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ABSTRACT.In this article, we introduce a new generalized multifarious radical reciprocal func- 

tionalequationbygeneralizingtheequationemployedbyNarasimmanetal.in[5]andcombining three 

classical Pythagorean means arithmetic, geometric and harmonic.Also, we illustrate the 

geometrical interpretation.Mainly, we find its general solution and stabilities related to Ulam 

problem in modular spaces by using fixed point approach. 

 

 

1. INTRODUCTIONANDPRELIMINARIES 

 
Inthedevelopmentofbroadfieldfunctionalequations,wecomeacrossingvarioustypeslike 

additive,quadratic,cubicandsoon.Inrecentresearchmanyresearchersmodeledfunctional 
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equationsfromphysicalphenomena.Inparticular,bygeometricalconstructionauthorsintro- duced 

remarkable reciprocal type functional equations. 

In2010,RaviandSenthilKumar[6]introducedfunctionalequationofreciprocaltype 

s(z)s(w) 

 
withsolutions(z)=c. 

s(z+w)=  
 

s(z) + s(w) 
. (1.1) 

In 2014, Bodaghi and Kim[1] introduced the quadratic reciprocal functional equation, 
whichwas generalized by Song andSong citeAM. 

In2015,Narasimman,RaviandPinelas[5]introducedtheradicalreciprocalquadraticfunc- tional equation 

s 
2
z2+w2 =

s(z)s(w)
,z,w (0, ), (1.2) 

s(z) + s(w) 

which is satisfied bys(z)=c.Also, they provided the solution and stability of (1.2) with 

geometrical interpretation and application. 

For the necessary introduction on stability related to Ulam problem and the notion of modular 

spaces one can refer to [3,7,8,9,10,12]. 

 
2. MAINRESULTS 

 
Definition 2.1.A reciprocal functional equation is a functional equation with solution of the 

form1.Whens(z) =z,z2,z3...we have various type of reciprocal functional equations like 

reciprocal additive, reciprocal quadratic, reciprocal cubic and soon. 

Definition 2.2.Pythagorean means [3] The three classical Pythagorean means are the arithmetic 

mean(AM),thegeometricmean(GM),andtheharmonicmean(HM),whicharedefinedby 

1 
AM(a1,a2,...,an)=

n
(a1+...+an), 

GM(a1,a2,...,an)=
√
na1+...+an, 

n 
HM(a1,a2,...,an)= 1+...+1

. 

a1 an 

Definition 2.3.AfunctionalequationswhicharearisenfromtherelationsbetweenthreePythagorean 

means(arithmetic,geometricandharmonic)areknownasPythagoreanmeanfunctionalequa- tions. 

Definition2.4.A reciprocal Pythagorean mean functional equation which shall possess the nature 

of any type of functional equation like additive, quadratic, cubic and so on is said to be a 

multifarious reciprocal Pythagorean mean functional equation. 
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1 2 3 s(z1)s(z2)+s(z2)s(z3)+s(z1)s(z3) 

zm 1 2 3 

i=1zi, z2 i=1zi,···,zp i=1zi 

Inthispaper,usingPythagoreanmeans,weintroducethenewgeneralized2−dimensionaland 

3−dimensionalmultifariousradicalreciprocalfunctionalequations. 

Thefollowing2−dimensionaland3−dimensionalmultifariousradicalreciprocalfunctional equations 
are obtained by generalizing (1.1) and (1.2) 

s(z)s(w) 
s z +w = , (2.3) 

s(z) + s(w) 
 

sm
√

z m +zm+zm= 
s(z1)s(z2)s(z3) 

 
, (2.4) 

whicharesatisfiedbys(z)=c,forallz,w,z,z,z∈(0,∞),m∈N.Observethatifm=1 
andm=2in(2.3),wehave(1.1)and(1.2),respectively.Further,ifm=3,4,···in(2.3),then 
wehavevarioustypeoffunctionalequations.Hencethefunctionalequation(2.3)isknownas 
twodimensionalmultifariousradicalreciprocalfunctionalequation.Bysimilarargument,(2.4) is 

known as three dimensional multifarious radical reciprocal functional equation. 

 
Geometricalconstructionandgeometricalinterpretationofmultifariousradical reciprocal 

functional equations.Geometric construction of three Pythagorean means of two variables can 

be constructed geometrically as showed in Figure1.Geometric construction of geometric mean 

of three variables are not possible but the other Pythagorean means can be constructed for any 

number of variables, one can refer [4,11]. 

 

FIGURE1.Pythagoreanmeansofaandb.Aisthearithmeticmean,Histhe harmonic mean 

and G is the geometric mean. 

 

TherelationsbetweenthreePythagoreanmeansofp−objectsz1,z2,··· ,zparerepresentedby the 
following equation 

 

H(z1,z2,···,zp)= 

 

1Qp 
 

 

G(z1,z2,···,zp)p 
1Qp 

 
 

 

1Qp 
 

 

. (2.5) 

 
ConsidertwospheresS1andS2ofradiir1andr2withr1>r2,whicharelocatedalongthe 

x−axiscenteredatC1(0,0,0)andC2(d,0,0),respectively. 

z1 A 
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2   

z1+z2 

C2C1 

z2 = 

wm 

zm 

A i=1zi, z2 i=1zi 

zm 

 

 

 

FIGURE2.IntersectingtwospheresS1andS2. 

