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Abstract

Let G = (V,E) be a graph and M(G) be a middle graph, a set § S V is outer
connected dominating set of G if S is a dominating set and G[V — S] is connected. The
outer connected domination number y, (G) is the smallest cardinality of a outer

connected dominating sets of G. A outer connected dominating set of G of smallest
cardinality is called ¥, - set of G. The total number of y - sets of G is denoted by T.(G).
We define the outer connected domination value of each vertex v € V(G), as the
number of Y- sets of G to which v belongs. In this paper, we study the outer connected

domination value for standard graphs and the outer connected domination value in
middle graph of a graph.
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1. Introduction

Domination in graphs is a fundamental concept with significant theoretical and
practical implications. It is extensively studied in [3,7]. While research has extensively
explored dominating sets, domination numbers, and related parameters, the local
analysis of domination remains relatively under explored. A variation of standard
dominating set, Joanna Cyman introduce the concepts of outer connected domination
in 2007 [11], where not only does the set dominate all vertices in the graph, but also
the set of non-dominated vertices (the outer vertices) must form a connected subgraph.
This includes the introduction of concepts like outer connected domination
number[1,10]. After this Connected domination and Total connected domination was
introduced by E. Sampathkumar and H.B. Walikar in 1979.Further it was extented
in[5]. After this complementary connected domination number was introduced by
V.RKulli and Janakiraman they called the parameter as non split domination
number[12]. Further it is studied in[13,14]. Although domination and other related
concepts has been studied extensively. Mynhardt’s in [9] initiated that a vertex of a
tree with domination value O or the total number of dominating set. This initiated the
study of vertex-centric domination values [4]. Even a casual chess player knows that
controlling the chessboard’s center squares is crucial, especially during the first and
middle stages of the game. For this reason, the center square has a higher total
domination value. This leads Kang, paving the way to found total domination value in
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graphs in 2014 [11] and Angsuman Das [2] introduced the concept of domination value
to connected domination value of a vertex in a graph in 2023.

Let G = (V (G), E(G)) be a simple, connected graph with order |V (G)| and
size|E(G)|. A subgraph H of a graph G whose vertex set and edge set are the subsets of
the graph G. For S € V(G), We denote (S) the subgraph of G induced by S. A vertex
having degree one is called end vertex. A vertex is called central vertex if its eccentricity
is equal to the radius of the graph. The distance between two vertices in a graph is the
number of edges in a shortest path (also called a graph geodesic) connecting them. The
longest distance between any two vertices is called diameter of G.

A set S C V is called a dominating set of G if N[S] = V. The domination
number y(G) is the minimum cardinality of a dominating set of G.

A subset S of vertices in a graph G is called outer connected dominating set of
G if S is a dominating set and G[V — S] is connected. The minimum cardinality of a
outer connected dominating set of G is its outer connected domination number and is
denoted by ¥.(G). A minimum outer connected dominating set ¥,(G) is said to be a
Y, -setof G.

The middle graph of a graph G denoted by M (G) is defined as follows the vertex
set of M(G) is V(G) U E(G). Two vertices x, y in the vertex set M(G) are adjacent in
M (G) in the case one of the following condition holds.

(1) x,y are in E(G) and x, y is adjacent in G.

(ii) x is in V(G), y is in E(G) and x, y are incident in G.

For § € M(G), let M(G)[S] denoted the induced subgraph of S in M(G).

In this the paper, we denote by C,, B, K, B 5, Ky 5, Wy, S, Fyand bull graph on
n vertices, respectively. We introduce a new parameter outer connected domination
value and outer connected domination value in middle graph of a graph.

2. Basic properties of outer connected domination value.

Definition 2.1. The total number of ¥ - sets of G is denoted by T.(G). We define the
outer connected domination value of each vertex v € V(G), as the number of ¥ _- sets
of G to which v belongs.

