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ABSTRACT

The g-basic infinite products can be used to express certain multi-summation identities of Rogers-
Ramanujan. This work attempts to prove certain results concerning the ratio of g-basic infinite products
and multi summation expressions utilizing well-known m- dissections of the power series.

Keywords:Baileypair’s,baileylemma,m-dissection,RR-typeidentities.

1. INTRODUCTION

Both applied mathematicians and pure mathematicians from earlier ages have been drawn to continued
fractions. Numerous conclusions from earlier centuries have been produced in terms of continuous
fraction. It's additionally a tool that serves as a conduit between applied and pure mathematicians. Thus,
the continuous fraction has also become more appealing to mathematicians nowadays.

Ramanujan's second notebook [5] contains numerous continuing fraction identities, as he was a
trailblazer in the field of continued fraction theory. The techniques employed by the renowned Indian
mathematician SrinivasaRamanujan to arrive at numerous intriguing findings are still a mystery. Several
authors, including Andrews, have addressed and developed this portion of Ramanujan's work.
Simultaneously Number theory, orthogonal polynomials, affine root systems, Lie algebras and groups,
physics, and other sciences all heavily rely on g-Series, often known as basic hypergeometric series.
Among the helpful resources for studying special functions isthe inequality method; see [17] for a list of
numerous works discussing g-integral and inequalities.

Them-dissectionofthepowerseries;

[ee]
P=>a.q"
n=0
istherepresentationofPas
[ee]
P=Py+P1......... 4P, wherePy=> amn+ g™tk
n=0

Fromlast3decades,anumberofresearchers[7],[16]&[20]havegiventhe2dissection,4dissection and
Sdissectionsofthecontinuedfraction.Denisetal.[ 19]gaveequivalentcontinuedfractionrepresentations for
ratios of infinite products.

( 3’ 5; 8
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o0
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1-q+1—q+1-q+ -
q* qt @
=1+ g

1+q¢3+1+q¢>+1 +q7+-
One well-known and often applied method in the theory of partitions is the Bailey chain. It enlightens
from W. N. Bailey’s formula [21] that the Rogers-Ramanujan identities might be obtained from the simple
observation that if {ag,a3,...} and {§y,01,...}Jare sequences that satisfy;
k

ﬁk:Z A Ug—rVktr
r=0
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and
0
Vk=2 Srur—kvr+k:
r=k
Then
0 0
2 ayi=2>.0x0%
k=0 k=0

whichstipulatedconsistentconvergenceofallinfinitesums.

His concept served as the basis for L.]. Slater's list of 130 identities that fit the Rogers-Ramanujan type[13,
14]. Over the past twenty years or more, several authors have explored intriguing and practical
applications of Bailey’s identity (see for e.g., [1-4]; see also [9-12], the very recent work).

Here an attempt has been made to obtain certain results involving the multi summation expressions and
ratio of infinite products by using well known m dissections of the power series.

2. Notation
Suppose that |q| < 1, where q is non-zero complex number, this condition ensures that all the infinite
products that we will converge. We will use the notation as follows;

o0

(Zq)=G . (A—zqm),

2.1)
[2:9]e0= (2;9)0(2719;q) oo (for z # 0)and often we write,
(2.2)
[21,Z2) e eenene Znsqloo=121;q] o[ Z2; @] 0werereene [z;9] -
23)

Andalsothefollowingfactcanbeeasilyverified;
[27%5ql0=—27"[2;ql0=[24;q] oo,

(2.4)

[2,24;9%] =[2Gl o,
(2.5)

[Z:_ZJCI]oo=[Zziq2]oo'
(2.6)

[272¢;9]00=[2; qloo,
(2.7)

[=1qlela:q?]c0=2.
(2.8)
Wehavethefollowinggeneralrelations;
Supposedy,dy, ......... b 1,b2y . ,b,€C\{0}satisfy
i) a;#qrajfori#jandn€ez,
ii) a1,02,eenen. ,an=b1,by,......... ,b,, Then

n II'a'biql

J T wp
=1 l_[;l=1,j¢i [ata;q] o

(2.9

ThistheoremappearswithoutproofasgivenbySlater[4]andwithaproofasgivenbyLewis [8]. Also, we

have the following well knov:lrglsgroslt%g%-{ ggrﬁa)m?jz 1&?2‘}12-2 6_1: (it ai5)
L @D @y, @ G @, @i
. %) L, @D, (a%,9'%,9"%4%)
L @D @y, @ G @, @
(211)

