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Abstract

Fixed point theory holds great importance in nonlinear analysis. The theory
flourished after the generalization of the Banach Contraction Principle, introduced by
S. Banach in 1922. This principle has been extended in various generalizations of
metric spaces through a variety of contraction mappings in these generalized spaces.
The G-metric space, proposed by Zead Mustafa and Brailey Sims in 2006, is one such
generalization of metric spaces. In this study, we present some fixed point theorems
in G-metric spaces by introducing a new generalized weakly contractive mapping that
employs a lower semi-continuous function ¢.

1. Introduction

Fixed point theory is one of the rapidly developing branches of nonlinear analysis
in mathematics. It has significant applications in differential equations, partial
differential equations, integral equations, boundary value problems, and initial value
problems. The theory also finds wide use in engineering sciences, computer sciences,
and economic theories. In the expansion of fixed point theory, the Banach
Contraction Principle also known as Banach Contraction Theorem (BCT) stands as a
milestone result. The applicability of BCT attracted the attention of many researchers,
leading to substantial enrichment of fixed point theory. Throughout its development,
various generalizations of BCT have appeared in the literature. Notable examples
include the works of Boyd—Wong [4], Caristi [5], Kannan [15], and Ciri¢ [7].

Several generalizations of metric spaces have also been introduced, such as
dislocated metric spaces [13], [14], dislocated quasi-metric spaces [25], dislocated
quasi b-metric spaces [21], cone metric spaces [12], partial metric spaces [17], and G-
metric spaces [19]. Among these, 2-metric spaces and D-metric spaces were proposed
by Gihler [11] and Dhage [8], [9], respectively. The concept of G-metric spaces
received considerable attention from fixed point scholars Zead Mustafa and Brailey
Sims [19]. They argued that Dhage’s notion of D-metric spaces is fundamentally
flawed and that many of the results claimed therein are invalid. In [19], [20], Mustafa
and Sims, and in [ 18], Mustafa alone, provided several properties of G-metric spaces.
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The contraction mapping employed in BCT has also been generalized in the
literature through the works of [4], [5], [15], [22], [24]. Rakotch [22] and Boyd—
Wong [4] extended BCT by replacing the contraction constant with certain real-
valued functions whose values lie in (0, 1). The altering distance function was
introduced by Khan et al. [16], while weakly contractive mappings in Hilbert spaces
were defined in 1997 by Y.A. Alber and Guerre-Delabriere [1]. These weakly
contractive mappings were further studied in complete metric spaces by Dutta and
Choudhury [10] and Sho [6].

More recently, Mehdi Asadi et al. [2], [3], [23] defined generalized weakly
contractive mappings in G-metric spaces and established several fixed point
theorems. In this paper, we extend the theorems presented by Mehdi Asadi et al. [2],
[3], [23] in G-metric spaces by introducing a new generalized weakly contractive

mapping.
2. Preliminaries
Definition 2.1 [19]: Let X be a nonempty setand let G: X X X X X — [0,00) be a
function satisfying :
G)G(x,y,z2)=0 if x =y = z,
G2)0 < G(x,y,z) forall x,y € X with x #y;
G3)G(x,x,y) < G(x,y,z) forall x,y,z € X with y # z;
G4)G(x,y,z) = G(x,z,y) = G(y,zx) = -, forall x,y,z € X, (Symmetry
in all three variables);
G5 G(x,y,z) < G(x,a,a) + G(a,y,z) forall x,y,z,a € X, (Rectangular
inequality).
then the function G is called a generalized metric and the pair (X, G) is called a G-
metric space or G-metric on X.
Definition 2.2 [19]: Let (X, G) be a G -metric space and let {x, } be a sequence of
points of X, we say that {x,} is G-convergent to x if for every given € > 0, there
exists N € N (set of all natural numbers) such that G (x, x,,, x,,,) < € forallm,n >

N. We denote itas lim G(x,x,, x,) = 0.
n,m—oo

Definition 2.3 [19]: Let (X, G) be a G -metric space, a sequence {x,} in X is called
G-Cauchy if for every given € > 0, there exists N € N such that, G(x;,, X, X;) < €

for all n,m,l = N, that is if, lirln G(xXp, Xm,x;) = 0.
n,m,l-oco

Definition 2.4 [19]: A G -metric space (X, G) is said to be G -complete (or a complete
G -metric space) if every G -Cauchy sequence in (X, G) is G —convergent to some
point in (X, G).

