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ABSTRACT

The maximum term of entire function is widely used by the researchers in the field of complex
analysis. We have several results comparing the maximum terms of composition of two entire
functions with the maximum terms of corresponding left and right factors. Also the
composition of entire functions can be extended into relative iteration of entire functions. In
the paper, we consider the maximum term of iterated entire functions and compare the growth
of them with their corresponding factors on the basis of slowly changing functions.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

Let f(z) be an entire function defined as f(z) = Yn-pa,z™ and on |z| =r, M(r,f) =

|rnlaxlf(z)l is called the maximum modulus and u(r, f) = mgg((anr") is called the maximum
Z|=T nz

term of f(z).

Definition 1. The numbers pr and A are the order and the lower order of f(z) respectively
which are defined by

los(2l M , los(2l M )
08" M /) ond A, = lim inf 28— M/
r—

pr = limsup iIr logr

rooo logr
where log!¥! x = log(log!*~*! x) for k > 1 and log!” x = x (Sato [6]).
Theorem 1. [7] For0 <r <R,
WG f) S MG f) < R, ).

Taking R = 2r, for all sufficiently large values of r,

ulr, f) <M, f) <2u(R,f) o . .. (D
Using Theorem 1, we can easily verify that
i log® u(r, ) 41 = limi flog[z]u(r,f)
Py = RSP T and Ar = Ly logr

The notion of L-order and L-lower order for entire functions first introduced by Somasundaram
and Thamizharasi [8] where L = L(r) is a positive continuous function increasing slowly i.e.
L(ar)~L(r) as r — oo for every constant a.
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Definition 2. [8] The L-order and L-lower order of an entire functions fare defined as
log®' M (r, f) log M(r, f)
L . L . .
r= hrrn—?ollp log[rL(r)] and A hrrr—l>glf log[rL(r)]

Definition 2 can be alternatively stated in view of the notion of maximum terms of entire
function as follows:

Definition 3. The L-order and L-lower order of an entire functions fare defined as
L log!® u(r, ) _logu(r, )
pf = limsup —————

L = lim inf—=———"2.
row  log[rL(r)] and 4y ey log[rL(r)]

Lahiri and Banerjee [5] defined the iteration of f(z) with respect to g(z) where f(z) and
g(z) are entire functions.

fi(2) =f(2)
f2(2) = f(g(Z)) = f(91(2))

@) = F(g(f () = f(9.) = f (9(A())

1@ = f(gns@) = £ (9(F ... (F@Dor 9()) ...))
according to n is odd or even and so,
91(2) = g(2)
9:(2) = g(f () = 9(1(2))

9:) = g(f(g@)) = 9(£() = 9 (f(9:(2)))

9n(@) = g(fu-1() = g (f(9n-2()))
It is clear that f,,(z) and g,,(z) are entire functions.

Datta and Mandal [2] proved some theorems on the comparative growths of maximum term of
two entire functions with their corresponding left and right factors on the basis of L-order and
L-lower order. In [3], Dutta studied some comparative growth of the maximum term of iterated
entire functions with that of the maximum term of related functions. In this paper we consider
the maximum term of iterated entire functions and compare the growth of them with their
corresponding factors on the basis of slowly changing functions. The standard notations and
definitions of the theory of entire functions are not explained in this paper as those are available
in [4], [9] and [10].
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Lemma 1. [1] If f and g are any two entire functions, for all sufficiently large values of r,

8

Lemma 2. If p and p, are finite, then for any € > 0,

logmHu(r, f) < {

for all sufficiently large values of r.

M (51 (5.9) - 19OLF) < M, f o ) < MM, ), ).

