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ABSTRACT 

The maximum term of entire function is widely used by the researchers in the field of complex 

analysis. We have several results comparing the maximum terms of composition of two entire 

functions with the maximum terms of corresponding left and right factors. Also the 

composition of entire functions can be extended into relative iteration of entire functions. In 

the paper, we consider the maximum term of iterated entire functions and compare the growth 

of them with their corresponding factors on the basis of slowly changing functions. 
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS. 

 

Let 𝑓(𝑧)  be an entire function defined as 𝑓(𝑧) = ∑ 𝑎𝑛𝑧
𝑛∞

𝑛=0  and on |𝑧| = 𝑟 , 𝑀(𝑟, 𝑓) =
max
|𝑧|=𝑟

|𝑓(𝑧)| is called the maximum modulus and 𝜇(𝑟, 𝑓) = max
𝑛≥0

(𝑎𝑛𝑟
𝑛) is called the maximum 

term of 𝑓(𝑧). 

Definition 1. The numbers 𝜌𝑓 and 𝜆𝑓 are the order and the lower order of 𝑓(𝑧) respectively 

which are defined by 

𝜌𝑓 = lim⁡sup
𝑟→∞

log[2]𝑀(𝑟, 𝑓)

log 𝑟
⁡⁡and⁡⁡𝜆𝑓 = lim⁡inf

𝑟→∞

log[2]𝑀(𝑟, 𝑓)

log 𝑟
 

where log[𝑘] 𝑥 = log(log[𝑘−1] 𝑥) for 𝑘 ≥ 1 and log[0] 𝑥 = 𝑥 (Sato [6]). 

Theorem 1. [7] For 0 ≤ 𝑟 ≤ 𝑅, 

𝜇(𝑟, 𝑓) ≤ 𝑀(𝑟, 𝑓) ≤
𝑅

𝑅 − 𝑟
𝜇(𝑅, 𝑓). 

Taking 𝑅 = 2𝑟, for all sufficiently large values of 𝑟,  
𝜇(𝑟, 𝑓) ≤ 𝑀(𝑟, 𝑓) ≤ 2𝜇(𝑅, 𝑓)⁡⁡…⁡…⁡… (1) 

Using Theorem 1, we can easily verify that 

𝜌𝑓 = lim⁡sup
𝑟→∞

log[2] 𝜇(𝑟, 𝑓)

log 𝑟
⁡⁡and⁡⁡𝜆𝑓 = lim⁡inf

𝑟→∞

log[2] 𝜇(𝑟, 𝑓)

log 𝑟
. 

The notion of 𝐿-order and 𝐿-lower order for entire functions first introduced by Somasundaram 

and Thamizharasi [8] where 𝐿 = 𝐿(𝑟) is a positive continuous function increasing slowly i.e. 

𝐿(𝑎𝑟)~𝐿(𝑟) as 𝑟 → ∞ for every constant 𝑎. 
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Definition 2. [8] The 𝐿-order and 𝐿-lower order of an entire functions 𝑓are defined as 

𝜌𝑓
𝐿 = lim⁡sup

𝑟→∞

log[2]𝑀(𝑟, 𝑓)

log[𝑟𝐿(𝑟)]
⁡⁡and⁡⁡𝜆𝑓

𝐿 = lim⁡inf
𝑟→∞

log[2]𝑀(𝑟, 𝑓)

log[𝑟𝐿(𝑟)]
. 

Definition 2 can be alternatively stated in view of the notion of maximum terms of entire 

function as follows: 

Definition 3. The 𝐿-order and 𝐿-lower order of an entire functions 𝑓are defined as 

𝜌𝑓
𝐿 = lim⁡sup

𝑟→∞

log[2] 𝜇(𝑟, 𝑓)

log[𝑟𝐿(𝑟)]
⁡⁡and⁡⁡𝜆𝑓

𝐿 = lim⁡inf
𝑟→∞

log[2] 𝜇(𝑟, 𝑓)

log[𝑟𝐿(𝑟)]
. 

