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ABSTRACT 

For a graph 𝐺, a set 𝐻 ⊆ 𝑉 is a hub dominating set if every vertex 𝑢 in  𝑉 − 𝐻 is 

adjacent to a vertex 𝑣 in 𝐻 and any two non-adjacent vertices 𝑣 , 𝑤 ∈ 𝑉 − 𝐻 has a path in 𝐺 

in which all the internal vertices of the path must be in 𝐻. The least cardinality taken over all 

hub dominating set 𝐻 of vertices in graph 𝐺 is known as the hub domination number. We 

denote the hub domination number of 𝐺 by 𝛾ℎ(𝐺). 
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1. INTRODUCTION 

All the graphs considered in this context are finite, undirected and loop-free. Graph 

theoretical terms are defined as in Harary [2]. The concept of dominating sets in graph theory 

was first formally investigated in the early 1960’s. Ore introduced the terms dominating set 

and domination number in his work [3]. The notion of hubs in graphs was first proposed by 

Walsh in 2006, expanding the toolkit for network analysis and optimization [5]. Hub 

domination has evolved by combining graph domination and hub concepts. In this paper we 

studied the hub domination number of the cartesian product of various graphs.  

2. PRELIMINARIES 

Definition 2.1 The Cartesian product of 𝐺 and 𝐻 is a graph, denoted as 𝐺 ◻ 𝐻, whose vertex 

set is 𝑉(𝐺) × 𝑉(𝐻). Two vertices (𝑔 , ℎ) and (𝑔′, ℎ′) are adjacent precisely if 𝑔 = 𝑔′ and  

ℎℎ′ ∈ 𝐸(𝐻) or 𝑔𝑔′ ∈ 𝐸(𝐺) and ℎ = ℎ′. Thus, 

𝑉(𝐺 ◻ 𝐻) = {(𝑔, ℎ) ∶  𝑔 ∈ 𝑉(𝐺) 𝑎𝑛𝑑 ℎ ∈ 𝑉(𝐻)} 

𝐸(𝐺 ◻ 𝐻) = {(𝑔 , ℎ)(𝑔′, ℎ′) ∶ 𝑔 = 𝑔′, ℎℎ′ ∈ 𝐸(𝐻) 𝑜𝑟 𝑔𝑔′ ∈ 𝐸(𝐺), ℎ = ℎ′}.  
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Definition 2.2 The line graph of a graph 𝐺is the graph 𝐿(𝐺) with the edges of 𝐺 as its 

vertices and two vertices of 𝐿(𝐺) are adjacent if and only if their corresponding edges are 

incident in 𝐺. 

3. HUB DOMINATION NUMBER 

Definition 3.1 For a graph 𝐺, a set 𝐻 ⊆ 𝑉 is a hub dominating set if every vertex 𝑢 in  𝑉 − 𝐻 

is adjacent to a vertex 𝑣 in 𝐻 and any two non-adjacent vertices 𝑣 , 𝑤 ∈ 𝑉 − 𝐻 has a path in 

𝐺 in which all the internal vertices of the path must be in 𝐻. The least cardinality taken over 

all hub dominating set 𝐻 of vertices in graph 𝐺 is known as the hub domination number. We 

denote the hub domination number of 𝐺 by 𝛾ℎ(𝐺). 

Theorem 3.2 If 𝐺1 is a path graph 𝑃𝑚 or cycle graph 𝐶𝑚 and 𝐺2 is a path graph 𝑃𝑛 or cycle 

graph 𝐶𝑛 then for any 𝑚 , 𝑛 > 2, 

𝛾ℎ(𝐺1 ◻ 𝐺2) =  {

𝑚𝑛 − 2𝑚  𝑓𝑜𝑟 𝑚 > 𝑛
𝑚𝑛 − 2𝑛  𝑓𝑜𝑟 𝑚 < 𝑛 

𝑛2 − 2𝑛  𝑓𝑜𝑟 𝑚 = 𝑛
 

Proof: 

Let 𝐺1 ◻ 𝐺2 be the graph with vertex set 𝑉 = 𝑉1 × 𝑉2 where 𝑉1 is the vertex set of 𝑃𝑚 

or 𝐶𝑚 and 𝑉2 is the vertex set of 𝑃𝑛 or  𝐶𝑛. 