Definition 2.5 [19] Let (X, G) be a G -metric space and let T : X — X be a mapping
then mapping T is called a contraction on X if G(Tx,Ty,Tz) < kG(x,y,z) for all
x,y,Z € X.

Definition 2.6 [6]: A function f : X — [0, ), where X is a metric space, is called
lower semi-continuous if,

3143 Haresh Chaudhari et al 3142-3155



Journal of Computational Analysis and Applications VOL. 33,NO. 07, 2024

10.48047/jocaaa.2024.33.07.66
forall x € X and {x,,} © X with lim x, = «x,
n—->oo

we have f (x) < Al_r)glo f(xn).

Definition 2.7 [16]: A function i : [0,00) — [0, o) is called an altering distance
function, if the following properties are satisfied

a) P(0) =0,

b) 1 is continuous and monotonically non-decreasing.
Let Y = {3 : [0,00) — [0, o) is continuous and P (t) = 0 ifand only if t = 0}

and ¢ = {¢: [0, 00) - [0,0) lower semi continuous and ¢(t) = 0 if and only if

t=0
Theorem 2.8 [10]: Let (X, d) be a complete metric spaceandlet T : X - X bea
self-mapping satisfying the inequality

YA(Tx TY)) < Pd(xy)) — $(d(xy))

Where ), ¢ : [0,00) — [0, ) are both continuous and monotone non-decreasing
functions with ¥(t) = 0 = ¢(t) if and only if t = 0, then T has a unique fixed point.
Theorem 2.9 [3]: Let X be a complete G -metric space. Suppose themap T : X — X
satisfies forall x,y,z € X
Y(G(Tx, Ty, Tz)) < Y(G(x,y,2z)) — $(G(x,y,z)), where ¢ and ¢ are altering
distance functions given in Definition 2.7 then T has a unique fixed point (say u) and
T is G -continuous at u.
Theorem 2.9 [2]: Let (X, G) be a complete G -metric spaceand T : X — X bea
mapping satisfying the following condition for all x,y € X, where ¢ : [0,0) —
[0, o0) is non-decreasing and continuous and ¢: [0,0) — [0, o) is lower semi-
continuous where Y (t) = ¢@(t) = 0 if and only if t = 0.
Y(G(Tx, Tx, Ty)) < P(G(x,Tx,y)) — ¢(G(x,Tx,y)) then T has a unique fixed
point.
Definition 2.9 [23]: Let (X, G) be a complete G -metric space and Let T : X — X be
a self-mapping satisfying the inequality
Y(G(Tx, Ty, Tz)) <Y(G(x,y,z)) — ¢(G(x,y,2)), forall x,y,z, € X, where
Y, ¢:[0,00) — [0, ) are both continuous and monotone non decreasing functions
with P(t) = 0 = ¢(t) ifand only if t = 0 then T has unique fixed point.
Theorem 2.8 [6]: Let X be a metric space with metric d, let T: X — X, and let
@: X — [0, 0) be lower semi continuous function then T is called a generalized
weakly contractive mapping if it satisfies the following condition:

Y(d(Tx, Ty) + o(Tx) + (Ty) < p(m(x,v,d,T,9)) — ¢(I(x,y,d,T, 9))

forall x,y € X, Where Y € Y, € ¢ and
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m(x,y,d,T,¢@) =
d(x,y) + o(x) + @(y),
d(x,Tx) + @(x) + @(Tx),
= max dy,Ty) + o(y) + ¢(Ty),

1
E{d(x, Ty)+ o(x) + o(Ty) +d(y,Tx) + ¢ (y) + ¢(Tx)}

And l(x,y,d, T, p) = max{d(x,y) + o(x) + ¢(v),d(x,Tx) + @(x) + ¢(Tx)}
3. Results

Definition 3.1: Let (X, G) be a Complete G-metric space, let T: X — X, and let
@:X — [0, ) be lower semi continuous function then T is called a generalized
weakly contractive mapping on X, if it satisfies the following condition for all
x,¥,Z€X,