Lahiri and Banerjee [5] defined the iteration of 𝑓(𝑧) with respect to 𝑔(𝑧) where 𝑓(𝑧) and 

𝑔(𝑧) are entire functions. 

𝑓1(𝑧) = 𝑓(𝑧) 

𝑓2(𝑧) = 𝑓(𝑔(𝑧)) = 𝑓(𝑔1(𝑧)) 

𝑓3(𝑧) = 𝑓(𝑔(𝑓(𝑧))) = 𝑓(𝑔2(𝑧)) = 𝑓 (𝑔(𝑓1(𝑧))) 

   … … … … … … … 

𝑓𝑛(𝑧) = 𝑓(𝑔𝑛−1(𝑧)) = 𝑓 (𝑔(𝑓⁡. . . (𝑓(𝑧)𝑜𝑟⁡𝑔(𝑧))⁡⁡. . . )) 

according to 𝑛 is odd or even and so, 

𝑔1(𝑧) = 𝑔(𝑧) 

𝑔2(𝑧) = 𝑔(𝑓(𝑧)) = 𝑔(𝑓1(𝑧)) 

𝑔3(𝑧) = 𝑔(𝑓(𝑔(𝑧))) = 𝑔(𝑓2(𝑧)) = 𝑔 (𝑓(𝑔1(𝑧))) 

   … … … … … … … 

𝑔𝑛(𝑧) = 𝑔(𝑓𝑛−1(𝑧)) = 𝑔 (𝑓(𝑔𝑛−2(𝑧))). 

It is clear that 𝑓𝑛(𝑧) and 𝑔𝑛(𝑧) are entire functions. 

Datta and Mandal [2] proved some theorems on the comparative growths of maximum term of 

two entire functions with their corresponding left and right factors on the basis of 𝐿-order and 

𝐿-lower order. In [3], Dutta studied some comparative growth of the maximum term of iterated 

entire functions with that of the maximum term of related functions. In this paper we consider 

the maximum term of iterated entire functions and compare the growth of them with their 

corresponding factors on the basis of slowly changing functions. The standard notations and 

definitions of the theory of entire functions are not explained in this paper as those are available 

in [4], [9] and [10]. 
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2. LEMMAS. 

 

Lemma 1. [1] If 𝑓 and 𝑔 are any two entire functions, for all sufficiently large values of 𝑟, 

𝑀(
1

8
𝑀 (

𝑟

2
, 𝑔) − |𝑔(0)|, 𝑓) ≤ 𝑀(𝑟, 𝑓 ∘ 𝑔) ≤ 𝑀(𝑀(𝑟, 𝑔), 𝑓). 

Lemma 2. If 𝜌𝑓 and 𝜌𝑔 are finite, then for any 𝜀 > 0, 

log[𝑛−1] 𝜇(𝑟, 𝑓𝑛) ≤ {
(𝜌𝑔 + 𝜀) log𝑀(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑒𝑣𝑒𝑛

(𝜌𝑓 + 𝜀) log𝑀(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑜𝑑𝑑
 

for all sufficiently large values of 𝑟. 

Proof. In view of (1) and by Lemma 1 it follows that for all sufficiently large values of 𝑟, 

𝜇(𝑟, 𝑓𝑛) ≤ 𝑀(𝑟, 𝑓𝑛) = 𝑀(𝑟, 𝑓(𝑔𝑛−1)) 

≤ 𝑀(𝑀(𝑟, 𝑔𝑛−1), 𝑓) 

i.e.      log 𝜇(𝑟, 𝑓𝑛) ≤ log𝑀(𝑀(𝑟, 𝑔𝑛−1), 𝑓) 

≤ [𝑀(𝑟, 𝑔𝑛−1)]
𝜌𝑓+𝜀 

So,   ⁡log[2] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜌𝑓 + 𝜀) log[𝑀(𝑟, 𝑔𝑛−1)] 

= (𝜌𝑓 + 𝜀) log[𝑀(𝑟, 𝑔(𝑓𝑛−1))] 