[D.Bressoud,1;p452]
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3. MainResult
95 +3s +

Z q q)Sl Sz(q q)352 —S3
s1.52,5320 (q%9°) 2s1 (q ;qg)s—ﬁ (@%6%)2s 2(q ;q3)s—293 (Q;Q)s3
(@45 (@400 (@0°%0 e
= (qg;q‘))oo l(q29 q29 q58) (qu q18 q58 q58'q98’q106;q116)00
9(q9 20' 38 4—9'q58) (q30 86 116)00

+(q29 q29 qSB) (q18 48 q58 q58 q68 q98'q116)oo
q (q9 20' 38 49'q58) (q30 86 1'16)oo

(q29 q29 58) ( 18 4—8 q58 q58 q68 q98 q116)
2(q3 q4 qZZ q36 q54 q55 qSS)OO(qSZ q34 q84 q86 qllﬁ)
_(q16’q17’q41’q42'q58)00(q8'q10'q48'q58'q58'q68'q106'q108‘qllé)oo

(3.1)
(9°,4%49%%4°)eo (2°,9%°.0°%,9*34%)0(4*%,°%q" )0
(q9:q9)00 I-(q29 q29 qSB)oo(q18 q30 q58 q58 q86 q98 q116)
. 7°(3%3%°.4%,0*%0%) (g%, 1°6:q116)
T (q29,q29,qSS)m(qls’qSO’q58’q58’q86’q98;qllé)oo
qz(q3’q4’6122’6136,6154’6155;qSB)oo(q32’q34-’qi32’qi34-;61116)oo
T (q16 17 q‘” 7535 (q% 928,439,458, q58,%6,q8 q108;q116)
(q40'%9"3,0%5,.0.0540°%) 0 (g4, 452,9%%, ¢ 10%:q116)
(q7 q26 q32 qsl Cg[S:})Qggng}gfl qq)30 q58(25;)q86 q88 q108 q116) J
§1—S2 352 S3
X
. 5225320 (@%9%) 26, (@%0)sns  (@%0D2s ,(@%50%)s—s, (@GDs,
(3.2)
4. Proofs
Onconsidering
(S“,qls;
qz")ooc(
whichcanbewritten as = (¢5,q2%q?°) *
C
[q14 g%3.458]
(@ = ,

byusing(2.2). la®, a*; 4]
Now,setting(a1,az,as,a4;b1,b2,b3,b4)=(1,-1,95,g3%;q1%,q*3,—q~%,q—9)andtakingqg>8forqin(2.9);

[a*%4*,~a7°.a7%¢%] [—q'%—9%3,—q-%,9-%7%]e

9[_33161516131161581]:0 sg [_1!_q5;_q34;q58]00

[9°.0°% —q~ a7 4] [9%.q72%—q~*%,47*%0°%]

1) [97-5,—975,9%%0%] + [q=3%—q~34,q72%q58],

Byusing(2.6)and(2.8)in(4.1)
[q14,q43;q58]°o N [_q14’_q43;q58]°o
[qs,q34;q58]°o [_qs’_q34;q58]oo

3 2 ] [q9’ q38; q58]oo[q_28; q116 [q9, q—ZO; q58]°o[q—86; q116 ]
_[qlfi,q!38;qll6]c,o(—q—w)l ]°°[q29;q58]°o[q‘10;q116]°o_ ]oo[q—29;q58]oo[q—68;q116]°oj
Byapplying(2.4),
[q14,q43;q58]°o [L_q14v_q43;q58]00 B 2
[45.0°44%]e0 " [—05—0%0%% ] (8,650 6]o0(—q19)
x[_ [q‘)’qB’B;qSB]oo[qZS;qllé]oo (q_lg)_ [q9’qZO;qSB]oo[qEBG;qllﬁ]eo (q_g)]
[a%%:0°%][q"%q 6] [a%%:0°®][q%%;q 0
Or,

