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ABSTRACT

For a graph G = (V(G),E(G)) a coloring C:V(G) — z, k = 2 (not a proper coloring) called the modular
coloring if for each pair of neighboring vertices S(u) # S(v). Theminimum k for which G has anmodular k
-coloringiscalledmodularchromaticnumberofG.Themodulark-coloringofagraphisdenotedby =~ m(G).Inthis
study we examine the modular chromatic number for some snow graph and extended snow graph of cycle
related graph.

Keywords: Snow graph, extended snow graph, wheel graph, gear graph, friendship graph, generalized fan
graph, flower graph.

INTRODUCTION

There are many real-world applications for graph theory. That's when a graph coloring comes into play.
One of the research's emerging topics is modular coloring. We consider the finite undirected connected
graph. F. Okamoto, E. Salehi, and P.Zhang in 2010. In [1,4], a modular k- coloring, k > 2 of a graph without
isolated vertices is a coloring of the vertices of G with the element in zx(where adjacent vertices may be
colored the same) having the property that for every two adjacent vertices of G,The sum of the colors of
the neighbors are different in z,. The minimum k for which G has a modular k- coloring is called modular
chromatic number m.(G).

LetGbeanygraphandHisadoubleclawgraph.Let{vi,vz,...,v, }aretheexternalvertex(exceptthe

center vertex) of a graphgG, take p copies of H and the root vertex of the double clawgraph joined withthe
each external node G is called snow graph and it is denoted by ST4.(G,) where p is the number of external
vertices of graph G and T4cdenote the double claw tree graph.
LetGbethecyclicgraphandHisanyy—arytreegraph.Let{vi,vz,..., v, }aretheexternalvertex(except

the center vertex)of a cyclic graph, take p copies of H and the root vertex of the y—arytree joined with the
external node of G by an edge is called extended snow graph denoted by ST,(G,) where p,y is the number
of external vertices of cyclic graph G and height of n-ary tree graph T respectively.

In [2] P. Sumathi, S. Tamilselvi, determined the modular chromatic number of certain cyclic graphs. In [3],
we obtain the modular chromatic number of the inflated graphs of the wheel, gear, fan, friendship, and
flower graphs. In [4], also we examined the modular coloring of the corona product of a generalized
Jahangir graph. In [5] N. Paramaguru, R. Sampathkumar, investigatedmodular colorings of join of two
special graphs. In [6], T. Nicholas, G. R, Sanma, discussed the modular colorings of cycle related graphs. In
[7],R.Rajarajachozhan,R.Sampathkumar,foundthemodularcoloringofthecartesianproductsK,0Ky,
KmoCpAnd Ki,oP;,. In [8], T. Nicholas, G. R, Sanma, found the modular colorings of circular Halin graphsof
level two.In [9] Sanma. G. R, P. Maya obtained the Modular coloring and switching in some planargraphs.

Mainresults

Let G be a non-trivial undirected connected graph. In this paperwe introduced two new graph structures,
snow graph STq.(G,) and extended snow graph ST,(G,) of cycle related graphs. The following theorem
results that the snow graph and its extended snow graph of cycle related graph admits modular coloring.
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Theorem1. Foranylnth ggﬂklsze%;g?lemodularchromaticnumberofasnowgraphofwheelgraph

me(STac(W)=1{ 4 whenpisodd

Proof:Theconstructionofthesnowgraphof W isdescribedas,letW bea wheelgraph onpverticesand
HisanydoubleclawtreeT 4c.EachexternalvertexofWexceptthecentervertexisattachedwiththeroot
vertexoftheTycisjoinedbyanedgeiscalledsnowgraphofwheelgraph.LetV(STg.(W,))=coUv,U

vegWherel<a<pand1l<p<6andletE(ST4.(W,))=cov,U v:1<a<puv:l<a<pand1l<
a aB

B<6.ThemodularcoloringofST4.(W,)isdefinedbythefollowingtwocases
Casel:When pisodd,

ColoringofSTg.(W,)is

C(cg)=0,C(vy)=0forall a.

Whenarangesfromltou 1andBran2gesfr0m 1to6

Forallodde; C(vep)={""

0.othe1‘WéS_e
Forall ;C(vap)={"
orallevena (V;.BB)—E 0:otherwise
When;C(vep)={""" '
ap)=t 0:otherwise

ModularcoloringofST4.(W,)is
1:1<a<p—1,wherea isodd
§(c0)=0,8(ve)={2:1<a<p —1,whereaiseven
3:a=
Whenarangesfrom1tou — 1andBranges¢rom 1to6
Forallodda; §(veg)={" "~ »>3 forallevenc; S(veg)=(": P~ 123,
1 otherw1se 2:otherwise

0 ) ’
Wheno=y;5 (vip)={ B3 :otherwise

Case2:Whenypiseven,

ColoringofST4.(W,)is
C(c9)=0,C(v,)=0forall a.
Whenarangesfrom1topandfran esfrom1t06

