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ABSTRACT.In this article, we introduce a new generalized multifarious radical reciprocal func-
tionalequationbygeneralizingtheequationemployedbyNarasimmanetal.in[5]andcombining three
classical Pythagorean means arithmetic, geometric and harmonic.Also, we illustrate the
geometrical interpretation.Mainly, we find its general solution and stabilities related to Ulam

problem in modular spaces by using fixed point approach.

1. INTRODUCTIONANDPRELIMINARIES

Inthedevelopmentofbroadfieldfunctionalequations,wecomeacrossingvarioustypeslike
additive,quadratic,cubicandsoon.Inrecentresearchmanyresearchersmodeledfunctional
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equationsfromphysicalphenomena.lnparticular,bygeometricalconstructionauthorsintro- duced
remarkable reciprocal type functional equations.
In2010,RaviandSenthilKumar[6]introducedfunctionalequationofreciprocaltype

s(z)s(w)

s(z+w)= (1.1)

s(z) + s(w)’
withsolutions(z)==. ,

In 2014, Bodaghi and Kim[1] introduced the quadratic reciprocal functional equation,
whichwas generalized by Song andSong citeAM.

In2015,Narasimman,RaviandPinelas[5]introducedtheradicalreciprocalquadraticfunc- tional equation

s /z22¥w?2 =£(£)i(ﬂ)‘,z,w (o, ), (1.2)
s(z) + s(w)

c 00
which is satisfied bys(z)=¢.AjJso, they provided the solution and stability of (1.2) with

geometrical interpretation and application.

For the necessary introduction on stability related to Ulam problem and the notion of modular
spaces one can refer to [3,7,8,9,10,12].

2. MAINRESULTS

Definition 2.1.A reciprocal functional equation is a functional equation with solution of the
formls.aé\{hens(z) =z,7°,7°...we have various type of reciprocal functional equations like

reciprocal additive, reciprocal quadratic, reciprocal cubic and soon.

Definition 2.2.Pythagorean means [3] The three classical Pythagorean means are the arithmetic

mean(AM),thegeometricmean(GM),andtheharmonicmean(HM),whicharedefinedby

1
AM(al,az,...,an)=n(cr1+...+an),

GM(ai,az,...,an)="ai+...+an,

n
HM(a1,az,...,an)= 72—
ai an

Definition 2.3.AfunctionalequationswhicharearisenfromtherelationsbetweenthreePythagorean

means(arithmetic,geometricandharmonic)areknownasPythagoreanmeanfunctionalequa- tions.

Definition2.4.A reciprocal Pythagorean mean functional equation which shall possess the nature
of any type of functional equation like additive, quadratic, cubic and so on is said to be a

multifarious reciprocal Pythagorean mean functional equation.
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Inthispaper,usingPythagoreanmeans,weintroducethenewgeneralized2—dimensionaland
3—dimensionalmultifariousradicalreciprocalfunctionalequations.

Thefollowing2 —dimensionaland3—dimensionalmultifariousradicalreciprocalfunctional equations
are obtained by generalizing (1.1) and (1.2)

y s(z)s(w)

smMmz ywm = , (2.3)
s(z) + s(w)

s7 2Tz R = s(z1)s(22)s(23) (2.4)
! 3 s(zi)s(za)+s(z2)s(z3)+s(z1)s(z3) ‘

whicharesatisfiedbys(z)=<forahz,w,z,z,z& (0, 00}, me= 8l.Observethatifm=1
andm=2in(2.3),wehave(1.1)and(1.2),respectively.Further,ifm=3,4, - - -in(2.3),then
wehavevarioustypeoffunctionalequations.Hencethefunctionalequation(2.3)isknownas
twodimensionalmultifariousradicalreciprocalfunctionalequation.Bysimilarargument,(2.4) is
known as three dimensional multifarious radical reciprocal functional equation.

Geometricalconstructionandgeometricalinterpretationofmultifariousradical reciprocal
functional equations.Geometric construction of three Pythagorean means of two variables can
be constructed geometrically as showed in Figurel.Geometric construction of geometric mean
of three variables are not possible but the other Pythagorean means can be constructed for any
number of variables, one can refer [4,11].

N

L 1 |

a b

FIGURE1.Pythagoreanmeansofaandb.Aisthearithmeticmean, Histhe harmonic mean

and G is the geometric mean.

TherelationsbetweenthreePythagoreanmeansofp—objectszy,zp, - - + ,z,arerepresentedby the
following equation

G(ZIIZZI . ',Zp)p

Hlzyz, - 2)= Q, 1 1Qp : (2.5)
A ZT i=1zi’ z i=1Zj, * * llzp i i=12,~

ConsidertwospheresSiandS;ofradiiriandrowithri>r;,whicharelocatedalongthe
x—axiscenteredatCi(0,0,0)andC>(d,0,0),respectively.
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FIGURE2.IntersectingtwospheresSiandS,.