(pg +¢&)logM(r, f ° g) + O(1) when n is even
(pf +¢&)logM(r,g o f) + 0(1) whenn is odd

Proof. In view of (1) and by Lemma 1 it follows that for all sufficiently large values of r,

M(T,fn) < M(r»fn) = M(r'f(gn—l))
<MM(r, gn-1). f)

ie. logu(r, f,) < logM(M(r, gn-1), f)

< [M(r, gn-1)]Pr**

So, log® u(r, £) < (py + €) log[M(r, gpn-1)]
= (py + £) log[M(r, g(fn-1))]
< (py + ) log[M(M(r, fn-2), 9)]

< (pf +&)M(r, fn_2)]Ps**

Now, logB® u(r, £,) < (pg + €) log[M(r, fo_2)] + 0(1)
= (py + ) log[M(r, f(gn-3))] + O(D)
< (pg + &) logIM (M (r, gn-3), )]

< (pg + &) [M(r, gn-3)1"r**

So, log"! u(r, f) < (py + €) log[M(r, gn_3)1 + 0(1)

Therefore,

log™ u(r, f,) < {

2222

(pg +¢&)logM(r, f ° g) + O(1) when n is even
(pf +¢&)logM(r,g o f) + 0(1) whenn is odd
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Lemma 3. If A and 4, are non-zero finite, then for £ > 0 and for all sufficiently large values
of r,

(/19 — e) logM(r,f o g) + 0(1) whenn is even

log™ U u(r, ) >
g u(r, f) {(Af —&)logM(r,g o f) + 0(1) whenn is odd .

Proof. Let us choose a positive number ¢ be such that < min{4,, 4,}. Now from {[7], p-
113} for all sufficiently large values of r, we have

u(r,f o g) > e[M(r.g)]Af_E_
So, logu(r,feog)>[M@r, IV ¢ ... ... ... (2)
Now, log u(r, f) = log u(7, f(gn-1))

> [M(r, gn-)]Y ¢ using (2)
> [u(r, gn-1)1¥%  using (1)
Taking logarithm on both sides, we have
log? u(r, £,) = (A — &) log u(r, gn-1)
= (4 — &) log u(r, 9 (fu-2))
> (A — &)[M(r, fr_p)]to¢ using (2)
So, logBl u(r, £,) > (A, — €) log M(r, fn_) + O(1)
> (4 — &) logu(r. f (gn-3)) + 0(D)
> (Ag — )[M(r, gn-s)]V ¢

ie., log™ u(r, f,) > (A — €) log M (r, gn—3) + 0(1)

Therefore,

(/’lg — s) logM(r,f o g) + 0(1) whenn is even

log" Y u(r, £,) >
& H(r fn) (Af — 8) logM(r,g o f)+ 0(1) whennis odd.
Using equation (1) the result of Lemma 3 can be written as follows:

(/19 — e) logu(r,f o g) + 0(1) whenn is even

log" " u(r, f,) =
og" H u(r, f) {(Af —¢)logu(r,g o f) + 0(1) whennis odd..
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3. THEOREMS.

Theorem 2. Let f and g be two entire functions such that 0 < plf‘og <o00,0< pgof < oo and
0 < pj < oo. Then for any integer A4,

(i) when n is even
log™ u(r, L log™ u(r,
liminf g[z] at Afn) < Preg < lim su %(Afn)
roeo logl#lu(rd, g) = Apg — row logltu(r4, g)

(ii) when n is odd

log!™ u(r, L log™! T,

n g[z] u( Afn) < Pgor < lim su g[z] u( Afn).
rooo logl2lu(rd, g) = Apg row  l0g2lu(rd, g)

Proof. From the definition of L-order we have for arbitrary positive ¢ and for all large values
of r,
log!?! M(r, f o g) < (pfoy + €)10g[rL(M)] ... .. .. (3)

and for a sequence of values of r tending to infinity
log u(r4, g) = A(ps — &) log[rL(M)] ... .. .. (4)

From Lemma 1, we have when n is even
log™ u(r, f,) < log? M(r,f o g) + 0(1)

and when n is odd
log™ u(r, f,) < log@ M(r,g o f) + 0(1)

So using equation (3) we write when n is even
log™ u(r, £,) < (p}“og + &) log[rL(M)] o o . (5)

and when n is odd
log™ u(r, f) < (Pléof + &) log[rL(M)] o o . (6)