Case i: 𝑚 > 𝑛 

We claim, 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑚; 2 ≤ 𝑗 ≤ 𝑛 − 1} is a hub 

dominating set of 𝐺1 ◻ 𝐺2 . Now, 𝑉 − 𝐻 =  {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑚; 𝑗 = 1 , 𝑛}. 

Clearly the vertices (𝑢𝑖 , 𝑣1) ∈ 𝑉 − 𝐻 are adjacent to (𝑢𝑖 , 𝑣2) ∈ 𝐻 and (𝑢𝑖 , 𝑣𝑛) ∈ 𝑉 − 𝐻 are 

adjacent to (𝑢𝑖 , 𝑣𝑛−1) ∈ 𝐻. 

Subcase i: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑖 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 = 1,2, … , 𝑚. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑖 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖  , 𝑣𝑛−1)(𝑢𝑖 , 𝑣𝑛)  in       

𝐺1 ◻ 𝐺2  whose internal vertices are in 𝐻. 

Subcase ii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 and 𝑖 ≠ 𝑘. 
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Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣1)(𝑢𝑖 , 𝑣2)(𝑢𝑖+1 , 𝑣2) 

… (𝑢𝑘 , 𝑣2)(𝑢𝑘 , 𝑣1) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 𝐻. 

Subcase iii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑛) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 and 𝑖 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣𝑛), (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path  (𝑢𝑖  , 𝑣𝑛) (𝑢𝑖 , 𝑣𝑛−1)(𝑢𝑖+1 , 𝑣𝑛−1)  

… (𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 𝐻. 

Subcase iv: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 and 𝑖 < 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−1) 

(𝑢𝑖+1 , 𝑣𝑛−1) … (𝑢𝑘−1 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 

𝐻. 

Subcase v: For any pair of non-adjacent vertices (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 and 𝑖 > 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−1) 

(𝑢𝑖−1 , 𝑣𝑛−1) … (𝑢𝑘+1 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 

𝐻. 

Hence 𝐻 is a hub dominating set. 

|𝐻| = |𝑉1| (|𝑉2| − 2) 

= 𝑚(𝑛 − 2) 

= 𝑚𝑛 − 2𝑚 
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Case ii: 𝑚 < 𝑛 

We claim, 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶  2 ≤ 𝑖 ≤ 𝑚 − 1, 𝑗 = 1,2, … , 𝑛} is a hub 

dominating set of 𝐺1 ◻ 𝐺2 . Now, 𝑉 − 𝐻 =  {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1, 𝑚; 𝑗 = 1,2, … , 𝑛}. 

Clearly the vertices (𝑢1, 𝑣𝑗) ∈ 𝑉 − 𝐻 are adjacent to (𝑢2 , 𝑣𝑗) ∈ 𝐻 and (𝑢𝑚, 𝑣𝑗) ∈ 𝑉 − 𝐻 are 

adjacent to (𝑢𝑚−1 , 𝑣𝑗) ∈ 𝐻. 

Subcase i: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑗) ∈ 𝑉 − 𝐻 where               

𝑗 = 1,2, … , 𝑛. 

Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑗) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−1 , 𝑣𝑗)(𝑢𝑚 , 𝑣𝑗) 

in    𝐺1 ◻ 𝐺2  whose internal vertices are in 𝐻. 

Subcase ii: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 ≠ 𝑘. 

Then (𝑢1 , 𝑣𝑗) , (𝑢1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗)(𝑢2 , 𝑣𝑗+1) 

… (𝑢2 , 𝑣𝑘)(𝑢1 , 𝑣𝑘) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 𝐻. 

Subcase iii: For any pair of non-adjacent vertices (𝑢𝑚 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 ≠ 𝑘. 