Example 2.2. For the graph G given in Figure 2.1, S; = {vy,v,}, S, = {vy, 14}, 53 =
{v1,vs}, Sa = {v3,v3}, S5 = {3, 5}, S6 = {v3, 14}, S7 = {v3, v}, Sg = {4, vs} are
the minimum outer connected dominating sets of G, So that'y_(G) = 2. Also, the total
number of ¥_- sets of G is eight, So that T.(G) = 8. So that 0CDV;(v) =3,v €
{v1,V2,V3,0,},and OCDV;(v) = 4,v € vg

%1
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Figure 2.1
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Observation 2.2. Y.,cy ) 0CDV;(v) = 7.(G).v (G).

Theorem 2.3. For any graph G and for any vertex v € V(G),0 < 0CDV;(v) < 7.(G).
Theorem 2.4. For any graph G and for any vertex v € V(G),0 < 0CDV;(v) < ¥ _(G).
Theorem 2.5. Let G be a connected graph

(1) If 0CDV;(v) = 0 then no ¥ - set of G contain the vertex v.
(i1) If 0CDV(v) = 1 then unique - set of G contain the vertex v.
(iii)  If OCDVg(v) = n then n number of ¥, - set of G contain the vertex v.

Observation 1.5. Let G be a connected graph 7.(G) = 1 if and only if G has a unique
minimum outer connected dominating set.

3. OUTER CONNECTED DOMINATION VALUE IN GRAPHS

1 ifn=2
Theorem 3.1. For the Path G =B, (n=2), ¥, (G) =4 2 ifn=3 ,7.(G)=
n—2ifn=>4
2 ifn=2 n—3 if ve{v,v}
3 ifn=3and 0OCDV,(v) =X n—4 if v € {v,,v,_1}
n—3 ifn=>4 n—5 if ve{vs v, .., Vps}

Proof. Let V(PB,): vy, V3, ..., V1, Uy, be the cycle of order n.

Case(i): Let n = 2, then S§; = {v,} and S, = {v,} are the only two ¥ -sets of G so that
Y.(G) =1,7.(G) =2and OCDV;(v) = 1, v € {vy, v, }.

Case(ii): Let n = 3, then S; = {vy,v,}, S, = {v1,v3} and S5 = {v,, v3} are the only
tthree ¥ -sets of G so that ¥ .(G) = 3,7.(G) = 3and OCDV;(v) = 1, v € {v,V,,V3}.

Case(iii): Letn > 4 and S; = {v4, vy, Vs, ..., 1, } be a dominating set of G and G[V — S]
is connected. Therefore S; is a minimum outer connected dominating set of G and
Y.(P) < n—2.Weprove that y_(B,) = n — 2. On the contrary suppose that ¥ _(P,) <
n — 1. Then there exists a ¥ -set S’ of G such that |S'| <n — 1. Let x, be a vertex of
G of x, € Sand xy, € S'. Then either x; is not dominate by any element S’ or G[V — S']
is not connected. Which is a contradiction. Therefore y_(P,) = n — 2. Similarly we can
prove that S, ={v1, V5, Vs, ., U}, S3 = {V1, V3, U3, Vg eoes Un}y ooy Spa =
{v1, V2, V3, oo Vnoas Vn—1, Un}, Snz = {V1, V2, V3, oo, Vs, Un—3, Vp t are also the y -set
of G and so ¥ (B,) = n — 2. Also, there are (n — 3) ¥,_-sets of G. Hence 7.(G) =n —
3. Here vy presentin (n — 3) ¥ - set of G, v, present in (n — 4) ¥ - set of G, v present
in(n—4)y_-setof G ...,v,_, presentin (n — 5) ¥ -setof G, v,_4 presentin (n — 4)
Y -setof G, v, presentin (n — 5) ¥ - set of G. Therefore the 0CDV;(v) =n—3, v €
{vi, v} ., 0CDVz(v) =n—-4, veE{v,,v,_1} and 0CDV;(v) =n—-5, ©vVE
{vs3, V4 oo, U2} ]

Theorem 3.2. For the cycle G =C,, (n=3), v,(G)=n—-2, 7.,(G) =n and
0CDV;(v) =n—2,V v eV(C.