Forallodda; C(vep)={"" Sforall evena;C(vap)= { =2
0:otherwise 0:otherwise

Modularcolormg%ﬁa‘ﬂc&ﬁvdals

S(c) 0,8(v)={
a 2:forallodda

Whenarangesfrom 1top — 1andBrangesfrom 1to6

Forallodde; §(vag)={"" =1 , forallevena; S (vap)= {0 p=123
1: 0therw1se 2:otherwise

FromtheabovecasesthegraphST4.(W,)is4modularcolorable,thereforethemodularcoloring ofm:(STq. (W)
=4,

Theorem2.Foranyintegerp>3,themodularchromaticnumberofasnowgraphofgeargraph
mc(STqc(Gp))=2.
Proof: The structure of the snow graph ofG,, let the graph G,be a gear graph with p vertices then take pn
copiesofdc, eachexternalvertexoquisaffixedbyonedc letV(STdc(Gu)) CoUV Uvwhere
1<a<p and1<B<6andletE(ST4c(G,))=V" 1<0(<2uU v:il<a<pand1<p<e6.

0: forallodx&a

ColorlngofST(G)ISC(C)=0,Whenarangesfrom1tou;C(v) {
de 0 a 1.foralleven0(

Whenarangesfrom1to uandBranﬁesfrom 1to6

Forallodda; C(veg)={ Jforall eveno;;C(vqp)=0.

0:otherwise

Modularcolorlng?(gﬂ‘mggd}is

S(c ) 0,8(v)={
a 0O:forallodda
Whenou'angesfrom 1top —landPrangesfrom 1to6

FOI‘aHOddO(;S(VaB)z{O: - '2’3 ) forallevena; S(VQB):{18:1'2’3
1:otherwise 0O:otherwise
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FromtheabovecasesthegraphST.(G,)ismodular2-colorable,thereforethemodularcoloringof
mc(STqc(G))=2.

Theorem3.Foranyintegery>3,themodularchromaticnumberofasnowgraphoffriendshipgraphmc(STqc (F,))
=3.
Proof:TheconstructionofthesnowgraphofF jisdescribedas,letF,beafriendshipgraphonpvertices

thentakepcopiesofdc,eachexternalvertexofF jisaffixedbyonedc,letV(ST4c(F,))=coUvqU
VegWherel<a<2p and1<p<6andletE(STq. (F,))=cov:1<a<2puU vi1<a<p Uv':l<
o

o of
a<pand1<B<6.

Coloringof STq(F,)is, C(co) = 0,when arangesfrom 1to2;C(v,) = 0. When a

ranges from 1 to Zp and f range from 1to6,

Forallodda; C(veg)={"" J[forall eveno;C(vqg)= { BZZ.
0:otherwise 0:otherwise
Modularcolori
Sttt
a 2:forallevena

WhenarangesfromltoZ andfrangesfrom 1to6
Forallodda;S(veg)=(""P~ ">3  forallevena; S(vys)={*F= 123,

1:otherwise 2:otherwise
ThegraphST¢.(F,)ismodular3-colorable,thereforethemodularcoloringofm.(STq.(F,))=3.

Theorem 4. For any integer p > 3,the modular chromatic number of a snow graph of generalized fan
graphmc(STqc (GF)) = 3.
Proof:AsnowgraphofageneralisedfangraphST4.(GF,)isconstructedbytakingageneralisedfangraph
GF,=Kn® Ppandp copies double claw graph (dc), since all the vertex of the generalized fan graphGF s
external vertices, each vertex of the GF attached by the double claw graph. The vertex set of ST4.(GF,)
isdefinedasv Uvggsuchthatl < a < p=m + nand 1 < B < 6.considerbi-vertexsetsV(GF,)isa vertexsetof
Kmcomplement,and V,(GF)isa vertexsetofa pathgraph P,.Thegraph ST4c(GF,)contains
Ksasaninducedsubgraphso,itisminimum3colorsarenecessarytocolorthegraph,thatimplies m¢(ST4.(GF,)) <
3. The graph’scoloring is accomplished based on the vertex sets, likeC(V1(GF,)) = 1and
C(V2(GF,))=0.ThedcgraphaffixedwiththevertexsetV,(GF)iscoloredinawaythat;C(vqp)=

Oforallf. F0rthedc§raphthatlsattachedw1tth(GFH) thecolorlnglsglvenby,whenousodd

C(vep)= { 0:otheri Whenouseven C(vep)={ wﬂéﬂh B=2 Itresultsthemodularcoloringis
S(V(GF)) Oandwhenocrangesfrom1t0n5(V(GF)) { Themodularchromatlc
2:whenaiseven
numberofvagthatlsconnectedtovl(GFu)lsS(vaB) {1B 1 0smililarlywhi(:hisconnectedto
B= :otherwise
V(GF)iss (GF)={0'B_1 to3.Thisisvividlyproducetheresultthatthemodularcoloringis
2w " 1:otherwise

M(ST4(GF,))=3.

