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ABSTRACT

Other researchers have previously proposed and studied the concept of a nearly projective module. Inthis
paper, the above concept will be analyzed for semimodules, along with related ideas. A semimodule Pis
considered to beroughly projective if Vsurjective-homa:A—B, where A,B are any two semimodules, and V
homf: P-B, 3y: P-A homs.t may=nf3 where m:B—B/](B) is the natural map.
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1. INTRODUCTION

Naoum and Al-Mothafar [2,9] proposed the notion of a nearly projective module as a generalization of a
projective module relative to Jacobson radical. A module P is nearly projective if V epimf:M—N and
homg:P-N, 3a homh:P—-M such that (fh-g)(a)€J(N), Va€P.M and N are arbitrary modules, and J(N) is the
Jacobsonradical of the module N. It is clear that an equivalent condition to the condition “(h-g)(a)€](N),for
each a€P” is mth=mtg where m is the natural map of N onto N/J(N). This fact helps to define nearly
projective semimodule. Characterizations of this concept are given with some properties. Some results
relating nearly projective with projective semimodules(presented in a previous paper[6,8]) are
concluded. Conditions for nearly projective semimodule to beprojective are proved. Finally, a nearly-
quasi- projectivesemimodule is defined, and some properties are proved. It is proved that for the class of
semimodules over a semiring in which the direct sum of any two nearly-quasi-projectivesemimodules is
nearly-quasi-projective, in such class any nearly-quasi-projectiveis nearly projective.
Risasemiringwithidentityinwhatfollows,andthesemimodulesareunitaryleftR-semimodules.

2. NearlyProjectivesemimodules

Definition2.1. A semimodule P is said to be nearly projective (N-projective) if V surjective homa:A—B,
where AB are any two semimodules and V homf: P-B, 3 a homey: P-A such that may=nf§ where
m:B—B/](B) is the natural map.

P
//‘
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//
A //" B
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|
B/)(B)

Definition2.2.[5].AnR-semimoduleAisArtinianifanynon-emptysetof S-
subsemimodules of A have minimal membersconcerning set inclusion.
Definition2.3. [6] An epima:P—M is called a projective cover of M&P is projective, and a is a small epim.
Definition2.4.[5].AleftR-semimoduleNisretractedofaleftR-semimoduleM < VasurjectiveR- hom8:M—N
and an R-hom
6:N-Msatisfyingtheconditionthatf6=1y.
Remark?2.5.
1- Everyprojectivesemimoduleisnearlyprojective.
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2- IfasemimoduleP hasno maximalsubsemimodule,e.g.J(P)=P,3(P)=B(J(P))<S]J(B), hencenf=0,that is,Pis
nearly projective. Thus, an almost projective semimodule may not be projective.

Lemmaz2.6.Ifa:F—Pisasurjectivehomofsemimoduleand® €End(F)3kera < ker6,then3«:P-F such that
a'a=0.
Proof:Sincea:F—Pissurjective,thenPisisomorphictoF /kera,so38:P—-F /kera,whichisan
isomorphism.Definef:F/kera— F/kerfasp(x/kera)=x/kerbwhereiswelldefined,anddefine o:F/kerf —
0(F)<F aso(x/ kerf)=0(x) <F.
Now o'= 08:P-F,thena’a=0B8a=0.Thusa'a=0.[0€EEnd(F)].
Lemma?2.7.1fg:P—Bisahom,then3g":P/](P) —»B/](B)suchthatg'mi=m2gwheremni:P-P/J(P)and m2:B—B/](B)
are the natural maps.
Proof: Assum 11, mzbetwo natural maps asmi:x—x/]J(P) ,m2:y—y/]J(B)and g is a hom of semimodules
byassumption.
Define g:P/J(P)=B/J(B) as g(x/J(P))=g(x)/J(B), since g(J(P))<S]J(B), then glIs well-defined.
g (x)=g'(x/](P))=g(x)/](B)=m2g(x),s0g m1=Trg.

Theorem2.8.AssumePbeR-semimodule:
1. IfPisnearlyprojective,thenforeachexactsequence

0 —— — K > g —= P — g

SuchthatFisfreeandK=kera,3ahomeB8€End(F)satisfies:
a. maB=mawheremn:P—P/]J(P)isthenaturalmap.
b. keraCSker®6.
2-Ifthereisanexactsequenceasabovewithk-regularaand® €End(F)satisfying(a)and(b)of(1), then P is N-
projective.
Proof(1):AssumethatPisnearlyprojective,inthediagram(1),36:P—=Fhom,suchthat t a 6= mtl= 1.....(1),take 6=

ThenmaB=ntada=ma.Forevery a€keraimpliesa€kerda=ker6,thus ker o € ker
0.

