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Abstract Although Monte Carlo (MC) is a very powerful molecular simulation method in statis-
tical mechanics, the development and application of novel MC trials to optimize sampling in com-
plex systems is hindered by the difficulty in deriving their acceptance probabilities. We present
a checklist approach to deriving acceptance probabilities, and apply this approach to a variety of
trials in the canonical, isothermal-isobaric, grand-canonical, semi-grand canonical and Gibbs en-
sembles. The ideal gas is then shown to be a useful test case to compare the results of simula-
tions with those from theoretical expectations, providing a computational benchmark that can be
easily and rapidly implemented for determining if the acceptance criteria were derived correctly.
More complex models and trials are also considered with this checklist approach, including con-
figurational bias, cavity bias, energy bias, aggregation volume bias, dual-cut configurational bias
and rigid cluster moves. The result is a framework designed to help researchers implement and
test specialized MC trials that expand the model complexity and length scales currently available
in open-source MC molecular simulation software. Sample code is also provided in the GitHub
repository [https://github.com/usnistgov/best-practices-mc].
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to improve sampling of the various relevant microstates,
such as configurational bias (CB) [3, 9], expanded ensembles

Monte Carlo (MC) molecular simulation has for the last sev-
enty years provided a very powerful tool for statistical me-
chanics. Beginning with Metropolis MC of two-dimensional
hard disks in the canonical (NVT) ensemble [1, 2], MC ex-
panded to include chains [3], the isothermal-isobaric (NPT)
ensemble [4], the grand-canonical ensemble (uVT) [5, 6],
the semi-grand-canonical (semi-uVT) ensemble [7] and the
Gibbs ensemble [8]. Specialized techniques were developed

[10] and growth expanded ensemble methods [11]. A
variety of MC methods were also developed to simulate
phase behavior and equations of state, such as Gibbs-
Duhem [12], Wang-Landau [13], transition-matrix [14, 15],
Mayer-sampling [16] and continuous fractional component
[17].

The usefulness of MC molecular simulations is also
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evidenced by a number of available software packages,
including but not limited to Towhee [18], BOSS [19], MCPRO
[19], Etomica [20], MUSIC [21], DL_MONTE [22], Cassandra
[23], Faunus [24], RASPA [25], GOMC [26], SIMONA [27],
ESPResSo [28], MCCCS-MN [29] and FEASST [30]. However,
analysis of citation data shows there are many more widely
used molecular dynamics (MD) [31] software than MC
software [32]. Comparison between MC and MD may help in
understanding the reasons for the current popularity of MD
and the need for a more accessible approach to developing
and implementing MC.

The major differences between MC and MD is that MD
uses the physical laws of motion to sample configurations
of the system, while MC does not have such a requirement
[33, 34]. Visualization of MD trajectories is more conceptu-
ally simple for a user to understand and present to a general
audience. MD is also capable of computing time-dependent
dynamic quantities such as diffusion or viscosity, while non-
physical trial moves typically confine MC to only equilibrium
thermodynamic properties. These benefits in MD come with
a few trade-offs relative to MC. MD simulations may not be
feasible for the required timescale of a physical process of
interest. In contrast, MC is not constrained to any physical
laws of motion, and because of this, MC may be quite pow-
erful because “non-physical" trial moves may be performed,
which significantly speed up the equilibration of the system
or free a system trapped in a local free energy minimum, thus
making it a powerful tool for determining equilibrium prop-
erties [34-36].

In MD, the sampling of collective motion with many
bonded potentials and holonomic constraints is a general,
broadly applicable approach to simulate a variety of complex
molecules [37, 38]. In comparison, MC requires specialized
trials that are chosen depending upon the molecules being
simulated. Providing access to this specialization while main-
taining broad applicability increases the software complexity
of MC codes relative to MD. Still, there are some common
features among different trials that MC codes can exploit to
provide a robust, extensible framework.

Invention of new MC trials is an avenue for the developer
to apply imagination and creativity to make simulations
much more efficient, or even make "impossible" calculations
newly feasible. For example, recent methodological MC
developments allow proteins to be modeled as a single
anisotropic site with docking trials [39] and while retaining
atomistic resolution [40]. While there is a broad scope for
the invention of MC trials, constraints exist that ensure they
provide correct sampling of the ensemble. Formulating a
systematic approach for deriving computationally efficient
MC trials while adhering to these constraints is the challenge
we hope to address in this article.

Inthe simplest cases of an NVT simulation of hard spheres
or Lennard-Jones particles with periodic boundaries, MC is
easier to implement than MD, which requires forces, veloc-
ities, integrators and thermostats. Instead, MC uses a ran-
dom number generator to propose and decide acceptance of
configuration changes according to the expected probability
distributions. Also, as opposed to MD, MC is capable of sim-
ulating continuous, discontinuous and mixed potentials with
the same basic algorithm. MD simulations may also struggle
to reproduce the exact same trajectory as a previous simu-
lation because the smallest differences in initial conditions
lead to divergence via the Lyapunov instability [41], while ex-
act reproduction of MC with a given random number gener-
ator seed may be simpler than in MD.

Hybrid MC and MD methods may combine the strengths
of both methods [35, 42-47]. MD techniques have also been
influenced by similar efforts in MC methods, including replica
exchange [48-51], thermostats and barostats [52] and meta-
dynamics [53]. Many of these MD techniques lead to non-
physical motion, which complicates the computation of dy-
namic quantities [54]. From this perspective, some of the
most popular uses of MD resemble MC while utilizing the
physical laws of motion as an effective microcanonical en-
semble sampling algorithm. Hence, improvements in the ef-
ficiency of MC simulations may also apply to hybrid MD/MC
simulations.

Because the position of all particles are updated simul-
taneously in MD, parallelization with domain decomposition
[55] scales with the number of processors better than single-
particle position updates in the typical MC approach. MC is
not constrained to single-particle perturbations and may in-
clude collective motion of all particles with MC trials [56-59]
or hybrid MD. Although MD provides many more examples
of the largest molecular simulations ever conducted, MC in
principle has more available parallelization strategies than
MD. Both MC and MD are amenable to domain decompo-
sition [60, 61] and replica exchange [48], but MC may also
parallelize with CB [62, 63], waste recycling [64], event-chain
[65] and prefetching [66-68].

Although parallelization of very large systems is seen in
MD more than in MC, another effective approach is to cir-
cumvent the need for large systems altogether. For exam-
ple, while MD simulations of phase coexistence often require
a system size many times larger than the interface, Gibbs
ensemble MC avoids explicitly simulating phase boundaries
[8], which enables the use of smaller system sizes. Similarly,
uVT simulations remove the spurious effect of the constraint
on the number of particles in self-assembling systems [69,
70], while simulations with a constant number of particles
require larger system sizes to ensure that the effect of this
non-physical constraint is negligible. Sampling with pVT flat-
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histogram methods improves the efficiency of simulations of
phase separation, self-assembly and adsorption, relative to
NVT sampling, even when insertion and deletion acceptances
are seemingly small [71].

One of the goals of this article is to make it easier for
researchers to derive novel MC trials that are needed to
improve the sampling of their models under the thermody-
namic conditions of interest. We provide a framework and
checklist for how to derive the acceptance criteria for a wide
variety of MC trials, while also demonstrating how to test
the derivations. We explain a checklist approach for deriving
acceptance criteria that identifies probabilities of every
step in the MC trial implementation where random number
generators are involved. Our hope is that this checklist
approach is less prone to error than a purely theoretical one
that is more decoupled from the implementation. For ex-
ample, in the semi-uVT ensemble, there is a clear difference
in the acceptance probability based on how the particles
are chosen [7]. And in VT trial derivations, the checklist
approach, where particles are distinguishable, is shown
to give exactly the same acceptance criteria as the purely
theoretical approach [34], where particles are considered
indistinguishable.

A variety of existing MC trials are derived to demonstrate
the checklist approach to obtaining the acceptance criteria.
Because the vast majority of MC trials derived in this arti-
clewere published previously, interested readers should also
reference those original papers. At least three aspects of the
derivations in this article may not be available in the litera-
ture as far as we are aware. The first is the derivation of in-
sertions and deletions without the requirement of indistin-
guishable particles. The second is the use of (dual-cut) CB
(DCCB) [72] for NVT displacements. And the third is a slightly
different expression for cavity bias.

Computational tests using an ideal gas are also demon-
strated to be an important first validation step for any pro-
posed MC trial [73]. They are fast and easily implemented,
requiring in nearly all cases only a few dozen lines of code
(which are provided in this article). In addition, the results
of these ideal gas simulations can be readily compared to
known theoretical results. With an ideal gas, all terms in the
derived acceptance probabilities may be tested except for
those depending on the potential energy.

The Living Journal of Computational Molecular Science
(LiveCoMS) is an ideal forum for this work because many
in the MC community may comment on or contribute to
LiveCoMS articles. It is our hope that this document is
a useful compendium that contains numerous MC trials
which are otherwise derived in different ways and scattered
throughout many research journals. In addition, any errors
found in this article may be immediately commented upon

-------

Figure 1. Probabilities for all possible transitions between two states,
old and new, are illustrated. Proposed configurations and other pos-
sible transitions are shown with black dashed circles and arrows,
respectively. Detailed balance is achieved when, for every pair of
states, the probability to be in one of the states and then to accept a
transition into another state is equal to the probability to be in that
other state and then to accept the reverse transition.

by the community and addressed.

This article is organized as follows. In Section 2, the gen-
eral equation for an MC trial acceptance probability is de-
rived using detailed balance, resulting in the product of ra-
tios of microstate and transition probabilities in the new and
old microstates. A checklist approach for deriving an MC trial
acceptance criterion is then developed in Section 3. After the
description of the variables required to define a configura-
tion are presented in Section 4, unbiased trials are derived,
using the checklist approach, in the NVT, NPT, VT, semi-uVT
and Gibbs ensembles in Sections 5 to 9, respectively. An MC
trial is considered unbiased when the transition probabilities
do not depend upon the configuration. Each of these unbi-
ased MC trials is also validated with an ideal-gas simulation
provided in this article, which serves as a test of the accep-
tance criteria. Afterward, biased pVT MC trials are derived us-
ing the checklist approach in Section 10, including CB, DCCB,
cavity bias, energy bias and aggregation volume bias (AVB)
[74]. Then, in Section 11, biased NVT trials are derived. Finally,
implementation issues typically encountered in MC simula-
tions are summarized in Section 12, followed by conclusions
in Section 13.

2 Metropolis MC acceptance probability

and detailed balance
In this section, the probability of accepting an attempted MC
trial move, or the Metropolis MC trial acceptance probability,
denoted by v, is derived [1, 7, 33, 34, 75]. Ideally, x should
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be close to 1, so that the trial move in either direction has
a high likelihood of being accepted. The formulation of trial
moves is often directed toward this end, while also promot-
ing broader sampling of microstates.

The derivation of y in this article requires the condition of
detailed balance, shown in Fig. 1, for a transition from an old
microstate, o to a new microstate, n,

Hooo—snmo—n = llnan—omn—o, (1)

where I, and II, are the probabilities of being in the old and
new microstates, respectively, ao—sn and an—o are the prob-
abilities of attempting a transition from the old to the new
microstate, and vice versa, and mo—n and mn—o are the prob-
abilities of accepting those transitions. Symbols in this article
are chosen to follow closely with Ref. [34], but note the dif-
ferent definition of 7. Detailed balance is a sufficient, but not
necessary, condition for ergodic sampling [76]. For simplicity,
we use detailed balance throughout the derivations of this ar-
ticle. While the microstate probabilities, 1o and 1, are deter-
mined solely by the statistical mechanical ensemble, the tran-
sition probabilities co—n and an—o depend upon how the MC
trial move is implemented. Thus, Eq. 1 provides the route
to obtain the trial acceptance probability after the ensemble,
trial implementation and acceptance criterion are defined.
Here, trial implementation encompasses a great variety of po-
tential moves, such as displacements, volume changes, tem-
perature changes, particle insertions and deletions, alchemi-
cal transformations, and more.

In a typical MC simulation, several types of trial moves
are employed, with one chosen at random at the beginning
of each MCtrial. Itis possible that two or more of these trials
are capable of producing the same transition between two
microstates, albeit in different ways, and with different prob-
abilities. At first, one might think that the transition probabil-
ity between two microstates must account for all such ways
when determining the acceptance probability x to satisfy de-
tailed balance. Fortunately, this is not the case. Instead, it
is sufficient that each transition method by itself satisfy de-
tailed balance. It is easy to show that overall detailed bal-
ance is satisfied if this “super-detailed balance" condition is
met [64]. In this article, each reversible pair of MC trials is
derived as if the pair are the only trials implemented in the
simulation. In special cases, a reversible pair of trials can be
obtained by simply repeating the same trial again. In this spe-
cial case, the transition probabilities are symmetric.

In general, the Metropolis acceptance criterion is given
by,

To—sn = Min(1,x), )

where x is the Metropolis acceptance probability. The re-
verse acceptance probability is mn—o = min(1, 1/x). The ratio

of 7 is then simplified as,

To—n _ min(1,x) _
oo min(1, 1) X ©)
by considering each of the three possibilities, x < 1, x > 1
and x = 1, separately. While the Metropolis acceptance cri-
terion is used throughout this article, other alternatives are
possible while maintaining detailed balance.[77]
Eg. 1 may be rearranged to solve for the Metropolis ac-
ceptance probability using Eq. 3,
x= (Hn> an—o 4)

I
Ilo / co—n

where y is expressed as the product of two ratios that we
refer to throughout this article.