Note: The previously mentioned theorem applies to the modular chromatic number of the snow graph of
the fan graph.

Theorem5.Foranyintegerp>3,themodularchromaticnumberofasnowgraphofflower graphmc (STq. (F1,)) =
3or4
Proof:TheconstructionofthesnowgraphofFl,isdescribedas,letF],beaflowergraphonpvertices

then takepcopiesofdc,eachexternalvertex ofFl,isaffixedbyonedc,letV(STqc(Fl,))=vU vegwhere

1<a<2pand 1<B<6 and let E(STqc (Fl))=cov:1<ag2puvili<a<puvili<o< .
o o o

pand1<pB<6.

ColoringofSTc(Fl,)is,

C(co)=0,whenarangesfrom 1to2p;C(v,)=0.

Whenarangesfrom1to2pexcept a=2u—1landfrangesfrom1to 6,
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Forallodd awherea=2,3(mod 4);C(Va3)={2: B:Zl
1. 0:oth§r_\/\éise

Foralloddawhere=0,1(mod4);C ={" o
oralloddawhere (m30 );C(Vap) EZ 0:otherwise
Whena=2p —1;C(veg)={" B= .

0:otherwise
ThemodularcoloringofST4.(Fl,)is, is
S(co) =0,

whenarangesfrom1to2pexcept2p—1, ifa =

0,1(mod 4); S(vy) =1,

ifa=2,3(mod4); S(ve)=2,

ifa=p —1;8(vy)=3.
Whenarangesfrom1toZpexcept 2u —landfBrangesfrom1to6, For all
where a = 0,1 (mod 4); S (Veg) ={0'B_ 123

’ 1:otherwise
_ 0:8=1.2%
Forall awh =2 4); = Y
orall awhere a=2,3(mod4);S(veg)={ 9-dtherwise
0:=1,2,3

3:otherwise
FromtheabovecasesthegraphST4.(Fl,)ismodular3-colorable,thereforethemodularcoloringof

mc(STqc(F1,))=3.

When a=p — 1;5(vep) ={

Extendedsnowgraph

Theoremé6.IfG=W andHisany—arygraph,thenST,(W,)ismodular3or4- colorable.

Proof: Let H be a y-ary graph with y- children and G be a graph of W with p vertices. Then, since every
vertex in the wheel graph Wis an external vertex, the extended snow graph of wheelW,is created by

taking u copies of the H = y-ary graph and attaching the the u vertices of the wheelgraph by an edge.

The Ty(\R/u)]={VOUVaU\¥h“3§§>1 op;h—1tonandB—1to g‘gibua,y,n,iell\]} grapn by andt%e

E[ST,(W u)]={eo,UV'Uv”Ueh°‘9<x—>ftou;h—>1tonand[3—>1 toyhylv u,yEN}.Thle_1 following
a a B i=1

twocasesdealsthetheorem.ThemodularcoloringofST,(W,)isdefinedbyaninjectivemapping
C(C:VUvep—zZIck=2.
Case 1: When p is odd,
ThecoloringofST,(W )is,
C(vo)=0,C(v,)=0foralla.
Themodularcoloringoftheaboveverticesis
1 ifl<a<p—1,whereaisodd
§(c0)=0,5(ve)={2 ifl<a<p,whereaiseven
3 ifa=p,wherepisodd
Coloringofthey-araygraphofST, (W )ispartitionedintothreesubcasesasfollows
Subcasel:Wheny=0(mod4)
Whenarangesfrom1top—1andforall
Forall odda:C (V“h§= {0 ifl<h<n,wherehis even

1 ifl<h<n,wherehisodd’
0 ifl<h<n,wherehis even

Forallevena;C(veh)={1 if2<h<n,whereh isodd,
2

ifh=1
0 ifl<h<n,wherehis even
Whena=p;C(veh)={1 if2<h<n,whereh isodd
3 ith=1

ModularcoloringofST,(W,)is
Whenarangesfrom1top—1andforall
efoahy_ (0 ifl<h<n,wherehisodd
Foralloddos (v")={ 1 ifl<h<n,whereh iseven
0 ifl<h<n,wherehisodd
For allevena;S (veh)={1 ifA<h<n,whereh iseven.
ifh=2

0 ifl<h<n,whereh isodd
Whena=;8 (veh)={1 if<h<n,wherehis even.