Then (𝑢𝑚 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path  (𝑢𝑚 , 𝑣𝑗) (𝑢𝑚−1 , 𝑣𝑗)(𝑢𝑚−1 , 𝑣𝑗+1) … 

(𝑢𝑚−1 , 𝑣𝑘)(𝑢𝑚 , 𝑣𝑘) in 𝐺1 ◻ 𝐺2  whose the internal vertices are in 𝐻. 

Subcase iv: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 < 𝑘. 

Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−1 , 𝑣𝑗) 

(𝑢𝑚−1 , 𝑣𝑗+1) … (𝑢𝑚−1 , 𝑣𝑘−1)(𝑢𝑚−1 , 𝑣𝑘)(𝑢𝑚 , 𝑣𝑘) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 

𝐻. 

Subcase v: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 > 𝑘. 
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Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−1 , 𝑣𝑗) 

(𝑢𝑚−1 , 𝑣𝑗−1) … (𝑢𝑚−1 , 𝑣𝑘+1)(𝑢𝑚−1 , 𝑣𝑘)(𝑢𝑚 , 𝑣𝑘) in 𝐺1 ◻ 𝐺2  whose internal vertices are in 

𝐻. 

Hence 𝐻 is a hub dominating set. 

|𝐻| = |𝑉2| (|𝑉1| − 2) 

= 𝑛(𝑚 − 2) 

= 𝑚𝑛 − 2𝑛 

Case iii: 𝑚 = 𝑛 

From case i and case ii we get, 

|𝐻| = 𝑛 × 𝑛 − 2𝑛 

= 𝑛2 − 2𝑛 

Hence,  𝛾ℎ(𝐺1 ◻ 𝐺2) =  {

𝑚𝑛 − 2𝑚  𝑓𝑜𝑟 𝑚 > 𝑛
𝑚𝑛 − 2𝑛  𝑓𝑜𝑟 𝑚 < 𝑛 

𝑛2 − 2𝑛  𝑓𝑜𝑟 𝑚 = 𝑛
  where 𝐺1 is a path graph 𝑃𝑚 or 

cycle graph 𝐶𝑚 and 𝐺2 is a path graph 𝑃𝑛 or cycle graph 𝐶𝑛 for any 𝑚 , 𝑛 > 2. 

Theorem 3.3 If 𝐺 is a path graph 𝑃𝑛 or cycle graph  𝐶𝑛 then 𝛾ℎ(𝐺 ◻ 𝐾𝑚) = 𝑛, where 𝐾𝑚 is 

the complete graph with 𝑚 vertices. 

Proof: 

Let 𝐺 ◻ 𝐾𝑚 be the graph with vertex set 𝑉 = 𝑉1 × 𝑉2 where 𝑉1 is the vertex set of 𝑃𝑛 

or 𝐶𝑛 and 𝑉2 is the vertex set of 𝐾𝑚. We claim 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 1 ≤ 𝑖 ≤ 𝑛 , 𝑗 = 1} 

is a hub dominating set of 𝐺 ◻ 𝐾𝑚.Now, 𝑉 − 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 1 ≤ 𝑖 ≤ 𝑛 , 2 ≤ 𝑗 ≤

𝑚}. Clearly, every vertex (𝑢𝑖  , 𝑣𝑗) ∈ 𝑉 − 𝐻 is adjacent to (𝑢𝑖  , 𝑣1) ∈ 𝐻. Hence, (𝑢𝑖 , 𝑣1) ∈ 𝐻 

dominates all the vertices (𝑢𝑖  , 𝑣𝑗) ∈   𝑉 − 𝐻. 

Case i : For any pair of non-adjacent vertices (𝑢𝑖  , 𝑣𝑗) , (𝑢𝑖 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where 1 ≤ 𝑖 ≤  𝑛 , 

2 ≤ 𝑗 , 𝑘 ≤ 𝑚 , 𝑗 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣𝑗) , (𝑢𝑖 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣𝑗)(𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣𝑘) in 𝐺 ◻ 𝐾𝑚 

whose internal vertices are in 𝐻. 
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Case ii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 where 1 ≤ 𝑖, 𝑘 ≤ 𝑛, 

𝑖 < 𝑘 and 2 ≤ 𝑗, 𝑙 ≤ 𝑚. 