The first ratio in Eq. 4 is the ratio of microstate probabili-
ties, I1n/Ilo, that may be derived from a given statistical me-
chanical ensemble, or computed at each step of a converging
MC simulation, even if the partition function is not known.
The second ratio may be derived for a given MC trial in a sys-
tematic way that is tied very closely to the implementation
of the trial. An important caveat is the ratio IT5/IIo must be
expressed in terms of the same set of variables that change
during the trial.

3 Best Practices Checklist for Deriving

MC Trial Acceptance

The checklist to obtain MC trial acceptance probabilities in
a way that minimizes the possibility of error is provided on
the next page. The acceptance probabilities are derived in
a step-by-step manner that is closely related to the simula-
tion algorithms. By starting from the list of instructions to
fully describe a forward and reverse trial, a researcher is able
to obtain straightforwardly the required transition probabil-
ities, and identify cases where irreversible changes must be
rejected, in a systematic fashion. We apply this checklist in
subsequent sections to derive a variety of unbiased and bi-
ased MC trials in various ensembles. This process of generat-
ing the needed acceptance probabilities was inspired by and
built upon a set of MC lecture notes [78] and MC ideal gas
simulation tests of various theoretically-based ensemble pre-
dictions [73].

4 Description of a configuration with
particles, coordinates and periodic

boundaries
In this article, a configuration refers to the particles, coordi-
nates and periodic boundaries. For an n-component system,
the total number of particles, N = Z,’-’ N;, where N; is the num-
ber of particles of type i. In bulk systems, there are no inter-
actions of the particles with boundaries. To avoid spurious
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BEST PRACTICES CHECKLIST FOR DERIVING MC TRIAL ACCEPTANCE

O Write the MC trial algorithm as an ordered list of all steps required to fully describe both the forward and
reverse trials.
O Check detailed balance.

O Ensure all forward trial steps transition from the old state to a new state.

O Consider many different cases, including edge cases such as the largest or smallest values.

O Ensure all steps conducted in the reverse trial are capable of returning from the new state to the exact same old
state where the forward trial began.

O Determine if each step is deterministic, stochastic or needs to be broken into multiple steps.

O Stochastic steps may choose a particle, position, volume or model parameter.

O Stochastic steps make one choice from multiple options.

O Stochastic steps often use a random number generator (seeded for reproducibility).
O Deterministic steps make no choices.

O If more than one choice is made in one step, break that step into multiple steps.

O Determine the probability for each step.

O Determine a probability for choosing a discrete variable (E.g. if the step requires choosing a particle from among N
particles, then the probability is 1/N).

Determine a probability for choosing a continuous variable (E.g., if the step requires choosing a position in a volume
V, then the probability is dr/V).

If the step is deterministic, then the probability is 1.

Determine the forward trial probability, ao—n, from the old to the new state.

Determine the reverse trial probability, an—o, from the new to the old state.

Obtain the total probability of the forward trial as the product of the forward probabilities for each step.

Repeat with the previous step, for the total reverse probability.

O

I o

O Determine the ensemble of the trial.

O List all possible variables that could change during each step (Note if the particle positions, number of particles,
volume or model parameters change).

From the list of all variables that could change, determine the ensemble.

Use NVT ensemble microstate probabilities if only particle positions change.

Use NPT ensemble microstate probabilities if only particle positions and volume change.

Use (semi-)uVT ensemble microstate probabilities if the number of particles changes.

Use Gibbs ensemble microstate probabilities if multiple systems are coupled.

Use Expanded ensemble microstate probabilities if temperature or model parameter change (beyond the scope of
this article).

]
O
]
]
(]
|

O Use Eq. 4 to obtain the trial acceptance probability.

O The ensemble of the trial determines the ratio of microstate probabilities.
O The probabilities of each step of the trial implementation determines the ratio of the forward and reverse transition
probabilities.

O Test the implementation of the trial acceptance probability.

O Verify that the acceptance probability leads to simulation results that agree with theory and trusted sources.
O Start with the simplest possible simulations that are fast, such as ideal gases with tractable theoretical expressions.

O Document your derivation or software implementation for later reference.

O Include documentation and references for future readers (e.g., yourself) to understand the derivation.
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effects of walls or a container, and thereby minimizing the
size of the simulated system needed to model the bulk, pe-
riodic boundary conditions are imposed such that particles
interact with their nearest neighboring image [33]. To sim-
plify the notation in the following derivations, the periodic
boundaries align with the Cartesian axes to form a cuboid
of D linear dimensions L4, where the volume, V, is given by
V=TI Lg.

The position of each particle is represented by a single
vector coordinate r, and all internal and/or orientational
coordinates of the particle are represented by a single vector
w. A particle may be composed of multiple interaction sites
that are mutually bound, flexibly or rigidly or both, and the
site-site interactions could be orientationally-dependent
(e.g., point dipoles). The orientation of a particle might be
given implicitly (not part of w) via the Cartesian coordinates
of its interaction sites. Alternatively, it may be specified
explicitly via an appropriate orientation vector, with the
location of the interaction sites (if a multi-site particle)
constructed on-the-fly from the position, orientation, and
internal coordinates. In a 3-dimensional space, the orienta-
tion coordinate for a cylindrically-symmetric object requires
just two independent values, e.g., a unit vector describing
the cylindrical axis direction. For particles with no such
symmetry, three independent values are needed to specify
the orientation. Euler angles are sometimes invoked for
this, but they are not particularly useful in the context of
molecular simulation. A better choice is a quaternion, which
is a normalized, four-element vector [79, 80].

If the particle is not isotropic or rigid, the derivations in
this article leave a placeholder variable for the orientation
contributions that are not further detailed and are beyond
the scope of this article.

5 Unbiased canonical ensemble (NVT)

trials
Canonical-ensemble trials are defined as trials that do not
change the total number of particles of each type, N;, the
volume, V, or the temperature, T, and unbiased trials have
transition probabilities that do not depend upon the config-
uration (e.g., not configurational bias).

In order to obtain trial acceptance in the NVT ensemble,
first the ratio of microstate probabilities (i.e., the first ratio in
Eq. 4), the probabilities of each microstate must be known
proportionally with respect to the variables that change dur-
ing the trial (e.g., only the coordinates, r). The probability of
a microstate in the NVT ensemble is proportional to [33, 34]

mdr¥ dw o« eV drM dw, (5)

Boltzmann constant. The integration variables drV and dw"
are made explicit because these are the variables which
change in an NVT trial, and their randomly generated values
for perturbations must be chosen uniformly (e.g., for dr,
choosing uniformly in each dimension, and for dw, choosing
uniformly on the surface of a unit sphere). Because Eq. 4
requires information about only the ratio of microstate
probabilities, we do not need to include any coordinate-
independent terms that cancel when forming the ratio. Thus,
terms such as the partition function, the thermal de Broglie
wavelength and the accounting of indistinguishability do not
contribute to the NVT ratio of probabilities.

Given Eq. 5, the ratio of NVT microstate probabilities, the
first ratio in Eq. 4, is given by

% =P8 (6)

where AU = Un - Uo, Up and Up are the potential energies
of the new and old state, respectively, and N, V and T are
constant. This expression is used for any trial that changes
only the positions and orientations of the particles.

5.1 Particle translation trial

An MC translation trial move is defined as follows. A particle
is randomly chosen among all of the mobile, non-fixed parti-
cles in the old microstate. The total number of mobile parti-
cles is Nm = 3P N, where i is the particle type. The ran-
domly chosen particle with position ro in the old microstate
is then translated by a random amount selected uniformly
within £4/2 in each of D dimensions, to a new position la-
beled rp, thereby defining the new microstate.

For this trial, the transition probability, co—n, may be ob-
tained as the product of the transition probabilities for each
step. Each step that involves the generation of a random
number should be considered. In this translation trial, there
are two such steps. In the first, a particle is chosen randomly
among Nm mobile particles. This means that the probabil-
ity of choosing that particular particle, 1/Nm, is the transition
probability of the first step. In the second step, rn is chosen
uniformly within a region of volume §°. Thus, the transition
probability density of choosing rn in the second step is 1/6°,
and the transition probability is dr/s°. In a computer experi-
ment, positions may be determined only within machine pre-
cision, which is represented here by dr. Formally, dr is re-
quired to quantify the probability of choosing a position in
continuous space. Thus,

dr
NiméP

In order to solve for the trial acceptance probability, x, the

reverse trial transition probability from the new microstate

)

Qo—n =

. . _ 'I . . . .
where U is the total potential energy, 8 = =, and kg isthe o the old microstate, an_s0, must also be obtained in order to
https://doi.org/10.33011/livecoms.6.1.3289
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Figure 2. Detailed balance is violated if the tunable translation pa-
rameter, ¢, decreases. If the particle is translated from the old po-
sition, ro, within d, in each dimension, then the particle may not be
able to return to ro in the reverse trial if the next translation is within
dn < do. This is why § should change only during equilibration and
not during production simulations.

Forward Qo—sn Reverse an—o
Choose from Ny | 1/Nm Choose from Nm | 1/Nm
Choose rp dr/sP Choose ro dr/sP

Table 1. Translation transition probabilities.

utilize Eq. 4. The reverse transition must always be capable of
returning to the old microstate; otherwise detailed balance
is violated. For example, detailed balance is violated if ¢ is
tuned to reach a desired acceptance probability. When § is
made smaller after a translation trial, it may be impossible for
the next trial to reverse back to the old state, as illustrated
in Fig. 2. For this reason, § should be changed only during
equilibration and not during production simulations.

Throughout this article, we tabulate these forward and
reverse transition probabilities, «, step-by-step with a corre-
sponding table, as shown for a translation trial in Table 1.
Thistable should indicate every use of arandom number gen-
erator in both the forward and reverse transitions. Again, the
overall transition probability for a trial is the product of the
probabilities for a given direction.

The reverse transition probability is given by

dr

Code Block 1. MC simulation of a single particle in one dimension
attached to a harmonic spring using Python 3, where the statistics
module is provided in Section 12.2.1. Note that a random number
generator seed of "43279857" is provided so that the simulation is
reproducible.

import random
import numpy as np
from statistics import block
random.seed(43279857)
beta = random.uniform(1, 2)
print("Expected energy:", 0.5/beta)
positions = np.zeros(int(1e6))
energies = np.zeros(len(positions))
for trial, _ in enumerate(positions[1:]):
delta = 0.5%xrandom.uniform(—1., 1.)
position _new = positions[trial—1] + delta
energy new = (position newxx*2)/beta
delta_energy = energy new — energies[trial — 1]
if random.random() < np.exp(—betaxdelta energy):
positions[trial] = position new
energies[trial] = energy new
else:
positions[trial] = positions[trial — 1]
energies[trial] = energies[trial — 1]
print("Position:", block(positions))
print("Energy:", block(energies))

for the Metropolis acceptance of translation trials.

Code Block 1 tests Eq. 9 for a single particle subject to
an external harmonic potential centered about the origin in
one dimension. The expected average position is the origin.
Also, according to the equipartition theorem, the expected
average energy is 0.5kgT.

One major difference between MD and MC is that all par-
ticles are moved simultaneously in one MD time step, while
typically only a single particle is moved in one MC trial. If mul-
tiple particles were moved in one MC trial, then only one un-
favorable overlap from one particle could cause the rejection
of an entire trial. Thus, it is typically more efficient to perturb
only one particle at a time. However, there are special cases
where it is still efficient for more than one particle to move in
a single trial, as discussed in Section 11.5.

The tunable translation parameter may have an optimal
value in a dense fluid. Larger translations are likely to
overlap with another particle, while smaller translations are
more correlated with the old microstate, reducing sampling
efficiency. Tunable translation parameters are optimized
by changing & during an equilibration period to achieve
a desired acceptance, often 25 % [68, 81-84]. Although
Metropolis et. al [1] used 50 %, it seems that higher efficien-
cies may be achieved with slightly lower acceptances for

an—so = 15 (8) particle translation because rejects can be less expensive
o ) m ) (e.g., hard overlap detected, updating neighbor lists, etc.)
Substituting Egs. 6, 7 and 8 into Eq. 4 yields, . ) .
and larger translations can lead to large configuration
—BAU .
x=e"’ (9)  changes, although too low of acceptance also runs the risk
https://doi.org/10.33011/livecoms.6.1.3289
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of poor sampling.

An efficient implementation may have a translation pa-
rameter, ¢&;, specifically tuned for each particle type, i. This
could be important to improve sampling in cases where the
particle sizes or interactions are different. In addition, par-
ticles are chosen from all mobile particles, Nm. An alterna-
tive would be to define separate trials that select among spe-
cific particle types. In that case, if there are more particles
of one type than another, the species with fewer numbers
could have a relatively larger probability of translation. The
relative efficiency of this alternative approach compared to
the one derived here is beyond the scope of this article. If
the minor species is of more interest, the alternative could be
more efficient. On the other hand, inefficiencies could arise
if the minor species were caged in solvent that was not as
well sampled.

The goal of translation trials is to give every particle a
chance to move. In principle, any state may be visited, which
is a key element of the ergodic hypothesis. Although se-
quential updates have been shown to converge faster than
random updates in an Ising model, sequential updates break
detailed balance and follow a weaker balance condition [60].
Trials that do not obey detailed balance are outside the
scope of this article.

This translation algorithm could also be carefully modi-
fied to select particles only in a specific region of space. But
detailed balance violations could occur if the set of available
particles changes. For example, it is possible for the transla-
tion to take a particle out of this region. If so, the trial must
be immediately rejected, because the particle that was taken
out of the region cannot be chosen for the reverse transition
and therefore detailed balance is violated.