3 ifh=2
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Subcase2:Wheny=1(mod4)
Whenarangesfrom1top—1andforallf
am__ (O if1<h<n,wherehis even
Forall odda;C(vg={ 1 ifl<h<n,wherehisodd’
0 ifi<h<n,wherehis even
Foralleveno; C(veh)={1 if2<h<n,whereh isodd,
2 ith=1
0 if1<h<n,wherehiseven
if2<h <n,h =1(mod4)wherehisodd
2 if2<h<n,h=3(mod4)wherehisodd
3 ith=1
ModularcoloringofST,(W,)is
Whenarangesfrom1top—1andforall
0 ifl<h<n,wherehisodd
Forallodda;é‘(v"‘h)g:{ 2 if1<h<n,whereh iseven
0 ifl<h<n,wherehisodd
For alleveno;S (veh)={2 if4<h<n,whereh iseven.
ith=2
0 if1<h<n,wherehis odd
h=2,n;n=2(mod4)whereh is even
2 h=n,n=0(mod 4),wherehis even
3 if4<h<n-—1,whereh iseven
Subcase3:Wheny=2(mod4)
whenarangesfrom1top—1landforallp
0 ifl<h<n,wherehis even
Forall odda;C(v"‘ha={ 1 ifl<h<n,wherehisodd’

e :
Forallevena:C (V“hﬁ )=0 ( 1f12_h_n,whereh iseven

Whena=;C (V"‘}?:{1

Whena=1;5(v")=('

if1<h<n,wherehisodd
0 ifl<h<n,wherehis even
Whena=p;C(v*h)={1 if2<h<n,whereh isodd.
3 ith=1

ModularcoloringofST,(W,)is
Whenarangesfrom1top—1andforall

.eroany_ (0 if1<h<n,wherehisodd
Foralloddass (v )3_{ 3 ifl<h<n,whereh iseven

.oroany_ (0 if1<h<n,wherehisodd
Forallevena; (vT={ 2if 1<h<n,whereh iseven *

0 ifi<h<n—1,wherehisodd
Whena= u;S(V“h}F{l ifh=2andh=n,hiseven
3 if4<h<n,whereh iseven
Subcase4:Wheny=3(mod4)
Whenarangesfrom1top—1andforall
0 ifl<h<n-—1,whereh iseven
Foralloddo;C(veh)={1 ifh=1(mod4),wherehisodd,
2 ith=3(mod 4),wherehisodd
0 ifl<h<n—1,whereh iseven
Forallevena;C(veh)={1 ifh=3(mod4),wherehisodd,
2 ifh=1(mod 4),wherehisodd
0 ifl<h<n,wherehiseven
if1<h<n;h=3(mod4),wherehisodd
2 if5<h<n;h=1(mod4)wherehis odd
3 ifh=1
ModularcoloringofST,(W,)is
Whenarangesfrom1top—1andforallf For

Whena= u;C(V“h)ﬁz {1

all odd «;
0 ifl<h<n,wherehisodd
cg(vmh):{liflshSn — 1;h=0(mod4),andh=n,h=2(mod4)
B 2 ifh=n,h=0(mod4) ’
3 if1<h<n—1;h=2(mod4),wherehis even
Forallevena;
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f1<h<n,whereh isodd
11f1<h<n 1;h= 2(m0d4) andh=n;h=0(mod4)

ith=n;h=2(mod4)

3 if1<h<n —1;h=2(mod 4),wheren his even
Whena=y;

S(v “h) {

0 if1<h<n,whereh isodd
1ifl<h<n— 1;h=2(mod4),andh=n;h=0(mod4)
ifh=2andh=n,h=2(mod4)
3 if1<h<n—1;h=0(mod4),wherehis even
Thus from the above results ST, (W) is 4 modular colorable for p- is odd, therefore the modular coloring

ofm (ST, (W,)) = 4.
Case2:When pis even,
C(vp)=0,C(vy)=0foralla.
Themodularcoloringoftheaboveverticesare
_ A ifl<a<p,whereaisodd
$(e)=0.5(M={ 2if 1<a<p,whereaiseven
ColoringofST, (W )issplittedasthreesubcasesasfollows
Subcasel:Wheny=0(mod3)
Whenarangesfrom1topandforallp
~roamy_ (0 if1<h<n,wherehis even
Forall odda;C(vg={ 1 ifi<h<n,wherehisodd’
0 ifi<h<n,wherehis even
Forallevena;C(veh)={1 if2<h<n,whereh isodd,
2 ith=1
ModularcoloringofST,(W,)is
_ _ if1<h<n,wherehis odd
$(@=05(M={, 2if 1<h<n,wherehiseven ’
Whenarangesfrom1topandforallf

S(v “h) {

P | ifl<h<n,wherehisodd
Forallodda;s (v")={ 1 ifl<h<n,whereh iseven
0 ifl<h<n,whereh isodd
Forallevena; C(veh)={1 ifA<h<n,wherehis even.

ith=2
Subcase2:Wheny=1(mod3)
Whenarangesfrom1topandforallp
0 ifl<h<n,wherehis even

Forall odda;C(v“ha={ 1 ifl<h<n,wherehisodd’
ifl<h<n,whereh iseven
Foralleveno;C(ve B )= {2 ifl<h<n,wherehisodd ’
ModularcoloringofST,(W,)is
Whenarangesfrom1topandforallp

0 ifl<h<n,wherehis odd
Foralloddo;§ (v“h);:{l ifh=n,wherenis even ,

2 if1<h<n—1,wherehiseven

0 ifl<h<n,whereh isodd
For allevena;S(v“hgz{l ifl<h<n-—1,wherehiseven.