 

WecanshowthatthelengthofC2C1isz1+z2 whichisthearithmeticmeanofz1andz2.We 
√ 

canfindthelengthAC1,usingPythagoras’theorem,isthegeometricmean z1z2ofz1andz2. 
Also,wecanobtainthelengthHC1is2z1z2,whichistheharmonicmeanofz1andz2,since 

C2AC1andAHC1aresimilar. 
AC2 

FromFigure2,wehavetheequalityHC1= 1,thatis 

G(z1,z2)2 
H(z1,z2)= 1Q2 1

Q2 
, (2.6) 

 

whichistheparticularcaseof(2.5)byassumingp=2andwhichimplies 
 

1 
1+1 

= 
z1z2 

z1+z2 . (2.7) 
z1 z2 

Assumingz1=1andz2=1in(2.7),weobtain 
z w 

1 
 

 

z+w 

 

11 

=zw. (2.8) 
1+1 

z w 

Inthatcase,(1.1)isvalidby(2.8),whichissatisfiedbys(z)=c.Assumingz1=1andz2=1 

in(2.7)leads 
z 

 

1  11 

z2 w2 

z2+w2 =z2w2
. (2.9) 

1+1 
z2 w2 

Inthatcase(1.2)isvalidby(2.9),whichissatisfiedbys(z)=c.Ingeneral,assumingz1 1 

andz2 =1in(2.7),wehave  
1 

 
 

zm+wm 

 
1 1 

=zmwm
. (2.10) 
1+1 

zm wm 

Inthatcase,(2.3)isvalidby(2.10),whichissatisfiedbys(z)=c. 

z1 
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1 
z2 

zm zm zm 

= 
1 2 3 . (2.16) 

z z 

z 

zm 

2 3 2 

1 2 3 2 

1 s(z1)s(z2)+s(z2)s(z3)+s(z1)s(z3) 

2 
s(z1−d)s(z2)+s(z2)s(z3)+s(z1−d)s(z3) 

InFigure2,ABisthediameterofcommoncircle.Thecommoncircleisthesolutionofthe system 

z2+z2+z2=r2, (2.11) 
1 2 3 1 

(z1−d)2+z2+z2=r2, 

whichimplies 

1 1 

z2+z2+z2=
r2

, (2.12) 
1 2 3 1 

1 1 

(z−d)2+z2+z2=r2. 

Thesystem(2.12)canbeexpressedbyradicalreciprocalquadraticfunctionalequationsofthe form 

 s(z)s(z)s(z)  
sr = , (2.13) 

sr2=
 s(z1−d)s(z2)s(z3) 

, 
 

forz1,z2,z3,r1,r2∈(0,∞), whichissatisfiedbys(z1)=candthedenominatorsarenotequal 

tozero.Also,observethattheequation(2.13)istheparticularcaseof(2.4)form=2.By assuming p = 3 in 

(2.5), we obtain 

 

H(z1,z2,z3)= 
 

1
Q3 

G(z1,z2,z3)3 
1
Q3 

 

1
Q3 

 
, (2.14) 

 
whichgives 

Az1 i=1zi, z2 i=1zi, z3 i=1zi 

1 
1+1+1 

= 
z1z2z3 

z2z3+ z1z3+z1z2 . (2.15) 
z1 z2 z3 

Assumingz1 =1,z2 
1 

=1andz3 
2 

=1in(2.15),wehave 
3 

1 
 

 zm+zm+zm 

111 

 
zmzmzm 

1+1+1 
1 2 3 m m m 

1 2 3 

Inthatcase(2.4)isvalidby(2.16),whichissatisfiedbys(z)=c. 
1 m 

1 

 
3. GENERALSOLUTIONOFTHEMULTIFARIOUSRADICALRECIPROCALFUNCTIONALEQUATIONS 

 
The following theorems give the solution of(2.3) and(2.4) through motivated by the work ofGer 

[?]. 
 

Theorem3.1.Ageneralsolutionof(2.3)iss(z)=c s(z) 
1 
zm 

aquotientatzero. 

z 

;z∈(0,∞)with 
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Proof.Assumingz,w=zin(2.3),wehave 

s(
m
√ 

forallz∈(0,∞).Assuming 

 

 

2z)= 

 
1 
s(z) 

2 

 

 
(3.17) 

 

 

forallz∈(0,∞),wehave 

g(z)= 
s(z) 
1, (3.18) 

m 

z2 

lim
+g(z) 

z→0 1=:c R 
m 

z2 

forallz (0, ).Dividing(3.17)by1,weobtain 
z2 

s(m
√

2z )  1s(z) 
  2  

√
2 

= 1, (3.19) 
m m 

2z2 z2 

forallz∈(0,∞).Using(3.18)in(3.19),wehave 

m
√  1 

g( 2z)=√
2

g(z), (3.20) 

forallz∈(0,∞).Replacingzby 
z in(3.20),weget 

2 

√
2g(z)=g 

z 

m
√

2 
. (3.21) 

Again,replacingzby 
z in(3.21),wehave 

2 

(
√

2)2g(z)=g 
 z  

(m
√

2)2 
, (3.22) 

forallz∈(0,∞).Continuingthesameprocessktimes,weobtain 
 

 

forallz∈(0,∞). 

Now, 

(
√

2)k g(z)=g 
 z  

(m
√

2)k 
, (3.23) 

g(z) 
1 
m 

z2 

(
√

2)kg(z) 
=

(
√

2)k1 

z2 

1 
 

(m2)k 

= 
(
√
2)k 

m 

z2 

 

→c as k→∞, 

forallz∈(0,∞).Eq.(3.18)impliesthat 
1 

 
1 1 c 

s(z) =
z

mg(z) =
z

m
z

mc=
zm 

forallz∈(0,∞).Thiscompletestheproof.  
 