5.2 Particle orientation-change trial
Orientations are typically fixed during particle translation tri-
als so as not to introduce a second tunable parameter for
orientation moves that cannot be decoupled from the trans-
lation parameter during optimization. Instead, the orienta-
tion of a single particle may be perturbed in a separate trial
move. A robust and intuitive way to accomplish this is via the
axis-angle method: (1) a particle is randomly chosen among
Nm mobile particles; (2) a rotation axis U is generated by sam-
pling uniformly on the surface of a sphere (Sec. 12.2.2); (3)
a rotation angle 6 is generated uniformly on +£§6max/2 (with
d0max a tunable parameter). With the rotation so defined, a
rotation matrix can be computed

C+(1-0u
R = (1 - C)UyUX + Su;
1 - C)UzUx - SUy

1- C)Uny -Su;
C+(1-Cug
(1- C)UzUy + Sux

(1= Quxuz + Suy
(1 - Quyuz - Sux
C+(1-Cu2
(10)

Forward Qo—sn
Choose from Nm 1/Nm
Choose rotation axis dw/4n
Choose rotation angle | d6/60max
Reverse an—o
Choose from Nm 1/Nm
Choose rotation axis dw/4n
Choose rotation angle | d6/60max

Table 2. Orientation-change transition probabilities.

where C = cosf and S = sind. The new coordinate of inter-
action site j on particle / at r; is given by rj;, = r; + R(rjio - 1)).
If the particle’s centroid is chosen for r;, then the centroid
will be unchanged by the rotation (complementing the trans-
lation move, which leaves the orientation unchanged). How-
ever, using the centroid for r; is not a requirement; any well-
defined center for the rotation may be employed (e.g., the
position of a specific interaction site).

Alternatively, if the orientation coordinate is held explic-
itly (e.g., as a quaternion), then it can be updated from G and
6 using an appropriate formula.

Regardless of the selected center for the rotation, the
transition probabilities are given in terms of the axis-angle
selection process outlined above. The elements of the
transition probabilities for the particle orientation trial are
summarized in Table 2. Together they yield the forward and
reverse probabilities, which in this case are again equal

dw do . (1)
Nm4m60max

Substituting Eq. 6 into Eq. 4 and using the transition prob-
abilities in Table 2 yields,

Qo—n = Qn—o =

x=ePaY (12)

for the Metropolis acceptance of particle orientation changes.
To simplify notation, all remaining trial moves which include
changes in orientation will simply refer to these transition
probabilities as Pun and P, for the new and old states, re-
spectively.

A larger tunable parameter, d0max, leads to a larger rota-
tion, and thus §0max may be tuned in the same manner as the
translation tunable parameter to reach a target acceptance
for each species. To avoid violating detailed balance, this tun-
able parameter should remain constant during the produc-
tion simulations for the same reason as shown in Fig. 2.
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If desired, generation of orientations from scratch,
without perturbing on an existing orientation, is best accom-
plished by random generation of a quaternion. An example
of randomly picking quaternions, and thus orientations, is
shown in Section 12.2.2.

Code Block 2 tests Egs. 10 and 12 with the simulation of
the orientation of a single rigid body given by two orthogonal
unit vectors in 3 dimensions. Because there is no energy of
interaction, the unit vectors are expected to be uniformly dis-
tributed on the surface of a sphere. In spherical coordinates,
this manifests as a uniform distribution of the azimuthal an-
gle € [-m, 7], which is defined as the angle between the x-axis
and the projection of the vector on the x-y plane, and a sine
distribution for the polar angle € [0, x], which is the angle
between the z-axis and the vector. While this azimuthal and
polar angle of the first vector fully specifies the orientations
of rigid bodies with an axis of symmetry, generic rigid bodies
also require analysis of a third angle. That third angle was
chosen to be the azimuthal angle of the second vector in the
reference frame of the first vector. The reference frame was
defined by the minimal rotation of the coordinate axes such
that the z-axis aligns with the first vector. These analytical ex-
pectations are compared against the MC simulation in Fig. 3.

6 Unbiased isothermal-isobaric

ensemble trials

Isothermal-isobaric ensemble trials change the volume,
V, with constant number of particles, N, pressure, P and
temperature, T. Volume-change trials are conducted while
simultaneously scaling the coordinates of the particles
uniformly. This is done for a variety of reasons that are
discussed in Section 6.2. In order to derive the appropriate
MC acceptance criteria for this trial, the microstate prob-
ability must be expressed in scaled coordinates given by
Sq = rq/Ly, where d is the dimensionality of the system. In
the following two sections, we consider the NPT ensemble
both without and with a “shell" particle [73, 85, 86], where a
shell particle is used to remove redundant microstates from
the isothermal-isobaric ensemble partition function.

6.1 Isothermal-isobaric (NPT) ensemble

without a shell particle
The microstate probability in the NPT ensemble without a
shell particle is proportional to [4, 33, 34]

mds" dw! dv o VNe BUPY) gV gu,N dv. (13)

The ratio of microstate probabilities, the first ratio in Eq. 4, is
given by

N
IIn _ <ﬁ) - BAUPAY) (14)

Code Block 2. MC simulation of a single rigid body represented
by two orthogonal unit vectors in three dimensions implemented in
Python 3 using 5 x 10° random angular displacements with §0max =
«/10. Angle distributions were computed over 300 equally-spaced
bins with 20 independent simulations (totaling 107 MC trials) to com-
pare against theoretical expectations with approximately 68 % of the
distribution within one standard deviation.

import random
import numpy as np
import unit_ sphere
import rotation
random.seed(43279857)
num_sims = 20
num_ trials = int(5e5)
num_ bins = int(3e2)
def atan2(xs): return np.atan2(xs[:, 0, 1], xs[:, 0, 0])
def acos(xs): return np.acos(xs[:, 0, 2])
def psi(xs):
mmn
Return the azimuthal angle of second vector in a reference frame
given by the minimal rotation of the z—axis into the first vector.
angs = np.zeros(len(xs))
z=1[0,0, 1]
for i,vecs in enumerate(xs):
axis = np.cross(z, vecs[0])
axis /= np.linalg.norm(axis)
rtmx = rotation.axis_angle(axis, np.acos(np.dot(z, vecs[0])))
angs[i] = np.atan2(np.dot(vecs[1], np.matmul(rtmx, [1, 0, 0])),
np.dot(vecs[1], np.matmul(rtmx, [0, 1, 0])))
return angs
def azimuth(an): return Oxan + 0.5/np.pi
def polar(an): return 0.5xnp.sin(an)
angs = {"azimuth": {"min":—np.pi, "fn":atan2, "dist":azimuth},
"polar": {"min":0, "fn":acos, "dist":polar},
"psi": {"min":—np.pi, "fn":psi, "dist":azimuth}}
hist = np.zeros(shape=(num _sims, len(angs), 2, num_ bins))
for sim in range(num_sims):
x = [[1, 0, 0], [0, 1, O]]
xyz = np.zeros(shape=(num _ trials, 2, 3))
dt _max = 2xnp.pi # randomize first orientation
for ixyz, in enumerate(xyz):
angle = dt__maxxrandom.uniform(—0.5, 0.5)
dt_max = np.pi/10 # smaller perturbations after first
axis = unit_ sphere.uniform _surface()
for ix, in enumerate(x):
x[ix] = np.matmul(rotation.axis_angle(axis, angle), x[ix])
xyz[ixyz][ix] = x[ix]
for ia,a in enumerate(angs):
counts, bins = np.histogram(angs[a]["fn"](xyz), bins=num _ bins,
density=True, range=[angs[a]["min"],np.pi])
hist[sim][ia][0] = bins[1:] — 0.5%(bins[1] — bins[0])
hist[sim][ia][1] = counts
for ia,a in enumerate(angs):
inside = 0
for ib,b in enumerate(hist[0, ia, 0, :]):
mean = np.mean(hist[:, ia, 1, ib])
std = np.std(hist[:, ia, 1, ib])/np.sqrt(num _sims)
inside += np.abs(mean — angs[a]["dist"](b)) < std
print("Percent", a, "within a stdev:", inside/num_ bins)

9 of 35

https://doi.org/10.33011/livecoms.6.1.3289
Living J. Comp. Mol. Sci. 2025, 6(1), 3289



https://doi.org/10.33011/livecoms.6.1.3289

A LiveCoMS Best Practices Guide

054 Polar Angle
0.4
>
Z
G
& .
A 031 Azimuthal Angles
z
-_6 D
jg 0.24
o
< = -
a
0.14
0.04

T T T
-3 -2 -1

0
Angle

Figure 3. The (blue) azimuthal and (red) polar probability distribu-
tions of the first vector and (orange) azimuthal angle of the second
vector in the reference frame of the first vector from MC simulations
described in Code Block 2 with error bars from the standard devia-
tion of the mean of 20 independent simulations, and analytical ex-
pectations shown by the black lines.

for trials that select random changes uniformly in V, because
V is the explicit variable in Eq. 13. If an NVT trial is attempted
in the NPT ensemble, AV =0, and Eq. 13 reduces to Eq. 6.

Eqg. 13 and 14 no longer apply if changes are uniform in
InV instead of V. In this case, substituting dV = VdInV into
Eq. 13, the first ratio in Eq. 4 is

N+
IIn _ (Vn * o BAUPAY) (15)
ITo Vo ’

See Code Block 3 for a test of Egs. 14 and 15.

6.2 Isotropic volume change trial
Trial moves that attempt isotropic volume changes proceed
as follows. The positions of the particles and periodic
boundary lengths are scaled by a factor of (1 + AV/V,)"P
in each of D dimensions, where AV is chosen as a random
amount selected uniformly within +AVmax. The particle
positions are typically scaled with the volume in off lattice
simulations. Careful consideration of exactly how volume
is changed is required. For example, as shown in Fig. 4, if
particle positions are wrapped during volume changes that
do not scale the positions, then detailed balance may be
violated. This trial is summarized in Table 3.
Substituting Eq. 14 (without a shell particle) into Eq. 4, and
using Table 3 for the second ratio in Eq. 4 results in
_ (Vn)N —B(AU+PAY)
x=(L2) e . (16)
Vo
This equation is also valid for uniform changes in one of the
side lengths, L4, with scaled particle positions because dV

=N
: no ®
particle particle
scaling scaling
-— —_—
® —F> o «— ®

Figure 4. Detailed balance is violated if the particle positions are not
scaled with the volume and one of the particles is wrapped across
periodic boundaries. On the left, the top-most particle is wrapped to
the bottom due to the decrease in volume when particle positions
are not scaled. The reverse move, a subsequent increase in volume
without scaling, will not return the system to its original microstate,
shown in the center. On the right, detailed balance is obeyed when
the particle positions are scaled with the volume.

Forward Qo—sn
Choose AV | dr/(2AVmax)

Reverse an—o
Choose -AV | dr/(2AVmax)

Table 3. Volume change transition probabilities.

dL; in Eq. 13 results in the same Eq. 14 for the first ratio in
Eqg. 4.

Eqg. 16 is not valid for uniformly random changes in In V.
Specifically, uniform changes in In V occur when the particle
coordinates and periodic boundary lengths are scaled by a
factor of €MD where §In V is chosen as a random amount
selected uniformly within £6 In Vimax, and AV = Vo(e?™ - 1),
As discussed in Ref. [34] (without a shell particle) and Ref. [87]
and Section 6 (with a shell particle), uniform changes in InV
use Eq. 15 instead of Eq. 14, resulting in the following accep-
tance probability

Vo M

‘= (J) o BLAUPAY) (17)
Vo

Code Block 3uses Eq. 16 or Eq. 17 for an ideal gas to compare

against theory for uniform changes in V or InV, respectively.

6.3 Isothermal-isobaric ensemble with a

shell particle
If a shell particle is introduced to remove redundant mi-
crostates in the partition function [73, 85-91], then there is
one less particle that is scaled by the volume and Egs. 13, 14
and 15 become

mds" " dw dv oc VN Te BUPI g1 g,V gy, (18)

N-1
IIn _ (Vn o BAUPAY) (19)
IIO Vb !
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Code Block 3. MC simulation of an ideal gas in the NPT ensemble
using Python 3 with a shell particle and uniform changesin VorinV,
and the statistics module is provided in Section 12.2.1.

import random
import numpy as np
from statistics import block
random.seed(43279857)
number = random.uniform(2, 3)
beta pressure = random.uniform(0.25, 0.5)
print("ldeal gas volume:", number/beta pressure)
for sampling in ["V", "InV"]:

vol = number/beta pressure

vols = np.zeros(int(1e6))

for trial, _ in enumerate(vols):

new_ vol = vol
if sampling == "V":
new_vol 4+= random.uniform(—3, 3)
factor = number — 1
else:
new_vol *= np.exp(random.uniform(—3, 3))
factor = number
if new_vol > 0:
bpdv = beta pressurex(new_vol — vol)

In_prob = —bpdv + factorxnp.log(new_ vol/vol)
if random.random() < np.exp(In_ prob):
vol = new_ vol
vols[trial] = vol

print("Volume:", block(vols))

and

Mo \Vo
respectively. The acceptance probabilities shown in Section
6.2 without a shell particle would change according to these

new microstate probabilities when a shell particle is included.
Specifically, Egs. 16 and 17 become

Iy _ (Vn ) N -BAUPAY) (20)

NS
= (J) o~ BAUPAY) 21)
Vo
and
VAN
‘= (J) ¢ AAUPAY) 22)
Vo

for uniform changes in V and In V, respectively.