Proof. Let V(C,):v;i,V,, ...,Vn_1,V, be the cycle of order n. Let §; =
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{vi, vy, V3, ..., Uy} be a dominating set of G and G[V — S] is connected. Therefore S
is a minimum outer connected dominating set of G and y .(C,,) < n — 2. We prove that
¥.(Cy) = n — 2. On the contrary suppose that ¥ _(C,) < n — 1. Then there exists a y -
set S’ of G such that [S'| < n — 1. Let x, be a vertex of G of x, € Sand x, € S'. Then
either x; is not dominate by any element S’ or G[V — S'] is not connected. Which is a
contradiction. Therefore ¥,(C,) =n— 2. Similarly we can prove that S, =
{vy, V3, V4 e, Vo1, S = {U3, V4, Vs, oo, Un}y oo, Sy = {Vn, V1, Vg, ..., U3} are also the
Y -set of G and so ¥ (P,) = n. Also, there are n ¥ - sets of G. Hence 7.(G) = n. Here
vy presentin (n — 2) - set of G, v, present in (n — 2) ¥ - set of G, ..., vy, present in
(n — 2) v,- set of G. Therefore the outer-connected domination value of each vertex is
n — 2. Therefore the OCDV;(v) =n— 2,V v € V(C,). [

Theorem 3.3. For the complete graph G = K, (n =2), ¥.(G) =1, 7.(G) =n and
0CDV;(v) =1,V v € V(K,).

Proof. Let V(Ky): vy, vy, ..., V. Here any singleton subset of G is a ¥ -sets of G. Hence
Y.(G) = 1. Also there are n number of ¥ _-setin G. Hence 7,(G) = n. Here each vertex
present exactly once in ¥ - set of G OCDV;(v) = 1,Vv € V(Ky,). [
Theorem 3.4. For the star graph G = K14, (n = 3),¥,.(G) =n—1, 7.(G) =nand
0CDVe(v) =n—-1,Vv €V(Kin_1).

Proof. Let V(Kl,n—l): X,Vq,Vy, ..., Vn_1. Let x be the central vertex and vy, vy, ..., V4
be the set of all end vertices of G. Let S; = {x, v, V3, ..., V,_1}, be a dominating set of G
and G[V — S] is connected. Therefore S; is a minimum outer connected dominating set of
G and ¥,(C,) <n—1. We prove that y_(C,) =n — 1. On the contrary suppose that

Y.(Cy) <n — 2. Then there exists a y_-set S’ of G such that [S'| <n — 2. Let x, be a

vertex of G and x4 € S and xy € S’. Then either x, is not dominate by any element S’ or
G[V —S'] is not connected. Which is a contradiction. Therefore y_(C,) =n — 2.

Similarly we can prove that S, ={x,01,V3, e, Vp_1} e, Spn =
{x,v1,v2, ., Vn_2}, Sp1 = {v1, V2, ..., v_1} are also the y_-sets of G and so
)76(1(1,,1_1) =n — 2. Also, there are (n—1) y_-set of G . Hence 7.(G) =n — 1. Here
x present in exactly (n—1) y_-sets. Hence OCDV;(x) =n — 1. Here vy present in
(n —1)7y_-setof G, v, present in (n — 1) ¥ _-set of G, ..., v, present in (n — 1) ¥ -set of
G. Therefore the outer-connected domination value of each vertex is
n—1, Sothat 0CDV;(v) =n—1,Vv € V(K1) [
Theorem 3.5. For the complete bipartite graph G =K., (2 <7 <5), ¥.(G) =2,

7.(G) = r.sand OCDV;(v) = {Sr ;}CZ E ;(

Proof. Let X = {x;,x;, ..., x,}and Y = {y;, >, ..., ¥s} be the partite sets of G. Then S;; =
{(x,y)) /(1 <i<5),((1<j<5)} are the Y -set of G with cardinality two. Hence
Y.(G) = 2. Also, that there are (.5 ) V.- set of G . Hence T.(G) = r.s. Here x; present
ins y_-setof G, x, presentins y _-setof G, ...,x, presentin s ¥ -set of G. Similarly, y,
present in 7 y_-set of G, y, present in r ¥ _-set of G, ..., y, present in r ¥ -set of G.
Therefore OCDV;(v) =s if v € X and OCDV;(v) = rifv ey. n
Theorem 3.6. For the Bistar graph G = B, ¥.(G) =m+n, then 7.(G) =1 and
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1 if visanend vertex
OCDV, =
«(@) {O otherwise