WecanshowthatthelengthofCaCiis?*2 5 whichisthearithmeticmeanoglandZZ.We

canfindthelengthAC:,usingPythagoras’theorem,isthegeometricmean Z1z;0fz1andz;.

Also,wecanobtainthelengthHCﬂs@,whicpliitzlgeharmonicmeanoleandZZ,since

C2ACiandAHCiaresimilar.

AC?
FromFigure2,wehavetheequalityHCi= 6o thatis
G(z1,22)*
H(z1,22)= IQ P
A 32 17 Pz

whichistheparticularcaseof(2.5)byassumingp=2andwhichimplies

1 2122
1,1 = zi+z
Z1 Z2
Assumingzi=tandz,=1in(2.7),weobtain
z w
11
1 —zw -
Z+w 1,1
z w

Inthatcase,(1.1)isvalidby(2.8),whichissatisfiedbys(z)=¢.Assumingzi=tandz;=1
z

in(2.7)leads

72

1 _zZW2u
z2Fw? 1,1
22 w2

Inthatcase(1.2)isvalidby(2.9),whichissatisfiedbys(z)=“.Ingenerg}assumingzi
andz; =lip{2.7),wehave
11

1wt
ZT+ W i1
m

Z wm

Inthatcase,(2.3)isvalidby(2.10),whichissatisfiedbys(z)==-. m

(2.6)

(2.7)

(2.8)

w2

(2.9)

=

(2.10)
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InFigure2,ABisthediameterofcommoncircle.Thecommoncircleisthesolutionofthe system
2247%242%=12 (2.11)
1 2 3 1

(z1—d)?+22+2%1r% 2

whichimplies

1 1
S5 5=, — 2.12
R (222
1 1

2

1(z—d)2+z2+2%5 r¥

Thesystem(2.12)canbeexpressedbyradicalreciprocalquadraticfunctionalequationsofthe form

2 s(z)s(z)s(z) 5 R
T s(z)s(za)+s(z2)s(za)+s(zi)s(zs) (2.13)
PP s(z1—d)s(z2)s(z3)

s(z1—d)s(z2)+s(z2)s(z3)+s(z1—d)s(z3)

forzi,z2,23,r1,r2€(0, ), whichissatisfiedbys(21)=£andthed,g1nominatorsarenotequal
tozero.Also,observethattheequation(2.13)istheparticularcaseof(2.4)form=2.By assuming p = 3 in
(2.5), we obtain

3
Hiznzozs)= Qe OO Q. (2.14)

A, — =18 5 i=1%i 5 i=1Zi
whichgives
1 _ 212273 515
1,1,1 = Zzz3+ z173+7122 ° (2.15)
Z1 Z2 Z3
Assumingzi  =hz2 =lgpdzs =1in(2.15),wehave
1 2 3
111
1 zmzmzm
ZTFZTFZT = 1,11 . (2.16)
1 2 3 zm zm zm

1 2

Inthatcase(2.4)isvalidby(2.16),whichissatisfiedbys(z)==-.

3

3. GENERALSOLUTIONOFTHEMULTIFARIOUSRADICALRECIPROCALFUNCTIONALEQUATIONS

The following theorems give the solution of(2.3) and(2.4) through motivated by the work ofGer
[?].

Theorem3.1.Ageneralsolutionof(2.3)iss(z)=< 2m ;2E(0, 00 )with i@ aquotientatzero.

zm
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Proof.Assumingz,w=zin(2.3),wehave
o1
s = =S
(" 22)= s(2)

forallz€(0,00).Assuming

g(2)= T

forallz&(0,0),wehave )

m g(z)

z—0 T=¢¢ R
2

forallz - (0, oo).Dividing(3.17)byl,we2%btain
s(" 22z) le(z)
o= 1

2722 22

forallz&(0,0).Using(3.18)in(3.19),wehave

— 1
al 2z)=¢zw(z),

forallz€(0, o0 ).Replacingzby = 5 in(3.20),weget

z
2g(2)=g »/5

Again,replacingzby = in(3.21),wehave

m

NI

V4
(" 2)°g(2)=g (,,,92:)2 ,

forallz&(0,0).Continuingthesameprocessktimes,weobtain

Vo
(D= W
(" 2)
forallz&(0, ).