7 Unbiased grand canonical ensemble
(uVT) trials

In this section, we will derive insertion and deletion trials in
two cases. In the first case, distinguishable particles in un-
scaled coordinates are considered. In the second case, indis-
tinguishable particles in scaled coordinates are considered.
Both cases will be shown to have identical acceptance prob-
abilities.

7.1 Grand canonical ensemble with
distinguishable particles in unscaled

coordinates
A pVT trial changes the number of particles of type i/, given
by N; with constant chemical potential, u;, constant number
of other particles, N - N;, volume, V and temperature, 7. The
uVT probability of a microstate is given by [5, 6, 33, 34]

BrHiNi-BU

5N drV dw, (23)
Ai

(N, dr dw" o
where A; is the de Broglie wavelength of species i. In clas-
sical computer experiments, the particles are treated as dis-
tinguishable (e.g., each particle is distinguished by an index
in an ordered array). In this case, the indistinguishable par-
ticle correction of 1/N! does not appear. We will show that
identical acceptance probabilities are obtained whether we
treat the particles as distinguishable or indistinguishable by
including the N! term in an alternative derivation in the fol-
lowing Section 7.3.

Itis convenient to make Eq. 23 more compact by introduc-
ing the activity, z;, of a particle of type /,

eBui
zi = T,D' (24)
which has the units of inverse volume and is equivalent to the
ideal gas number density. The number of particles of type i
in an ideal gas, N9, may be derived as the partial derivative
of the grand potential with respect to the chemical potential
of j at constant V and T, resulting in

eﬁ/»“i

D
Ai

N = v

= Vz;. (25)

Substituting Eq. 24 into Eq. 23 results in
Ny dr dw o 2Ye Y dr dw. (26)

Using Eq. 26, the ratio of uVT microstate probabilities in Eq. 4
is given by

Un _ 7, dr duw)AMie AU, (27)
Io

where AN; = Nj, - Nj,, and N;, and N;, are the number of
particles of type i in the new and old microstate, respectively.
If an NVT trial is attempted in the uVT ensemble, AN; = 0, and
Eqg. 27 is reduced to Eq. 6.

7.2 Insertion and deletion trials with
distinguishable particles in unscaled
coordinates

Because particle insertion and deletion trials [5, 6] are the

reverse of each other, as shown in Fig. 5, they must be

considered together to derive the acceptance probability.
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o insert o

————

delete [ )

—

Figure 5. Insertion trials randomly add a particle, here shown in blue,
uniformly within the simulation volume. Deletion trials remove a ran-
dom particle, and are the reverse of insertions.

Forward Qo—sn
Choose insert 1/2
Choose position in V dr/vV
Choose orientation Pundw
Reverse an—o
Choose delete 1/2
Choose particle of typei | 1/(N;+1)

Table 4. Particle insertion transition probabilities.

These two trials are collectively referred to as particle trans-
fers (from an ideal gas state). Insertion and deletion trials
for particles of type i proceed as follows. First, a particle
insertion or deletion trial is chosen with equal probability.’
If a particle insertion trial is chosen, then a particle type i
is placed at a random position selected uniformly in the
simulation volume, V. If a particle deletion trial is chosen,
then a particle of type i is randomly chosen from among the
N; particles for removal. If multiple particle types are to be
inserted and deleted, then the MC simulation could have a
trial for each particle type.

In order to apply Eq. 4, reverse trials must be considered
as having occurred immediately after the forward trial. This
is important to note when deriving the probability of the re-
verse move, and to clarify that N; is defined at the beginning
of the insertion trial. The reverse trial deletion then has N; +1
particles of type j, including the particle that was added dur-
ing the forward transition. Transition probabilities for inser-
tion and deletion are not symmetric [5, 75]. The transition
probability of an insertion trial as the forward transition is
then summarized in Table 4.

Substituting Eq. 27 into the first ratio in Eq. 4, and using

"More generally, insertions may be selected with a probability of Py that
is not necessarily 1/2, and deletions with a probability of 1 - Ppjss. In multi-
ple places in this article, we use a 1/2 probability for choosing between two
different trials to simplify the equations.

Forward Qo—n

Choose delete 1/2
Choose particle of type i 1/N;

Reverse an—o
Choose insert 1/2
Choose positionin V dr/v
Choose orientation Puo dw

Table 5. Particle deletion transition probabilities.

Table 4 for the second ratio in Eq. 4 results in

Vz; -BAU
x=7PwH(NI’+1)eﬂ , (28)
where P,n = 1 (or incorporated into the definition of z)) if
a completely random orientation of a rigid body is chosen
(see Section 5.2), or is otherwise related to the Rosenbluth
factor in CB partial regrowth of the particle (as discussed in
Section 5.2).

Now consider the deletion as the forward transition. Dele-
tion acceptance is nearly identical to what arises for the re-
verse of insertions, with one caveat. With insertion as the
forward transition, N; was defined at the beginning of the in-
sertion trial (e.g., the old microstate, or before the particle
was inserted). For deletion as the forward transition, the old
microstate has N; particles to choose among. To summarize,
the transition probabilities with deletion as the forward tran-
sition and insertion as the reverse is given in Table 5.

Thus, the acceptance probability for deletions is given by

_ PuolV v

vz ' (29)

where P.,0 = 1 (orincorporated into the definition of z) if rigid
bodies are inserted with random orientations (using quater-
nions, as discussed in Section 5.2 and 12.2.2), or otherwise re-
lated to the Rosenbluth factor in CB [34]. Code Block 4 uses
Egs. 28 and 29 for an ideal gas to compare against theory,
Eq. 25.

7.3 Grand canonical ensemble with
indistinguishable particles in scaled
coordinates

Consider an alternative approach that includes the indistin-

guishable particle N! correction, and uses scaled coordinates,

as described in Ref. [34]. In this case, the uVT microstate
probability is

Ni

VNZ!
V) ds deo? oc =V dsV du (30)
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Code Block 4. MC VT simulation of an ideal gas using Python 3, and
the statistics module is provided in Section 12.2.1.

import random
import numpy as np
from statistics import block
random.seed(43279857)
Vz = random.uniform(0.1, 2)
print("ldeal gas number:", Vz)
number = int(Vz)
numbers = np.zeros(int(1e6))
for trial, _ in enumerate(numbers):
if random.choice(["ins", "del"]) == "ins":
if random.random() < Vz/(number + 1):
number +=1
else:
if number > 0 and random.random() < number/Vz:
number —=1
numbers[trial] = number
print("Number:", block(numbers))

The ratio of uVT microstate probabilities for the special case
of indistinguishable particles and scaled coordinates is then
Hn _ Nij!

i = o (vzids dw) 2N e PAY, (31)
in:

and is valid for changing the number of indistinguishable
particles and choosing a newly inserted particle position in
scaled coordinates, s, notr.

7.4 Insertion and deletion trials with
indistinguishable particles in scaled

coordinates

As opposed to deriving insertion and deletion acceptances
with distinguishable particles in non-scaled coordinates, as
in Sections 7.1 and 7.2, consider a similar trial conducted
with indistinguishable particles in scaled coordinates, as in
Ref. [34]. In this case, the first ratio in Eq. 4 is given by Eq. 31.
But since the transition probabilities also change, the same
acceptances are nonetheless obtained.

The insertion and deletion trial proceeds as follows. First,
a particle insertion or deletion trial is randomly chosen with
equal probability. If a particle insertion is chosen, then a par-
ticle of a given type i is placed at a random position selected
uniformly in the scaled coordinates with a probability of ds.
If a particle deletion is chosen, then a random particle of a
given type is chosen for removal. Because the particles are
indistinguishable, the probability associated with the selec-
tion of a particle is 1. The forward and reverse transitions
are summarized in Table 6.

The product of the first and second ratios in Eq. 4 is then
identical to Eq. 28 because the first ratio from Eq. 31 now sup-
plies the terms missing from the second ratio. Thus, the use
of indistinguishable particles and scaled coordinates shifts

Forward Qo—sn
Choose insert 1/2
Choose position in scaled coordinates ds
Choose orientation Pun dw
Reverse an—o
Choose delete 1/2
Choose from indistinguishable particles 1

Table 6. Alternative particle insertion transition probabilities.

the terms from the transition probabilities to the microstate
probabilities. Although either approach is equally valid, the
remainder of this article uses distinguishable particles, as im-
plemented in computer simulations, and pVT derivations will
use unscaled coordinates as described in Section 7.1, and not
Section 7.3.

8 Unbiased semi-grand canonical

(semi-uVT) ensemble trials
Semi-u VT trials have fixed total numbers of particles, but the
composition may change [7]. For a trial in which particles of
type i may be replaced with particles of type j, and vice versa,
the probability of a microstate in the semi-uVT ensemble is
proportional to [7]

TI(N;, N;) dr dw zf\”’zj/.vfe'ﬂu dr¥ dw. (32)

Using Eq. 32, the ratio of microstate probabilities of the semi-
uVT ensemble in Eq. 4 is given by

IIn _ _AN; AN AU
T, =777z e . (33)

with the constraint that AN; + AN; = 0.

8.1 Changing particle type

The semi-uVT ensemble described in Section 8 allows parti-
cles of one type to change into another, as shown in Fig. 6. A
particle type change trial proceeds as follows. First, the trial is
defined with a number of particle types, n that many change
into each other. Thus, there are Npm = 2P N; changeable
particles. One of those particles is randomly chosen with
probability 1/Nm. If the type of the chosen particle is given by
i, then choose a random particle of typej # i from among the
n-1 other particle types. Then, add a particle of type j with a
predetermined interaction site at the same coordinates as a
predetermined interaction site in the chosen particle. Finally,
remove the chosen particle, and randomly orient the newly
added particle. The transition probabilities are summarized
in Table 7.
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Figure 6. Semi-uVT change of a particle of type i, shown in red, into
a particle of type j, shown in black. The total number of particles
remains constant.

Forward Qo—n

Choose a particle of any type 1/Nm
Choose new particle type j 1/(n-1)
Choose orientation P, dw

Reverse an—o

Choose particle of any type 1/Nm
Choose new particle type i 1/(n-1)
Choose orientation P idw

Table 7. Particle type change transition probabilities.

Using Table 7 and substituting Eq. 33 into Eq. 4, the ac-
ceptance probability for the i — j attempt as the forward

transition is p

‘= (ﬂ) Zj AU (34)
Pui/ Zi

If the particles are isotropic, or rigid and random orientations

are chosen, ij = P_;. Otherwise, g—‘“’I: is related to the Rosen-

bluth factors for configuration bias partial regrowth or orien-

tational bias. Eq. 34 is tested against an n = 2 component

ideal gas mixture in Code Block 5.

8.2 Changing particle type by choosing a
specific type

Inthe previous Section 8.1, particles of multiple types are cho-
sen randomly to attempt a change into another particle type.
Instead of choosing from all particles of any type, an alterna-
tive method is to choose one type specifically to change into
another. However, this alternative algorithm changes the ac-
ceptance criteria.

An alternative particle type change trial proceeds as fol-
lows. First, ai — jorj — i trial is randomly chosen with
equal probability. For i — j, a particle of type i is randomly
chosen. A particle of type j is added to the system with a fixed
site in j at the same position as a fixed site in j. Particle j is
randomly oriented or regrown about its fixed site. Particle i
is removed from the system. For j — i, a particle of typej is
randomly chosen. A particle of type i is added to the system

Code Block 5. Semi-uVT MC of a two component ideal gas mix-
ture using Python 3, and the statistics module is provided in Sec-
tion 12.2.1.

import random
import numpy as np
from statistics import block
random.seed(43279857)
Vz1 = random.uniform(10, 20)
Vz2 = random.uniform(10, 20)
N1 = int(Vzl)
N _total = N1 + int(Vz2)
def N2(): return N_total — N1
print("Analytical fraction:", Vz1/(Vzl + Vz2))
N1s = np.zeros(int(1e6))
for trial, _ in enumerate(N1s):

if random.random() < N1/N _ total:

if N1 > 0 and random.random() < Vz2/Vzl:
N1—=1
else:
if N2() > 0 and random.random() < Vz1/Vz2:
N1 4+=1

Nis[trial] = N1

print("Numerical fraction:", block(N1s/N _total))

Forward Qo—n
Choose i — 1/2
Choose particle of type i 1/N;
Placejoni 1
Choose orientation of j P, dw
Reverse an—o
Choosej — i 1/2
Choose particle of typej | 1/(N; +1)
Placeionj 1
Choose orientation of j P, idw

Table 8. Alternative particle type change transition probabilities.

with a fixed site in i at the same position as a fixed site in j.
Particle i is randomly oriented or regrown about its fixed site.
Particle j is removed from the system.

Fori — jasthe forward transition, the transition probabil-
ities are summarized in Table 8, where N; and N; are the num-
bers of each type of particle before the trial is implemented.
Using Table 8.2 and substituting Eq. 33 into Eq. 4, the accep-
tance probability for the i — j attempt as the forward transi-

tion is N p ,
=N w -BAU
X—Njh(ﬁ)éeﬁ ) (35)

Thej — itrial is the same as Eq. 35 but with i andj indices
swapped. If j and j are rigid molecules and random orienta-
tions are chosen (or if isotropic), P, = P,,;. Otherwise, % is
related to the Rosenbluth factors for configuration bias par-
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Code Block 6. Alternative algorithm for semi-uVT MC of an ideal
gas mixture using Python 3, and the statistics module is provided in
Section 12.2.1.

import random

import numpy as np

from statistics import block
random.seed(43279857)

vzl = random.uniform(10, 20)
vz2 = random.uniform(10, 20)
N1 = int(vzl)

N = N1 + int(vz2)

def N2(): return N — N1
print("Analytical fraction:", vz1/(vzl4vz2))
N1s = np.zeros(int(1e6))

for trial, _ in enumerate(N1s):
if random.choice(["1to2", "2tol"]) == "1to2":
if N1 > 0 and random.random() < N1/(N2() + 1)*vz2/vzl:
N1-—=1

else:
if N2() > 0 and random.random() < N2()/(N1 + 1)*vzl/vz2:
N1 +4+=1
Nis[trial] = N1
print("Numerical fraction:", block(N1s/N))

tial regrowth. Eq. 35 is tested against an ideal gas mixture in
Code Block 6.