Theorem3.2.Ageneralsolutionof(2.4)iss(z)=c 
s(z) 
1 
zm 

aquotientatzero. ;z∈(0,∞)with 

√ 

g z
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m 
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√ 

   

   

m 

√ 

2 2 2 

→ 
1 

m 

m 

 

 

Proof.Assumingz1,z2,z3=zin(2.4),we have 

s(m
√

3z)= 
 
andassuming 

 
1 
s(z), 

3 

 

 
(3.24) 

 

 
weobtain 

h(z)= 
 

 
h(z) 

s(z) 
1, (3.25) 

m 

z2 

 

 
Dividing(3.24)by1,weget z2 

lim 
z0+ m 

z2 

=:c∈R. 

s(m
√

3z )  1s(z) 
  3  

√
3 

= 1, (3.26) 
m m 

3z2 z2 

andsubstituting(3.25)in(3.26),weobtain 

m
√  1 

 
andreplacingzby 

h( 

 
z in(3.27),wehave 

3 

√  

3z)=√
3

h(z), (3.27) 

 

 

z
 

 
Again,replacingzby 

3h(z)=h 

 
z in(3.28),weget 

3 

m
√

3 
. (3.28) 

(
√

3)2h(z)=h 
 z  

(m
√

3)2 

 
, (3.29) 

forallz∈(0,∞).Continuingthesameprocessktimes,wehave 
 
 

 

forallz∈(0,∞).Now, 

(
√

3)k h(z)=h 
 z  

(m
√

3)k 
, (3.30) 

 
h(z) 

1 
m 

z2 

(
√

3)kh(z) 
=

(
√

3)k1 

z2 

1 
(m3)k 

= 
(
√
3)k 

m 

z2 

 

→c as k→∞, 

forallz∈(0,∞).Eqs.(3.25)and(3.30)implythat 

1 1 1 c 
s(z)=

z
mh(z)=

z
m

z
mc=

zm 

forallz∈(0,∞).Thiscompletestheproof.  

 

Inthefollowingtheorem,weobtaingeneralsolutionof(2.3)and(2.4)byderivativemethod. 

√ 

h z
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zm 

zm 

2 

zm 

    

( 2) ( 3) z =
2k(m

√
2)k(3)l(m

√
3) l

s(z) 

Theorem3.3.Lets:(0,∞)→ Rbeacontinuouslydifferentiablefunctionwithnowherevan- 

ishingderivativessr.Thensyieldsasolutiontothefunctionalequation(2.3)ifandonlyifthere 

existsanonzerorealconstantcsuchthats(z)=c,z ∈(0,∞). 

 
Proof.Differentiating(2.3)withrespecttozonbothside,weget 

rm
√  

 

(z)m—1 sr(z)s(w)
h

s(z)+s(w)
i
−s(z)s(w)

h
sr(z)

i 

s( zm+wm) 
(m
√

z m +wm)m—1
= 2 

s(z) + s(w) 
. (3.31) 

Assumingz,w=zin(3.31),weobtain 

rm
√  1 r 

s( 2z)=
2m

√
2

s(z), (3.32) 

andsettingz=m
√

2 zandw=zin(3.31) andmakinguseof (3.17)and(3.32),weget 

rm
√  1 r 

s( 3z)=
(3)m

√
3

s(z) (3.33) 

forallz∈(0,∞).Bymakinguseof(3.32)and(3.33),wehave 

rm
√

km
√

l  1 1 r 

forallintegersk,l.Wederiveitslinearitybyassumingλ=(m
√

2)k (m
√

3) landz=1, 

sr(λ)=sr(1) 
1 

(λ)m+1 

forλ∈(0,∞).Therefore,thereexistrealnumbersc/=0,dsuchthats(z)=c+dforz∈(0,∞). 

Notethatwehaved=0becauseoftheequalitys(m
√

2z )=1s(z)validforallpositivez.This 

completestheproof.  

 

Theorem3.4.Lets:(0,∞)→ Rbeacontinuouslydifferentiablefunctionwithnowherevan- 

ishingderivativessr.Thensyieldsasolutiontothefunctionalequation(2.4)ifandonlyifthere 

existsanonzerorealconstantcsuchthats(z)=c,z ∈(0,∞). 

 

Proof.Differentiating(2.4)withrespecttoz1onbothside,weobtain 

rm
√

m m (z1)m—1 
rm

q
m m (z1)m—1 

s( z1+z2)
(m
√

z m +zm)m—1
+s( z1+zp+1)

( m
√

z m +zm)m—1 
(3.34) 

1 2 

sr(z1)(s(z2))2 sr(z1)(s(zp+1))2 

1 p+1 

=
(s(z)+s(z))2

+
(s(z)+s(z ))2

, 

1 

and(3.24)implies 

2 1 

 

rm
√  

p+1 

 
1 r 

s( 2z)=
2m

√
2

s(z). (3.35) 

s 
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2 

( 2) ( 3)z =
2k(m

√
2)k3l(m

√
3)l

s(z), 

Assumingz1=zandz2=zp+1=
m
√

2 z in(3.34)andmakinguseof(3.24)and(3.35),weget 

rm
√  1 r 

s( 3z)=
3m

√
3

s(z), (3.36) 

andfrom(3.35)and(3.36),weget 

rm
√

km
√

l  1 1 r 

 

forallintegersk,l.Wederiveitslinearitybyassumingλ=(m
√

2)k (m
√

3) landz=1, 

sr(λ)=sr(1) 
1 

(λ)m+1 

forλ∈(0,∞).Therefore,thereexistrealnumbersc/=0,dsuchthats(z)=c+dforz∈(0,∞). 

Notethat we have tohave d=0because ofthe equalitys(m
√

2z )=1s(z) exists.This completes 

theproof.  

 

 

4. GENERALIZEDHYERS-ULAMSTABILITYOFTWODIMENSIONALMULTIFARIOUSFUNCTIONAL 

EQUATION 

 
This section deals the generalized Hyers-Ulam stability of two dimensional multifarious func-

tional equation (2.3) in modular spaces by making use of fixed point approach. 