Now,

g(2) (_i)kg(z)_ g (U]j)kz
L TCaE T e as ke,

m
2

z2 2

z 22

forallz&(0,0).Eq.(3.18)impliesthat

1 1 1 c
s(z) :—;mg(z) _zlznzT“ZLC:zmi
forallz&(0,00).Thiscompletestheproof.
Theorem3.2.Ageneralsolutionof(2.4)iss(z)=< 2m ;2E(0, 00 )with
54

S(Z)
1
zm

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

aquotientatzero.
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Proof.Assumingzi,z,,z3=zin(2.4),we have

1
s(‘% 3z)= 55(2), (3.24)
andassuming
s(z)
h(z)= S (3.25)
=
weobtain
~ h(2)
Zlc'p 1, =iceER

72
Dividing(3.24)by?,weget
s(" 3z) 3ls(z)

v T v (3.26)
Bz 72
andsubstituting(3.25)in(3.26),weobtain
- 1
h( 3Z)=\/?=f(z), (3.27)
andreplacingzby = in(3.27),wehave
V- z
3h(z)=h £ /- . (3.28)
»/3
Again,replacingzby %in(3.28),weget
N4
( 3)%h(z)=h (m73:)2 , (3.29)
forallz&(0,0).Continuingthesameprocessktimes,wehave
V-
( 3)h(z2)=h (m§73:)k , (3.30)

forallz&(0,00).Now,

\/ k 1
h(z) (_3) h(z) B h Wz
1 _(* 3)kd - ( 3 —Cc as k—oo,

m
2

z2 >

p4 22

forallz&(0,00).Egs.(3.25)and(3.30)implythat
1 11 c
S(Z)T}mh(z):zﬂzhzﬁg:zm

forallz&(0,00).Thiscompletestheproof.

Inthefollowingtheorem,weobtaingeneralsolutionof(2.3)and(2.4)byderivativemethod.
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Theorem3.3.Lets:(0,00)— Rbeacontinuouslydifferentiablefunctionwithnowherevan-
ishingderivativess'.Thensyieldsasolutiontothefunctionalequation(2.3)ifandonlyifthere

existsanonzerorealconstantcsuchthats(z)=5z €(Qpo0).

Proof. Differentiating(2.3)withrespecttozonbothsidﬁ,weget

i h i
i (2)m—1 s'(z)s(w) s(2)+s(w) —s(z)s(w) s'(2)
s( zm+wm) = Z
(" zm+wm)m—1 s(2) + s(w)
Assumingz,w=zin(3.31),weobtain
rr\n/_ 1 r
s( zz)=2md?\tz),

v
andsettingz="" 2zandw=zin(3.31) andmakinguseof (3.17)and(3.32),weget

e
s( 32)= ﬁ(»z)

(3)" 3
forallz&(0,c0).Bymakinguseof(3.32)and(3.33),wehave

Mky 1

D2 5T o 3™

forallintegersk,/.WederiveitslinearitybyassumingA=(" 2)%(™ 3)’andz=1,

s"(A)=s"(1)

(A)ym+1
forA€(0,00).Therefore,thereexistrealnumbers #0,dsuchthats(z)=9+dforz€z(p, o).
Notethatwehaved=0becauseoftheequalitys(™ 22)=ls(z)vaIidj‘orallpositivez.This

completestheproof.

Theorem3.4.Lets:(0,00)— Rbeacontinuouslydifferentiablefunctionwithnowherevan-
ishingderivativess'.Thensyieldsasolutiontothefunctionalequation(2.4)ifandonlyifthere

existsanonzerorealconstantcsuchthats(z)=5z &(Qp0).

Proof.Differentiating(2.4)withrespecttozionbothside,weobtain

Voo, )t 49— (z1)m 1
S( zl+zz)(,:)/zm+zm)m—21T5‘ 21+Zp+T)( m zm'fzm)nZ:Tll
s'(z1)(s(z2) s'(21)(s(2p+1))°
( 1 2 ?) 1 1
p+

and(3.24)implies

rA/_ 1 r
s( 22)=_ 5 —st2).

2™ 2

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Assumingzi=zandz=z,+1="" 2zin(3.34)andmakinguseof(3.24)and(3.35),weget

I’f>'/_ 1 r
sC 32, ny/?sfz), (3.36)

andfrom(3.35)and(3.36),weget

Ay

1 1 .,
2) ( 3)z —zk(yz)?3,(y3),5(2),

¥ oy

forallintegersk,/.WederiveitslinearitybyassumingA=( 3)'andz=1,

s"(A)=s"(1)

(A)m+1

forA€(0,00).Therefore,thereexistrealnumbersc#£0,dsuch hats(z)=“+dforz€(0, o).
Notethat we have tohave d=0because ofthe equalitys(” 2z)=1s(z) fxists.This completes

theproof.