9 Unbiased Gibbs ensemble trials
In the Gibbs ensemble, separate domains are simulated for
which chemical and mechanical equilibrium at constant tem-
perature is established between them [8], although chemical
equilibrium is sufficient to enforce mechanical equilibrium
[92]. For notational convenience, we will consider only two
domains such that the total volume, V = V; + V5, is the
sum of two volumes and the total number of particles of
type i, Nj, is Nj; + Nj>. Volume changes require scaling, as
described in Section 6, and the particle positions must be
expressed in terms of the scaled coordinates. We do not
consider constant-pressure Gibbs ensemble in this work
[93]. Although recent studies show that Gibbs (and all other)
ensemble simulations may utilize a shell particle [73], we
consider only the application of a shell particle in the NPT
ensemble in this article.

The probability of a microstate in the Gibbs ensemble is
then given by [8, 34, 73],

IT o ﬁv{"“ Ve Wl gsN q, dv,. (36)
i

For particle transfer between domains while holding the vol-
ume of each domain fixed, the ratio of microstates in the
Gibbs ensemble with particle transfer, the first ratio of Eq. 4,
is given by

1to?2

|

_|_ \
- .

-—
= 2to1l

_|_ \

Figure 7. Gibbs ensemble transfer of the particle shown in blue from
periodic domain 1 to periodic domain 2, and the reverse trial. The
total number of particles remains constant.

where Np;; and N, are the number of particles of type i
in the first and second domain, respectively, in the new mi-
crostate, while N,j; and N,j> are in the old microstate.

For volume transfer between domains while holding the
number of particles in each domain fixed, the ratio of mi-
crostates in the Gibbs ensemble with volume transfer, the
first ratio of Eq. 4, is given by

N; N;
& = (m) 1 (@) ’ e‘ﬁA(Uﬁ'Uz) (38)
o \ Vo Vo2 '

where V,1 and V,,; are the volume of the first and second
domain, respectively, in the new microstate, while V,; and
V,> are in the old microstate.

9.1 Gibbs ensemble with particle transfer

trials
In this example, consider particle transfers between two do-
mains, as illustrated in Fig. 7. Particle transfers are conducted
similarly to a simultaneous insertion in one domain and dele-
tion in another domain, as described in Section 7.2. The total
number of particles remains constant, as well as the volumes
of both systems and the temperature.

Particle transfers between domains 1 and 2 in Gibbs en-
semble MC proceed as follows. With equal probability, do-
main 1 is randomly chosen among all the domains to transfer
a particle of a given type i. A particle of type i is then chosen
for removal from domain 1 with probability 1/N;;. A particle
of the same type is then added to domain 2 at a random posi-
tion selected uniformly within the volume, V5. The transition
probabilities are summarized in Table 9, where Nj; and Nj»
are the numbers of each type of particle in domains 1 and 2,
respectively, before the trial is implemented.

Using Table 9.1 and substituting Eq. 37 into Eq. 4, the ac-

W _ /Noit=Noit \/Noiz=Noiz2 ,=BAWU: +Us)
o vy eeRe B (37) ceptance probability for the transfer of a particle of type i
https://doi.org/10.33011/livecoms.6.1.3289
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Forward Qo—n
Choose domain 1 1/2
Choose particle of type i in domain 1 1/Njy
Choose s, in domain 2 ds
Choose orientation of particle j in domain 2 P, dw
Reverse an—o
Choose domain 2 1/2
Choose particle of type i in domain 2 1/(Njp + 1)
Choose s, in domain 1 ds
Choose orientation of particle j in domain 1 P, dw

Table 9. Gibbs ensemble particle transfer transition probabilities.

Code Block 7. MC simulation of an ideal gas in the Gibbs ensemble
with chemical equilibrium using Python 3 should yield two domains
with equivalent density, and the statistics module is provided in Sec-
tion 12.2.1.

import numpy as np
import random
from statistics import block
random.seed(43279857)
V1 = random.uniform(4, 6)
V2 = random.uniform(2, 3)
N _total = int(V1 + V2)
N1 = int(V1)
def N2(): return N_ total — N1
N1s = np.zeros(int(1e7))
for trial _num, _ in enumerate(N1s):

if random. ch0|ce([1 2]) ==1:

if N1 > 0 and random.random() < V2xN1/(N2()+1)/V1:
N1 —=
else:
if N2() > 0 and random.random() <V1xN2()/(N1+1)/V2:
N1 +4=1

Nis[trial _num] = N1
print("Density 1:", block(N1s/V1))
print("Density 2:", block((N _total—N1s)/V2))

from domain 1 to domain 2 as the forward transition is

- N (V2 P,
N +1\ Vi ) P2

B(AU, +AU2)' (39)

If particles of type /i are rigid molecules and random orien-
tations are chosen (or if isotropic), P,; = P,,. Otherwise,
P“f is related to the Rosenbluth factors for configuration bias
partlal regrowth. The transfer from domain 2 to domain 1 is
identically derived by simply perturbing the indices 1 and 2.
Eqg. 39 is tested in an ideal gas simulation demonstrated in
Code Block 7, where the densities of the two domains should
be equivalent [73].

+

Figure 8. Gibbs ensemble transfer of volume from periodic domain
1 to periodic domain 2, and the reverse trial. The total volume re-
mains constant and the particle positions are scaled as described in
Section 6.2.

1to?2
B ——
-—

= 2tol

2

Forward Qo—n
Choose AV | dr/(2AVmax)

Reverse an—o
Choose -AV | dr/(2AVmax)

Table 10. Gibbs ensemble volume transfer transition probabilities.

9.2 Gibbs ensemble with volume transfer

trials

In this example, consider volume transfers between two
domains, as illustrated in Fig. 8. Volume transfers are
conducted similarly to a simultaneous expansion in one
domain and correlated contraction in another domain, as
described in Section 6.2. The total volume, V = V; + V5,
remains constant, as well as the numbers of particles of
each type in both systems and the temperature.

Volume transfers between domains 1 and 2 in Gibbs en-
semble MC proceed as follows. As described in Section 6.2,
the positions of the particles and periodic boundary lengths
are scaled by a factor of (1+AV/Vo)"P in each of D dimensions,
where AV is chosen as a random amount selected uniformly
within +AVmax. The scaling occurs with -AV for domain 1,
and +AV for domain 2, where V; and V, are the volumes of
domains 1 and 2 before the scaling occurs.

Using the transition probabilities in Table 10, and substi-
tuting Eq. 38 into Eq. 4, the acceptance probability for the
transfer of volume from domain 1 to domain 2 as the for-
ward transition is

NN AN A SN AN
Vi V2

ﬁ(AUﬁAUz). (40)
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Code Block 8. MC simulation of an ideal gas in the Gibbs ensem-
ble with mechanical equilibrium using Python 3 should yield two do-
mains with equivalent density, and the statistics module is provided
in Section 12.2.1.

import random

import numpy as np

from statistics import block
random.seed(43279857)

N1 = random.randint(2, 3)
N2 = random.randint(4, 5)
V_total = float(N1 + N2)
V1 = float(N1)

def V2(): return V_total — V1
V1s = np.zeros(int(1e7))
dVmax = 0.1xV1

for trial_num,  in enumerate(V1s):

dV = random.uniform(0, dVmax)
if random.choice([1, 2]) == 1:
chi = ((V1—dV)/V1)*xN1x((V2()+dV)/V2())**N2
if V1 > dV and random.random() < chi:
V1 —=dV
else:
chi = ((V2()—dV)/V2())*xN2x((V14+dV)/V1)*xN1
if V2() > dV and random.random() < chi:
V1 +=dV
Vls[trial_num] = V1
print("Density 1:", block(N1/V1s))
print("Density 2:", block(N2/(V _total—V1s)))

Code Block 9. MC simulation of an ideal gas in the Gibbs ensem-
ble with mechanical and chemical equilibrium using Python 3 should
yield two domains with equivalent number of particles and volume.

Eqg.40istested in anideal gas simulation demonstrated in
Code Block 8, where the densities of the two domains should
be equivalent [73].

9.3 Gibbs ensemble with particle and

volume transfer trials
Gibbs ensemble simulations may include both trials with vol-
ume and particle transfers described in the previous sections.
Egs. 39 and 40 are tested in an ideal gas simulation demon-
strated in Code Block 9, where the number of particles and
volume should be equivalent [73].

10 Biased grand canonical ensemble
(uVT) trials

Now that all ensembles in this article have been tested with
unbiased trials, we now derive biased pVT trials. For simu-
lations of an ideal gas, these trials reduce to those already
described in the previous sections. Thus, ideal gas tests are
not explicitly included in the remaining sections for biased
trials. However, this does not mean ideal gas tests are not
useful for testing biased trials. In fact, ideal gas tests are even
more useful for biased trials where the additional complica-
tion leads to greater possibility for error.

import random
import numpy as np
from statistics import block
random.seed(43279857)
V1 = random.uniform(20, 40)
N1 = int(V1)
V_total = V1 + random.uniform(20, 40)
def V2(): return V_ total — V1
def N2(): return N_total — N1
N _total = N1 + int(V2())
N1s = np.zeros(int(1e7))
V1s = np.zeros(len(N1s))
dVmax = 0.1xV1
for trial num, in enumerate(N1s):
if random.choice(["N", "V"]) == "N":
if random.choice([1, 2]) == 1:
if N1 > 1:
if random.random() < V2()xN1/(N2() + 1)/V1:
N1 —=1
else:
if N2() > 1:
if random.random() < V1xN2()/(N1 + 1)/V2():
N1+4+=1
else:
dV = random.uniform(0, dVmax)
if random.choice([1, 2]) ==
chi = ((V1—=dV)/V1)*xN1x ((V2()4+dV)/V2())*xN2()
if V1 > dV and random.random() < chi:
V1 —=dV
else:
chi = ((V2()—dV)/V2())*xN2()* ((V1+dV)/V1)*xN1
if V2() > dV and random.random() < chi:
V1 +=dV
Nis[trial num] = N1
Vis[trial _num] = V1
print("N1/(N14+N2):", block(N1s/N _total))
print("V1/(V1+V2):", block(V1s/V _total))
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insert
—_—

delete

—

Figure 9. Multiple first bead configurational bias insertion and dele-
tion considers randomly-generated positions for a newly inserted
particle, shown by the dashed circles, in an existing fluid of particles,
shown by the black circles. The most favorable position has the high-
est Rosenbluth probability of selection, which is shown in blue due
to excluded volume overlap of the other red positions with the ex-
isting fluid. The deletion step does not consider other positions or
particles for deletion, but to obey detailed balance, the Rosenbluth
factor in the deletion step includes the existing position as well as
other randomly-generated positions.

10.1 Configurational bias (CB)

In this section, we first introduce the concept of CB [3, 9, 94,
95]in an unconventional way. In the literature, CB is typically
described as a way to regrow particles with multiple interac-
tion sites bonded together. In this article, the orientational
probabilities, P.,,, encompass chain regrowth as well as ori-
entational bias and anisotropic interaction sites. The deter-
mination of P, is not discussed in detail here beyond cases
where a rigid particle is randomly oriented (see Section 5.2).
Thus, we consider the application of CB only on the center of
the first interaction site of a particle (e.g., multiple first bead
CB).

One example of insertion and deletion of particles of type
i with CB proceeds as follows. An insertion or deletion trial
is randomly chosen with equal probability. If a particle inser-
tion is chosen, then the new position, rs, of a particle of type
iis chosen from c random positions selected uniformly in the
volume, V, with a relative probability of mcn. If a particle dele-
tion is chosen, then one of N; particles of type i is chosen for
removal.

The forward and reverse transition probabilities are sum-
marized in Table 11. Because the insertion is chosen as the
forward transition, deletions are chosen among N; + 1 parti-
cles, where N; is the number of particles of type i as defined
from the old microstate.

Using Table 11 and substituting Eq. 27 into Eq. 4, the ac-
ceptance probability for CB particle insertion is

Vz; —BAU
X Punc(N; 'I" 1)7Tcne ’ ' @1

There is remarkable flexibility as to the choice of r, from ¢
positions, which determines mcn. Ideally, wcn biases configura-
tions where the energy of interaction of (the first interaction
site of) a new particle at rp with all the particles in the old mi-
crostate, Up, is favorable. A natural choice is to Boltzmann

Forward Qo—sn
Choose insert 1/2
Choosg c p05|t|on§ |rj V. cdr/v
Probability that rs is in c.
Choose rp from c positions Ten
Choose orientation Pun dw
Reverse Qan—o
Choose delete 1/2
Choose particle of type i 1/(N;+1)

Table 11. Configurational bias particle insertion transition probabil-
ities.

weight the selection of ¢ positions, men oc €Y. Normalizing
such a probability results in the Rosenbluth factor,

e'BUn
Tcn = We ' (42)
where
C
We=> eV (43)
i
Substitution of Eq. 42 into Eq. 41 yields
- VaWe  -pau-uy (44)

X7 Ponc(N;+ 1)

This form of m¢n is also convenient because AU - Up only con-
tains interaction energies beyond the center of the first site
(e.g., if there were multiple sites). If there are no other ori-
entational or multiple site interactions beyond the first bead,
AU = Up.