Using (4) and (5), for a sequence of values of r tending to infinity we have when n is even
logM" u(r, fu) _ Pfogt¢
logl?l u(r4,9) ~ A(pl — ¢)

Since (> 0) is arbitrary, we have
log" u(r, fu) _ Preg
r-o logl?lu(rd, g) = Ap}

Also from (4) and (6), for a sequence of values of r tending to infinity we have when n is odd
log[n] .u(r;fn) < pgof + &€
log!# u(r4,g) =~ A(pk — ¢)

As (> 0) is arbitrary, we obtain
log" u(r, fu) _ Pger
r-o logl?lu(rd, g) = Ap

Again for a sequence of values of r tending to infinity,
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logPlM(r, fog) > (p}og —&)log[rL(M] o o . 9
and for all sufficiently large values of r,
logl2l u(r4, g) < A(pé + g) log[rL(r)] .. .. .. (10)

From Lemma 3, we have when n is even
log™ u(r, £,) = log!? u(r, f o g) + 0(1)

and when n is odd
log™ u(r, £,) = 1og!? u(r, g o f) + 0(1)

So by equation (9) we can write for a sequence of values of r tending to infinity, when n is
even

log™ u(r, £,) = (p}og — e) log[rL(r)] .. . .. (11D

and when n is odd
log™ u(r, £,) = (pL.s—€)log[rL(M] ... ... ... (12)

From (10) and (11), for a sequence of values of r tending to infinity we have when n is even
log" u(r, fu) _ Pfog =€
log2l u(r4,9) — A(pk + ¢)

Since (> 0) is arbitrary, we have
log™ u(r, Z,
lim sup 12 u(r, fn) S Preg
roco logl2lu(r4, g) — Ap

Also from (10) and (12), for a sequence of values of r tending to infinity we have when n is
odd

log™ u(r fu) _ Pgor —
logl2l u(r4,g) — A(pk + ¢)
As (> 0) is arbitrary, we obtain

lim sup log (T' fn) ngf
roco logllu(rd, g) — Apg

Thus we have part (i) from equations (7) and (13) when n is even and part (ii) from equations
(8) and (14) when n is odd.

Theorem 3. Let f and g be two entire functions such that pf.;, pgors Afog: Ager, PG @nd A5
are non-zero finite. Then for any positive integer A4,

(i) when n is even

Af g < h 1 f (T' fn) llm log[n] ,u(r, fn) < p/é".g
Apg oo log .U(TAIQ) A/lL a r—>oop10g[2] u(rd, g) = Alg

(it) when n is odd

ALO log! T, log™ u(r, b
{ < lim inf g .u( Afn) / S lim sup g[z] .u( Afn) < Py {
Apg logl2l u(rd, g) = A/’l row  loglu(rd, g) = Alg

T—>00
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Proof. From the definition of L-lower order we have for arbitrary positive & and for all large
values of r,

log®® u(r,f o g) = (Ak., — €) log[rL(r)].

So using Lemma 3 we can write when n is even
log™ u(r, f,) = (A}og —&)log[rL(M)] o o .. (15)

and when n is odd
log™ u(r, f,) = (Ah.; — €)log[rL(M)] ... ... .. (16)

Now from (10) and (15) it follows for all large values of r, when n is even
log™ u(r, fu) | Afeg — €
log2l u(r4,9) ~ A(pk + ¢)

Since (> 0) is arbitrary, we have
log™ u(r, AL,
liminf —>— da Af") > g
roeo logt#lu(rd, g) — Apg

Also from (10) and (16) it follows for all large values of r and when n is odd
log™ u(r, fo) _ Agor — ¢
logl? u(r4, 9) = A(p} +¢)

Since (> 0) is arbitrary, we obtain that
log™ u(r, o) _ Aer
roeo logl2lu(rd, g) — Apg