Y(G(Tx, Ty, Tz) + o(Tx) + ¢(Ty) + ¢(T2)) < Y(a(x,y,2,G,T,9)) —
$(B(x,y,2,G,T,9)) 3.1)

Where y € g1, € ¢ and

( G(x,y,z) + p(x) + 9(y) + @ (2), )
G(x, Tx,y) + o(x) + o(Tx) + ¢(y),
G(x,Tx,z) + o(x) + @(Tx) + ¢(2),

a(x,y,2,G,T,9) =max{ GO, Ty,Tz) + o)+ ¢(Ty)+¢(Tz), } (3.2)

G, Tx,Tz) + p(y) + ¢(Tx) + ¢(Tz)
S HG(Tx, Ty, T2) + o(Tx) + (Ty) + ¢(T7)
\ \+G(Ty, Ty, Tz) + o(Ty) + o(Ty) + ¢(Tz)))

G(x,y,2) + o) + o) + ¢(2),
And B(x,v,2,G,T,p) =maxs G(x,Tx,z)+ o(x) + p(Tx) + ¢(2), (3.3)

G, Ty, Tz) + p(y) + ¢(Ty) + ¢(Tz)

Theorem 3.1: Let (X, G) be a complete G-metric space and T be generalized weakly
contractive mapping satisfying condition

Y(G(Tx, Ty, Tz) + ¢(Tx) + (Ty) + ¢(Tz))
<¥(a(xy,2,6,T, 9) - $p(B(x,y,2 6T, 0))

Where, a(x,y,2,G,T,p) and B(x,y,z,G,T, @) are given by eq.3.2 and 3.3
respectively, then there exists unique u € X such that u = Tu and ¢ (u) = 0.

Proof: Let x, be any fix point in X, We Construct a sequence {x,, },—,of points in X
by xo, %, = Txg, X, = Txy = TTxe = T?x,, ....
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In general x,,,; = Tx, foralln=0,1, 2, ...

Now, If for some n, x,, = x,,;1 then x,, = Tx,, and map T has fixed point x,, in X.
Suppose that x,, # x,,1 foralln € N

By (G2), We have G(x,, Xp41, Xpnt1) > 0

Letx = x,,_1,y = x,, and z = x,, in equation .....

We have

W(G(Txp—1, Ton, Txp) + 9(Txp—1) + @(Txn) + ¢(Tx))
= lp(a(xn—lﬂ Xn, Xn, G' T' (p)) - d)(ﬁ (xn—l' Xn» Xn, G' T' (P))

Y(G(Xn, Xns1, Xns1) + @(xn) + @(Xns1) + @(Xny1)) <
1nl)(a(xn—b Xns X G' T, ¢)) - (,'b(,B (xn—ll Xns Xn» Gr T' 90)) (34)

From equation 3.1,

a(xp_1, Xn, X, G, T, ) =

( G(xn—l» Xn xn) + Qp(xn—l) + (P(xn) + (P(xn)' )
G(n—1, Txp—1, %) + @(xn-1) + @(Txn_1) + ¢(xp),
G(n—1, Txp—1, %) + @(xn-1) + @(Txp_1) + ¢(xp),
max G(Xn, Txy, Txn) + ¢(xn) + (p(Txn) + QD(Txn):

1 G(Xn, Txn—lf Txn) + QD(Xn) + Qo(Txn—l) + QD(Txn)

33 TG (Txn1, T, Txn) + @(Txp—1) + @(Tx) + @(Txy)

UL +6(Txy, T, Txn) + @(Txy) + 9(Txn) + 9(Txy) )

~~

a(xXn_1,X%p, Xn, G, T, ) =

( G(xn—lfxnf xn) + ¢(xn—1) + QO(Xn) + QD(Xn), )
G(xn—lfxnf xn) + ¢(xn—1) + QO(Xn) + QD(Xn),
G(xn—lfxnf xn) + ¢(xn—1) + QO(Xn) + QD(Xn),

max < G(Xn, Xn+1 xn+1) + ¢(xn) + ¢(xn+1) + QD(Xn_H), r (35)
) G (Xn, Xn, Xng1) + @ (xn) + @ (%) + 9 (Xn41)

g +G(xn’xn+1»xn+1) + q)(xn) + ¢(xn+1) + ¢(xn+1)