        ≤ (𝜌𝑓 + 𝜀) log[𝑀(𝑀(𝑟, 𝑓𝑛−2), 𝑔)] 

≤ (𝜌𝑓 + 𝜀)[𝑀(𝑟, 𝑓𝑛−2)]
𝜌𝑔+𝜀 

Now,   ⁡log[3] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜌𝑔 + 𝜀) log[𝑀(𝑟, 𝑓𝑛−2)] + 𝑂(1) 

       = (𝜌𝑔 + 𝜀) log[𝑀(𝑟, 𝑓(𝑔𝑛−3))] + 𝑂(1) 

   ≤ (𝜌𝑔 + 𝜀) log[𝑀(𝑀(𝑟, 𝑔𝑛−3), 𝑓)] 

≤ (𝜌𝑔 + 𝜀)[𝑀(𝑟, 𝑔𝑛−3)]
𝜌𝑓+𝜀 

So,    ⁡log[4] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜌𝑓 + 𝜀) log[𝑀(𝑟, 𝑔𝑛−3)] + 𝑂(1) 

   ….  ….  ….  …. 

….  ….  ….  …. 

Therefore, 

log[𝑛−1] 𝜇(𝑟, 𝑓𝑛) ≤ {
(𝜌𝑔 + 𝜀) log𝑀(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑒𝑣𝑒𝑛

(𝜌𝑓 + 𝜀) log𝑀(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑜𝑑𝑑
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Lemma 3. If 𝜆𝑓 and 𝜆𝑔 are non-zero finite, then for 𝜀 > 0 and for all sufficiently large values 

of 𝑟, 

log[𝑛−1] 𝜇(𝑟, 𝑓𝑛) > {
(𝜆𝑔 − 𝜀) log𝑀(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑒𝑣𝑒𝑛

(𝜆𝑓 − 𝜀) log𝑀(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑜𝑑𝑑 .
 

Proof. Let us choose a positive number 𝜀 be such that < min{𝜆𝑓 , 𝜆𝑔} . Now from {[7], p-

113} for all sufficiently large values of 𝑟, we have 

𝜇(𝑟, 𝑓 ∘ 𝑔) > 𝑒[𝑀(𝑟,𝑔)]
𝜆𝑓−𝜀

. 

So,     log 𝜇(𝑟, 𝑓 ∘ 𝑔) > [𝑀(𝑟, 𝑔)]𝜆𝑓−𝜀 ⁡…⁡…⁡… (2) 

Now,       log 𝜇(𝑟, 𝑓𝑛) = log 𝜇(𝑟, 𝑓(𝑔𝑛−1)) 

> [𝑀(𝑟, 𝑔𝑛−1)]
𝜆𝑓−𝜀 using (2) 

≥ [𝜇(𝑟, 𝑔𝑛−1)]
𝜆𝑓−𝜀 using (1) 

Taking logarithm on both sides, we have 

log[2] 𝜇(𝑟, 𝑓𝑛) ≥ (𝜆𝑓 − 𝜀) log 𝜇(𝑟, 𝑔𝑛−1) 

                           = (𝜆𝑓 − 𝜀) log 𝜇(𝑟, 𝑔(𝑓𝑛−2)) 

      > (𝜆𝑓 − 𝜀)[𝑀(𝑟, 𝑓𝑛−2)]
𝜆𝑔−𝜀 using (2) 

So,         log[3] 𝜇(𝑟, 𝑓𝑛) > (𝜆𝑔 − 𝜀) log𝑀(𝑟, 𝑓𝑛−2) + 𝑂(1) 

          ≥ (𝜆𝑔 − 𝜀) log 𝜇(𝑟, 𝑓(𝑔𝑛−3)) + 𝑂(1) 

      > (𝜆𝑔 − 𝜀)[𝑀(𝑟, 𝑔𝑛−3)]
𝜆𝑓−𝜀 

i.e.,         log[4] 𝜇(𝑟, 𝑓𝑛) > (𝜆𝑓 − 𝜀) log𝑀(𝑟, 𝑔𝑛−3) + 𝑂(1) 

    ….  ….  ….  …. 