 

Theorem4.1.Consideramappingη:M2→[0,+∞)with 

1 k k lim 
 (4.37) 

 

 
and 

k→∞1k (2)mz,(2)m w =0, 

 
1 1 

η(2)mz,(2)mw 

1 
≤

2
ψη{z,w},∀z,w∈M, 

(4.38) 

forψ<1.Assumethats:M→Zξfulfills 

ξ(M1s(z,w))≤η(z,w), (4.39) 

forallz,w∈M.Inthatcase,thereisauniquereciprocalmappingR:M→Zξsuchthat 

1 

ξ(R(z)−s(z))≤1(1−ψ)
η(z,z),∀z∈M. (4.40) 

2 

s 

η 
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k 

≤ 
 Σ 

2 

1(2)mη 
2 

(2)mz,(2)m w ≤(2)mψη(z,w), 

! 

— — 

! 
Σ k 

1 

Proof.AssumeN=ξranddefineξronNas, 
 

1 1 

ξr(q)=:inf{(2)m>0:ξ(h(j))≤(2)mη(z,w),∀z∈M}. 

One can easily prove that ξris a convex modular with Fatou property on Nand Nξ′is ξ−complete, 

see[2].Considerthefunctionσ : Nξ′→Nξ′definedby 

σq(z)= 
1 1 

q(2mz), (4.41) 
2 

1 1 

forallz∈Mandq∈Nξ′.Letq,r∈Nξ′and(2)m∈[0,1]withξr(q−r)<(2)m.Bydefinition 

ofξr,weget 
 

1 

ξ(q(z)−r(z))≤(2)mη(z,w),∀z,w∈M. (4.42) 

Bymakinguseof(4.38)and(4.42),weget 
 

1 
q((2)m z) 

 
1 

r((2)mz) 1 1  1 

ξ 
1 1 

2 2 

1 1 1 

1ξq((2)mz) r((2)mz) 
2 

1 
 

1 
  

 

forallz,w∈M.Inthatcase,σisaξr−contractionand(4.39)implies 
1 

s((2)mz) 
ξ 1 

2 
—s(z)

!

≤ 

1 
1η(z,z),∀z∈M, (4.43) 

 

 

1 

andreplacingzby(2)mzin(4.43),weget 
2 

! 
1 1 

s((2)mz) 
ξ 1 

2 

1 

— s((2)mz) 
η((2)mz,(2)mz) 

 

 

1 
2 

,∀z∈M. (4.44) 

Bymakinguseof(4.43)and(4.44),weget 
 

2 
s((2)mz) 

! 
1 1  1  1 

ξ 
1 —s(z) ≤1η((2)mz,(2)mz)+1η(z,z), (4.45) 

22 22 p 

forallz∈Mandbygeneralization,weget 

s((2)mz) 1 ξ −s(z) ≤ 
 

i—1 
 

i—1z) 
1 
2k i=1 

1η(((2)m) 
2i 

z,((2)m) 

k 
1

η(z, z) ψi

ψ1 
2 i=1 

1 
≤1(1−ψ)

η(z,z),∀z∈M. (4.46) 

2 

≤ 

≤ 

≤ 

1 
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2 
— ≤ 

— ≤ − 

(2)mz,(2)m w 

2 

2 

Weobtainfrom(4.46), 

 
k u 

! 
s((2)mz) 

ξ 
1 

2k 

s((2)mz) 
1
2u 

(4.47) 

1 
≤

2
ξ 

k 
 

 s((2)mz) 
2 

 1 

2k 

— 2s(z)

!

+
1

ξ 

u 
 

 s((2)mz) 
2 

 1 

2u 

— 

2s(z)

! 

κ 
≤

2
ξ 

k 
 

 

s((2)mz) 
 

 

1 
2k 

κ 

— s(z)

!

+
κ
ξ 

u 
 

 

s((2)mz) 
 

 

1
2u 

— 

s(z)

! 

≤1(1−ψ)
η(z,z),∀z∈M 

wherek,u∈N.Thus 

ξr(σks σus) 
 κ 

, 
1(1 −ψ) 

and hence the boundedness of an orbit ofσatsis given.{τks}isξr−converges toR∈Nξ′by Theorem 

1.5 in [2].By ξr−contractivity of σ, we get 

ξr(σks−σR)≤ψξr(σk—1s−R). 

Lettingk→∞andbyFatoupropertyofξr,weget 
 

ξr(σR R) liminfξr(σR σks) 
2→∞ 

ψlim 
k→∞ 

inf ξr(R−σk—1s)=0. 

 
k k 

  

 

ξ
1 k k 

!

≤
1 k k  (4.48) 

1M1s((2)mz,(2)mw) 
2k 

1η((2)mz,(2)mw). 
2k 

By Theorems3.1,3.3 and lettingk→ ∞, we obtain thatRis a reciprocal mapping and using (4.46), 

we obtain(4.40).For the uniqueness ofR, consider another multifarious type reciprocal 

mappingT:M→ Zξsatisfying(4.40).ThenTisafixedpointofσsuchthat 

ξr(R − T ) = ξr(σR − σT ) ≤ ψξr(R − T ). (4.49) 

From (4.49), we get R = T .This completes the proof.   

Theproofsofthefollowingcorollaries4.2and4.4followfromthefactthat,eachnormedspace 

impliesamodularspacewithmodularξ(z) = z . 

2 

≤ 

HenceRisafixedpointofσ.In(4.39),replacing(z,W)by ,weget 

— 

 



J.COMPUTATIONALANALYSISANDAPPLICATIONS,VOL.32,NO.1,2024,COPYRIGHT2024EUDOXUSPRESS,LLC 

60 PACHAIYAPPANetal49-71 

 

 

2 

Corollary4.2.AssumeηisafunctionfromM2to[0,+∞)for 
1 k k 

lim1η{(2m)z,(2m)w}=0, (4.50) 
k→∞

2k 

and 

1 1  1 
η{(2m)z,(2m)w}≤

2
ψη{z,w},ψ<1. (4.51) 

Assumethats:M→Zsatisfiesthe condition,fora BanachspaceZ, 

M1s(z,w) ≤η(z,w), (4.52) 

forallz,w∈M.ThenthereisauniquereciprocalmappingR:M→Zsuchthat 

η(z,z) 
R(z)−s(z)≤1(1−ψ)

, (4.53) 

forallz∈M. 