UG (g1 Xnpn Xnt1) + @ (Xng1) + @0ni1) + 0 (xn41) )/

We consider,

G (Xny X, Xng1) + @ () + @(x) + @ (Xp41)
+G (X, X1, Xni1) T @) + @(xp11) + @(X41)
+G (Xnt1) Xnt 1, Xns1) + @(Xns1) + @(xn41) + @(xp41)
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G(xn: xn'xn+1) + (p(xn) + (p(xn) + (P(xn+1)
= § +G(xn’xn+1’xn+1) + (p(xn) + (P(xn+1) + (P(xn+1)
+0 + (p(xn+1) + (P(xn+1) + (P(xn+1)

1 G(xn: xn+1»xn+1) + G(xn+1’xn'xn+1) + (p(xn) + (p(xn) + (p(xn+1)
= § +G(xn’xn+1’xn+1) + (p(xn) + (P(xn+1) + (P(xn+1)
+§0(xn+1) + Qo(xn+1) + QD(xn+1)

A

G(Xp, Xn41, Xne1) + @) + @(xy) + @ (xp41)
+G(xn: xn+1»xn+1) + (p(xn) + QD(xn+1) + QD(xn+1)
+G(xn: xn+1»xn+1) + Qo(xn+1) + QD(xn+1) + (P(xn+1)

W =

<

G(xn:xn+1'xn+1) + (p(xn) + +§0(xn+1) + ¢(xn+1)
<z +G(xn: xn+1:xn+1) + (p(xn) + ¢(xn+1) + ¢(xn+1)
+G(xn: xn+1:xn+1) + (p(xn) + ¢(xn+1) + ¢(xn+1)

Therefore 3.4 becomes

G(xn—b Xn, X'n)
F+o(xp_1) + (xy) + o(x,),
G(xn' Xn+1r xn) f (36)

a(Xp_1,Xn, Xn, G, T, p) = max i
+o(x) + ¢(ni1) + @ (xn)

Now consider,

B(xn—lr Xn, X, G, T, (P)
G(xn—lf Xn xn) + (p(xn—l) + QO(Xn) + (p(xn);
= max G(xn—lf Txn—l:xn) + (p(xn—l) + Qo(Txn—l) + (p(xn);
G (xn, Ttn, Ton) + @ (xn) + @(Txy) + (Txp)

G(xn—lrxn' xn) + Qa(xn—l) + QO(Xn) + QD(Xn),
,B(Xn_1, Xn» Xn» G: T: §0) = max G(xn—lr X xn) + Qa(xn—l) + QO(Xn) + QD(Xn),
G (Xny Xn41, Xns1) T @(x) + @(Xni1) + @ (Xn41)

G(xn—li Xn, xn)
+§0(xn—1) + QD(Xn) + go(xn),
G (xn' Xn+1, xn+1)
+9(xn) + 9(xXn11) + 9(n41)

B (xp—1,Xpn, Xn, G, T, p) = max (3.7)

Using Eq. (3.6) and Eq. (3.7) in Eq. (3.4)

We get,
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V(G (xn, Xng1, Xng1) T @(xn) + @(Xnpr) + @(Xny1)) <
" (max{ G (Xn—1, %0, %) + @(xn-1) + @ (xn) + @ (xy), }) _
G(ny Xn1 Xng1) + () + @(xny1) + @ (X041)
G (Xn—1, X, Xn) + @(xn-1) + @ (x) + @ (xp), })