4. GENERALIZEDHYERS-ULAMSTABILITYOFTWODIMENSIONALMULTIFARIOUSFUNCTIONAL
EQUATION

This section deals the generalized Hyers-Ulam stability of two dimensional multifarious func-
tional equation (2.3) in modular spaces by making use of fixed point approach.

Theorem4.1.Consideramappingn:M?— [0,+00 )with

lim 1 k K (4.37)

gk N QPz2w =0,

2

and

n(2);7,(2)mvlv (4.38)
1

Szdfn{z,w}, VzweM,
fory<1l.Assumethats:M— Zgfulfills

§(M1s(z,w))<n(z,w), (4.39)

forallz,w& M. Inthatcase, thereisauniquereciprocalmapping R:M— Zssuchthat

1

§(R(z)—s(2))< 11 WVZEM (4.40)
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Proof.AssumeN=£&anddefineé'onNas,

1 1

£(q)=:inf{(2)m>0:£(h(j) <(2)mn(z,w), Y 2E M.

One can easily prove that 'is a convex modular with Fatou property on Nand N¢is é—complete,

see[2].Considerthefunctiono : N¢— Ngdefinedby

1 1
oq(z)= ECI(Z’"Z), (4.41)

1

forallzE&Mandg&N¢.Letqg,r&ENgand(2)mE [O,1]with8_(q—r)<(2)m.Bydefinition
ofé ,weget

=

1

8a(2)—r(2)<(2)mn(z,w), Y wEM. (4.42)
Bymakinguseof(4.38)and(4.42),weget
1
al2mz)  r((2)m2) ~ 1 L :
§ 1 — 1 < 169((2)z)  —r((2)mz2)
2 2 2

1 1 1 1 1
< 1) (2)mz,(2)mw  <(2)ndn(zw),

N

forallz,we M.Inthatcase,oisa8 —contractionand(4.39)implies

1 ]
2)m " 1
LIVZ) —s(z) < In(z,z),VzEM, (4.43)
2 2

and replacingzby(Z)mzir_11(4.43),weget
s((2)m2) 1 oz, (2)73
7 s (2, (2)72)

,VzeM. (4.44)
2

Bymakinguseof(4.43)and(4.44),weget

s((2)2) 1 ooor 11
§ —1— —sld =2z, (2)n2)+;n(2,2) (4.45)
22 22 p

forallz& Mandbygeneralization,weget

< m,z),VZEM (4.46)
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Weobtainfrom(4.46),

s((2)%2)  s((2)m2)

£ T _ T (4.47)
2k 2
k l u —_
1 , s((2)m2) 1 , s((2)m2)
szf — I  —2s(z) + % — I 2s(2)
2k 1 # 1
K 2)m 2% B
szf M—s( )+ @
2k 2u
< (21 (l’) n(zz),Vzem
wherek,u&N.Thus
§(o's _ o) _ —,
T2t —y)

and hence the boundedness of an orbit ofoatsis given.{t"s}isé — converges toRE N¢by Theorem

1.5 in [2].By & —contractivity of o, we get
E(o*'s—oR) <& (c*1s—R).
Lettingk— ocoandbyFatoupropertyofé,weget
§(oR _R) < 2Ii_rzﬁojnfff(aR _ os)

< ‘ll’(limw inf &(R—o*1s)=0.

HenceRisafixedpointofo.In(4.39),replacing(z, W)by (2)52,(2)m£vv ,weget
1
£ ook 1 ook (4.48)
IM1s((2)mz;(2)mw) 11((2)mZ,(2)mw.
2k 2k

By Theorems3.1,3.3 and lettingk— oo, we obtain thatRis a reciprocal mapping and using (4.46),

we obtain(4.40).For the uniqueness ofR, consider another multifarious type reciprocal

mappingT:M— Zssatisfying(4.40).ThenTisafixedpointofosuchthat

ER—T)=E&(OR— oT) < Y&(R—T). (4.49)

From (4.49), we get R = T .This completes the proof.