Theorem4.3.AssumeηisafunctionfromM2to[0,+∞)with 

lim η

 

, 

!

=0, (4.54) 
 1  zw 

 
and 

k→∞κk k 

(2)m 

k 

(2)m 

η
z
,
w
!

≤
ψ

ρ{z,w}, (4.55) 
1 

(2)m 

1 1 
(2)m 2 

forallz,w∈M,ψ<1.Assumethats:M→Zξfulfills 

ξ(M1s(z,w))≤η(z,w). (4.56) 

Thenthere isauniquereciprocalmappingR:M→Zξsuchthat 

pψ 
ξ(R(z)−s(z))≤

1−ψ
η(z,z),∀z∈M. (4.57) 

 

Proof.Replacingzby z
1 

(2)m 
in(4.41)ofTheorem4.1andusingasimilarmethodtothatof 

Theorem4.1,wecompletetheproof.  

Corollary4.4.AssumeηisafunctionfromM2to[0,+∞)with 

lim η

 

, 

!

=0, (4.58) 
 1  zw 

 
and 

k→∞σk k 

(2)m 

k 

(2)m 

η
z
,
w
!

≤
ψ

η{z,w},ψ<1. (4.59) 
1 

(2)m 

1 1 
(2)m 2 
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s(2)
k
z
 

Assumethats:M→Zfulfills 

M1s(z,w) ≤η(z,w), (4.60) 

forallz,w∈M.ThenthereisauniquereciprocalmappingR:M→Zsuchthat 

pψ 

R(z)−s(z)≤
1−ψ

η(z,z), (4.61) 

forallz∈M. 

 
UsingCorollaries4.2and4.4,weobtainthefollowingcorollaries. 

 

Corollary4.5.AssumeηisafunctionfromM2to[0,+∞),ZisaBanachspaceandϵ ≥0is a real number 

such that 

1 k k 

lim1η{(2)mz,(2)mw}=0, (4.62) 

 
and 

k→∞
2k 

 
 

 
1 1  1 

η{(2)mz,(2)mw}≤
2

ψη{z,w},ψ<1. (4.63) 

Assumethats:M→Zfulfills 

M1s(z,w) ≤ϵ, (4.64) 

forallz,w∈M.ThenthereisauniquereciprocalmappingR:M→Z,definedbyR(z)= 
m 

limk→∞ 1 ,suchthat 
2k 

 

 

R(z)−s(z) ≤2ϵ, (4.65) 

forallz∈M. 

 

Proof.Assumethatη(z,w)=ϵforallz,w∈Z.TheCorollary4.2implies 

R(z) −s(z) ≤2ϵ, 

forallz ∈ZandmakinguseofCorollary4.4,weget 

R(z)−s(z) ≤2ϵ, 

forallz∈Z.  
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4ϵ 

1−2m 
m+u 

4ϵ 

2m 

m+u 

—1 

2 2 

s(2)
k
z
 

 

2mk 

+ 

  

1 

(
a,ifz∈(1,∞) 

u 

1 

Corollary4.6.Assume that s:M→Xfulfills the following, for a linear space Mand a Banach spaceZ, 

respectively, 

M1s(z,w) ≤ϵ( z
u

+ w
u

), (4.66) 

forallz,w∈Mwith0≤u<−moru>−mforsomeϵ≥0.Thenthereisareciprocalmapping 
m 

R:M→Z,definedbyR(z) =limk→∞ 1 ,suchthat 
2k 

R(z)−s(z) ≤ 
4ϵ 

 

 

m+u 

 

z ,∀z∈M. (4.67) 
1−2m 

 

Proof.Ifwechooseη(z,w)=ϵ z
u
+ w

u
,thenCorollary4.2implies 

 
u 

R(z)−s(z)≤ 

forallz∈Zandu<−m.UsingCorollary-4.4,weobtain 

R(z)−s(z) ≤ 

z , 
 
 

 

z
u
, 

 

forallz∈Zandu>−m.  

 

The following is anexample to elucidate(2.3),which isnotstable foru=−min Corollary 4.6. 

 

Example4.7.Defineφ:R→Rwitha>0as 

 

φ(z)= 

 

andafunctions:R→Rbys(z)=
Σ

k
∞

=0 

zm 

a, otherwise 

φ(2−kz).Thensfulfills 

a22m(3) 1 1 
M1s(z,w)≤

2(2m−1)
× zm wm (4.68) 

forallz1,w∈R.InthatcasetheredoesnotexistareciprocalmappingR:R→Ras 

|s(z)−R(z)|≤β ,β>0,∀z∈R. (4.69) 
zm 

Corollary4.8.Lets:Z1→Z2beamapping.Assumethatthereexistsϵ≥0suchthat 

Ms(z,w) ≤ϵ z
u

w
u
 



J.COMPUTATIONALANALYSISANDAPPLICATIONS,VOL.32,NO.1,2024,COPYRIGHT2024EUDOXUSPRESS,LLC 

63 PACHAIYAPPANetal49-71 

 

 

2 2 

2ϵ 

1−2m 
m+u 

2ϵ 

2m 

m+u 

—1 

6ϵ 
2α+m 

1−2m 

2 2 

2 

2 

2 

2 

forallz,w∈Z1.ThenthereexistsauniquereciprocalmappingR:Z1→Z2satisfying(2.3)and 

 

 

 
2є 
m+u z

u foru<−m 

r(z)−s(z)≤ 
1—2m 

 2є z
u foru>−m 

 

forallz∈Z1. 

 

Proof.Replaceη(z,w)byϵ z
u 

m+u 
2m 1 

w
u ............... 