Again for a sequence of values of r tending to infinity,
log™® u(r, f o g) < (Af.q + ) log[rL(r)]

and by Lemma 3 we write when n is even

log™ u(r, f) < (Afog + €)1og[rL(M] . oo .. (19)
and when n is odd

log™ u(r, f,) < (Ages + &) log[rL(M] . o .. (20)
Also for all sufficiently large values of r,

log u(r4, g) = A(2L — &) log[rL(1)] ... ... .. (21)

So combining (19) and (21) we get for a sequence of values of r tending to infinity and when
n is even

log™ u(r, f,) - Mog + €
logl2l u(r4,g) = A(2% —¢)

Since (> 0) is arbitrary, we have
Jog" u(r ) _ Ao
r—0o0 log[z] ’u(rA’g) - Al‘s

Also from (20) and (21) it follows for a sequence of values of r tending to infinity and when
n is odd

2226 Somnath Mandal. 2220-2228



Journal of Computational Analysis and Applications VOL. 33, NO. 8, 2024
10.48047/jocaaa.2024.33.08.327

log™ u(r, f,) < Agop + €
logl?l u(r4,g) = A(2% —¢)

Since (> 0) is arbitrary, we obtain that
log! T, o
lim inf 280 ET ) _ Ager
r—oo logl2l u(r4, g) A/’IL

For a sequence of values of r tending to infinity we also have
log u(r4, 9) < A(AL + &) log[rL(M)] o v .. (24)

Now from (15) and (24) we obtain for a sequence of values of r tending to infinity and when
n is even

log™ u(r, ) - Mog — €
log2lu(r4,g) — A(2% + ¢)

Since (> 0) is arbitrary, we have
lOg ,U(T' fn) fog
I
H;ILSogp logl2l u(r4, g) — A/IL

Also from (16) and (24) it follows for a sequence of values of r tending to infinity and when
n is odd

log™ u(r, fu) _ Ager — €
log2lu(r4,g) — A(2% + ¢)

Since (> 0) is arbitrary, we obtain that
lim su log u, fn) °f
r—00 P log ‘Ll(TA, g) AAL

Again from (5) and (21) we obtain for all large values of » and when n is even
log™ u(r, ) _ prog +€
log? u(rd, g) = A(2 —¢)

Since (> 0) is arbitrary, we have
log™ u(r, Z,
lim sup g™ ur, fn) < Preg
roow logldlu(rd, g) = AAL

Also from (6) and (21) it follows for aII large values of r and when n is odd
log™ u(r, £,) - Pgor + €
logl2lu(r4, g) =~ A(25 — ¢)

Since (> 0) is arbitrary, we obtain that
T log" u(r, fu) _ Pger
r0 P logl2l u(r4,g) = A)tg

Therefore part (i) follows from (17), (22), (25) and (27). Similarly part (ii) follows from (18),
(23), (26) and (28).
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Theorem 4. If f and g be two entire functions with plf‘og = oo and pg < oo, then for every
positive number A and when n is even

I log™ u(r, )

e og® (A, g)

Proof. Let us assume that the conclusion of the theorem does not hold. Then there exist a
constant B > 0 such that for all sufficiently large values of r,

log™ u(r, £) < BlogPlu(r4,9) ... ... ... (29)

Again from the definition of p; it follows for all large values of r,
log!® u(r4, g) < A(pL + €) log[rL(M)] . v .. (30)

So from (29) and (30) we obtain for all sufficiently large values of r,
logM u(r, £,) < AB(pL + €)log[rL(M)] .. w. ... (31)

Now from (11) and (31) we have when n is even
(kg —€) <AB(p5 +€) . o .. (32)

From (32) it follows that p}og < 0. SO We arrive at a contradiction.

This proves the theorem.
We can prove the following theorem in the line of Theorem 3 when n is odd.

Theorem 5. If f and g be two entire functions with pgof = oo and pj, < oo, then for every
positive number A and when n is odd

y log™ u(r, £) B
e logP u(r4, g)
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