Theproofsofthefollowingcorollaries4.2and4.4followfromthefactthat,eachnormedspace
impliesamodularspacewithmodularé(z) =[]
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Corollary4.2.AssumenisafunctionfromM?to[0,+o0)for

1 K K
Il(imliq{(Zm)z,_(Zm)w}_=0, (4.50)
—>°°'2k
and
1 1 1
n{(27)z (2m)wh< iz whip<1. (4.51)

Assumethats:M— Zsatisfiesthe condition,fora BanachspaceZ,
IMis(z,w)ll<n(zw), (4.52)

forallzzw& M. ThenthereisauniquereciprocalmappingR:M— Zsuchthat

I | n(z,z)
R(z)—s(z)< ., (4.53)
(1-2p)
forallzeM.
Theorem4.3.AssumenisafunctionfromM?to[0,+c0 ) with !
lim n , =0, (4.54)
1 Zw
k k k
k= ek (2)m  (2)m
and 1
) (4.55)
1 1 1
(2)m (2)m 2
forallzzwe M, p<1.Assumethats:M— Zfulfills
§(Mis(z,w))=n(z,w). (4.56)
Thenthere isauniquereciprocalmappingR:M— Zssuchthat
py
E(R(z)—s(z))sl_wn(z,z),VzEM. (4.57)
Proof.Replacingzby T;Fr in(4.41)ofTheorem4.1andusingasimilarmethodtothatof
Theorem4.1,wecompletetheproof.
Corollary4.4.AssumenisafunctionfromM?to[0,+co )with !
lim n , =0, (4.58)
1 Zw
k k k
k=0 (2)m (2)m
and 1
2 <Yz wh <t (4.59)
1 1 1
(2)m (2)m 2
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Assumethats:M— Zfulfills
IMis(z,w)ll<n(zw), (4.60)

forallzzw& M. ThenthereisauniquereciprocalmappingR:M— Zsuchthat

py

IR(2)—s(2)< 1|| Az, (4.61)

—y
forallzeM.

UsingCorollaries4.2and4.4,weobtainthefollowingcorollaries.

Corollary4.5.AssumenisafunctionfromM?to[0,+c0),ZisaBanachspaceande >0is a real number
such that

1 k k
lim, Af{(2)mz,(2)mw}=0, (4.62)
k—>°°_2k
and
1 1 1
n{(Z)mz,(Z)mw}Sztﬂn{z, wh <1 (4.63)
Assumethats:M— Zfulfills
IM1s(zw)l<e, (4.64)

) forallz,w& M. ThenthereisauniquereciprocalmappingR:M— Z,definedbyR(z)=
s(2) m

limg—~ —5——,suchthat
2k

IR(z)—s(2)ll< 2¢, (4.65)

forallze M.

Proof.Assumethatn(z, w)=eforallz,w&Z.TheCorollary4.2implies
HR(z) —s(z)||§ 2€,

forallz €ZandmakinguseofCorollary4.4,weget
IR(2)—s(2)|<2e¢,

forallzez.
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Corollary4.6.Assume that s:M— Xfulfills the following, for a linear space Mand a Banach spaceZ,

respectively,
V(2 w)l<e(l2l +Iwl), (4.66)
forallz,weMwithO<u<-— moru>— mforsomee=0.Thenthereisareciprocalmapping
s(2) zn
R:M— Z definedbyR(z) =lim_« T,suchthat
2
de
R@2)=s(2)l=  ——F lhVzeM. (4.67)
1—2m

Proof.Ifwechoosen(z, w)=elz| +|w/ ,thenCorollary4.2implies

rralEd I

IR@2)=st2)=<l -

forallz&Zandu<—m.UsingCorollary-4.4,weobtain

de
IR(z)—s(2)I=< ZmTHZHU’

forallz&Zandu>—m.
The following is anexample to elucidate(2.3),which isnotstable foru=—min Corollary 4.6.

Exampled.7.Definep:R— Rwitha>0as

(p(z)= g;Ef'ZE(l,oo)
a, otherwise
. 2. o2 7+2) -
andafunctions:R—Rbys(z)= , o 2ﬁ.Thensfulfllls
a2’m(3) 1 1
‘|M1s(z,w)§|2(2m_1)2 m + wm (4.68)

forallzi, weR.InthatcasetheredoesnotexistareciprocalmappingR:R— Ras

Is(z)—R(z)|<68 _1,6>0,VzeR. (4.69)
zm

Corollary4.8.Lets:Z1— Zrbeamapping.Assumethatthereexistse = 0suchthat

1 IMs(zw)ll<elAat 12
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forallz,w& Z1. ThenthereexistsauniquereciprocalmappingR:Z1— Zzsatisfying(2.3)and

u
1 C ﬁ”ZH foru<—m

—2m

Hr(Z)_S(Z)S 36 ||ZHU foru>—m
am 1
forallze 7.
Proof.Replacen(z,w)bye|z" |z w3 ThenCorollary4.2implies
IR |zl
- < m+u s
(2)=s(z)=l 7 meallz

foru<—mandforallz&€ZiandmakinguseofCorollary-4.4,weget

2 2
| Riz)—s(H)< zm_ )

m —1

for u>—mandforallzez;.