2 ifh=n,whereniseven
Subcase3:Wheny=2(mod3)
Whenarangesfrom1topandforall

0 ifl<h<n,wherehiseven
Forallodda; C(ve)={1 ifh=1(mod4),wherenisodd,
2 ifh=3(mod4),wherehisodd

0 ifl<h<n,wherehiseven
Forallevena;C(veh)={1 ifh=3(mod4),wherenis odd,

2 ifh=1(mod4),wherehisodd
ModularcoloringofST, (W )is
Whenarangesfrom1topandforall
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0 if1<h<n,wherehis odd

ifl1< h < n h = 0(mod4),where n is even
1 \ =n, where n = 2(mod4)

1f1<h<nh 2g1m0d4) ,wherehis even
n,wheren=0(mod4)

0 if1<h<n,wherehisodd
1 if 1 <h < n;h = 2(mod4),where n is even
ol and h = n, where n = 0(mod4
For alleveno;C(very= \ ifl<h<nh=0(mod4),wherehis even
2 andh=n,wheren=2(mod4)

From the above cases the graph ST, (W,) is 3 modular colorable for p- is even, therefore the modular
coloring of m¢(ST,(W,)) = 3.

Forallodda;S (V“h)B=

Theorem7.If G=G andHisany—arygraph,thenST,(G,)ismodular2 -colorable.
Proof: Let H be a y-ary graph with y- children and G be a graph of G,with p vertices. Then, since every
vertexinthegeargraph =~ W isanexternalvertex,theextended  snowgraphofgearGiscreatedbytaking p

copiesoftheH=y-arygra handattachln themtotheuvertjcesofthegeargraphbyanedge.The
E T, (Gw)] {V}),Uvg vh 3a—>1t02u,h—> tonand —>u1to§‘1 ylVa,y%nle%I}p Y &
B

ha h
E[ST,(Gy)] ={eaUVaUvaU eg Sa—1to2pw;h—1tonandB—1to i=1Y Vu,yeN}.The following
2

the

twocasesdealsthetheorem.ThemodularcoloringofST, (G,)isdefinedbyaninjective mappingC(C,):V = z; k =
2.The coloring of ST,(G,) is,
Case1l:Whenu=>3,yisodd
Subcase1:h=0(mod4)
ThecoloringofST,(G,)isgivenby
C(vo)=1,C(v)=0Vq,
Whenaranges from1to2,forall,and1<h<n
01fhlsevenand h=1(mod4);wherehisodd
Foreachodd a; C(Vha}i { 1fh_§(mod)4),wherehlsodd
0¥f his oddand h=0 (mod 4);whereh iseven

. ha =
Foreachevena;,C(v 5 ) ifh=2(mod 4);wherehis even

Th dul
s<§)m% ;(gcogw&.%@ven o

1 ifais odd
Whenaranges from1t02 pforallB,and1<h<n
ifaisodd
Foreachoddo; S(v‘g; )={ 1 if o iseven ’
ifa iseven

Foreachevena; S(v‘g;) { 1 ifgisodd -

Subcase2:Excepth=0(mod4)
ThecoloringofST, (G,)isgivenby
C(V) 0 C(V% _Y{ HO g1f0( iseven

U1 if gisodd
Whenaranges from1to2y,forallf,and1<h<n

e hos 0 ifh=1(mod 4);wherehisodd
For eachodda;C(v )3_ lifhisevenandh=3(mod4);wherehisodd ’
Okf his oddand h=2 (mod 4);whereh iseven

ifh=0(mod 4);wherehiseven

Theaboveappll6at1onsreﬁlﬁﬁ‘gggalodularcolormgls
S (V) 0,8(v)={

a 1if aiseven

Whenaranges from1to2 u,forall[_}fﬁndlshSn
ithiso
Foreachodda; ~ §(vh )={ o ,
1 ifhiseven
ifh iseven

ifhisodd

Foreachevena;C(vhe 5 )=

Foreachevena; ~ S(viy )={ 1

Case2:Whenu=3,yiseven

ThecoloringofST, (G,)isgivenby
C(V) OC(V% Y uO ifa iseven

1 ifa 1sodd
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Whenaranges from1togu,forall h<n
Foreachoddo;C(vhe)= {6 @fﬁ&%hé

B 1if hiseven

0if hiseven
ho —
Foreachevena;C(vi ¢ )= 1 ifhisodd

Theaboveappll%ﬂlsbaglé\t;gﬂectthemodularcolorlngls
(V) 0,8(v)={
a 1 1fous odd
Whenaranges from1to2 u,forallB and1<h<n

isodd
Foreachodde; ~ S(viy )= { ifh iseven ’
] . o )= { ith iseven
oreachevenaq; (V 1 ifhisodd

ThustheabovecaseisleadstoST,(G,)is3modularcolorable,thereforethemodularcoloringof
m(STy(Gy)=3.

Theorem8.If G=F ,andHisany—arygraph,thenST, (F,)ismodular3 -colorable.