ThenCorollary4.2implies 

2 

R(z)−s(z)≤ z , 

foru<−mandforallz∈Z1andmakinguseofCorollary-4.4,weget 

2 

R(z)−s(z)≤ z , (4.70) 

for u>−mandforallz∈Z1.  

Corollary4.9.Letϵ>0andα<−morα>−mberealnumbers,ands:Z1→Z2bea 

mappingsatisfyingthefunctionalinequality 

M1s(z,w) ≤ϵ z
2α

+ w
2α

+( z
α

w
α
)
}

. 

ThenethereexistsauniquereciprocalmappingR:Z1→Z2fulfilling(2.3)and 

 

R(z)−s(z) ≤ 
 

 

 

 
1—2 

 
6є 
2α+m

m 

6є 

z
2α forα<−m 

z
2α forα>−m 

 

forallz∈Z1. 

2α+m 2 
2 m 1 

Proof.Setϵ
n

z
2α

+ w
2α

+( z
α

w
α
)
,

insteadofη(z,w).ThenCorollary4.4implies 

2α 

R(z)−s(z)≤ z , 

forα<−mandforallz∈Z1andmakinguseofCorollary-4.4,weget 

R(z)−s(z) ≤ z 2α, 

forα>−mandforallz∈Z.  

Thefollowingisanexampletoelucidate(2.3),whichisnotstableforα=−minCorollary 
4.9. 

6ϵ 
2α+m 

2m −1 
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2mk 

+ + 

  

3 

(
l,ifz∈(1,∞) 

(3)mz1,(3)mz2,(3)mz3 ≤
3

ψη{z1,z2,z3},∀z1,z2,z3∈M, (5.74) 

1 

Example4.10.Define φ:R→Rwith a constant l>0as 
 

φ(z)= 

 

andafunctions:R→Rbys(z)=
Σ

k
∞

=0 

zm 

l, otherwise 

φ(2−kz)
.Thensfulfills 

a22m(3) 1 1 1 1 
M1s(z,w)≤

2(2m−1)
× 

 
    

zm wm zmwm (4.71) 

forallz,w∈R.Inthatcase,theredoesnotexistareciprocalmappingR:R→Ras 

|s(z)−R(z)|≤β ,β>0,∀z∈R. (4.72) 
zm 

 

5. GENERALIZEDHYERS-ULAMSTABILITYOFTHREEDIMENSIONALMULTIFARIOUS 

FUNCTIONALEQUATION 

 
ThissectiondealstheHyers-Ulamstabilityofthethreedimensionalmultifariousfunctional equation (2.4) 

in modular spaces by making use of fixed point approach. 

Theorem5.1.Consideramappingη:M2→[0,+∞)with 

1 k k lim 
k 

= 0, (5.73) 
 

 
and 

k→∞1k (3)mz1,(3)mz2,(3)mz3 

1 1 1 1 

 

forψ<1.Assumethats:M→Zξfulfills 

ξ(M1s(z1,z2,z3))≤η(z1,z2,z3), (5.75) 

forallz1,z2,z3∈M.ThenthereisauniquereciprocalmappingR:M→Zξsuchthat 

1 

ξ(R(z)−s(z))≤1(1−ψ)
η(z,z,z),∀z∈M. (5.76) 

 
Proof.AssumeN=ξranddefineξronNby 

 
1 1 

ξr(q)=:inf{(3)m>0:ξ(h(j))≤(3)mη(z1,z2,z3),∀z∈M}. 

One can easily prove that ξris a convex modular with Fatou property on Nand Nξ′is ξ−complete, 

see[2].Considerthemappingσ : Nξ′→ Nξ′definedby 

σq(z)= 
1 1 

q(3mz), (5.77) 
3 

3 

η 

η 
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k 

≤ 
 Σ 

3 

1(3)mη 
3 

(3)mz,(3)mz2,(3)mz3 ≤(3)mψη(z1,z2,z3), 

! 

— — 

! 
Σ k 

1 

 
1 1 

forallz∈Mandq∈Nξ′.Letq,r∈Nξ′and(3)m∈[0,1]withξr(q−r)<(3)m.Bydefinition 

ofξr,weget 
 
 
 

1 

ξ(q(z)−r(z))≤(3)mη(z1,z2,z3),∀z1,z2,z3∈M. (5.78) 

 
Bymakinguseof(5.74)and(5.78),wehave 

 
1 

q((3)m z) 
1 

r((3)mz) 1 1  1 

ξ 
1 1 
3 3 

1ξq((3)mz) r((3)mz) 
3 

1 1 1 1 1 1 

forallz1,z2,z3∈M.Thenσisaξr−contractionand(5.75)implies 

1 

s((3)mz) 
ξ 1 

3 

—s(z)

!

≤ 
1 

1η(z,z,z),∀z∈M, (5.79) 
 

 
 

 
1 

andreplacingzby(3)mzin(5.79),weget 
 

2 
! 

1 1 1 

s((3)mz) 
ξ 1 

3 

1 

— s((3)mz) 
η((3)mz,(3)mz,...,(3)mz) 

 
 

1 
3 

,∀z∈M (5.80) 

 
andbymakinguseof(5.79)and(5.80),weget 

 

2 
! 

 
s((3)mz) 1 1  1  1  1 
ξ 1 −s(z) ≤1η((3)mz,(3)mz,(3)mz)+1η(z,z,z), 

9 9 3 

forallz∈Mandbygeneralization,weget 

s((3)mz) 1 ξ −s(z) ≤ i—1 i—1 i—1z) 
1 
3k i=1 

1η(((3)m) 
3i 

z,((3)m) z,((3)m) 

k 
1

η(z, z, z) ψi

ψ1 
3 i=1 

1 
≤1(1−ψ)

η(z,z,z),∀z∈M. (5.81) 

3 

≤ 

≤ 

≤ 

1 1 
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3 

— ≤ 

— ≤ — ≤ 

2 

2 

Weobtainfrom(5.81), 
 

k u 
! 

s((3)m3) 
ξ 

1 

3k 

s((3)mz) 
1
3u 

1 
≤

2
ξ 

k 
 

 s((3)mz) 
2 

 1 

3k 

— 2s(z)

!