Proof. Let V(Bm,n) = {u, v,u;, vj/where 1<i<m,1<j< n} and E(Bm,n) =
{uv, uu;, vvj/Where 1<i<m1<j< n}. Then S = {ui,vj /where 1 <i<m,

1 < j < n} be the dominating set of G and G[V — S] is connected. Therefore, S; is a
minimum outer connected dominating set of G and y, (Bm‘n) < m + n. We prove that
Y, (Bm,n) = m + n. On the contrary suppose that ¥, (Bm,n) < m+n — 1. Then there
exists a y_-set S" of G such that [S'| <m +n — 1. Let x, be a vertex of G and x, € S
and x, € S’. Then either x, is not dominate by any element S’ or G[V — S’] is not
connected. Which is a contradiction. ¥, (Bm,n) =m + n. Also S is the only minimum
outer connected dominating set of G. So that ¥ _(G) = m + n and also 7.(G) = 1. All
u;’s and v;’s present once in the y_-set of G. Thus the outer connected domination
value of each w; (1<i<m) and v; (1 <j<mn)is l. Also, the outer connected
domination value of u is zero and v is zero. ]

Observation 3.7. Let G = K, ,_; is a wounded spider and x be the universal vertex of
G and Uy, Uy, ..., Up_, be the subdivisions then ¥ (G) = A(G) then T.(G) =1 and
0 <0CDV;(v) <1. ]
Theorem 3.8. Let G be a connected graph without cut vertices A(G) = n — 1 then
0 <0CDV;(v) < 1.
Proof. By the definition of outer connected domination value, we have 0CDV;(v) = 0.
Since G contains no cut vertices, ¥ C(G) = 1. Therefore, by theorem 2.4.
0<0CDV;(v) <1. [ |
— _ 4ifn=4
Theorem 3.9. For the wheel graph G = W, (n = 4),7,.(G) = 1, 7.(G) = {1 ifn>5
If n=+4% then OCDV;(v) =1. If n=>5 then 0CDV;(v) =
{1 if vis the central vertex

0 otherwise .
Proof. Let V(IW,)): x, v4, Vy, ..., V_1 be the vertex set of G and x be the central vertex.

Case(i). If n = 4, W, is isomorphic to K, . Then by Theorem 2.3 any singleton subset
Y.(G) =1, T.(G) =4and OCDV;(v) = 1.

Case(i). Ifn > 5, then G contains exactly one universal vertex which is not a cut vertex,
Y.(G) = 1. There are only one Y- set of G. Therefore 7.(G) = 1. Then by Theorem
28. 0<0CDV;(v) < 1. [

Theorem 3.10. For the helm graph ¢ =H, (n =3), y.(G) =n+1,7.(G) =n+
1 if visacentral vertex or cut vertex
1and OCDVg(v) = {n + 1 if vis an end vertex.

Proof. Let V(H,,) : x,vq,Vy, ..., Up, W1, W5, ..., W, and x is the central vertex adjacent to
V4, V3, ..., Uy, Which are the cut vertices and wy, w,, ..., w,, are the end vertices. Let S; =
{x,w;,ws, ..., w, } be the dominating set of G and G[V — S] is connected. Therefore S; is
a minimum outer connected dominating set of G and ¥_(G) <n+ 1. We prove that
Y.(G) = n + 1. On the contrary suppose that ¥,(G) < n. Then there exists a y _-set S’ of
G such that |S’| < n. Let x, be a vertex of G of xy € S and x, € S’. Then either x, is
not dominate by any element S’ or G[V — S’] is not connected. Which is a contradiction.
Therefore y_(G) =n + 1.Similarly we can prove that S, = {vy, wy, wy, ..., w,,},S; =
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{vo, wi, Wy, o, Wy} e, Syt = {Vn 1, Wi, Wy, oo, Wy b, Sppr = {U, Wy, Wy, ..., wy, ) are also
the y_-set of G and ¥.(G)=n+1 and 7.(G) =n+ 1. Here the vertices
{x,v1,V,, ..., v} is present in exactly one y -set and {wy, w,, ..., wy, } present all the (n +
1) y_-set of G. Hence OCDV;(v) =1 if v € {x,v,V5,...,v,} and OCDV;(v) =n+
lifve{w,wy, .., w,}. n
Theorem 3.11. For the sunlet graph G =S,,(n=3), ¥,(G) =n, 7.(G) =1 and

