—1),(Ug,Vp—1) EV—H has a path (u; , vp—1) (U, vp—2)

(Uiy1,Vn—2) - (U, Vp_2) (U , Vp_1) in G Whose internal vertices are in H.

Case iv: For any pair of non-adjacent vertices (u;,v;),(Ux,Vn—1) €V —H where

i,k=12,..,nandi < k.

Then (u;,vy),(Ug,Vpn-1) EV—H has a path (u;,v;)(W;,vs) ... W, Vn_z)

(Uiy1,Vn—2) o (U1, Vn—2) Uk , V—2) (Ug , V1) in G whose internal vertices are in H.

Case v: For any pair of non-adjacent vertices (u;,vy),(uy,vn_1) €V —H where

i,k=12,..,nandi > k.

Then (u;,vy),(Ug,vn_1) EV—H has a path (u;,v;)W;,vz) ... W, Vn_z)

(Uj—1,Vp—2) o (Ugeg1 » Vn—z) (Ug , Vp—2) (Ug , V1) in G whose internal vertices are in H.
Hence H is a hub dominating set.
|H| = V4| (V2] —2)
=nn—1-2)

=n(n-—3)
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=n?—13n

Thus, y,(B, O L(R)) =n?* —3nVn > 3.

CONCLUSION

In this paper. we have found the hub domination number of cartesian product of

various graphs. The topics of further research on finding includes the suggestion on finding

the bounds on hub domination number of graphs and also finding the hub domination number

for line graphs, middle graphs, jump graphs, etc.
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