+
1

ξ 

u 
 

 s((3)mz) 
2 

 1 

3u 

— 

2s(z)

! 

κ 
≤

2
ξ 

k 
 

 

s((3)mz) 
 

 

1 
3k 

κ 

— s(z)

!

+
κ
ξ 

u 
 

 

s((3)mz) 
 

 

1
3u 

— 

s(z)

! 

≤1(1−ψ)
η(z,z,z),∀z∈M 

wherek,u∈N.Thus 

ξr(σks σus) 
 κ 

, 
1(1 −ψ) 

andhencetheboundednessofanorbitofσatsisgiven.So{τks}isξr−convergenttoR∈Nξ′ 

byTheorem1.5in[2].Byξr−contractivityofσ,weget 

ξr(σks−σR)≤ψξr(σk—1s−R). 

Takingk→∞andbyFatoupropertyofξr,weget 
 

ξr(σR R) lim 
k→∞ 

infξr(σR σks) ψlim 
k→∞ 

inf ξr(R−σk—1s)=0. 

k k k 

HenceRisafixedpointofσ.In(5.75),replacing(z1,z2,z3)by (3)mz1,(3)mz2,(3)mz3,we 
get 

ξ
1 k k k 

!

≤
1 k k k 

1M1s((3)mz1,(3)mz2,(3)mz3) 
3k 

1η((3)mz1,(3)mz2,(3)mz3). 
3k 

By Theorems3.1,3.3 and takingk→ ∞, we obtain thatRis a reciprocal mapping and using (5.81), 

we have (5.76).For the uniqueness of R, consider another multi-type reciprocal mappingT:M→ 

Zξsatisfying(5.76).ThenTisafixedpointofσsuchthat 

ξr(R − T ) = ξr(σR − σT ) ≤ ψξr(R − T ). (5.82) 

From (5.82), we get R = T .This completes the proof.   

TheproofsofCorollaries5.2and5.4followsfromthefactthateverynormedspaceisamodular 

spaceofmodularξ(z) = z . 

Corollary5.2.AssumeηisafunctionfromM2to[0,+∞)suchthat 
1 k 

 
k k 

lim1η{(3m )z1,(3m )z2,(3m )z3}=0, 
k→∞

3k 

3 

— 
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3 

and 
1 1  1  1 

η{(3m)z1,(3m)z2,(3m)z3}≤
3

ψη{z1,z2,z3},ψ<1. 

Assumethats:M→Zsatisfiesthefollowing,foraBanachspaceZ, 

M1s(z1,z2,z3) ≤η(z1,z2,z3), 

forallz1,z2,z3∈M.ThenthereisauniquereciprocalmappingR:M→Zsuchthat 

η(z,z,z) 
R(z)−s(z)≤1(1−ψ)

, 

forallz∈M. 

Theorem5.3.AssumeηisafunctionfromM2to[0,+∞)with 

lim η

 

, , 

!

=0, 
 1  z1z2z3 

 
 

and 
η

z1
,
z2

,
z3

!

≤
ψ

ρ{z,z,z}, 
1 

(3)m 

1 

(3)m 

1 

(3)m 
1 1 2 3 

3 

forallz1,z2,z3∈M,ψ<1.Assumethats:M→Zξfulfills 

ξ(M1s(z1,z2,z3))≤η(z1,z2,z3). 

Thenthere isauniquereciprocalmappingR:M→Zξsuchthat 

pψ 
ξ(R(z)−s(z))≤

1−ψ
η(z,z,z),∀z∈M. 

 

Proof.Replacing zby z
1 

(3)m 
in(5.77)ofTheorem5.1andbyasimilarmethodtothatofTheorem 

5.1,wecompletetheproof.  

 

Corollary5.4.AssumeηisafunctionfromM2to[0,+∞)with 

lim η

 

, , 

!

=0, 
 1  z1z2z3 

 
 

and 
η

z1,
z2, 

z3

!

≤
ψ

η{z,z,z},ψ<1. 
1 

(3)m 

Assumethats:M→Zfulfills 

1 

(3)m 

1 

(3)m 
1 1 2 3 

3 

M1s(z1,z2,z3) ≤η(z1,z2,z3), 

k 

(3)m 

k 

(3)m 

k 

(3)m 

k 

(3)m 

k 

(3)m 

k 

(3)m k→∞κk 

k→∞σk 
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∈  → 

forallz1,z2,z3∈M.ThenthereisauniquereciprocalmappingR:M→Zsuchthat 

pψ 
R(z)−s(z)≤

1−ψ
η(z,z,z), 

forallz∈M. 

 
UsingCorollaries5.2and5.4,weobtainthefollowingcorollaries. 

 

Corollary5.5.AssumeηisafunctionfromM2to[0,+∞),ZisaBanachspaceandϵ ≥0is a real number 

such that 
1 k k k 

lim1η{(3)m z1,(3)m z2,(3)m z3}=0, 
k→∞

3k 

and 
1 1  1  1 

η{(3)mz1,(3)mz2,(3)mz3}≤
3

ψη{z1,z2,z3},ψ<1. 

Assumethats:M→Zfulfills 
 

 

forallz1,z2,z3 
s 

M1s(z1,z2,z3) ≤ϵ, 

M.ThenthereisauniquereciprocalmappingR:M Z,definedby 
k 

(3)mz 

R(z)=limk→∞ 
 
 
 

 

forallz∈M. 

1 ,suchthat 
3k 

 

 
3ϵ 

R(z)−s(z)≤
2

, 

 

Proof.Assumethatη(z1,z2,z3)=ϵforallz1,z2,z3∈Z.ThenCorollary5.2implies 

pϵ 
R(z)−s(z)≤

2
, 

forallz∈Zandp/=0,±1andmakinguseofCorollary5.4,weget 

3ϵ 
R(z)−s(z)≤

2
, 

forallz∈Z.  