Corollary4.9.Lete>0anda<—"ora>—"perealnumbegrs,ands:Z1— Z,bea
mappingsatisfyingthefunctionalinequality

b

20 2a
IM1s(z, w)ll <l +iwl ™+ (2 ™) "
ThenethereexistsauniquereciprocalmappingR:Z1— Z>fulfilling(2.3)and

fora<—""%

2a+m

] 1-2"m 5
0_6 1A fora>—"
[E - -

I
Ot
IR(z)—s(2)l <

2a+m
m

forallz€z,.

n
2a a ’
Proof.Sete ||| +||W|F +(llf1wlf) insteadofn(z, w).ThenCorollary4.4implies

6e
||R(z)—s(z)sH ﬁﬂ”z“

— 4Lm

Y

fora<—"andforallz€Z;andmakinguseofCorollary-4.4,weget

6e
||R(z)—s(z)||§ ﬁmileHza/

m

fora>—"andforallzeZ

Thefollowingisanexampletoelucidate(2.3),whichisnotstablefora=—2inCorollasy
4.9,

(4.70)

63 PACHAIYAPPANetal49-71



J.COMPUTATIONALANALYSISANDAPPLICATIONS,VOL.32,NO.1,2024,COPYRIGHT2024EUDOXUSPRESS,LLC

Example4.10.Define ¢:R— Rwith a constant />0as

l.
o(z)= ,if2E(1, 00)
1, otherwise
, 2 o(2742) -
andafunctions:R—Rbys(z)= , g 2ﬁ.Thensfulfllls
a2?m(3) 1 1 1 1
_* — + — —
IIMls(z,w)st(zﬁl) e el i (4.71)

forallz,w&R.Inthatcase,theredoesnotexistareciprocalmappingR:R— Ras
|s(z2)—R(z)|<68 1 ,8>0,VzeR. (4.72)
zm
5. GENERALIZEDHYERS-ULAMSTABILITYOFTHREEDIMENSIONALMULTIFARIOUS

FUNCTIONALEQUATION

ThissectiondealstheHyers-Ulamstabilityofthethreedimensionalmultifariousfunctional equation (2.4)
in modular spaces by making use of fixed point approach.

Theorem5.1.Consideramappingn:M?— [0,+00 )with
k

otk 1 BV2(3)722,(3)0z3
T3

and
i a i 1
n (3)mzy,(3)mz2,(3)mz3 S3¢H7{21,22,23},V21,Zz,23€M, (5.74)
fory<1l.Assumethats:M— Zgfulfills
§(M15(21,22,23)) < n(z1,22,23), (5.75)

forallz1,z2,23& M. ThenthereisauniquereciprocalmappingR:M— Zssuchthat
1

E(R(z)—s(z))sl(l_ill)n 7,2,2),V zEM. (5.76)

Proof.AssumeN=&anddefine§ onNby

1 1

£(q)=:inf{(3)m>0:&(h(j) <(3)mn(z1,22,23), V zE M},

One can easily prove that £'is a convex modular with Fatou property on Nand N¢is é—complete,

see[2].Considerthemappingo : N¢— Ngdefinedby

1 1
oq(z)= ?7(3'52), (5.77)
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1 1

forallzE&Mandg&EN¢.Letq,r&Ngand(3)mE [O,1]withE’_(q—r)<(3)m.Bydefinition
of€ ,weget

1

£(q(2)—r(2) <(3)mn(z1,22,23), V 21,2, 3E M. (5.78)

Bymakinguseof(5.74)and(5.78),wehave

a((3mz)  r((3)mz) 1 L 1
—  — < 18a((3)n2)  — r((3)m2)
3 3 3

§

1 1 1 1 1 1
<130 323223z <(3)dnlzyzaz)
3

forallzi,z2,z3€ M.Thenoisa& —contractionand(5.75)implies

m 1
w—s(z) < (zz2),VzeEM, (5.79)
3 3
andrepIacingzby(3)mzir_11(5.79),weget
! 1 1 1
((3)72) : w2, (32,0, (3)m
= i : —s((3)mz) < B z,(3le, AB)n2) ,VZEM (5.80)
3 3

andbymakinguseof(5.79)and(5.80),weget

s!(3)r#z) ! 1 1 1 L 1
1 —s(2) S_n((3)m2,(3)m2,(3)m2)+ln(;z,z,z),

9 9

forallz& Mandbygeneralization,weget

£ s(B)H2) —g(z) <k

1 . i—1 ;-1 )
1n(((3)m) z((3)m)  z((3)m)
3k i=1 37

1
< r’(z/ z, z) lpi
o
1

slm,z,z),VZEM (5.81)