Then (𝑢𝑖  , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣𝑗)(𝑢𝑖  , 𝑣1)(𝑢𝑖+1 , 𝑣1) 

… (𝑢𝑘 , 𝑣1)(𝑢𝑘 , 𝑣𝑙) in 𝐺 ◻ 𝐾𝑚 whose internal vertices are in 𝐻. 

Case iii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 where 1 ≤ 𝑖, 𝑘 ≤

𝑛, 𝑖 > 𝑘 and 2 ≤ 𝑗, 𝑙 ≤ 𝑚. 

Then (𝑢𝑖  , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣𝑗)(𝑢𝑖  , 𝑣1)(𝑢𝑖−1 , 𝑣1) 

… (𝑢𝑘 , 𝑣1)(𝑢𝑘 , 𝑣𝑙) in 𝐺 ◻ 𝐾𝑚 whose internal vertices are in 𝐻. 

Clearly, 𝐻 is a hub dominating set with n elements. Hence, 𝛾ℎ(𝐺 ◻ 𝐾𝑚) = 𝑛 , where 

𝐺 is 𝑃𝑛 or 𝐶𝑛. 

Theorem 3.4 If 𝐺 is the cycle graph 𝐶𝑛  then for any > 3 , 

𝛾ℎ(𝐿(𝑃𝑚) ◻ 𝐺) =  {
𝑚𝑛 − 2𝑚 − 𝑛 + 2  𝑓𝑜𝑟  𝑚 > 𝑛
𝑚𝑛 − 3𝑛                  𝑓𝑜𝑟 𝑚 ≤ 𝑛

. 

Proof: 

Let 𝐿(𝑃𝑚) ◻ 𝐺 be the graph with vertex set 𝑉 = 𝑉1 × 𝑉2 where 𝑉1 is the vertex set of 

𝐿(𝑃𝑚) with 𝑚 − 1 vertices and 𝑉2 is the vertex set of 𝐶𝑛  with 𝑛 vertices. 

Case i: 𝑚 > 𝑛 

We claim, 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑚 − 1; 2 ≤ 𝑗 ≤ 𝑛 − 1} is a hub 

dominating set of 𝐿(𝑃𝑚) ◻ 𝐺. Now, 𝑉 − 𝐻 =  {(𝑢𝑖  , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑚 − 1; 𝑗 =

1 , 𝑛}. Clearly the vertices (𝑢𝑖, 𝑣1) ∈ 𝑉 − 𝐻 are adjacent to (𝑢𝑖 , 𝑣2) ∈ 𝐻 and (𝑢𝑖, 𝑣𝑛) ∈ 𝑉 −

𝐻 are adjacent to (𝑢𝑖 , 𝑣𝑛−1) ∈ 𝐻. 

Subcase i: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 − 1 and 𝑖 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣1)(𝑢𝑖 , 𝑣2)(𝑢𝑖+1 , 𝑣2) 

… (𝑢𝑘 , 𝑣2)(𝑢𝑘 , 𝑣1) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 𝐻. 

Subcase ii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑛) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 − 1 and 𝑖 ≠ 𝑘. 
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Then (𝑢𝑖  , 𝑣𝑛) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path  (𝑢𝑖  , 𝑣𝑛) (𝑢𝑖 , 𝑣𝑛−1)(𝑢𝑖+1 , 𝑣𝑛−1) 

 … (𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 𝐻. 

Subcase iii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 − 1 and 𝑖 < 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−1) 

(𝑢𝑖+1 , 𝑣𝑛−1) … (𝑢𝑘−1 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 

𝐻. 

Subcase iv: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑚 − 1 and 𝑖 > 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−1) 

(𝑢𝑖−1 , 𝑣𝑛−1) … (𝑢𝑘+1 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛−1)(𝑢𝑘 , 𝑣𝑛) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 

𝐻. 