 

Corollary 5.6.If s:M→Xfulfills the following inequality, for a linear space Mand a Banach space Z, 

respectively, 

M1s(z1,z2,z3) ≤ϵ( z1

u

+ z2

u

+ x3

u

), 
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9ϵ 

3m 

m+u 

—1 

3 3 p 

s(3)
k
z
 

 

3mk 

m+ m+ m 

  

(
a,ifz∈(1,∞) 

1 2 3 

1 1 2 3 1 2 3 

z 

1 

forallz1,z2,z3∈Mwith0≤u<−moru>−mforsomeϵ≥0.Thenthereisareciprocal 
m 

mappingR:M→Z,definedbyR(z)=limk→∞ 

9ϵ 

1 ,suchthat 
3k 

 
u 

R(z)−s(z)≤ 
m+u 

,∀z∈M.  
1−3m 

 

Proof.Ifwechooseη(z1,z2,z3)=ϵ z1

u
+ z2

u
+ z3

u
,thenCorollary4.2implies 

R(z)−s(z) ≤
1 

9ϵ 
m+u 

—3m 

 

z
u
, 

forallz∈Zandu<−m.UsingCorollary4.4,weobtain 

u 

R(z)−s(z)≤ z , 

forallz∈Zandu>−m.  

 

The following is anexample to elucidate(2.4),which isnotstable foru=−min Corollary 5.6. 
 

Example5.7.Defineφ:R→Rwitha>0as 
 

φ(z)= 

 

andafunctions:R→Rbys(z)=
Σ

k
∞

=0 

zm 

a, otherwise 

φ(3−kz)
.Thensfulfills 

a32m(4) 1 1 1 
M1s(z1,z2,z3)≤

3(3m−1)
× 

z z z 

forallz1,z2,z3∈R.Inthatcase,theredoesnotexistareciprocalmappingR:R→R suchthat 

|s(z)−R(z)|≤β ,β>0,∀z∈R. 
zm 

Corollary5.8.Assumes :Z1→Z2isamapping.Assumethatthereexistsϵ≥0suchthat 

Ms(z,z,z) ≤ϵ z 
u

z 
u

z 
u 

forallz1,z2,z3∈Z1.Thenthereexistsauniquereciprocalmapping R : Z1→Z2fulfilling(2.4)and 

 

 

3є 
m+u z

u foru<−m 

r(z)−s(z)≤ 
1—3m 

 3є z
u foru>−m 

 

forallz∈Z1. 

m+u 
3 m 1 
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3 3 3 

3ϵ 

1−3m 
m+u 

3ϵ 

3m 

m+u 

—1 

1−3 

12ϵ 
3α+m 

m 

3 

12ϵ 
3α+m 

m —1 

3 3 

3 

3 

n , 

3 

3 

3 

3mk 

m+ m+ m+ m m m 

(
l,ifz∈(1,∞) 

1 2 3 1 2 3 

Proof.Replaceη(z,z,z) byϵ z 
u
z 

u
z 

u
.ThenCorollary5.2implies 

1 2 3 1 2 3 

 
3 

R(z)−s(z)≤ z , 

foru<−mandforallz∈Z1andmakinguseofCorollary5.4,weget 

3 

R(z)−s(z)≤ z , 

for u>−mandforallz∈Z1.  

Corollary5.9.Letϵ>0andα<−morα>−mberealnumbers,ands:Z1→Z2bea 

mappingsatisfyingthefunctionalinequality 

M1s(z1,z2,z3) ≤ϵ z1

3α
+ z2

3α
+ z3

3α
+( z1

α
z2

α
z3

α
)
}

. 

ThenthereexistsauniquereciprocalmappingR:Z1→Z2fulfilling(2.4)and 

 

 

 
12є 
3α+m z

3α forα<−m 

R(z)−s(z)≤ 1—3m 

 

forallz∈Z1. 

3 

12є 
3α+m 

m 1 z
3α forα>−m 

Proof.Replaceη(z1,z2,z3)byϵ z1

3α
+ z2

3α
+ z3

3α
+( z1

α
z2

α
z3

α
).ThenCorollary 

5.4implies 

R(z)−s(z) ≤ z 3α, 

forα<−mandforallz∈Z1andmakinguseofCorollary5.4,weget 

R(z)−s(z) ≤ z 3α, 

forα>−mandforallz∈Z.  

Thefollowingisanexampletoelucidate(2.4),whichisnotstableforα=−minCorollary 
5.9. 

Example5.10.Define φ:R→Rwith a constant l>0as 

φ(z)= 

andafunctions:R→Rbys(z)=
Σ

k
∞

=0 

 

zm 

l, otherwise 

φ(3−kz)
.Thensfulfills 

a32m(4) 1 1 1 1 1 1 

M1s(z1,z2,z3)≤
3(3m−1)

× 
 

      

z z z zzz 



J.COMPUTATIONALANALYSISANDAPPLICATIONS,VOL.32,NO.1,2024,COPYRIGHT2024EUDOXUSPRESS,LLC 

71 PACHAIYAPPANetal49-71 

 

 

  
1 

forallz1,z2,z3∈R.Inthatcase,theredoesnotexistareciprocalmappingR:R→R suchthat 

|s(z)−R(z)|≤β ,β>0,∀z∈R. 
zm 

 

6. CONCLUSION 

 
In this work, we introduced the new generalized multifarious type radical reciprocal functional 

equations combining three classical Pythagorean means arithmetic, geometric and harmonic. 

Importantly, we obtained their general solution and stabilities related to Ulam problem with 

suitable counter examples in modular spaces by using fixed point approach.Furthermore, we 

illustrated their geometrical interpretation. 
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