i=1
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Weobtainfrom(5.81),
1

¢ U3 s(3)ma)
1 - 1
3k 3u |
1 s(@m2) a1, s(B)m) T
szf — I  —2s(z) + é; — I 2s(2)
> 1 > I
K 3)m. ] 3% B )
Szf S((L) z) _ s(2) +K§ S((l) 2) s(2)
3k 3u
K
slm_w)n(z,z,z),VzeM
wherek,u&€N.Thus
§(o's _o's) _ ——,
ERCE)

andhencetheboundednessofanorbitofoatsisgiven.So{t*s}isé' — convergenttoRE N¢

byTheorem1.5in[2].By& —contractivityofo,weget
E(o*'s—oR)< P& (o 1s—R).
Takingk— coandbyFatoupropertyofé,weget

§(oR _R) < lim inff(oR _o's) - L/Jl/i(mwinf £(R—o*—1s)=0.

k—>0

k k k
HenceRisafixedpointofo.ln(5.75),replacing(zl,22,|:r3)by (3)mz1,(3)mz2,(3)mz3,We
get 1 I3 K & 1 & & &
€ Mis((3)r21,(3)mz2,(3)nz3) <= (321, (3)mz3, (3)mz3):
3k 3k

By Theorems3.1,3.3 and takingk— oo, we obtain thatRis a reciprocal mapping and using (5.81),
we have (5.76).For the uniqueness of R, consider another multi-type reciprocal mappingT-M—
Zssatisfying(5.76).ThenTisafixedpointofosuchthat

ER—T)=EOR—oT) < Y&R—T). (5.82)
From (5.82), we get R = T .This completes the proof.

TheproofsofCorollaries5.2and5.4followsfromthefactthateverynormedspaceisamodular
spaceofmodularé(z) =|z]|

Corollary5.2.AssumenisafunctionfromM?to[0,+ o )suchthat

1 k Kk K
Iimlr]{(3m )z1,(3m)z2,(3m)z3}=0,

k—>°°3k
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and

1 L L 1
n{(3m)z1,(3m)z2,(3m)z3} < 31110{21,22,23}, Y<l.

Assumethats:M— Zsatisfiesthefollowing,foraBanachspaceZ,

HIVI1S(Z1,22,Z3)||Sn(Z1,Zz,Z3),

forallz1,z2,z3€ M. ThenthereisauniquereciprocalmappingR:M— Zsuchthat

I b‘ n(z,z,z)
R(z)—s(z)< p
13—-y)
forallzeM.
Theorem5.3.AssumenisafunctionfromM?to[0,+o0 ) with !
lim n , , =0,
1 zizoz3
k k k k
k==K (3)m (3)m (3)m
1
and .
nL22% Sylp{z,z,z},
1 1 1 1 123
(3)m (3)m (3)m 3

forallz1,z2,z3€ M, Y<1.Assumethats:M— Zfulfills

§(M15(z1,22,23))<n(z1,22,23).

Thenthere isauniquereciprocalmappingR:M— Zssuchthat

py

E(R(z)—s(z))sm(z,z,z), Vzem.

Proof.Replacing zby Ezfﬁ in(5.77)ofTheorem5.1andbyasimilarmethodtothatofTheorem
5.1,wecompletetheproof.

Corollary5.4.AssumenisafunctionfromM?to[0,+co )with !
lim ’ ,
n 1 212273

ko=0k (3)n(3)m (3)m

1
and :
72127 Z
0_1,_2,_3 SLAI’I{Z,Z,Z},L,U<1.

1 1 1 1 1 2 3
(3)m (3)m  (3)m 3

Assumethats:M— Zfulfills
HM15(21,22,23)||Sn(21,22,23),
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forallz1,z2,z3€ M. ThenthereisauniquereciprocalmappingR:M— Zsuchthat

py

I R@z)—s(d)< s

forallze M.
UsingCorollaries5.2and5.4,weobtainthefollowingcorollaries.
Corollary5.5.AssumenisafunctionfromM?to[0,+c0),ZisaBanachspaceande >0is a real number

such that

1 k k k
liry n{(3)m z1,(3)m 22,(3)m 23}=0,

ke

and
1 L L 1
n{(3)mz1,(3)mz2,(3)mz3} < 31#'7{21,22,23}, P<1.

Assumethats:M— Zfulfills
IMis(z1,22,23) <€,
forallz1,z3,23 ¢ M.ThenthereisauniquereciprocalmappingR:M — Zdefinedby

s (3)§nz

R(z)=limk—~ ——5—,suchthat
3k

3
IR(2)—s(z) < g =

forallze M.