….  ….  ….  …. 

Therefore, 

log[𝑛−1] 𝜇(𝑟, 𝑓𝑛) > {
(𝜆𝑔 − 𝜀) log𝑀(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑒𝑣𝑒𝑛

(𝜆𝑓 − 𝜀) log𝑀(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑜𝑑𝑑 .
 

Using equation (1) the result of Lemma 3 can be written as follows: 

log[𝑛−1] 𝜇(𝑟, 𝑓𝑛) ≥ {
(𝜆𝑔 − 𝜀) log 𝜇(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑒𝑣𝑒𝑛

(𝜆𝑓 − 𝜀) log 𝜇(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1)⁡𝑤ℎ𝑒𝑛⁡𝑛⁡𝑖𝑠⁡𝑜𝑑𝑑 .
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3. THEOREMS. 

 

Theorem 2. Let 𝑓 and 𝑔 be two entire functions such that 0 < 𝜌𝑓∘𝑔
𝐿 < ∞, 0 < 𝜌𝑔∘𝑓

𝐿 < ∞ and 

0 < 𝜌𝑔
𝐿 < ∞. Then for any integer 𝐴, 

(i) when 𝑛 is even 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑓∘𝑔
𝐿

𝐴𝜌𝑔𝐿
≤ lim⁡sup

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
 

(ii) when 𝑛 is odd 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑔∘𝑓
𝐿

𝐴𝜌𝑔𝐿
≤ lim sup

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
. 

Proof. From the definition of 𝐿-order we have for arbitrary positive 𝜀 and for all large values 

of 𝑟, 

log[2]𝑀(𝑟, 𝑓 ∘ 𝑔) ≤ (𝜌𝑓∘𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (3) 

and for a sequence of values of 𝑟 tending to infinity 

log[2] 𝜇(𝑟𝐴, 𝑔) ≥ 𝐴(𝜌𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (4) 

From Lemma 1, we have when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ log[2]𝑀(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ log[2]𝑀(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1) 

So using equation (3) we write when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜌𝑓∘𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (5) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜌𝑔∘𝑓
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (6) 

Using (4) and (5), for a sequence of values of 𝑟 tending to infinity we have when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜌𝑓∘𝑔
𝐿 + 𝜀

𝐴(𝜌𝑔𝐿 − 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑓∘𝑔
𝐿

𝐴𝜌𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (7) 

Also from (4) and (6), for a sequence of values of 𝑟 tending to infinity we have when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜌𝑔∘𝑓
𝐿 + 𝜀

𝐴(𝜌𝑔𝐿 − 𝜀)
 

As 𝜀(> 0) is arbitrary, we obtain 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑔∘𝑓
𝐿

𝐴𝜌𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (8) 

Again for a sequence of values of 𝑟 tending to infinity, 
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log[2]𝑀(𝑟, 𝑓 ∘ 𝑔) ≥ (𝜌𝑓∘𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (9) 

and for all sufficiently large values of 𝑟,  

log[2] 𝜇(𝑟𝐴, 𝑔) ≤ 𝐴(𝜌𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (10) 

From Lemma 3, we have when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ log[2] 𝜇(𝑟, 𝑓 ∘ 𝑔) + 𝑂(1) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ log[2] 𝜇(𝑟, 𝑔 ∘ 𝑓) + 𝑂(1) 

 So by equation (9) we can write for a sequence of values of 𝑟 tending to infinity, when 𝑛 is 

even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ (𝜌𝑓∘𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (11) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ (𝜌𝑔∘𝑓
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (12) 

From (10) and (11), for a sequence of values of 𝑟 tending to infinity we have when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜌𝑓∘𝑔
𝐿 − 𝜀

𝐴(𝜌𝑔𝐿 + 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜌𝑓∘𝑔
𝐿

𝐴𝜌𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (13) 

Also from (10) and (12), for a sequence of values of 𝑟 tending to infinity we have when 𝑛 is 

odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜌𝑔∘𝑓
𝐿 − 𝜀

𝐴(𝜌𝑔𝐿 + 𝜀)
 

As 𝜀(> 0) is arbitrary, we obtain 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜌𝑔∘𝑓
𝐿

𝐴𝜌𝑔
𝐿
⁡⁡…⁡⁡…⁡⁡… (14) 

Thus we have part (i) from equations (7) and (13) when 𝑛 is even and part (ii) from equations 

(8) and (14) when 𝑛 is odd.  