3.8
G Gt Xns1r Xnsn) + 9(n) + @ (insr) + @ Ctnsr) 38

¢ (max {
Now if

G(xn—lfxn'xn) + Qo(xn—l) + (p(xn) + (P(xn), }
G(xn: xn+1’xn+1) + (p(xn) + (P(xn+1) + QD(xn+1)
= G(xn’xn+1» xn+1) + (P(xn) + (P(xn+1) + (P(xn+1)

max {

Then Eq. (3.8) gives

Y(G (X, Xps1, Xng1) + () + @(Xpi1) + @ (xn41))
S lp(G(xn: Xn+1 Xn+1) T @) + @(xp4q) + (P(xn+1))
- d)(G(xn: xn+1'xn+1) + ‘p(xn) + ¢(xn+1) + ‘p(xn+1))
= ¢(G(xnr Xn+1 Xns1) T @) + @(xXp4q) + (P(xn+1)) =0
= G(Xp Xn+1, Xn+1) + @) + @(Xn41) + @(x541) = 0 by Definition 2.7
= Xp = Xp41 and @(x,) = 0 = @(xp41)
This is contradiction to our assumption and to the choice x,, # x,41

Thus,
G(xn—llxn: xn) + QD(xn—l) + ¢(xn) + QO(Xn), }
G(Xn, xn+1:xn+1) + QD(Xn) + go(xn+1) + ¢(xn+1)
* G(xn: Xn+1r xn+1) + (P(xn) + go(xn+1) + QD(Xn.H)

max {

and we must have,

G(xn—lfxn'xn) + ¢(xn—1) + (P(Xn) + ¢(xn): }
G(xn' xn+1'xn+1) + <p(xn) + ¢(xn+1) + ¢(xn+1)
= G(xn—lf Xn, xn) + (p(xn—l) + QO(Xn) + QO(Xn)

max {

Therefore Eq. (3.8) becomes,

G(xn'xn+1'xn+1) G(xn—lixn'xn)
wﬁm@a+¢@mo+¢@mo>s @wwmo+¢u0+¢@a>

G(xn—lﬂ xn' xn)
‘¢@muma+¢aa+¢wa> (39
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Thus, the sequence {G (xn, Xn+1, Xn+1) + @ (Xn) + @(xn41) + @(xn41)} isa
decreasing sequence and it must converge to some non-negative real number [ (say)
asn — oo,

Assuming that, [ > 0, letting n — oo in Eq. (3.9) and by continuity of ¥ also as ¢ is
lower semi continuous

(nb(G(xn—ll xn' xn) }
+@(Xn-1) + @ (xn) + @(xy,)

IORRIOEXI0}
Since,l > 0, ¢ (1) > 0 by Definition 2.7

YO < (O - lim inf |

We get (1) < Y (1) — p(1) < P(l) is not possible.
Hence, this is a contradiction.

Thus, we have, 1im G (Xn—1, %n, %) + @(Xn-1) + @ (xn) + @ (xn) = 0
= lim G(x,,_1, Xy, X,) = 0 and lim @ (x,) =0 (3.10)
n—co n—-oo

Now we claim that, the sequence {x, },~; is a G-Cauchy sequence.

If not then there exists € > 0, and two subsequence x;xy and X, k) of X, such that,
With m(k) > n(k) > k

G(xm(k)lxn(k):xn(k)) =€ (3.11)

Now, Let n(k) be the least positive integer, with n(k) > m(k) satisfying 3.9 and
giving us

G(xm(k)—lr Xn(k) xn(k)) < € for every integer k

From Eq. (3.1) we have

& (X Xngiey Xngiy G T, )
( G (Xmiy Xney Xn(iy) + @ (Xmaey) + @ (%nay) + 0 (%nwy), )
G (Xmiy TXm(ey Xniy) + @ (Xmaey) + @(TxXma) + @ (xnge ),