Proof.Assumethatn(zi,z2,z3)=€eforallz1,z2,z3&Z.ThenCorollary5.2implies
pe
| R(z)—s(szzf
forallz€ Zandp#0, +=1andmakinguseofCorollary5.4,weget
3e
| R(z)—s(szzf

forallzeZ.

Corollary 5.6./f s:M— Xfulfills the following inequality, for a linear space Mand a Banach space Z,
respectively,

||I\/Ils(21,22,23)H§6(||21Hu+|E2‘rJ+‘b(3|rJ),
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forallz1,z3,23€ MwithO<u<—moru>—mforsomee= Ok. Thenthereisareciprocal

s(3) m
mappingR:M— Z,definedbyR(z)=limi_« T,suchthat
3
9¢ u
| R@=s@s e 2] V2EM
1—3m

Proof.Ifwechoosen(zi,z2,z3)=€lz1| + |22l +|z3[ ,thenCorollary4.2implies

9¢
IR(z)—s(2)|< —m;WHzHu
1 —3m ’
forallz&Zandu<—m.UsingCorollary4.4,weobtain
¢ u
HR(z)—s(z)S” T|‘Z||,
3m -1

forallzezZandu>—m.

The following is anexample to elucidate(2.4),which isnotstable foru=—min Corollary 5.6.

Example5.7.Definep:R— Rwitha>0as

o(2)= g;.kf’ﬂe(lloo)
a, otherwise
. 2. o(37+2) -
andafunctions:R—Rbys(z)= , o 3ﬁ.Thensfqullls
I L a3®m(4) 1 1 1
K. X mt Tmt m
Mis(z1,2223)% 3 3m_q) i 7§

forallzi,z2,z3E R.Inthatcase, theredoesnotexistareciprocalmappingR:R— R suchthat

Is(z)—R(z)|<68 1 ,6>0,VzeR.
zm

Corollary5.8.Assumes :Z1— Zzisamapping.Assumethatthereexistse = 0suchthat

IMs(z,32)2<dz 1154 2134 sl

forallz1,z2,23€ Z1. Thenthereexistsauniquereciprocalmapping R : Z1— Zxfulfilling(2.4)and
3e

|zHu foru<s—m

I 5

—3m

r(z)—s(z)=< EEEI 3e |zHu foru>—m
m+u

3’m 1 |
forallze z,.
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Proof.Replacen(z,z z) byelz Uﬁ 'z, _ThenCorollary5.2implies
77273 1|31 257 3l/3
Ia | el
—s(2)<ll T
(2)—s(2)=< 1_3,ze 2l

foru<—mandforallz&ZiandmakinguseofCorollary5.4,weget
3e 3
| R(z)—s(z)SH “mra Iz ,

3m —1

for u>—mandforallz€2;.

Corollary5.9.Lete>0anda<—Lora>—"perealnumbers,ands:Z1— Z>bea
mappingsatisfyingthefunctionalinequality

IM15(21,22,23)l < 6||21|\3a+||22"3a+|‘23‘|3a+(||21‘rx‘|22|r||23‘r)}.

ThenthereexistsauniquereciprocalmappingR:Z1— Zxfulfilling(2.4)and
3a
o e fora<—"
IR(2)—s(2)< 1—3m

12¢ 3 o
Dufi%”z“ * fora>—"73

forallzez,.

n V4
Proof.Replacen(z1,25,z3)by€lzill "+ 2ol “+lzs "+ Iz lz2 [ |z3 ). Thencorollary
5.4implies

IR(2)—s(z)l= —2|12P=
1-3 m

fora<—™andforallz€ ZiandmakinguseofCorollary5.4,weget

12¢
IR(2)—s(z)l< 33@TIIZH3"‘,

m -1

fora>—"apndforallzeZ

Thefollowingisanexampletoelucidate(2.4),whichisnotstablefora=—2inCorollagy
5.9.

Example5.10.Define ¢:R— Rwith a constant />0as

/.
Sifze(1, 00
olz)= W)
/, otherwise
2. - )
andafunctions:R—Rbys(z)= , o %:Z).Thensfulfllls
a3?m(4) 1 1 1 1 1 1
—t  —  —+
LRl T S (NS NPT A A O
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forallzi,z2,z3E R.Inthatcase,theredoesnotexistareciprocalmappingR:R— R suchthat

|s(z2)—R(z)|<6 1 ,6>0VzeR.
zm

6. CONCLUSION

In this work, we introduced the new generalized multifarious type radical reciprocal functional
equations combining three classical Pythagorean means arithmetic, geometric and harmonic.
Importantly, we obtained their general solution and stabilities related to Ulam problem with
suitable counter examples in modular spaces by using fixed point approach.Furthermore, we
illustrated their geometrical interpretation.
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