Proof: Let H be a y-ary graph with y- children and G be a graph of F,with p vertices. Then, since every
vertex in the friendship graph F,is an external vertex except the center vertex, the extended snow graphof
friendship graphFis created by taking p copies of the H = y-ary graph and attaching them to the p
verticesofthefriendshipgraphbyanedge.TheV[ST, (F,)]={vo,Uv,Uvt®3a—1 to2p;h—

1tonandB—1toX ¥V a,y,n,i€N}and the E[STy(F)]={e20UVaVa+1Vodda Uer«dap

1 top;h—1tonandB—1to) 'y L,yeN}. Thefollowingthreecasesdealsthetheorem.Themodular

coloringofST, (F,)isdefinedbyaninjectivemappingC:V—z;;k>2.Thecoloringof ST, (F,)is,

C(vy) = 0;wherearangesfromOto2. Thecoloringpatternsandthemodularcoloringofthe

graphST, (F,)are followed from the case 2 of theorem 6.

ThegraphST, (F,)is3modularcolorable,thereforethemodularcoloringofm.(ST, (F,))=3.

Theorem9.1fG=k, @P,andHisany—arygraph,thenST, (k,®P,)ismodular3-colorable.

Proof: Let H be a y-ary graph with y- children and G be a graph of k, @Pwith p vertices. Then, since every
vertex in the generalized fan graph k, @®Pjis an external vertex, the extended snow graph of generalized
fan graphk,@®Piis created by taking p = m+l copies of the H = y-ary graph and attaching themtothe

P BN EES S L G AR SRt Tr}llle NSOt s o e

1tomU v 3a—>1t016eh“3h—>1tonandﬁ—>1 tthylV u,yEN} Thefollowmgthreecasesdeals

04
thetheorem.Themodularcolorlngof ST, (k @Pl)lsdeﬁnedbyanm]ectlvemappmgC.V - Zik = 2.the coloring
of STy (k. Py) is given by
C(u,) = OVarangeasfrom1tom
1 ifaisodd

Clva) ={ 2 ifaiseven
Casel:wheny=0(mod3)
Whenarangesfrom 1tom,1<h<n,and1<p<}tyi =1
0 ifl<h<n;hisodd
C(vh)={lif4<h<n;h iseven

2 ith=2andf=1

themodularcoloringis
0 if1<h<n;his even
g S(vh)={lifl<h<n;hisodd,exceptl<B<yinh=3
2 if1<p<yinh=3
Whenarangesfrom 1tol,1<h<n,and1<p<}hyi i—1

ThecoloringoftheverticesofS T, (k,®P))isfollowedfromsubcaselofcase2inthetheorem6.
Case2:wheny=1(mod3)
Whenarangesfrom1tom,1<h<n,and 1<B<}tyi

N 0 thisodd
C(vi )={

1 ifhiseven
themodularcoloringis
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Seui)={ 0 ifhiseven
G 1 ifhis odd
Whenarangesfrom 1tol,1<h<n,and1<p<}ltyi =1
Coloringoftheverticesvh«igdescribedinthesamewayofcoloringofsubcaselofcaseZinthetheorem
6.
Case3:wheny=2(mod3)
Whenarangesfrom 1tom,1<h<n,and1<B<}tyi =1
For 1<h<n;wherehisodd,C(vh*)=0
Forh=2;C(vh*)=1,
Forh>4;wherehiseven,thesubsequentofthevertex(h)ofthevertex(h— 2)whichiscoloredby1
then the coloring is given by C(vhx )={ 2 h=1(mody) thatiscoloredby2thenthecoloringisgiven
b 1 otherwise
by C(vj9) = 1.
Themodularcoloringis
0if1 < h < n;whereh iseven
Cvi={1 if3<h<n,;whereh isodd
2 ith=1
Whenarangesfrom 1tol,1<h<n,and1<p<}hy. 1
ColoringofC(vhg)describedinthesamewayofcoloringofsubcaseZofcaseZinthetheoremé6.
Theaboveresults‘chat,‘chegraphSTy(_kn @P;)ismodular-3colorable,thusth emC(STy(_kn @®P))=3.

Theorem10.IfG=F] ,andHisany—arygraph,thenST, (Fl,)ismodular3-colorable.

Proof: Let H be a y-ary graph with y- children and G be a graph of Fl,with p vertices. Then, since every
vertex in the flower graph Fl is an external vertex except the center vertex, the extended snow graph of
flowergraphFl,iscreated by takingucopies oftheH= y-arygraph andattachingthem tothepverticesof
theflowergraphbyanedge.TheV[ST, (Fl,)]={v,UvUuvh3a—1to2 u;h—)lt(ﬁn;mdﬁ—»

1toYrLyiVa,y,nieN}and the E[STy(Fl,)]={e24UVaVa+1VoddaUer S a—ltop;h—
1tonandf—1to)."yiYy,yEN}.Thefollowing threecases dealsthetheorem. Themodularcoloring of