The deletion step is nearly the inverse of Eq. 44, except
for two details regarding the definition of N; and m¢. Con-
sider the deletion as the forward transition, where the par-
ticle is randomly chosen from N; in the old microstate. The
typical Rosenbluth factor, W, is calculated to satisfy detailed
balance, but plays norolein the choice of the particle for dele-
tion. The trial with the deletion as the forward transition is
described in Table 12.

Thus, for deletions, the acceptance criteria using the typi-
cal Rosenbluth factor is given by,

- C\I/Vzi%: eBAUUG) (45)
where ro, the original position of the deleted particle, is
among the ¢ - 1 other randomly generated positions in
meo, and Up is the interaction energy of the particle at ro
that the trial is attempting to delete. If there are no other
orientational or multiple site interactions beyond the first
bead, AU = -Uo.
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Forward Qo—sn

Choose delete 1/2
Choose particle of type i 1/N;

Reverse an—o
Choose insert 1/2
Choose c positions in V.
s P . cdr/V
Probability that ro is in c.
Choose ro from ¢ positions Tco
Choose orientation Puo dw

Table 12. Configurational bias particle deletion transition probabili-
ties.

In the ideal gas limit, U — 0, W — ¢, and Egs. 44 and
45 are equivalent to Egs. 28 and 29. Ideal gas simulations
are helpful in quickly testing a CB implementation for verifi-
cation. Although cin Eqgs. 44 and 45 may be incorporated into
the chemical potential, this may lead to confusion and is not
recommended if multiple kinds of uVT trials are attempted.

For single-site isotropic particles, such as those interact-
ing via the Lennard-Jones potential, the orientational term
(see Section 5.2) results in P,n = 1 (or can be incorporated
into the definition of z;). Hence, this trial is not particularly
efficient compared to simply conducting c traditional inser-
tion or deletion trials sequentially. However, this method be-
comes more efficient when the calculation of P,n for more
complex molecules is comparable or more expensive than
the calculation of Wc (e.g., using partial regrowth or orienta-
tional bias, etc). Another efficient approach is to use a refer-
ence potential that is less expensive than the full potential
with longer-range interactions, where the reference poten-
tial still contains the most relevant terms for sampling (e.g.,
excluded volume in a dense fluid). Such a method is named
dual-cut CB [72] as described in the next section.

10.2 Dual-cut configurational bias (DCCB)

DCCB [72] is derived in a nearly identical fashion as CB
presented in Section 10.1. The only difference is that mcn
in Eq. 42 no longer uses the energy of the system, U, but
rather, the energy of a reference system, Uy, that is, ideally,
less computationally expensive to calculate. This reference
system could have a shorter cutoff distance, as per the
namesake of this method. Or, it could have a different
potential or a different number of interaction sites. For
example, a simulation of SPC/E water could use a reference
potential of hard spheres centered on the oxygen, which is
not only short range but also reduces the number of interac-
tion sites. Because mcn contains the reference potential, Urn,

the insertion acceptance is given by

VziWer _8(AU-Upm)
= AR m), 46
X Puwnrc(N; + 1) (46)
where
C
Wer = ePUr 47)
i

and U,; is the reference potential contribution of the particle
in microstate /. Similar to Section 10.1, the deletion accep-
tance is the inverse of the insertion, except that N;+ 1 — N,
and ro is one of the ¢ randomly generated positions for the
calculation of Wer.

The orientational term, P.nr, may also utilize the refer-
ence potential, or not. In either case, Um in Eq. 46 is the
sum of the (reference) interaction energies of each of the mi-
crostates chosen from both P,nr and Wer when the typical
Rosenbluth terms are used in the probabilities of selection.

10.3 Cavity bias
Particle insertions may be biased to specific regions accord-
ing to the location of cavities in a dense fluid [96-99]. The
practical limitation of this method is that it may become
computationally expensive to identify the cavities. In one
approach, a number of test points are randomly placed in
the volume for each trial [96-98]. An ensemble average of
the fraction of test points found within cavities, Pc, is then
multiplied with the volume to approximate the combined
volume of the cavities. An alternative approach is to overlay
the simulation domain with a discrete grid of points, as
shown in Fig. 10. To improve efficiency, this grid of points
could be continuously updated for each trial. In this case, the
fraction of the grid that is within at least one of the cavities
times the volume of the entire domain is the approximate
volume of the cavities, assuming an equally spaced grid
with enough resolution. When a randomly chosen grid
point within a cavity is chosen, the inserted particle may be
placed at a random position selected uniformly within the
voxel nearest that grid point. In the case of an absorbent
and adsorbent material, grid points that are always in the
impenetrable regions of the absorbent material may be
ignored [98]. For particles with multiple sites, it may be
convenient to consider just one of the sites for this cavity
bias step (e.g., only the oxygen in a water molecule [100]).
Voronoi tessellations may also be used to identify cavity vol-
umes [101]. In addition, cavity bias can also be implemented
efficiently in lattice simulations [102].

In this article, two variants of cavity bias will be derived.
In the first, a number of test points are chosen randomly in
the domain to test for a cavity. In the second, a predefined
grid is used instead.
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Figure 10. Cavity bias insertion and deletion may utilize a collection
of points, here shown by a grid of red and blue points, which are
tested for cavities. Cavities are where another particle could fit with-
out excluded volume overlap with existing particles, shown here as
black circles with grey excluded volumes. The red circles with dashed
lines are periodicimages, and the blue dots in the center are the only
points in the grid that a new particle could be added onto without
overlap.

10.3.1 Cavity bias with random test points

A cavity bias trial with random test points proceeds as fol-
lows. With equal probability, insertion or deletion of a parti-
cle of type iis randomly chosen. For insertion, Ngs: points are
chosen randomly in the simulation volume and n¢ of these
points are determined to be within a cavity. For hard par-
ticle systems, a cavity is well defined. Soft particle systems
require an ambiguous cavity definition that could affect sam-
pling and efficiency (e.g., for the purposes of cavity determi-
nation, pick an arbitrary hard particle size for the soft parti-
cles). Here, nc is computed for each set of randomly gener-
ated test points; the possibility of using an ensemble average
of nc is discussed at the end of this section. A particle of type
i is placed on one of the n¢ points. For deletion, randomly
choose a particle of type i for removal.

With insertion as the forward transition, the transition
probabilities are summarized in Table 13. Because the inser-
tion is the forward transition, deletions are chosen among
the N; + 1 particles, where N; is the number as defined from
the old microstate.

Using Table 13 and substituting Eq. 27 into Eq. 4, the ac-
ceptance probability for cavity bias particle insertion is

_ [ nc ziV —BAU
= e . 48
X (Ntest> PonN; 1) (48)

For comparison to previously published articles, the prob-
ability that a random test point is in the cavity is given by
Pc = nc/Neest [96-98]. With deletion as the forward transition,
the transition probabilities are summarized in Table 14.

Forward Qo—n
Choose insert 1/2
h N intsin V.
C oose. .tesr p.0|r.1ts in Niost AF/V
Probability rn is in Neest.
Choose r, from nc 1/n¢
Choose orientation Pun dw
Reverse an—o
Choose delete 1/2
Choose particle of type i | 1/(N;+1)

Table 13. Cavity bias particle insertion transition probabilities with
random test points.

Forward Qo—n

Choose delete 1/2
Choose particle of type i 1/N;

Reverse an—o
Choose insert 1/2
Choose N, ointsin V.
Veest POITES | Neest dr/V
Probability ro is in Niest.
Choose r, from nc 1/n¢
Choose orientation Puo dw

Table 14. Cavity bias particle deletion transition probabilities with
random test points.
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Using Table 14 and substituting Eq. 27 into Eq. 4, the ac-

ceptance probability for cavity bias particle deletions is

x= Nrt;zst <%) e PAU (49)
where nc must be computed after the particle is deleted and
the N points includes the original position of the particle,
ro. For hard particle systems, a cavity is well defined and nc
in the deletion step would never be zero because it includes
ro. But for soft interactions, depending on the definition of
the cavity, nc may be zero. If nc is zero, the trial should be
rejected or else detailed balance is violated because the re-
verse transition is impossible.

For comparison to previously published articles [96-98],
it is not clear if ro was included in one of the N points dur-
ing the deletion step. The previous work also computed an
ensemble average of nc over many trials rather than comput-
ing an instantaneous nc. An ensemble average of n¢ has the
benefit of possibly requiring fewer N¢s; points. On the other
hand, it is beyond the scope of this article to prove whether
ornotan ensemble average nc introduces biases via violation
of detailed balance [99]. The previous work also interpolated
the cavity probability from other state points in special cases,
and introduced unbiased insertion and deletion trials when
ne =0.

10.3.2 Cavity bias with a predefined list

While Section 10.3.1 used random points, a predefined list
or grid, as shown in Fig. 10, is considered in this section. The
benefit of using a predefined list is that certain points could
be removed if, for example, those grid points could never be
in a cavity because of the location of a rigid wall or obstacle
(e.g., an adsorbent material). A grid is created with spacing
§ in each dimension, and after points not amenable to inser-
tion are removed, there are N, points remaining in the prede-
fined list.

A cavity bias trial with a predefined list proceeds as fol-
lows. With equal probability, insertion or deletion of a parti-
cle of type i is randomly chosen. For an insertion, Nees; points
are randomly chosen from the fixed list of N, points, and nc of
those Nes: points are determined to be within a cavity. One
of these n¢ points is randomly chosen, denoted as r,;.. The
inserted particle of type i is then placed at a random position
selected uniformly within £0.56 of r,,; in each dimension. For
adeletion, randomly choose a particle of type i and remove it.
In order to obey detailed balance, deletion attempts of parti-
cles that are not within £0.56 of a point in N; must be immedi-
ately rejected (e.g., if some grid points were removed yet fluid
particles managed to exist in the vicinity of those removed
points). Otherwise, particles could be removed from the sys-
tem where insertions could not immediately place them back
for the reverse trial.

Forward Qo—n
Choose insert 1/2
Choose Niest points from N,.
- o Ntest/N,
Probability r,; is in Nest
Choose r,, from nc 1/nc
Choose rp about r/y, dr/s?
Choose orientation Pun dw
Reverse an—o
Choose delete 1/2
Choose particle of type i 1/(N;+ 1)

Table 15. Cavity bias particle insertion transition probabilities with a
predefined list.

With insertion as the forward transition, the transition
probabilities are summarized in Table 15. Because the inser-
tion is the forward transition, deletions are chosen among
the N; + 1 particles, where N; is the number of particles of
type i as defined from the old microstate.

Using Table 15 and substituting Eq. 27 into Eq. 4, the
acceptance probability for cavity bias particle insertion with
Ntest points is

_pnosD [ Nc Zi -BAU
x=Nig (Nm> PonN; v (50)

This equation takes the form of Eq. 4 of Ref. [98] because the
fraction of the points in the cavity is Pc = nc/Ngesr and the total
volume considered for insertions is v = N;s°.

With deletion as the forward transition, the position of the
chosen particle to be deleted is ro, which is within ¢ in each
dimension of a point within the predefined list, r,,. If not, the
deletion is rejected to obey detailed balance. The transition
probabilities are summarized in Table 16.

Using Table 16 and substituting Eq. 27 into Eq. 4, the
acceptance probability for cavity bias particle deletions with
Niest poOiNts is

1 Ntest \ NiPwo _-pau
= e . 51
X7 NsD ( ne )z 1)

Similar to Eq. 49, n¢ is computed after the particle is deleted

and includes r,;, which is the closest grid point to the old
macrostate position of the deleted particle, ro.

10.4 Energy bias

Particle insertions may also be biased in specific regions ac-
cording to their energy of interaction with a fixed adsorbent
material [98], as illustrated in Fig. 11. The simulation volume
is divided into a number of small voxels with volume v. En-
ergy bias particle insertions and deletions proceed as follows.
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Forward Qo—sn
Choose delete 1/2
Choose particle of type i 1/N;
Reverse an—o
Choose insert 1/2
Choose Nees: from N, points.
- - Ntest/N;
Probability ry; is in Neest
Choose r,; from nc 1/nc
Choose ro about r,y dr/s®
Choose orientation Puo dw

Table 16. Cavity bias particle deletion transition probabilities with a
predefined list.

T T T T T :‘u T
1 I
- gt insert _ f--o--1ggt----1
,., —_— ,.
113 1 _ 1S 1 _
00900 0000
I I A A
FE -t gt delete FE -t Sl
1 | 1 |
I__ 1 Ul I__ 1N
B B
1 1 1 I
L L L

Figure 11. Energy bias insertion and deletion [98] divides the simu-
lation domain into voxels, with 25 shown here by the dashed lines.
One voxel, v, is chosen for the available insertion volume accord-
ing to a probability Boltzmann-weighted by the energy of interaction
with a rigid adsorbent frame, shown by the black circles. The reverse
move is when the newly inserted fluid particle, shown in blue, is ran-
domly chosen for deletion among all the fluid particles.