[q14’q43;q58]°° N [_q14'_q4-3;q58]°o
[q5’q34;q58]°° [_qsl_q34;q58]°o
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~ 2 r [4°, 3% ¢°8]o[q2%; q116 2°[° 2% q%®1wlq®; q116 |
_[qIS'qSS;qlw]wl ]Oo[q29;q58]oo[q10;q116]00+ 100[32%:058]0[q°%:q 16 ]
Thus,
: 2[9°.4%%4°% 470" ¢]w 20°[4°,92%q5%] [ 989" 16]o
C(Q)+C(Q)=[q29;q58] [q10,q18,g58;q116] +[q29;q58]00 [q18,g58,q%8;q116],,,
1 (4.2)
1oc(q)_[C(q) +C'(q)]
2
[q9'q38;qSB]oo[qZB;qll(n]OOL 2°[4°.02%0°%]0[q%%q 1]
:[q29;q58]oo[qlo'q18'q58;q116]OOT[q29;qSB]OO[q18'q58'q68;q116]oo
(4.3)

Again,setting(ai,az,as,a4;b1,b2,b3,b4)=(1,-1,q°6,—q%%,q**,q*3,—q° —q3*)andtakingg>8forqin(2.9),
9"%4%—a%=4*50%w _ [-q*—q%.4%q*4q" e

[_1'q56'_q60;q58]00 [_1‘_q56'q60;q58]oo
[q_lzﬂq_13;_q_51;_q_32;q58]oo [_q_lé;_q_17;q_55;q_36;q58]oo 0
[q—56’_q—56'_q4;q58]00 [q—60'_q—60'_q—4—;q58]oo -

Byapplying(2.4)and(2.7),
qZ[[ql‘l-’ q43’ _qS’ _q34; q58]o°_ [_q14’ _q43’ qs’ q34; q58]°o]
(=1, 4% —q% ¢
q4[qlz’q13’_q32’_q51;q58]00 [_ql6’_611'7’6136’6155;6158]oo

5 S.ng(z 6) [q56’_q56’_q4;q58]00 - [q60’_6160’_614-;6158]oo =0
yusl .
[[q14’q43’_q5’_q34;q58]oo_[_q14’_q43’q5’q34;q58]oo]
2[614;61116]00 q4[q12’ q13’ _q32’ _qsl; [_qlé’ _q17, q36, q55;
= +
qz[qsg;q116]ool_ qsg]oo[q56’ _q56, _q4; q58]o° q58]oo[qﬁo,_qﬁo,_q‘l—;qss]oo]
Or,

[[q'%9*,—q%—q**958]0—[—q'*%—q*,q5 43%¢%%] o]
262[44.912,41%058] o[ q1%,35%,¢116]o 2¢2[q3, ¢4 922 451wl g2, 3%
(47,076,051 4%,45%9 1o T el T g o |
Dividingby[—g5,q5,¢3%,—q34,¢58] wandusing(2.6),
[31%4%05%] [—q1%—q*%;05].
[55.33%50%T0  —05—050%]w

1 ) 2q2[q4’ qlz’q13; qSB]oo[q14,q52; q116]00[q7, 2q2[q3, q4, qZZ; qss]w[q32‘ q34;
=[q10’q68;q116]°o|- q26; qSB]oo[CIB, q58; qll6]oo - qll6]oo[ql6,ql7;qSS]OO[qS‘qSS;qllt’:]co ]
Or,
[q14’q43;q58]00 [_q14,_q43;q58]00
[qs;q34;q58]oo [_qs;_q34;q58]oo
_20%194q4"%q"%0% )l 41,9779 0o 2q°[9%4"4*%9% 101472349 %)
T 147,9750%10[959"0,058,4%%9 e [976,773058] 0l 4%,970,%%,0%q 1o’
Thus,
® , 2¢*[q%9%.9"%9°%l[0*,4°%4 ] 2q2[43,9%9%%9%8] [ q32,43%,4116]
C(q)-C(q)= -
(q) (q) [[q7,q26;q58] w[q8,q10,q58,q68;q116]°0 [qm’ q17;q58]oo [qg,qlo,qsg,q(’S;q“ﬁ]w
(44)

qz[q4,q12.q13;q58]oo[q“.q“;ltﬁ'lé]oo 72[43,9%92%,9%8] [ q32,q34q116]