1 if visanend vertex
OCDV (v) = .
(V) {O otherwise
Proof. Let V(S,): vy, V3, ..., Up, Wy, Wy, ..., W, be the vertex set of G and wy, w,, ..., w, be

the end vertices. Let S = { wy,w,, ..., w,} be the dominating set of G and G[V — S] is
connected. Therefore S is a minimum outer connected dominating set of G and ¥ ,(G) <

n. We prove that y_(G) = n. On the contrary suppose that y_(G) < n — 1. Then there
exists ay -set ' of G such that [S'| < n — 1. Let x, be a vertex of G of x, € S and x,, &
S'. Then either x, is not dominate by any element S’ or G[V — S'] is not connected. Which
is a contradiction. Therefore ¥,(G) =n.So ¥,(G) = n. There are only one ¥ - setG.
Therefore T.(G) = 1. Here the vertices { wy, Wy, ..., Wy} is present exactly once in ¥ -set

of G .Thus the outer connected domination value for the pendent vertices is one and zero
for all the other vertices. ]

Theorem 3.12. For the bull graph G, ¥_.(G) =n — 2, 7.(G) =n— 2 and 0CDV;(v) =
{3 if visanend vertices
1 otherwise

Proof. Let G be a bull graph with V(G):vy, vy, V3,0,V  and
E(G): v1v,, UyVs3,, UyVy, V3VUs, Vs Vs . Then S; = {v, 3,05}, S, = {vy, Vs, U5} and S5 =
{v1,v,,vs} are the ¥ _-set of G with cardinality 3. So that y_(G) = 3. There are three
Y -sets of G. Therefore T,(G) = 3. Thus the outer connected domination value for the
end vertices is three and one for the other vertices. ]
Theorem 3.13. For the graph G = F,(n = 2),y.(G) = n, 7.(G) = 4 and OCDV;(v) =
2 ifveEf{v,vy, .., Vo)

{O if visacutvertex

Proof. Let F, be the friendship graph with V(E,): {vy, V1, V3, ..., V2,} and E(E,) :
{vov1, VoVs, v, VoVan} U {U1V3, U3y, v, Vap_1Van ). Let S; = {vq, V3, Vs, ..., Van_1} be
the dominating set of G and G[V — S] is connected. Therefore S is a minimum outer
connected dominating set of G and ¥ .(G) < n. We prove that ¥ _(G) = n.On the contrary
suppose that ¥, (G) <n — 1. Then there exists a ¥ _-set S" of G such that |[S'| <n — 1.
Let x, be a vertex of G of xy € S and x, € S'. Then either x; is not dominate by any
element S’ or G[V — S'] is not connected. Which is a contradiction. Therefore ¥ (G) =
n. Similarly we can prove S, = {vq, V4, Vg, oo, Van}, S3 = {V2, V3, Vs, oo, Vap—1}, Sa =
{v,y, V4, Vg, ..., Vo }  are also Y- setG. So that there are four Y- setG. Therefore
7.(G) = 4. Here the vertices {vq, V5, ..., Uon} present exactly twice in the four ¥ - set G.