G (Xmicy TXm(iy ¥n(iy) + @ (Xm@iy) + @(TXmary) + @ (Xn(ry),

= max < G (% Ty Tongy) + @ (ngo) + @(Txnaey) + @(Txngiy),

G (%ngey, TXmiy TXn (i) + @ (Xngo)) + @ (Txmawy) + @(Txn )
3 +G (Tt Toney Txngy) + @(TxXmay) + @(Totney) + @(Txnr))
C UG (Tongy, Ty Txngo) + 0(Txngy) + 0(Txny) + 0(Txnwy) )
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& (Xmiy, Xngey Xnge G T, 9) =
( G (Xm@icy Xn(iy Xng) + @ (Xma) + @ (Xngi) + 0 (Xn)s )
G (X Xm0 +1 Xn(i) + @ (Xmey) + @ (ma+1) + 0 (Xngio),
G (X Xm0 +1 Xn(i) + @ (Xmao)) + @ (mao+1) + 0 (Xngio),
max < G (Xngiy Xn(y+1 Xnto+1) + @ (%) + @ (Xnao+1) + @ Xng+1),
G (Xngiey Xmo+1 Xm0 +1) + @(Xnwy) + @ (Xmao+1) + @ (Xngo+1)
% +G (Xm0 41 Xn(+1 Xn00+1) + @ (Xmao+1) + @(Xnwo 1) + @ (Xngo+1)
U LG (*nto+1 Xn0+1 Xntio+1) + @ (Xno+1) + @ (Xngo+1) + @ (Enao+1) )

"

(3.12)

Let k — o in Eq. (3.12)
Jm_ (Xmey Xngiy Xngey G, T, 9) = €

Also, ,B(xm(k), Xn(k) Xn@c) G, T, (p) =
G (Xmiy Xney Xn(i) + @ (Xmaey) + @ (%nay) + 0 (Xnwy),
max | G (Xmgo, TXm@ey Xn(o)) + @ (*ma) + @(Txma) + 0 (Xna)s
G (Xnwy Tongey Txngo) + @ (Xngn) + @(Txny) + @ (T X))

B (Xm@iey» Xncicy Xnicy G T @)
G (Xmiy Xney Xn(i) + @ (Xmaey) + @ (%n) + 0 (Xniy),
=max{ G(Xmuy Xm@o+1 %ng0) + P (Fmg) + @ (Xmao+1) + @ (ny),
G(xn(k): Xn(io)+1 Xn(io+1) + <P(xn(k)) + @ (Xno+1) + @ (Xngoy+1)

Letting k — oo,
Jim_ B (X, Xngiy Xny G T, ) = €
Therefore Eq. (3.1) becomes,

(G (T Xy, Tngiy Txn)) + @(Txma) + ¢ Txn) + @(Txnw))
< 'LIJ (a(xm(k)' Xn(k) Xn(k) G,T, q)))
—¢ (ﬁ(xm(k)' Xn@ey Xngey G, T, <P))

Letting k — oo in this inequality and using the continuity of 1, the lower semi-
continuity of ¢.
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We get,
Y(e) < y(e) — ¢(e)

Which is contradiction to ¢p(e) > 0.

This proves that, the sequence {x,,} is a G-Cauchy sequence and as X is Complete G-
metric space, sequence {x,} is G-convergent to some u in X.

Therefore, lim x,, = u € X and lim G(x,, x,,,u) = lim G(x,, u, u) =0  (3.13)

Now we prove that, u is fixed point of the map T.

Consider,

l'D(G(xn+1'xn+1:Tu) + @(xn41) + @(xpe1) + (P(Tu))
= lp(G(Txn, Tx,, Tu) + o(Tx,) + o(Tx,) + (p(Tu))

< P(aln 20w, G, T, ) — ¢(B(xn, %, u, G, T, 9)) (3.14)

Where,
a(x,, x,u,G,T,@)
( G (xn, X, u) + @(xn) + @(xn) + @ (W), )
G (xn, Txn, Xn) + @ () + @(Txn) + @(xn),
G (xn, Toxn, u) + @ (xn) + @(Txy) + 9w,
= max < G(xy, Txy, Tu) + @(x,) + @(Txy,) + @(Tu),
G (Xn, Txn, TU) + @ (xn) + @(Txn) + o (Tw)
= +G(Txp, Tx,, Tu) + @(Tx,) + @ (Tx,) + @(Tu)

L3 +G(Tx,, Tx,, Tu) + 9(Tx,) + @(Tx,) + @(Tu) )

"

a(xy, X, u, G, T, @) =

( G (Xn, xn, w) + @(xn) + 9 (x) + (W), \
G(Xn, Xn+1 xn) + QD(Xn) + ¢(xn+1) + QD(Xn),

G (Xn, Xn1,u) + @) + @(xn41) + @(w),

max G (Xn, Xn+1, T + @ (xn) + @(Xp41) + @(Tw), > (3.15)

N (X Xny1, Tu) + @ (xn) + @ (xny1) + @(Tw)