Hence 𝐻 is a hub dominating set. 

     |𝐻| = |𝑉1| (|𝑉2| − 2) 

            = (𝑚 − 1)(𝑛 − 2) 

                                                       = 𝑚𝑛 − 2𝑚 − 𝑛 + 2 

 

Case ii: 𝑚 ≤ 𝑛 

We claim, 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶  2 ≤ 𝑖 ≤ 𝑚 − 2, 𝑗 = 1,2, … , 𝑛} is a hub 

dominating set of 𝐿(𝑃𝑚) ◻ 𝐺. Now, 𝑉 − 𝐻 =  {(𝑢𝑖  , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1, 𝑚 − 1; 𝑗 =

1,2, … , 𝑛}. Clearly the vertices (𝑢1, 𝑣𝑗) ∈ 𝑉 − 𝐻 are adjacent to (𝑢2 , 𝑣𝑗) ∈ 𝐻 and 

(𝑢𝑚−1, 𝑣𝑗) ∈ 𝑉 − 𝐻 are adjacent to (𝑢𝑚−2 , 𝑣𝑗) ∈ 𝐻. 

Subcase i: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑗) ∈ 𝑉 − 𝐻 where               

𝑗 = 1,2, … , 𝑛. 

Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑗) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−2 , 𝑣𝑗) 

(𝑢𝑚−1 , 𝑣𝑗)  in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 𝐻. 
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Subcase ii: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 ≠ 𝑘. 

Then (𝑢1 , 𝑣𝑗) , (𝑢1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗)(𝑢2 , 𝑣𝑗+1) 

… (𝑢2 , 𝑣𝑘)(𝑢1 , 𝑣𝑘) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 𝐻. 

Subcase iii: For any pair of non-adjacent vertices (𝑢𝑚−1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 ≠ 𝑘. 

Then (𝑢𝑚−1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path  (𝑢𝑚−1 , 𝑣𝑗) (𝑢𝑚−2 , 𝑣𝑗) 

(𝑢𝑚−2 , 𝑣𝑗+1) … (𝑢𝑚−2 , 𝑣𝑘)(𝑢𝑚−1 , 𝑣𝑘) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices are in 𝐻. 

Subcase iv: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 < 𝑘. 

Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−2 , 𝑣𝑗) 

(𝑢𝑚−2 , 𝑣𝑗+1) … (𝑢𝑚−2 , 𝑣𝑘−1)(𝑢𝑚−2 , 𝑣𝑘)(𝑢𝑚−1 , 𝑣𝑘) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices 

are in 𝐻. 

Subcase v: For any pair of non-adjacent vertices (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where               

𝑗 , 𝑘 = 1,2, … , 𝑛 and 𝑗 > 𝑘. 

Then (𝑢1 , 𝑣𝑗) , (𝑢𝑚−1 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢1 , 𝑣𝑗)(𝑢2 , 𝑣𝑗) … (𝑢𝑚−2 , 𝑣𝑗) 

(𝑢𝑚−2 , 𝑣𝑗−1) … (𝑢𝑚−2 , 𝑣𝑘+1)(𝑢𝑚−2 , 𝑣𝑘)(𝑢𝑚−1 , 𝑣𝑘) in 𝐿(𝑃𝑚) ◻ 𝐺 whose internal vertices 

are in 𝐻. 

Hence 𝐻 is a hub dominating set. 

|𝐻| = |𝑉2| (|𝑉1| − 2) 

                                                                = 𝑛(𝑚 − 1 − 2) 

                                                                = 𝑛(𝑚 − 3) 

                                                                 = 𝑚𝑛 − 3𝑛 

Thus, 𝛾ℎ(𝐿(𝑃𝑚) ◻ 𝐺) =  {
𝑚𝑛 − 2𝑚 − 𝑛 + 2  𝑓𝑜𝑟 𝑚 > 𝑛
𝑚𝑛 − 3𝑛                  𝑓𝑜𝑟  𝑚 ≤ 𝑛

  where 𝐺 is  𝐶𝑛  , ∀ 𝑚 > 3. 