Thus, the outer connected domination value for the cut vertex is 0 and two for the other
vertices. [

4. OUTER CONNECTED DOMINATION VALUE IN MIDDLE GRAPH OF A GRAPH
Theorem 4.1. For the graph G =P, n >3, ¥, (M(G)) =n, 7,(M(G)) =4 and
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4 ifv €{vy,v3 ., Vn_z Vpn}
OCDVM(G)(U) =12 if v €{vy,vp_y, fo, fr-1}

0 otherwise
Proof. Let B, be the path on n vertices with vertex set {vy, vy, ..., ,} and edge set
{vivy, VoV3, o, U1V} Then without loss of generality we assume that f; =
{vivigsl1<i<n—1}L Then VM) ={v,fi|1<i<n1<j<n-1} and
E(M(Pn)) =3n—4. Let S; ={vy, V3,4 Vs, ..., }U{fi} be a dominating set of
M(G) and M(G)[V — S] is connected. Therefore S; is a minimum outer connected
dominating set of M(P,) and 7C(M (B,)) < n. We prove that ]7C(M (P,)) = n. On the
contrary suppose that y C(M (Pn)) < n — 2. Then there exists a y_-set " of M(G) such
that |S'| < n — 1. Let x, be a vertex of M(G) such that x, € S and x, € S’. Then either
X, is not dominate by any element S’ or M(G)[V — S’] is not connected. Which is a
contradiction. Therefore 7, (M(B)) =n. Similarly we can prove that ,S, =
{1, V2, s s U2} U {fm13, S3 = {01, 3, V4, o, U2} U S, frm1}, Sa =
{v1,v2, V3, Vs, ..., vp} are also ¥ -set of M(G) with }7C(M(Pn)) = n — 1. Here the vertices
{v1, V3, ..., Un_p, v} present all the four ¥ - sets of G. It is noted that {v,, v,_4, f1, fn-1}
present two V- sets of G and {f3, f3, ..., fu—2, fn} does not present iny - sets of G so that
OCDVyy(v) = 4,v € {v1,V3, ..., V2, Vn}, OCDVy()(v) =0,v €
{2 f3) s frmzo fn - u
Theorem 4.2. For the graph G = C,,, n = 3,7C(M(G)) =n-1,7(MG))=nlfve

n—2 i UV € V1, VUp, oo, Uy
M(G), OCDVy gy (v) = { 1 o];herw{isz ’ )

Proof. Let G = C,, be the cycle on n vertices with vertex set {vy, v, ..., v, } and edge set
{viv,y, V3Vs, .., U1V} Then without loss of generality we assume that f; =
{v;v;41]11 < i <n—1}. Then viMC)) ={v.fill<i<ni1<j<n-1}
E(M(C,)) = 3. Let S, = {vg, Vs, Vs, ..., "} U {f1} be a dominating set of M(G) and
M(G)[V — S] is connected. Therefore S; is a minimum outer connected dominating set
of M(C,,) and VC(M(Cn)) <n-—1. We prove that 7C(M(Cn)) =n—1. On the
contrary suppose that ¥ (M(C,)) < n — 2. Then there exists a Y, -set S’ of M(G) such
that |S'| < n — 2. Let x, be a vertex of M(G) of x, € S and xy, € S'. Then either x,
is not dominate by any element S’ or M(G)[V — S’] is not connected. Which is a
contradiction. Therefore ¥, (M (Cn)) =n. Similarly we can prove that §, =
{171, Vs, Us, v vn} U {fZ}l S3 = {v1; V2, Vs, Vg, w1y vn} U {f3}' ) Sn—l =

{vi,v2, 0, v} U {fnoah S = {v2, 03, ., v} U {1} are also - set of M(G) and
)7C(M(G)) =n-—1 and ?C(M(G)) = n. Here the vertices {vy, V5, ..., V,_1} present
(n—2) ¥,-setof M(G) and also noted that {f3, f5, ..., f»} presents exactly once in¥y -
set of M(G). Therefore OCDVyie(v)=n—2, vE€{vy,v,,..,vy_1} and
OCDVy)(v) = 1,v € {ug, uy, ..., up} n

Theorem 4.3. For the graph G = K;,_1,n = 4, 7C(M(G)) =n, ?C(M(G)) =n, and

_(n ifv €{vy, vy ., Vpo1}
0CDVie) () = {1 if v € {x, Uy, Uy, .., Uy} -

Proof. Let G = K;,_, be the star graph on n vertices. Then V(K;) =x and
{vy, vy, ...,vy_1} are the end vertices of K;,—4q and u; = xv;, 1 <i <n—1. Then
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n?+3n