(1)
P/I(P)

(2)Byassumptiona0€End(F)satisfying(a)and(b).
Definea':P—Fbya'(a)=0(x,)where{x,}isabasisforFand{a(x,)=a}isageneratingsetofP; ifa(x,)=a(y.)=a, then
Xa+k=y,+K for some Kk k'€ ker a(Sincea:F—P is k-regular). So,0(x,)= 0(ya), that is,a’Is well-defined.

Since F is a projectiveR-semimodule,3h": F>A such that fh'=g « . Defineh=h'«(’.

In diagram (2):

m1:P-P/J(P) and m2:B—B/](B) are the natural maps where gm=T2g by
[Lemma1l.3.]mzth(a)=m2fth'a’(a)=m2fh'0(x,) =20 (Xa) =g M1t O(X,)=gmia(x,) = gmi(a)=mg(a)thatis, mzth=
m28.SoP is N-projective.
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Definition.2.9.[5].AleftR-semimoduleNisaretractofR-semimoduleMifandonlyif3asurjectiveR- hom6:M—-N
and an R-hom&:N—Msatisfying the condition that 64 is the identity map on N.

) 7,

N — M —» N
Lemmaz2.10.1f88isanisomorphismwhere then
there exist B:N—N such that 663=1y.
LemmaZ2.11.IfPisaretractofafreesemimodule,thenPisprojective.[Golan]
Proposition2.12.AssumePisanN-projectiveR-semimodule.If] (P)issmallinP,Pisprojective[8]. Proof:
Since P is N-projective, then by [Theorem 1.4.]for each exact sequence

* h
0 K F ————=> p ——=> o0

F is free R-semimodule and K=ker a3a hom6 € End(F) satisfying ma® = ma where m:P-P/]J(P) is the
natural map and since a surjective P=a(F), m(a(F))=nt(a(6(F))) implies P=a(F)=a(0(F))+]J(P) but J(P) is
small, so a(F)= a(6(F)), thatis,Pis projective.

Corollary2.13.AssumePis a Hopfian N-projective R-semimodule; if J(P) is small,P is projective.Where Risa
semiring and MR-semimodule. If every surjectiveR-endomorphism of M is an isomorphism, one calls M
Hopfian.

Proof: In the diagram,P is a Hopfian N-projective,andF is a free semimodule with a is surjective then by
(Theorem 1.4.) a(B(P)=1p(P)=P, that is,a is surjective.Since P Hopfianand a6€ End(P), then aBis an
isomorphismthat is P is a retract of F. By Lemma.1.5.P is projective.

LemmaZ2.14.IfPisafinitelygeneratedprojectivesemimodule,](P)issmallinP. Proof:

Similar to the case's evidence in modules, see [7.p.159.].
Corollary2.15.AssumePisafinitelygeneratedR-semimodule;PisprojectiveonlyifPisN-projective. Proof:
Since Pis projective, then P is N-projective.

Conversely, SinceP is finitely generated, it is Hopfian and J(P) is small in P. By [Lemma1.5],P is projective.
Corollary2.16.AssumePis an N-projective R-semimodule with J(P) is small in P; if P is a multiplication
semimodule, P is projective.
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Proof: Since Pis anN-projectiveR-semimoduleand J(P) is small in P, if weprove P Hopfian, thenit will be
projective by[Lemma 1.7.], now assumefP—P be a surjective map, then f(P)=P, assum K=ker f, then K=]P
for some J<R, then f(K)=] f(P)=]P=K=0, so f is one-one, that is P is Hopfian. Hence,P is projective.

Theorem?2.17.ForanyR-semimoduleP,thefollowingstatementsareequivalent.
1- PisanN-projectiveR-semimodule.
2- Foreveryfamily {aj:i€l}ofgeneratorsof P overR,3afamily {f;:i€l},fieP*=Hom(P,R)with

a- Foralla€P, fj(a)#0onlyforfinitelymanyi€l.

b- ForallaeP,m(}:fi(a)a;)=mt(a)wherem:P—-P/](P)isthesurjective map.
Proof: Assume that P is N-projective, and assumeFto be afree R-semimodule over P, assum{x;:i€l} be
abasis for F, and assum o:F—P be surjective map a(x;)=ajFor all i.
Definehomesai:F—Rasfollowsai( X rjx;)=riForalll€l.
Itisclearthatailtiswell-defined,andifweputrj=0inthecasethattheindexdoesnotappearin} rjx;
thenforallxinF,x=} rixjand ai(x)#0foronlyfinitelymanyi€l.Moreover,x=3,a;j(X)Xj.......(*).
Now, since P is N-projective, then by definition [N-projective], 3a homh:P—F such that nt(a(h(a)))=mn(a),
for all an in P (in the diagram) put f;= aih, i€], then fi€ Pxand for all a€P, fj(a)= aih(a)#0 for only finitely
manyi€l,furthermoreforalla€P,a=) rja;=).r;a (x;).Thusm(X:fi(a)a;))= m(a)implies (Y (aih)(a)a(x;)=m(a), so
m(a Y, ash(a) x;)=m(a).

p
, -
F P
@
T
P/I(P) J

For the converse,assume {aj:i€l} be a set of generators for P. Assum {x;:i€l} be a basis for F such that
a(xj)=a;. Define a map 6:F—F:assumenext show that kera=kerf. Assum x€F such that a(x)=0, then
a(x)=0=Xf;(0)a;+t.But f;(0)=0 for all I; thus, it is clear that 6(x)=0. It follows from theorem (2.8.) that P is
an N-projective R-semimodule.