Theorem 3.5 γh(𝐿(𝑃𝑚) ◻ 𝐾𝑛) = 𝑚 − 1 where 𝐿(𝑃𝑚) is the line graph of the path graph 𝑃𝑚 

and 𝐾𝑛 is the complete graph with 𝑛 vertices. 
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Proof: 

Let 𝐺 be the cartesian product graph 𝐿(𝑃𝑚) ◻ 𝐾𝑛 with vertex set 𝑉 = 𝑉1 × 𝑉2 where 

𝑉1 is the vertex set of 𝐿(𝑃𝑚) with 𝑚 − 1 vertices and 𝑉2 is the vertex set of 𝐾𝑛 with 𝑛 

vertices. We claim 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 1 ≤ 𝑖 ≤ 𝑚 − 1 , 𝑗 = 1} is a hub dominating set 

of 𝐺. Now, 𝑉 − 𝐻 =  {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 1 ≤ 𝑖 ≤ 𝑚 − 1 , 2 ≤ 𝑗 ≤ 𝑛}. Clearly, every 

vertex (𝑢𝑖  , 𝑣𝑗) ∈ 𝑉 − 𝐻 is adjacent to (𝑢𝑖  , 𝑣1) ∈ 𝐻. Hence, (𝑢𝑖 , 𝑣1) ∈ 𝐻 dominates all the 

vertices (𝑢𝑖  , 𝑣𝑗) ∈ 𝑉 − 𝐻. 

Case i: For any pair of non-adjacent vertices (𝑢𝑖  , 𝑣𝑗) , (𝑢𝑖 , 𝑣𝑘) ∈ 𝑉 − 𝐻 where                  

1 ≤ 𝑖 ≤  𝑚 − 1 , 2 ≤ 𝑗 , 𝑘 ≤ 𝑛 , 𝑗 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣𝑗) , (𝑢𝑖 , 𝑣𝑘) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣𝑗)(𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣𝑘) in 𝐺 whose 

internal vertices are in 𝐻. 

Case ii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 where                  

1 ≤ 𝑖, 𝑘 ≤ 𝑚 − 1 , 𝑖 < 𝑘 and 2 ≤ 𝑗, 𝑙 ≤ 𝑛. 

Then (𝑢𝑖  , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣𝑗)(𝑢𝑖  , 𝑣1)(𝑢𝑖+1 , 𝑣1) 

… (𝑢𝑘 , 𝑣1)(𝑢𝑘 , 𝑣𝑙) in 𝐺 whose internal vertices are in 𝐻. 

Case iii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 where                  

1 ≤ 𝑖, 𝑘 ≤ 𝑚 − 1, 𝑖 > 𝑘 and 2 ≤ 𝑗, 𝑙 ≤ 𝑛. 

Then (𝑢𝑖  , 𝑣𝑗), (𝑢𝑘 , 𝑣𝑙) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣𝑗)(𝑢𝑖  , 𝑣1)(𝑢𝑖−1 , 𝑣1) 

… (𝑢𝑘 , 𝑣1)(𝑢𝑘 , 𝑣𝑙) in 𝐺 whose internal vertices are in 𝐻. 

Clearly, 𝐻 is a hub dominating set with  𝑚 − 1  elements. Hence, 𝛾ℎ(𝐿(𝑃𝑚)  ◻ 𝐾𝑛) =

𝑚 − 1. 

Theorem 3.6 For all  n > 3 , γh(𝑃𝑛 ◻ 𝐿(𝑃𝑛)) = 𝑛2 − 3𝑛 where 𝐿(𝑃𝑛) is the line graph of the 

path graph 𝑃𝑛. 

Proof: 

Let 𝐺 be the cartesian product graph 𝑃𝑛 ◻ 𝐿(𝑃𝑛) with vertex set 𝑉 = 𝑉1 × 𝑉2, where 

𝑉1 is the vertex set of 𝑃𝑛 with 𝑛 vertices and 𝑉2 is the vertex set of 𝐿(𝑃𝑛) with 𝑛 − 1 vertices. 