ST, (Fl,)isdefinedbyaninjectivemappingC:V — zik > 2. The

coloring of ST, (W) is,

Casel:When pis odd,

C(vo) = 0,C(vy) = Oforallarangesfrom1to2p. The
modular coloring of the abgve vertices is )
<a< u—landu-l—zl Sofz pwhereaisodd;
_ a=2p,wherepiseven
S(c)=05(va )={ 2 ifl<a<p—1,andp+1<a<2p;whereaiseven
3 ifa=p,wherepisodd
Coloringofthey-araygraphofST, (W )ispartitionedintothreesubcasesasfollows
Subcasel:Wheny=0(mod4)
Whenarangesfrom1to2pexceptpandforall .
Foralloddaanda=2 u,aiseven;C(v“h)z{BI} {gshSn,where his even’
B 1 ifl<h<n,wherehis odd
0if1<h<n,wherehiseven
Forallevenaexcepta=2;C(veh)5{1 if2<h<n,wherehisodd,
2 ith=1
0ifl1<h<n,wherehiseven
Whena=p;C(veh)={1 if2<h<n,whereh isodd
3 ith=1
ModularcoloringofST,(W)is
whenarangesfrom1to2pexceptpandforall
ifl<h<n,whereh isodd

1 ifl<h<n,wherehis even ’
0 ift<h<n,wherehisodd

Foralloddaanda=2y,ais even; S (V"éh )={

Forallevenaexcepta=2;8(veh)={1 if4<h<n,whereh iseven.
ifh=2
0 ifl<h<n,wherehis odd
Whena=p;8 (veh)={1 if<h<n,wherehiseven.
3 ifh=2
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Subcase2:Wheny=1(mod4)
Whenarangesfrom1to2pexceptuandforall . )
Foralloddaanda=2y,ais even; C(ver )={ 0 ifl<hsn,wherehis even
=k ’ B 1 ifi<h<n,whereh isodd ’
0 ifl<h<n,wherehis even
Forallevenaexcepta=2;C(v*h)={1 if2<h<n,whereh isodd,
2 ith=1
0 if1<h<n,whereh iseven
1if2<h <n,h =1(mod4)wherehisodd
2if2<h<n,h=3(mod4)wherehisodd
3 ith=1
ModularcoloringofST,(W,)is
Whenarangesfrom1to2pexceptpandforallf3

Whenoa=;C (V“hg ={

0 ifl<h<n,whereh isodd
2 if1<h<n,wherehis even
0 ifl<h<n,wherehisodd
Forallevenaexcept=2;8 (veh)5{2 if4<h<n,whereh iseven.
3 ith=2
0 if1<h<n,wherehisodd
1h=2,n;n=2(mod4) wherehiseven
2 h=n,n=0(mod 4),wherehiseven
3 if4<h<n-—1,wherehis even
Subcase3:Wheny=2(mod4)
Whenarangesfrom1to2pexceptpandforallf3

Foralloddaanda=2p,ais even; S (vféh )={

Whena=u;5(v°‘h)l3={

0 ifl<h<n,wherehis even

1 ifi<h<n,whereh isodd ’
0 ifl<h<n,wherehis even

Foralleveno;  C(vg )={ ,, ifl<h<n,wherehisodd

Foralloddaanda=2p,ais even; C(v"éh )={

0if1<h<n,wherehiseven
Forallevenaexcepta=2;C(veh)5{1 if2<h<n,wherehisodd.
3 ifh=1

ModularcoloringofST,(W,)is
Whenarangesfrom1to2pexceptpandforallf3

ifl<h<n,whereh isodd
Foralloddaanda=2p,ais even; S (vﬂéh )={

0 if3nifl SihePehgrghis even

B 2if 1<h<n,wherehiseven
0if1<h<n-—1,wherehisodd
Whena=u;5(v°‘ha={1 ifh=2andh=n,h iseven
3 if4<h<n,wherehis even
Subcase4:Wheny=3(mod4)
Whenarangesfrom1to2pexceptpandforallf3

Forallevenaexcepta=2;S (veh)={

0 ifl<h<n-—1,wherehis even
Forallodd aand a=2p,aisgven;C(veh)={1if h=1(mod 4),wherehisodd,
2 ifh=3(mod 4),wherehisodd
0 ifl<h<n-—1,whereh iseven

Forallevenaexcepta=2p;C(y")={1 ifh=3(mod 4),wherehisodd,
2 ifh=1(mod 4),wherehisodd
0 ifl<h<n,whereh iseven

1if1<h<n;h=3(mod 4),where hisodd
2 if5<h<n;h=1(mod4),wherehisodd
3 ith=1
ModularcoloringofST,(W)is
Whenarangesfrom1to2pexceptpandforallf3
Foralloddaanda=2y,ais even;

Whena= u;C(V“h)ﬁ={

0 ifl<h<n,whereh isodd
. 1 ifi<h<n—1;h=0(mod4),and h=nh=2(mod 4)
St =i, ifh=n,h=0(mod4) '
3 if1<h<n—1;h=2(mod4),wherehiseven