Theorem 3. Let 𝑓 and 𝑔 be two entire functions such that 𝜌𝑓∘𝑔
𝐿 , 𝜌𝑔∘𝑓

𝐿 , 𝜆𝑓∘𝑔
𝐿 , 𝜆𝑔∘𝑓

𝐿 , 𝜌𝑔
𝐿  and 𝜆𝑔

𝐿  

are non-zero finite. Then for any positive integer 𝐴, 

(i) when 𝑛 is even 

𝜆𝑓∘𝑔
𝐿

𝐴𝜌𝑔𝐿
≤ lim⁡inf

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜆𝑓∘𝑔
𝐿

𝐴𝜆𝑔𝐿
≤ lim⁡sup

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑓∘𝑔
𝐿

𝐴𝜆𝑔𝐿
 

(ii) when 𝑛 is odd 

𝜆𝑔∘𝑓
𝐿

𝐴𝜌𝑔𝐿
≤ lim⁡inf

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜆𝑔∘𝑓
𝐿

𝐴𝜆𝑔𝐿
≤ lim sup

𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑔∘𝑓
𝐿

𝐴𝜆𝑔𝐿
. 
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Proof. From the definition of 𝐿-lower order we have for arbitrary positive 𝜀 and for all large 

values of 𝑟, 

log[2] 𝜇(𝑟, 𝑓 ∘ 𝑔) ≥ (𝜆𝑓∘𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]. 

So using Lemma 3 we can write when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ (𝜆𝑓∘𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (15) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≥ (𝜆𝑔∘𝑓
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (16) 

Now from (10) and (15) it follows for all large values of 𝑟, when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜆𝑓∘𝑔
𝐿 − 𝜀

𝐴(𝜌𝑔𝐿 + 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜆𝑓∘𝑔
𝐿

𝐴𝜌𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (17) 

Also from (10) and (16) it follows for all large values of 𝑟 and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜆𝑔∘𝑓
𝐿 − 𝜀

𝐴(𝜌𝑔𝐿 + 𝜀)
 

Since 𝜀(> 0) is arbitrary, we obtain that 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜆𝑔∘𝑓
𝐿

𝐴𝜌𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (18) 

Again for a sequence of values of 𝑟 tending to infinity,  

log[2] 𝜇(𝑟, 𝑓 ∘ 𝑔) ≤ (𝜆𝑓∘𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)] 

and by Lemma 3 we write when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜆𝑓∘𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (19) 

and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ (𝜆𝑔∘𝑓
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (20) 

Also for all sufficiently large values of 𝑟,  

log[2] 𝜇(𝑟𝐴, 𝑔) ≥ 𝐴(𝜆𝑔
𝐿 − 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (21) 

So combining (19) and (21) we get for a sequence of values of 𝑟 tending to infinity and when 

𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜆𝑓∘𝑔
𝐿 + 𝜀

𝐴(𝜆𝑔𝐿 − 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜆𝑓∘𝑔
𝐿

𝐴𝜆𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (22) 

Also from (20) and (21) it follows for a sequence of values of 𝑟 tending to infinity and when 

𝑛 is odd 
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log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜆𝑔∘𝑓
𝐿 + 𝜀

𝐴(𝜆𝑔
𝐿 − 𝜀)

 

Since 𝜀(> 0) is arbitrary, we obtain that 

lim⁡inf
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜆𝑔∘𝑓
𝐿

𝐴𝜆𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (23) 