We claim, 𝐻 = {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑛 , 2 ≤ 𝑗 ≤ 𝑛 − 2} is a hub dominating set 



Journal of Computational Analysis and Applications                                                                             VOL. 33, NO. 2, 2024  
                                                                                                                            10.48047/jocaaa.2024.33.02.28 

                                                                                                   2034                            T. ANITHA BABY et al 2025-2035 

 

of 𝐺. Now, 𝑉 − 𝐻 =  {(𝑢𝑖 , 𝑣𝑗) ∈ 𝑉1 × 𝑉2 ∶ 𝑖 = 1,2, … , 𝑛 , 𝑗 = 1 , 𝑛 − 1}. Clearly the vertices 

(𝑢𝑖, 𝑣1) ∈ 𝑉 − 𝐻 are adjacent to (𝑢𝑖 , 𝑣2) ∈ 𝐻 and (𝑢𝑖, 𝑣𝑛−1) ∈ 𝑉 − 𝐻 are adjacent to 

(𝑢𝑖 , 𝑣𝑛−2) ∈ 𝐻. 

Case i: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑖  , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 where               

𝑖 = 1,2, … , 𝑛. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑖 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖 , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−2) 

(𝑢𝑖 , 𝑣𝑛−1)  in 𝐺 whose internal vertices are in 𝐻. 

Case ii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑛 and 𝑖 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣1)(𝑢𝑖 , 𝑣2)(𝑢𝑖+1 , 𝑣2) … 

(𝑢𝑘 , 𝑣2)(𝑢𝑘 , 𝑣1) in 𝐺 whose internal vertices are in 𝐻. 

Case iii: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣𝑛−1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑛 and 𝑖 ≠ 𝑘. 

Then (𝑢𝑖  , 𝑣𝑛−1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 has a path  (𝑢𝑖 , 𝑣𝑛−1) (𝑢𝑖 , 𝑣𝑛−2) 

(𝑢𝑖+1 , 𝑣𝑛−2) … (𝑢𝑘 , 𝑣𝑛−2)(𝑢𝑘 , 𝑣𝑛−1) in 𝐺 whose internal vertices are in 𝐻. 

Case iv: For any pair of non-adjacent vertices (𝑢𝑖 , 𝑣1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑛 and 𝑖 < 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−2) 

(𝑢𝑖+1 , 𝑣𝑛−2) … (𝑢𝑘−1 , 𝑣𝑛−2)(𝑢𝑘 , 𝑣𝑛−2)(𝑢𝑘 , 𝑣𝑛−1) in 𝐺 whose internal vertices are in 𝐻. 

Case v: For any pair of non-adjacent vertices (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 where               

𝑖 , 𝑘 = 1,2, … , 𝑛 and 𝑖 > 𝑘. 

Then (𝑢𝑖  , 𝑣1) , (𝑢𝑘 , 𝑣𝑛−1) ∈ 𝑉 − 𝐻 has a path (𝑢𝑖  , 𝑣1)(𝑢𝑖 , 𝑣2) … (𝑢𝑖 , 𝑣𝑛−2) 

(𝑢𝑖−1 , 𝑣𝑛−2) … (𝑢𝑘+1 , 𝑣𝑛−2)(𝑢𝑘 , 𝑣𝑛−2)(𝑢𝑘 , 𝑣𝑛−1) in 𝐺 whose internal vertices are in 𝐻. 

Hence 𝐻 is a hub dominating set. 

|𝐻| = |𝑉1| (|𝑉2| − 2) 

                                                                 = 𝑛(𝑛 − 1 − 2) 

                                                                 = 𝑛(𝑛 − 3) 
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                                                                 = 𝑛2 − 3𝑛 

Thus, γh(𝑃𝑛 ◻ 𝐿(𝑃𝑛)) = 𝑛2 − 3𝑛 ∀ 𝑛 > 3. 

CONCLUSION 

 In this paper. we have found the hub domination number of cartesian product of 

various graphs. The topics of further research on finding includes the suggestion on finding 

the bounds on hub domination number of graphs and also finding the hub domination number 

for line graphs, middle graphs, jump graphs, etc. 
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