,31(q)=C(Q)—C(Q)=[[q7,q26;q53] 1251005, 455116 T[990 [4%.01%,95%, 455 116].,
(4.5)

Byadding(4.3)and(4.5)as

C(@=ai(q)+p1(9),

Le.
e o e e P g U e A B e i &
R | LR R e I (e | LR R R

o0
7*[q%9"%.9"%9°%l0[q™,9°%9" %] e

4725050l g%.910,0%%, 5% 4
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qz [q3'q4'q22;q58] oo[q32’q34;q116]00
- [qlﬁ’ql7;q58]oo[qg’qlo'qsg'qﬁg;q116]oo

(4.6)
Byapplying(2.2)in(4.6),
(q9'q20q38'q49'q58) (q28 88 116)oo
C(q)z(qZ‘)'qZ‘);qSB)w(qu q18 q58 q58 q98 q106 qll())
q (q 'qZO 38 49'q58) (q30 86 116)oo
(q29'229'4 58) (1q3184q5484%585(£585%68q9814 11562)0064 102 116
e B e O T 0 P C A B | )eo
(q7'q26'q32'q51'q58)00(q 'q10'q48'q58'q58'q68'q106,q108; 116)oo
a*(4%9%9°%,9°%9>a%% 9> (4%%, 434,449 )0

_(q16'q17'q41'q42;q58)oo(qS'qlo'q48'q58'q58'q68'q106,q 108;q116)00

(4.7)
Bytakingknownidentity(2.10) q952+352+52 (50 (@) (4P.qtt.q152)
Z $1—52 3s2—s3 _
$1,52,5920 (@%9%) 25 (@%0°) 51-5, (@303 2 (a%q )5—293 (q@; q)53 (%99
or, 2,22, 2 . . ]
@ +357+s (g3:3) s (g9 sy (q5,q24,q29,q29) } (q'%,q5;g%%)
5152253 20 (@50 20 (@505 (0%50D)25 (054755 (@3 q)53 (@0 @)
or, 2,22, 2 . 5 ]
5 >S50 o, @D 5, @a¥i) o
51,52,5320 (@%9°) 2s1 (q%9°) 51—52 @) 22 (q3:q3)57% (q;CI)53 (%990 @
(4.8)
where
(g'q'%:q%%) C(@)
~(¢5 4% ¢%°) °

Now,byputtingthevalueofC(q) frozmg} 75)1n(4 8)3
q! 3 (q CI)51 sz(q q)352 —s3

>
$1,52,5320 (q9;q9)25 1(q9:q ) 51—S2 (q »q )25 2(q31q ) $2—S3 (q;Q)53
e (45,9%4,G%%6%%) s (49,929,%8,44%05%) 0 (428, g8, 116) o
= @%59)w (42%,9%%958) o (q1°, q18 458,q58,q%8,q106;q116)

9(q qZO 38 49,q58) (qSO 86,q )

+
(ng;ng 58) (q18 48 qSS qSS q68 q98 q116)
Z(q q12 q13 q45 q46 q54— q58) (q14— 52 q64— q102 116)(}0

(q7;q26;q32;q51;q58)00(q ’q10’q4—8’q58’q58’q68’q1061q1081 116)co
R R L S R e B A T

(4 9) _(q16,q17,q41,q42;q58)oo(qS’q10’q48’q58’q58’q68’q106’q108;q116)°0J

Thisisthemainresult(3.1)

Now,considering(4.2)
2[q9’q38;q58]°o[q28;q116]°o 2q9[q9’q20;q58]oo[qgé;qllé]oo
.

C(q)+c(q)=[q29;q58]°o[q10’ q18’q58; q116]00 ! [q29; q58]oo[qlglqsglqég;qllé]Do
Multiplyingonbothsidesof(4.2)by
[q10,q68;q116] [

q%%,q%6911¢]
Thefollowingobtainedas;
T S i O L St 2[4°,q%%;q%][q%; qllé]oo 2¢°[4°.9%%0°]lq"%q" )0

e Il PP e I P W PP Wl P PP e
or,

2[q9’q38;q58]°°[q68;q116]°° + 2q9[q9'q20;q58]oo[qlo;qllé]oo

C(+C(q)'=
[4%%6°%10[q"%,4°%,4%%q" %] [4%%6°%10[q"%,4%%,4°%;9" %]
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(4.10)
N ext,onarranlging(ék 10)as;