V(M(K,_,)) =2n—1and E(M(K,_,)) = — Let S = {v, v, ., Vp_1} U {1}
be a dominating set of M(G) and M (G)[V — S] is connected. Therefore S; is a minimum
outer connected dominating set of M(K,_;) and ¥, (M (Kl,n—l)) < n. We prove that

Y, (M(Kl,n—l)) =n. On the contrary suppose that ¥, (M(Kl,n_l)) <n-—1. Then

there exists a ¥ _-set S’ of M(G) such that |S'| < n + 1. Let x, be a vertex of M(G) of
Xy € S and xy € S’. Then either x; is not dominate by any element S’ or M(G)[V — S']

is not connected. Which is a contradiction. Therefore ¥, (M (Kl,n—l)) = n. Similarly

we can prove that S, = {vy, vy, ..,V 1} U {Uy}, S5 ={v1, vy, ., v} U
{us}, ... Sn-1 = {v1, vz, e, Va1 } U {1}, Sn = {v1, v, ..., vp1} U {x} are alsoy -set
of M(G) and )7C(M(G)) = n. Here the vertices {vy, v, ..., v_1} present all the n ¥ -
set of M(G) and also noted {uy, uy, ..., Uu,—q, x} present exactly once iny - set of M(G).
Hence OCDVy)(v) = n, v € {vy,v;,...,v,—1} and OCDVyi(v) = 1,vE
{uy, uy, oo, Upq, X} m
Theorem 4.4. Let G be the graph obtained from K, ,_; by subdividing each edge
exactly once. Then n >3, VC(M(G)) =2n—1, ?C(M(G)) =3. If ve M(G),
OCDVM(G)(U)={3 ifv efu,x},1<i<n-1

2 otherwise .
Proof. Let K; ,_; be the star graph with V(K;) = x and {vy,v,, ..., v,_1} be the end
vertices. Let G be a graph obtained from Kin-1 with vertex set
{x,v1, V2, e, Vp_1,Ug, Uy, .., Up_1} and edge set {xVy, XV, ..., XUy, V1Uq, UaUs,,, ),
VpUsy, -, Un—qUn—1} . Without loss of generality let us assume that e; = xv;, (1 < j <
n—1)and fy = vpu,, (1 <k <n-1) ThenV (M(Kl,n—l,n—l)) = {vo, v, U, €, fie/

(l<isn-1)(A<j<n-1D}E (M(Kl,n_l,m_l)) =(m—-1mn+3). Let S, =
{uy, uy, .., Up—1, V1, Vg, o, Vp_1, Yo} be a dominating set of G and M(G)[V — S] is
connected. Therefore S; is a minimum outer connected dominating set of M (Kl'n_l,n_l)
andy_(G) < 2n — 1. We prove that VC(M(G)) = 2n — 1. On the contrary suppose that
Y, (M(Kl,n—l,m—l)) < 2n. Then there exists a y_-set S" of M(G) such that |S'| < 2n.
Let x, be a vertex of M(G) of xy, € S and x, € S'. Then either x, is not dominate by
any element S’ or M(G)[V — S'] is not connected. Which is a contradiction. Therefore
Y, (M (G)) =2n—1. Similarly we can prove that S, =
{uy, Uy, o, Up—1,€1,€2, e, €n_1,V0}, S3 = {U1, Uy, eoe, Un—1, f1, f2r wer fn—1, Vo } are also
Y -set of G . Here the vertices {vy. Uy, Uy, ..., Un_1} present in three ¥ - sets of M(G)
and it is also noted that {vy,v,, ..., vn_1}, {€1,€2 o, €n_1} {f1, for ) fne1} present
exactly once in y - sets of M(G). Hence OCDVyy(v) = 3,v € {vo, Uy, Uy, .., Un_1},
O0CDVyy(v) = 2,V € {v1, V3, ..., Vn_1, €1, €2 vy €1, f1s f2r ooes fim1 }: n
Theorem 4.5. For the graph G = S,,, (n = 3), VC(M(Sn)) =2n, T.(M(S,)) = 2 and