For a sequence of values of 𝑟 tending to infinity we also have 

log[2] 𝜇(𝑟𝐴, 𝑔) ≤ 𝐴(𝜆𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (24) 

Now from (15) and (24) we obtain for a sequence of values of 𝑟 tending to infinity and when 

𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜆𝑓∘𝑔
𝐿 − 𝜀

𝐴(𝜆𝑔𝐿 + 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜆𝑓∘𝑔
𝐿

𝐴𝜆𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (25) 

Also from (16) and (24) it follows for a sequence of values of 𝑟 tending to infinity and when 

𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥

𝜆𝑔∘𝑓
𝐿 − 𝜀

𝐴(𝜆𝑔𝐿 + 𝜀)
 

Since 𝜀(> 0) is arbitrary, we obtain that 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≥
𝜆𝑔∘𝑓
𝐿

𝐴𝜆𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (26) 

Again from (5) and (21) we obtain for all large values of 𝑟 and when 𝑛 is even 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜌𝑓∘𝑔
𝐿 + 𝜀

𝐴(𝜆𝑔𝐿 − 𝜀)
 

Since 𝜀(> 0) is arbitrary, we have 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑓∘𝑔
𝐿

𝐴𝜆𝑔𝐿
⁡⁡…⁡⁡…⁡⁡… (27) 

Also from (6) and (21) it follows for all large values of 𝑟 and when 𝑛 is odd 

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤

𝜌𝑔∘𝑓
𝐿 + 𝜀

𝐴(𝜆𝑔𝐿 − 𝜀)
 

Since 𝜀(> 0) is arbitrary, we obtain that 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
≤
𝜌𝑔∘𝑓
𝐿

𝐴𝜆𝑔
𝐿
⁡⁡…⁡⁡…⁡⁡… (28) 

Therefore part (i) follows from (17), (22), (25) and (27). Similarly part (ii) follows from (18), 

(23), (26) and (28). 
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Theorem 4. If 𝑓 and 𝑔 be two entire functions with 𝜌𝑓∘𝑔
𝐿 = ∞ and 𝜌𝑔

𝐿 < ∞, then for every 

positive number 𝐴 and when 𝑛 is even 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
= ∞. 

Proof. Let us assume that the conclusion of the theorem does not hold. Then there exist a 

constant 𝐵 > 0 such that for all sufficiently large values of 𝑟, 

⁡log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ 𝐵 log[2] 𝜇(𝑟𝐴, 𝑔)⁡⁡…⁡⁡…⁡⁡… (29) 

Again from the definition of 𝜌𝑔
𝐿  it follows for all large values of 𝑟, 

log[2] 𝜇(𝑟𝐴, 𝑔) ≤ 𝐴(𝜌𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (30) 

 So from (29) and (30) we obtain for all sufficiently large values of 𝑟, 

⁡log[𝑛] 𝜇(𝑟, 𝑓𝑛) ≤ 𝐴𝐵(𝜌𝑔
𝐿 + 𝜀) log[𝑟𝐿(𝑟)]⁡⁡…⁡⁡…⁡⁡… (31) 

Now from (11) and (31) we have when 𝑛 is even 

(𝜌𝑓∘𝑔
𝐿 − 𝜀) ≤ 𝐴𝐵(𝜌𝑔

𝐿 + 𝜀)⁡⁡…⁡⁡…⁡⁡… (32) 

From (32) it follows that 𝜌𝑓∘𝑔
𝐿 < ∞. So we arrive at a contradiction. 

This proves the theorem. 

We can prove the following theorem in the line of Theorem 3 when 𝑛 is odd. 

Theorem 5. If 𝑓 and 𝑔 be two entire functions with 𝜌𝑔∘𝑓
𝐿 = ∞ and 𝜌𝑔

𝐿 < ∞, then for every 

positive number 𝐴 and when 𝑛 is odd 

lim⁡sup
𝑟→∞

log[𝑛] 𝜇(𝑟, 𝑓𝑛)

log[2] 𝜇(𝑟𝐴, 𝑔)
= ∞. 
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