3. Nearly-Quasi-ProjectiveSemimodules
Definition3.1.AnR-semimodulePiscallednearly-quasi-projective
(NQ-projective), if for every R-semimodule B and surjective

homg:P-B

andanyhomf:P—B3R-hom
h:P-Psuchthatngh=mnfwheremisthenaturalsurjectivemap of B

onto B/]J(B).
Remark3.1.Everynearlyprojectivesemimoduleisnearlyquasi-projective.
Remarks3.2.TheretractionoftheN-quasiprojectiveistheN-quasiprojective.

=
h //,; l F
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Proposition3.4.AnR-semimodulePisnearlyquasi-projectiveifandonlyifforanyK<P;(:P-P/K,
Jy:P-Psuchthatmay=mf.

Proof:Inthediagram,assumePtobequasi-projectiveandK<P;

asurjectivehom and § any home, then there

existyS-homsuchthatmay=m.

T/)(T)

Proposition3.5.AnyR-semimoduleretractofanyN-quasiprojective is

N-quasi projective.

Proof: Consider the diagram P is N-quasi projective P'Is a semimodule such that 3y:P- P'and y:P" - P
with yy'=1;, then P'is N-quasi projective such that nfyh=mngy, assum h'= yhy so nfy =nfyhy =ngyy =ng, then
P is N-projective.

P
P )
e ¥
e
ho
S .
7 P
//,
”/’ ,///
v g
)/
e /
//J %
p e > P . 8 >
¥ £ T B/J(B)

Proposition 3.6.Assum R bea semiringsuchthatany R-semimodule has a projective cover,andthe direct
sum of any two N-quasi-projective R-semimodule is N-quasi-projective. Then any N-quasi-projectiveR-
semimodule is N-projective R-semimodule.
Proof.AssumeMistheN-quasi-projectiveR-semimoduleandPistheprojectivecoverofM. We

must prove that M is N-projective.In the diagram:

M@ PisN-quasi-projective,then mgah =mfo.

Assumh=ah’i,thenngh=nigah’i=nfai=mf,thenMisN-projective.

5 KareemA.L.Alghurabietal1-6



JournalofComputationalAnalysisand Applications VOL.33,N0.6,2024

MeP
f’/f(f
,/
e .
J/f/
/ m
df/’f tfj’
-
J’/
J’/f J’IJ’
_ )
p v
-
Mgp "~ —— A —— F
v
B/(6)

REFERENCES

[1]
[2]

[7]
[8]
[9]
[

Tsiba, SR, Sow D. On. Generators and Projective Semimodules. Int ] Algebra2010 Sep; 4 (24):1153-
1167.

Kacheru, G. "The role of Al-Powered Telemedicine software in healthcare during the COVID-19
Pandemic." Turkish Journal of Computer and Mathematics Education (TURCOMAT) 11.3 (2020).
Chaudhari]N,BondeDR.OnExactSequenceofSemimodulesoverSemirings.ISRNAlgebra.2013:1-5,

A. M. Alhossaini and Z. A.Alje Bory" ,Fully Duall stable semimodule",Journal of Iraqi Al-Khwarizmi,
vol. 1 ,no. 1, pp, 92-100, 2017.
Faith,C.,Walker,&.A.DirectSumrepresentationsofinjectivemodules.].Algebra,1967,5:203-221.
Kacheru, Goutham. "The Future of Cyber Defence: Predictive Security with Artificial Intelligence."
system 2: 4.
Jonathan-S.-Golan-auth.-Semirings-and-their-Applications-1999-Springer-Netherlands-libgen.lc(1).
RobertWisbauerUniversityofD usseldorf1991.
Kasch,F.ModulesandRings.L.M.S.Monograph.No.17.NewYork:AcademicPress,1982.

10] KareemA.L.AlghurabiandAsaadM.A.Alhossaini,RadicalProjectiveSemimodule,sendforpublication,

2023.

[11] Dr.AdilG.NaoumandNahadS.Al-Mothafar,NearlyProjectiveModules,Accepted1999,No,1,2001.

6 KareemA.L.Alghurabietal1-6



	Received:17.04.2024 Revised:18.05.2024 Accepted:20.05.2024
	ABSTRACT
	1. INTRODUCTION
	2. NearlyProjectivesemimodules

	t0  K  F P
	3. Nearly-Quasi-ProjectiveSemimodules
	REFERENCES