2 ifv=uy,1<i<n
0CDVyiy(v) =31 ifv=v,f,1<i<n

0 otherwise
Proof. Let C,, be the cycle graph on n vertices with vertex set {v,, v, ..., U, } and edge
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set {v,v,,V,V3, ..., V_1Vy}. Let S, be a graph obtained from C, with vertex set
{vi, Vg, v, Up, Ug, Uy, ., Uy} and edge set {v, V5, Uy Vs, o, Up 1 Un, Uy V1, Ug Vg, v, U Up }
Without loss of generality let us assume that f; = {u;v;|1 <i <n},(1<j<n) and
wi ={rviql1<i<n}(1<j<n). Then V(M(S,)) =
{vi,ui,fj, Wj|1 <i<nl1<j< n} and E(M(Sn)) =7n. Let S; = {vy, vy, ..., 0} U
{uy, uy, ..., u,} be a dominating set of M(G) and M(G)[V — S] is connected. Therefore
S, is a minimum outer connected dominating set of M(G) and ]7C(M (G)) < 2n. We
prove that 7C(M(G)) = 2n. On the contrary suppose that )7C(M(G)) < 2n — 1. Then
there exists a ¥ -set " of M(G) such that [S| < 2n — 1. Let x, be a vertex of M(G)
such that x, € S and x, € S'. Then either x,, is not dominate by any element S’ or
M(G)[V — S'] is not connected. Which is a contradiction. Therefore ¥, (M(G)) = 2n.
Similarly we can prove that S, = {uy, U, us, ..., Up} U {f1, f2, ..., fn} is also a ¥y - set of
M(G) with )7C(M(G)) = 2n. Here the vertices {uy, uy, ..., u,} presents in two ¥ - sets
of M(G) and also noted that {v,, vy, ..., vy, f1, f2, -, fn} present exactly once in Y- sets
of M(G). Hence OCDVyi(v) =2,v € {uy,uy,...,up},0CDVyiy(v) =1,v €
{vu,v2 s U f1u f2r -0 o} and OCDViyy(v) = 0,v € {wy,wy, ..., wp} n

Theorem 4.6. For the graph G = F, withn > 2,7 (M(E)) =n+1, T, (M(F)) =1
1 if v=vywi,(1<k<n)

and 0CDViy () (v) = {0 ifv=v,e,(1<i<nl1<j<n)

Proof. Let F, be the friendship graph with vertex set {vy, v4, v, ..., Von, } and edge set
{vov1, VoV, oo, VoUan} U {V1 V5, U3 V4, ..., Vap—1Van }. Without loss of generality assume
that e; = vov; and wy = v;v;4q such that 1<i<n,1<j<n,1<k<n. Then
VIM(E)) ={vi,ejwg|]1<i<n1<j<n1<k<n}and E(M(E,))="7n Let
S: = {vg, wq, Wy, ..., w, } be a dominating set of M(G) and M(G)[V — S] is connected.
Therefore S; is a minimum outer connected dominating set of M(G) and ¥, (M (G)) <
n+ 1. We prove that ¥, (M(G)) = n + 1. On the contrary suppose that 7C(M(G)) <
n. Then there exists a y_-set S" of M(G) such that |S’| < n. Let x, be a vertex of M(G)
such that xy € S and x, € S’. Then either x, is not dominate by any element S’ or
M(G)[V — S'] is not connected. Which is a contradiction. Therefore ¥, (M (G)) = 2n.
Clearly S; is a unique minimum outer connected dominating set of M(G) so that
T, (M(G)) = 1. Here the vertices {vy, wy, Wy, ..., Wy, } present exactly once in M (G) and
also noted that {v,, v,, ..., Voy, €1, €5, ..., €, } does not present in 7C-set of M(G). Hence
0CDVyiy(v) = 1,v € {vg, Wy, Wy, ..., Wn}, 0CDVy(y(v) = 0,v €

{vi, V2, o, Van, €1, €2,.., 1) n
5. Conclusion

In this article we explore the concept of the outer connected domination value in
graph and outer connected domination value in middle graph of a graph. Further, we
extend this concept to some other distance related parameters in graphs.
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