With equal probability, an insertion or deletion is attempted.
For an insertion, a voxel is randomly chosen with probability
Pc. A new particle of type i is then randomly placed inside of
the chosen voxel. For a deletion, an existing particle of type i
is chosen randomly and removed from the system. The trial
probabilities are summarized with insertion as the forward
transition in Table 17.

Substituting Eq. 27 into the first ratio in Eq. 4, and using
Table 17 for the second ratio in Eq. 4, results in

- VZ;

X Pan(N; + T)Pc
for energy bias insertions. Deletions as the forward trial is
summarized in Table 18.

Substituting Eq. 27 into the first ratio in Eq. 4, and using
Table 18 for the second ratio in Eq. 4, results in

e BaU (52)

NiPcPuo _gau
= P (53)
for deletions as the reverse of energy bias insertions.
For both insertions and deletions, a suitable P must be
utilized that is ideally inexpensive to compute and increases
sampling in the desired location. As originally formulated, a

Forward Qo—n
Choose insert 1/2
Choose voxel Pc

Choose position inv dr/v
Choose orientation Pun dw

Reverse an—o

Choose delete 1/2
Choose particle of typei | 1/(N;+1)

Table 17. Energy bias particle insertion transition probabilities.

Forward Qo—n

Choose delete 1/2
Choose particle of type i 1/N;

Reverse an—o
Choose insert 1/2
Choose voxel Pc

Choose position in v dr/v
Choose orientation Puo dw

Table 18. Energy bias particle deletion transition probabilities.

good choice for Pc is to weight the probability by the Boltz-
mann factor of the energy a particle in the center of the cho-
sen target volume, v, would have with an adsorbent material,
uy,

e‘ﬂU?

P = = T

(54)

10.5 Insertion and deletion in a targeted

region

Particle insertions and deletions may also be performed in
a targeted region, v, shown in Fig. 12 with a rigid adsorbent
framework. The trial proceeds as follows. First, a particle in-
sertion or deletion trial is chosen randomly with equal prob-
ability. If a particle insertion trial is chosen, then a particle of
type i is placed at a random position selected uniformly in a
targeted region, v, with random orientation. If a particle dele-
tion trial is chosen, then a random particle of type j within v
is chosen for removal. Here, n; is the number of particles of
type i inside v at the beginning of the trial. For particle dele-
tions, if n; = 0, then reject the trial. To obey detailed balance,
v cannot change during the trial. The transition probability
of an insertion trial as the forward transition is then summa-
rized in Table 19.

Substituting Eq. 27 into the first ratio in Eq. 4, and using
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Figure 12. Insertion and deletion trials in a targeted region, v. Simi-
lar to Fig. 11, the targeted region could be carefully chosen to avoid
excluded volume overlap with a rigid adsorbent framework.

Forward Qo—n
Choose insert 1/2
Choose position in v dr/v
Choose orientation Pun dw
Reverse an—o
Choose delete 1/2
Choose particle of typeiinv | 1/(n;+1)

Table 19. Particle insertion transition probabilities in a targeted re-
gion.

Table 19 for the second ratio in Eq. 4, results in

_ VZi -BAU
X = Pon(n +1) . (55)
where n; is defined as the number of particles of type i inside
v at the beginning of the insertion trial (i.e., before insertion).
The transition probability of a deletion trial as the forward
transition is then summarized in Table 20.
Substituting Eq. 27 into the first ratio in Eq. 4, and using
Table 20 for the second ratio in Eq. 4, results in

n;iPuo e PAU (56)
VZ;

where n; is defined as the number of particles of type i inside
v at the beginning of the deletion trial (i.e., before deletion).

Forward Qo—n

Choose delete 172
Choose particle of type i inv 1/n;

Reverse an—o
Choose insert 1/2
Choose position in v dr/v
Choose orientation Puo dw

Table 20. Particle deletion transition probabilities in a targeted re-
gion.

o insert [ ]
—
VAV vav @
[ ] delete (i)
® |« o

Figure 13. Insertion and deletion of a blue particle of type i within
the aggregation volume (AV), shown in green, of an existing particle
of type .

10.6 Aggregation volume bias (AVB)

AVB insertions and deletions specifically target the positions
near other molecules [103] in order to improve sampling
for aggregated clusters of molecules, as shown in Fig. 13. In
these derivations, aggregation volumes (AVs) are defined
uniquely by one specific interaction site on a target particle
and one specific site on a mobile particle. A single site
should be specifically defined, not a type of site when there
are multiple sites of the same type, or else detailed balance
may be broken. Instead, if multiple AVs are desired in a
single target particle, then simply treat each as a separate
trial. For an isotropic AV, the mobile particle is inside the AV
of the target particle if the distance between the two sites is
between rjpper and royter-

An attempted AVB insertion and deletion proceeds as fol-
lows. First, an insertion or deletion trial is chosen randomly
with equal probability. If a particle insertion is chosen, then
the new position, rp, of an interaction site of the new particle
of type i is placed at a random position selected uniformly
within the AV, vy, of a different particle of type j that is ran-
domly chosen from among N; particles. The AV, in this exam-
ple, is defined using the spherical shell between rj,,., and
Touter, @lthough it is possible to define an orientation-specific
AV [104]. See Section 12.2.3 for how to generate randomly
uniform points in a spherical shell. The remaining sites in the
new particle may be oriented randomly about r, or regrown
with CB. If a particle deletion is chosen, then a particle of type
jis randomly chosen. A random particle of type i within the
AV of the chosen particle of typejis removed from among the
N particles of type i within the AV. The transition probabil-
ities with insertion as the forward transition is summarized
in Table 21.

If particle type iandj are identical, then §; = 1. Otherwise,
d; = 0. Substituting Eq. 27 into the first ratio in Eq. 4, and
using Table 21 for the second ratio in Eq. 4, results in

N } e AV, (57)

- VavZi
N/' + 5,']'

Pwn(va + 1)

X

Deletions are derived in an identical fashion, except that
N’,“V is evaluated from the perspective of the state before the
deletion (e.g., after insertions), and the trial is summarized in
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Forward Qo—sn
Choose insert 1/2
Choose particle of type j 1/N;
Choose rp in AV dr/vyy
Choose orientation Pun dw
Reverse an—o
Choose delete 1/2
Choose particle of type j 1/(N; + o)
Choose interaction site in AV | /(N +1)

Table 21. AVB particle insertion transition probabilities.

Forward Qo—sn
Choose delete 1/2
Choose particle of type j 1/N;
Choose interaction site in AV | 1/N*/
Reverse an—o
Choose insert 1/2
Choose particle of type j 1/(N; - &;)
Choose ro in AV dr/vay
Choose orientation Puo dw

Table 22. AVB particle deletion transition probabilities.

Table 22. The deletion acceptance is obtained by substituting
Eqg. 27 into the first ratio in Eq. 4, and using Table 22 for the
second ratio in Eq. 4, resulting in

‘= N; | (N//‘\VPwo> e BAU. (58)

VavZi

11 Biased canonical ensemble (NVT)

trials
In this section, biased NVT trials are derived. First, we con-
sider AVB displacement trials. Displacement trials include
both linear and angular displacement. There are a few
variants of AVB to consider. Although inefficiencies were
found in the original version [74, 105, 106], the second
variant, AVBMC2, efficiently moves particles in and out of
the AV [103]. A third variant, AVBMC3, allows for particles
to move from the AV of one particle into the AV of another
particle (denoted as “in — in") [103]. First, we introduce
AVBMC2. Then, we derive the “in — in" part of AVBMC3,
and then introduce a relatively new variant of AVBMC3 that
we call AVBMC4 [107], which is very similar to AVBMC3 but

[ ) out—in
—
vav . vav (i )
o in—out 0
[ ] - [ ]

Figure 14. AVBMC2 displacement of a blue particle of type i from
outside to inside the AV, v4, shown in green, of an existing target
particle of type j, and the reverse trial.

allows for overlapping AVs. After AVB, we also derive CB and
DCCB displacements in the NVT ensemble.

11.1 Displacement with aggregation volume

bias (AVBMC2)

In AVBMC2, a target particle of type j is chosen randomly
from N; particles. The AV is then defined about one specific
site in the target particle. The mobile particle with one spe-
cific site then attempts a move into or out of the AV, with N;
particles of this type. The target and mobile particles may be
the same. In this case, & =" otherwise, g = 0. At the begin-
ning of the trial, there are NV particles of type i inside the AV
of the specific site in the chosen particle of type j. AVBMC2 is
an NVT trial because the total number of particles does not
change.

In the AVB algorithm, it is possible for a particle to be in-
serted into an AV such that it happens to fall in the AV of two
other particles, so that there would be more than one way
to transition to the same microstate. The transition prob-
abilities do not need to account for this circumstance, be-
cause super-detailed balance is satisfied for each path. The
unbonding bonding (UB) algorithm [105] presents a variation
of the AVB algorithm that more explicitly accounts for these
cases.

The AVBMC2 trial proceeds as follows. A target particle of
typejis chosen randomly from N; and the AV is defined about
the specific site in the chosen particle. With probability Pp4s,
an “out — in" trial is performed. Otherwise, an “in — out"
trial is performed. For “out — in," one of N; particles of type i
is chosen randomly that has the specific site in j that is not in
the AV. The chosen mobile site of the particle of type i is then
placed at a random position selected uniformly in the AV. If
the particle has other sites, they may then be regrown with
CB or randomly rotated. For “in — out," one of the N sites
in the AV is placed randomly in the entire simulation domain
thatis notin the AV. Again, the remainder of the particle may
then be oriented randomly or regrown with CB.

The transition probabilities for AVBMC2 are summarized
in Table 23 for a forward transition of “out — in." The reverse
move always has N?V+1 inthe AV, where NV is the number of
mobile sites in particles of type m in the AV at the beginning
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Forward Qo—sn
Choose particle of type j 1/N;
Choose “out — in" Ppias
Choose mobile site notin AV | 1/(N; - N - 5)
Choose rp in AV dr/vyy
Choose orientation Pun dw
Reverse an—o
Choose particle of type j 1/N;
Choose “in — out" 1= Ppias
Choose mobile site in AV AL
Choose r, outside AV dr/(V - vyy)
Choose orientation Puo dw

Table 23. Particle displacement AVBMC2 “out — in" transition prob-
abilities.

Forward Qo—n

Choose particle of type j 1/N;
Choose “in — out" 1= Ppias
Choose mobile site in AV 1IN

Choose rp outside AV dr/(V - vyy)

Choose orientation Pun dw
Reverse an—o

Choose particle of type j 1/N;

Choose “out — in" Ppias

Choose mobile site notin AV | 1/(N; - Nf¥ - &; + 1)

Choose ro in AV dr/vay
Choose orientation Puo dw

Table 24. Particle displacement AVBMC2 “in — out" transition prob-
abilities.

of the trial.
Using Table 23 and substituting Eq. 6 into Eq. 4, the accep-
tance probability is

_ Puo(l = Ppjas)(N; - N = 6j)vay o BAU

(59)
PuonPpigs(NAY + 1)(V = Vay)

X

For an example of combining AVB with CB, see the Appendix
of Ref, [108].

The transition probabilities for “in — out" as the forward
transition are summarized in Table 24. Using Table 24 and
substituting Eq. 6 into Eq. 4, the acceptance probability is

Pwopbialei‘W(V/VAV - 1)e AU

(K] j—k (kT
Vi ® > Vg °®
o k—j 0
v @ | — Uy

Figure 15. AVBMC4 displacement of a blue particle of type m from
inside the AV, v; of an existing target particle of type j, into the AV of
an existing target particle k, v, and the reverse trial. AVBMC3 does
not allow overlapping AV as shown here [103].

11.2 Displacement from one aggregation

volume to another (AVBMC3/4)

In addition to moves inside and outside of AVs, such as
AVBMC2 as described in Section 11.1, moves from one AV
to another are also possible, as done in AVBMC3 [103]. In
this case, two target particles are randomly chosen, and a
third mobile particle is moved from the AV of the first tar-
get into the AV of the second target. In the original formu-
lation, AVBMC2 type moves were also considered. To sim-
plify the acceptance criteria, the AV of the two target particles
also could not overlap. In this section, we describe a varia-
tion of AVBMC3, here called AVBMC4 [107], with two subtle
differences from AVBMC3. First, AVBMC4 does not contain
AVBMC2 “in — out" or "out — in" moves. Second, AVBMC4
allows the AV of the target particles to overlap, as long as the
two target particles are not inside the AV of the other.

The AVBMC4 trial proceeds as follows. Two target parti-
cles are chosen randomly from all particles of type j and &,
respectively. If types j and k are the same, then dy = 1 and
particle k is chosen randomly from N, - 1 particles because
it cannot be the identical particle j. The AV of the j particle, v;,
is defined about one specific site in the j particle. Similarly,
the AV of the k particle, v, is defined about a specific site in
the k particle. Choose a k — j attempt with probability P4,
otherwise attempt aj — k trial. For aj — k attempt, a mobile
particle of type / that has a specific site inside v;, butis not the
same particle as the first two chosen j and k particles, is then
moved inside v. If the j particle has multiple sites or orien-
tation, then it should be randomly oriented or randomly re-
grown with CB. For a k — j attempt, a mobile particle of type
i that has a specific site inside vy, but is not the same particle
as the first two chosen j and k particles, is then moved inside
vj.