’ [4°.0%%:0% ool %4160 2°14%02:051w0[91%: 1160
(= -[C(@+C(@1 = +

i [42%0%%]0[q 8,358 4%6:q 6] [42%0°%]0[q8,G%8 35%:q 6]
Again,multiplying(4.4)by,

[q10'q68;q116]00[q

28'q86;q116]00'
getthefollowingas;

2243, 4% 922; 4581wl q32, g3 2q%[q%q'%.q"%4%%]«[q'*q5%q119]

Cl)'-C'(@)'=[ 16116[61 (1]6 q17 (5]8 ]OO[Z zg 58 86,7116 - -
w12 q'][q%,q";9°%][9%q%%,0°%,q%%q [47,4%q%%] [ q°%q%%,48,G%%q 1%
4.12 Teo

And,onarrIanging[4.12)as;
Fla)= [%(q)—l—C’(q)‘l]
72[43,9% %2058 432,344 116 ] 7194329305000 5% 1]
:[[qlﬁ,q17;q58]oo[q8,q28,q58,q86;q116]00 [q7'q26;q58]w[qB'qZS,q58jq86;q116]OOJ

(4.13)
Byadding(4.11)and(4.13),

C()=az(q)+B2(q)

Then ;
38. .58 68,4116
C(q)_1= [q ,q°%q ] [q ] + 9[q9 qZO. q58] [qIO. q116
29, 58] 86.,116 q%8 18 116
[9%%;q [ZC{CF q4q qzz qss] ]rqsz q3%q [? I llg 'qzrgzt qu q1]3 :458] o[ 914,529 116] oo
+[q16,q17;q58]m[qg,ng,qsg,q%;q“é]m [q7,925,95¢] o[ °,G28,G58,q56;q 116 o
(4.14)
Byapplying(2.2)in(4.14), (q9 qzo q38 q49.q58) (q48 q68.q116)
Clg)'=
(02,0%%0°%)c (q18 7%0,g58 q58 q86 q98,4116)
7°(°.02°.0%%.0"% %) (q10,q198:¢116)
(q29,q29,q58)oo(qlg,q“,qss,qsg,q%. 98,q110)
. qz(q3,q4,q22,q36,q54,q55-qSB) (932,434,q82,q84;q116)
O q 13qsfg £6 '?4 'gs a 1?;585%866?;881%;083216)
7*(q%9'%.9".0%.0*.°%0*®) (a'*,9°%.4%%q )oo
_(q7,q26,q32’q51;qSB)w(q8,q28,q30,q58,q58,q86,q88,q108;q116)w
(4.15)
Now,from(4.8) s 2 _ _
o )_1 Z g% +35+5.(g3%4°) . (7)) - (q5,q24,q29,q29)
T2 @) 0 @) 0 @) 2. @Dy, @D, (@)
(4.16)
Byusing(4.15)in(4.16)
(qs’ q24’ q29;
7% (9%

~ (@°a%0*4*:0°)0(@*,4°%0" )
- 29 129:958 18 430 458 758 86 798:-g116
(42,9749 0(q%,°%,%%,4%,4%,4%;,411%)co
9(q9 20 38 49 q58) (q10 106 116)00
29 429.,58 18 30 458 458 486 498.4116
q*,q*%q )oo(q ,0°%,4°%,4°%,4%,q%%,4" 1)
2(q3 q4— qZZ q36 q54 qss-qsg)oo(q32’q34’q82 q84—-q116)
g g g L g
R G Rt R R R T ) P (/R R Do
(q7 q26 q32 qSl qSB)o%gq 5@%8 q30 qsg’q q86 qBB quB qllﬁ)ooj
x Z Eq q S1— Sz(q Q)Ssz —S53
$1,52,5320 (qg;qg)ZS 1(q9.Q) $1—52 (q ;q3)25 2(q q )3—2% (q;q)33
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(4.17)
Thisismainresult(3.2)

5. CONCLUSION

This paper outlines the concept of m-dissections to establish our results involving g-basic infinite
products, which expressed in terms of RR identities. These expansions will shape the subject matter ofour
ensuing communications.
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