3 +G(xn+1'xn+1: Tu) + @(xn+1) + §0(xn+1) + ¢(Tu)

\ +G(xn+1'xn+1: Tu) + @(xn+1) + §0(xn+1) + ¢(Tu) J

G (X, X, u) + @(xp) + 9(x,) + @(u),
B (xn, xnp,u, G, T, @) = max{ G(xy, Txp,u) + @(x,) + @(Tx,) + @(w),
G(xn; Txn: Tu) + (p(xn) + (p(Txn) + <p(Tu)
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G (Xp, X, u) + 9 (xn) + @ (xn) + @(w),
B(xn, X, w0, G, T, 0) = max{ G(xp, Xpy1,U) + @(xn) + @(Xneq) + @ (0, (3.16)
G(xn: Xn+1r Tu) + (p(xn) + QD(xn+1) + (p(Tu)

Letting n — +o00 in equation Eq. (3.15) and Eq.(3.16) and using in Eq.(3.14)

Y(G(wu, Tu) + W) + W) + ¢(Tw))
=YP(G(uu,Tw) + o) + e(W) + ¢(Tw))
— ¢(G(wu, Tw) + p(u) + ¢(u) + ¢(Tw))

We get,
V(6w u, Tw) + p(w) + o) + (p(Tu)) <0

Gu,u,Tu) + p(w) + e(u) + (Tu) =0
G(u,u,Tu) =0, p(u) =0and ¢@(Tu) =0
This gives Tu = u proving that, u is fixed point of T.
Uniqueness, We prove by contraction.
Assume contrary that, there exists two fixed point for T namely u ans u’
~Tu' =uand ') =0

Consider,
PG u,u) + o) + o) + o))
= lp(G(Tu, TuTu") + @(Tu) + (Tu) + (p(Tu’))

<¢Y(a(wuv,G T, ¢))—¢(fwuv,GT, @)
Which evaluates to G (u, u,u’) = 0 further gives u = u’. Hence uniqueness is proved

Corollary 3.2: Let (X, G) be a complete G metric space and T be generalized weakly
contractive mapping satisfying condition

Y(G(Tx, Ty, Tz) + ¢(Tx) + (Ty) + ¢(Tz))
<Y(B(x,,2,G,T, ) — p(alx,y,zG,T,9))

Where, a(x,y,2,G,T,p)and f(x,y,2,G,T, @)is given by Eq. (3.2) and Eq. (3.3)
respectively, then there exists unique u € X such that u = Tu and ¢ (u) = 0.

Corollary 3.3: Let (X, G) be a complete G metric space and T be generalized weakly
contractive mapping satisfying condition
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Y(G(Tx, Ty, Tz) + ¢(Tx) + ¢(Ty) + ¢(T2))
< lp(a(x,y, z,G,T, (p)) — qb(a(x, v,2,G,T, (p))

Where, a(x,y,z,G, T, @) are given by equation Eq. (3.2) then there exists unique u €
X such that u = Tu and @(u) = 0.

Corollary 3.4: Let (X, G) be a complete G metric space and T be generalized weakly
contractive mapping satisfying condition

Y(G(Tx, Ty, Tz) + (Tx) + ¢(Ty) + ¢(Tz))
= lp(ﬁ(x' Y,z G' T, (P)) - (15(,3(36, Y, Z, G, T' (p))

Where, a(x,y,z,G,T,p) and B(x,y,z,G,T, @) are given by equations A and B

then there exists unique u € X such that u = Tu and ¢@(u) = 0.

4. Conclusion

This paper introduced a Generalized Weakly Contractive Mapping defined
through the use of an altering distance function (1) and a lower semi-continuous
function (¢ ) in complete G-metric spaces. The primary achievement is the
establishment of new fixed point existence and uniqueness theorems specifically
designed for this generalzied weakly mapping type, which are distinct from existing
standard fixed point theorems. This work significantly contributes to Non-Linear
Analysis by providing novel analytical tools for functions whose contractive behavior
requires the flexibility of ¢ and ¢ functions and the three-point structure of the G-
metric. These new theoretical results are foundational for future applications in
solving unique classes of non-linear problems.
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