Forallevenaexcepta=2;
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0 if1<h<n,wherehis odd
) 1 ifl<h<n—1;h=2(mod4),andh=n;h=0(mod4)
S =i, ifh=n;h=2(mod4)
3 if1<h<n—1;h=2(mod4),wherenh is even
Whena=y;
0 f1<h<nwherehis o
oh 1 ifi<h<n—1;h= 2(?nod4) andh= nh 0(mod4)
s )= 2 ifh=2andh=n,h=2(mod4)
3 if1<h<n—1;h=0(mod4),wherehiseven

Thus from the above results ST, (W) is 4 modular colorable for p- is odd, therefore the modular coloring
ofm (ST, (W,)) = 4.
Case2:When pis even,
C(vo) = 0,C(v,) = Oforallarangesfrom1to2p. The
modular coloring of the above vertices are
—( ifl<a<p,wherea isodd
$(c0)=0,5(va) 2 ifl<a<p,whereais even

ColoringofST, (W )issplittedasthreesubcasesasfollows
Subcasel:Wheny=0(mod3)
Whenarangesfrom1to2pandforall
Foralll<a<p,whereaisevenand ;p+1<a<2p,where aisodd
(v ah) {01f1<h<n ,where hiseven
if1<h<n,wherehis‘odd

Foralll<a<p,whereaisoddand;u+1<a<2p,where aiseven

0if 1 < h < n,whereh iseven
C(vgm={1 if2<h<n,wherehisodd,

2 ith=1

ModularcoloringofST i

8 - Y(Wu)f1<h<n wherehisodd
$(c0)=0,5(ve) 2 if1<h<n,whereh iseven
Whenarangesfrom1to2pandforall
Foralll<a<u whereaisevenand;p+1<a<2p,where aisodd
S(Vo‘h )= { ifl <h<n,wherehis odd

1if1<h<n,wherehiseven !

ForalllSaSu,wherealsoddand p+1<a<2p,where aiseven

0 ifl1<h<nwherehisodd
C(vg") = {1if 4 < h < n,whereh iseven.

2 ith=2
Subcase2:Wheny=1(mod3)
Whenarangesfrom1to2pandforall
Foralll<a<p,whereaisevenand;p+1<a<2p,where aisodd
(v ah) {01f1<h<n ,where hiseven

if1<h<n,wherehis‘odd
Foralll<a<p,whereaisoddand;p+1<a<2p,where aiseven
(v ah) {01f1<h<n ,where hiseven

ifl<h<n,wherehis’odd
ModularcoloringofST,(W,)is
Whenarangesfrom1to2pandforall
Foralll<a<p,whereaisevenand;u+1<a<2p,where aisodd

0 ifl<h<n,wherehisodd
S(vih={1 ith=n,whereniseven ,

2if 1<h<n—1,wherehiseven
Foralll<a<p,whereaisoddand;u+1<a<2p,where aiseven

0 ifl<h<n,wherehisodd
S(vg)={1lifl<h<n— 1,whereh iseven.

2 ifh=n,whereniseven
Subcase3:Wheny=2(mod3)
Whenarangesfrom1to2pandforall
Foralll<a<p,whereaisevenand;p+1<a<2uy,where aisodd
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0 if1 <h<nwherehiseven
C(v‘éh):{lifhzl(mod4),wheren is odd,
2ifh=3(mod4),whereh isodd
Foralll<a<p,whereaisoddand;p+1<a<2p,where aiseven
0 ifl1<h<nwherehiseven
C(vg")={1ifh=3(mod4),wheren is odd,
2ifh=1(mod4),whereh isodd
ModularcoloringofST,(W,)is
Whenarangesfrom1topandforall3
Foralll<a<p,whereaisevenand;pu+1<a<2u,where aisodd

if1<h<n,whereh isodd
if1<h<n;h=0(mod4),wherenis even

S(vg)= 1 andh=n,wheren=2(mod4) ,
\ if1<h<nh=2(mod4),wherehiseven
2 andh=n,wheren=0(mod4)

Foralll<a<p,whereaisoddand;u+1<a<2p,where aiseven

if1<h<n,wherehis odd
if1<h<n;h=2(mod4),wherenis even

CvgM= 1 andh=n,wheren=0(mod4)
\2 if1<h<nh=0(mod4),wherehiseven
andh=n,wheren=2(mod4)

From the above cases the graph ST,(W,) is 3 modular colorable for p- is even, therefore the modular
coloring of m¢(ST, (W,)) = 3.

CONCLUSION

Inthis paper, wedeveloped two new graphs calledsnow graph and extendedsnow graph,and inaddition to
that, we examined the modular coloring for some famous graphs, such as snow graph and its extended
snow graph of wheel, gear, friendship, generalized fan, and flower graph. It results in the graph being
modular - K colorable, and the modular chromatic number is obtained. The application of the result is
extended to the traffic signal of a busy road with huge passengers, and in the future we can develop many
applications related to this work using various graph structures.
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