Because v; and v, may overlap in AVBMC4, there are a few
extra caveats to consider. If the interaction site in particle i is
already inside v, at the beginning of the trial, then A; = 1 and
there are Nﬁ”"‘ - Ay + 1 available sites to choose the mobile

X= Pen(1 = Ppigs)(N; - wa -5+ 1) (60) particle in the reverse move from v to v;. Furthermore, the
two targets, j and k, cannot be inside the AV of each other, or
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Forward Qo—n

Choosej — k
Choose particle of type j 1/N;

1- Pb/as

Choose particle of type k 1/(Ng - 0%)
Choose mobile site in v; 1IN}
Choose rpin v, dr/vy
Choose orientation Pun dw
Reverse an—o
Choose k — Ppias

Choose particle of type j 1/N;

Choose particle of type k 1/(Ng = )
Choose mobile site in v 1/(Nf”'k —Ap+1)
Choose ro iny; dr/y;

Choose orientation Puo dw

Table 25. Particle displacement from one AV to another (AVBMC3/4)
transition probabilities.

the trial is rejected. This trial is summarized in Table 25.

Using Table 25 and substituting Eq. 6 into Eq. 4, the ac-
ceptance probability for the j — k attempt as the forward
transition is

_ _ Prias (Vkpwo) N:'nlj

-BAU
: eV (e1)
1= Phias \ ViPun | NI - Ay +1

X

The acceptance probability for the k — j attempt as the
forward transition is obtained by perturbing the j and k in
Eqg. 61 and inverting the Py, term to yield

- 1= Ppigs (\/ij(,) N;n'k
Ppias  \ VkPwn N:f”'f -2+

X e PAv, (62)

11.3 Translation with configurational bias
(CB)

While configurational bias (CB) is often used to grow com-
plex molecules, CB may also be used to translate particles.
Although this may not be the most efficient choice for many
applications, itis instructive to consider how CB is derived. In
addition, dual-cut configurational (DCCB) [72] may make this
an efficient trial. To our knowledge, CB on single site transla-
tion has not been published before.

A CB translation proceeds as follows. A particle is ran-
domly chosen among all mobile, non-fixed particles in the
old microstate, N = 2P \;, where i is the particle type.
The position of a specific site in the chosen particle is ro at the
beginning of the trial. Then, ¢ new positions, r}, are placed
at random positions selected uniformly within +46/2 of ro in
each of D dimensions. One of the ¢ positions are chosen with

20
4 4

Figure 16. An illustration of the old and new Rosenbluth terms for
hard circles as described in Fig. 2. The red box shows the positions
available to m¢n while the blue box shows the positions available to
meo. Although the entire free volume is available to m¢p, it is not all
available to w¢e. Thus, men 7 meo.

Forward Qo—n

Choose from Nm 1/Nm

oot et | cons
Choose rp in ¢ positions Ten

Reverse an—o

Choose from Nm 1/Nm

oo o |
Choose r, in ¢ positions Tco

Table 26. Translation with CB transition probabilities.

probability mcn, and the particle is rigidly translated to that po-
sition with fixed orientation. The wcn may be a function of the
positions of the particles, and this choice is the namesake of
the CB method [9]. The reverse trial is to choose the same
particle of type i, and translated from rp to r, after choosing
from among c positions with probability mco. The probability
mco is used in choosing a new position about rp, while e is
used in choosing a new position about ro. Fig. 16 shows an
illustrative example of 7co F men.

The transition probabilities are summarized in Table 26.
Using Table 26 and substituting Eq. 6 into Eq. 4, the accep-
tance probability is

X = 20 gAAY, (63)
Ten

There is remarkable flexibility in the choice of ¢ positions,

men. An often-used functional form is given by

e‘BU(rn)

) 64
Wen (64)

Ten =
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where Wen = 325, e7#Uln) and the subscript in denotes that
the positions, r;j,, were placed at random positions selected
uniformly about ro and contain rp. Similarly, 7o is given by

e'ﬁu(ro)

Tco = Weo (65)

where W = Y°f, eYe) and the subscript io denotes that
the positions, r;,, were placed at random positions selected
uniformly about r, and contain ro.

Substituting Egs. 64 and 65 into Eq. 63 gives
Wen -a1AU-ULr)+ULFo)] (66)
WCO
This form of 7¢p is convenient because AU - U(rp) + U(ro) con-
tains only interaction energies beyond the center of the first
site (e.g., if there were multiple sites).

The efficiency of translation CB is debatable and depends
upon the model system. Standard translations for single-site
isotropic particles described in Section 5.1 may be more op-
timal for the following reason. Assuming that the calculation
of the energy takes the majority of the CPU time, a standard
translation requires computing the energy twice (or only
once if the old contribution is stored). In comparison, this
choice of men and mco requires computing the energy 2c
times (minus one if the old contribution is stored). Thus,
in the CPU time it takes to complete one of these CB trials,
approximately ¢ standard trials could have been attempted,
each with their own acceptance probability. In this case, its
possible more than one of the ¢ standard trials could have
been accepted, in which case the standard approach would
be more efficient.

On the other hand, other choices of w¢n and me could
make CB translation efficient, even for single-site particles,
as we will show in the next section.

11.4 Translation with dual-cut

configurational bias (DCCB)
A more efficient choice of w¢n and 7eo is the DCCB approach if
asuitable reference potential may be utilized [72]. The name-
sake of DCCBiis to apply a shorter cutoff to the energy calcula-
tion in wcn and meo, but here we generalize dual-cut to include
any reference potential, Ur, that takes less CPU time than the
full potential, as discussed in Section 10.1. For DCCB,

e‘ﬁUr(rn)

e T E— 67
Wenr (67)

Tcn =

where Wenr = Y25, e7#Urin) and the subscript in denotes that
the positions, r;,, were placed at random positions selected
uniformly about ro. The acceptance criteria is then obtained
by substituting Eq. 67 for both m¢n and w0 in Eq. 63,

‘= Wenr ,-BLAU-UL(ra)+Urtro)] (68)
WCOI‘

’ forward
—_—

o o

reverse

Figure 17. Detailed balance is violated if two separate clusters coa-
lesce during a rigid cluster translation. In the forward transition, the
blue cluster is translated near a separate cluster shown in red. If this
move were allowed, the reverse cluster move would be impossible
because clusters are moved rigidly and cannot be broken apart dur-
ing the trial. To obey detailed balance, reject rigid cluster moves that
result in the coalescence of two originally separate clusters.

Assuming that Uy results in the choice of likely accepted con-
figurations by approximating the highest-contributing parts
of the full potential, the sampling efficiency may be increased.
On the other hand, a poor choice of Ur could decrease the
simulation efficiency. In the worst case, ergodic sampling
is broken by the rejection of valid configurations due to a
poor reference potential, and the simulation results could be
wrong. Despite this, DCCB is an efficient method that may be
tested and benchmarked against simulations without DCCB.

11.5 Translation and rotation of rigid

clusters

The translation of rigid clusters is very similar to that of sin-
gle particles described in Section 5.1, except for the key dif-
ferences that a cluster criteria must be specified, and that
particles identified as part of a cluster must stay in that clus-
ter after the trial. If the clusters are allowed to change, then
detailed balance is violated, as shown in Fig. 17. Rigid cluster
trial moves are biased because the transition probabilities
depend on the configuration (i.e., the cluster criteria).

Arigid cluster translation or rotation proceeds as follows.
First, an individual cluster is identified. This identification
could take many forms. For example, one particle could
be randomly chosen for a given type, and then a flood-fill
algorithm could be used to find all particles within a distance
cutoff from all particles in the cluster [108]. Regardless of
the metric used to identify clusters, the same metric must be
applied again at the end of the trial. In addition, if a cluster
has picked up or lost any particles, then the trial must be
immediately rejected. Clusters may be rigidly translated or
rotated with a parameter that is tunable during equilibration
but must stay constant during production simulations, as
described in Section 5.1. The acceptance criteria is then
given by Eq. 9 or 12.
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12 Implementation issues in MC

molecular simulations

Although the derivation of the acceptance criteria for MC tri-
als is the focus of this article, common errors encountered
during the implementation of MC are included here. For a
more comprehensive discussion of the inner workings of MC
see Ref. [109]. Thus, the scope of this section is for testing MC
trial implementations. In this section, we discuss energy tests
and machine precisionissues for helping to capture common
errors, the calculation of standard deviations using the block
method [110, 111], the generation of a random position on
the surface of a unit sphere and spherical shell, and the gen-
eration of random rotation matrices. This section then ends
with a discussion of the general workflow for testing a new
MC trial.

12.1 Energy tests and machine precision

MC often involves the perturbation of a subset of the system
instead of the entire system. Only the energy of interaction
of the perturbed particles needs to be computed to obtain
the change in the energy of the system. The energy of the
system after a trial is accepted is the previous energy of the
system plus the change. This energy is referred to as the run-
ning total energy. However, round off errors at the limit of
numerical precision cause the running total energy to be dif-
ferent from the total energy calculated based on the inter-
actions of all the particles. This difference increases with the
number of trials. Itis recommended to infrequently compute
the energy of the entire system and compare the total energy
with the running total energy from each energy change. The
total energy may also be compared and updated during tri-
als which update all the particles, such as volume changes.
If the relative differences are not within an acceptable toler-
ance based on machine precision and the magnitude of the
total energy, then this is a clear indication there is a problem
with the way that the change in energy was computed, and
an error or warning should be made visible. If the relative
difference is within an acceptable tolerance, the running to-
tal energy is then reset to the newly calculated value and the
simulation continues.

Another recommended test is to not use any optimiza-
tions when infrequently computing the total energy of the
entire system as part of the energy test described above. In-
frequent in this context essentially means much less often
than once every N trials, where N is the total number of parti-
cles, assuming each trial moves individual particles, such that
the computational cost of the trials is much greater than the
computational cost of the infrequent and unoptimized total
energy calculations. If this unoptimized calculation of the en-
tire system is done infrequently, it will not slow down the

simulation significantly. But it will serve as a test of the op-
timizations and may reveal issues with neighbor or cell lists,
for example.

Machine precision round off errors may cause a number
of other problems. One that is frequently encountered in
software implementations of MC is the acceptance proba-
bilities. Acceptance probabilities may involve several factors
which are both bigand small. For this reason, itis best to com-
pute and store acceptance probabilities as the natural loga-
rithm, In x, and not  [23]. Machine precision issues may also
appear when selecting among Rosenbluth weights. In the FE-
ASST [30] implementation, overflow is avoided by shifting by
a constant inside the exponential terms based on the maxi-
mum value, and later correcting for the shift. Also, the total
Rosenbluth factor may reveal if there is a very small chance
for the trial to be accepted. In that case, the trial may be
outright rejected, because machine precision can make it dif-
ficult to select from among the poor choices.

12.2 Additional code

The following three sections contain Python code examples
that were used in this article. The first is for computing stan-
dard deviations of the mean using block averaging, which
was utilized in the ideal gas tests to compare ensemble av-
erage properties with theoretical expectations. The second
is for randomly generating positions on a unit sphere, which
is used for orienting molecules and anisotropic particles. The
third is for randomly generating positions in a spherical shell,
which is used in AVB algorithms.

12.2.1 Block averages

In the example shown in Code Block 10, the standard devi-
ation is computed using the blocking method [110]. In this
case, only blocks of 100 samples are considered, but a care-
ful analysis would show that the resulting standard deviation
is independent of the block size (when large enough). Thus,
with this implementation, we are assuming that the sampled
states are independent after 100 MC trials, which may be rea-
sonable for an ideal gas but most likely not for a dense lig-
uid. See the blocking tutorial in python interface of FEASST
[30] for an example with computing the block standard devia-
tion from the average position of a particle randomly walking
in one dimension with periodic boundary conditions. If the
maximum translation is smaller than the periodic boundary,
correlations in the position may persist over many trials.

12.2.2 Random position on a unit sphere surface
and random orientation

Situations arise where one needs to generate a point at ran-

dom uniformly on the surface of a sphere in 3D. This is equiv-

alent to defining an isotropically random direction or a ran-
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Code Block 10. The statistics module computes the mean and the
standard deviation of the mean using blocks.

import numpy as np
def block(values, block size=100, equil=1000):
blocks = [np.average(block) for block in
np.array _split(values[equil:], block _size)]
return str(np.average(values[equil:])) + ' stdev ' + \
str(np.std(blocks)/np.sqrt(len(blocks)))

Code Block 12. The quaternion module generates a random quater-
nion by sampling on the surface of a 4-dimensional hypersphere.

Code Block 11. The unit_sphere module generates randomly uni-
form positions on the surface of a unit sphere in three dimensions.

import random
import numpy as np
import matplotlib.pyplot as plt

def uniform _surface(radius=1):
theta = 2%np.pixrandom.uniform(0, 1)
phi = np.arccos(random.uniform(—1, 1))
return [radiusknp.sin(phi)*np.cos(theta),
radiusxnp.sin(phi)*np.sin(theta),
radiusxnp.cos(phi)]

def plot(ax):
for i in range(int(1le4)):
x = uniform _surface()
ax.plot([0, x[0]], [0, x[1]], [0, x[2]],
color="blue’, alpha=0.025)

import random
import numpy as np
def rand():
q = np.empty(4)
sl =2
while s1 > 1:
q[0] = random.uniform(—1, 1)
q[1] = random.uniform(—1, 1)
sl = q[0]**2 + q[1]*x2
s2 =2
while s2 > 1:
q[2] = random.uniform(—1, 1)
q[3] = random.uniform(—1, 1)
s2 = q[2]**2 + q[3]**2
sl = np.sqrt((1 — s1)/s2)
q[2] *= sl
q[3] *= sl
return q

domly oriented unit vector. There are several ways to ap-
proach this: (1) sample the spherical coordinates 6 and ¢, ap-
propriately weighted; (2) use a rejection method to generate
a pointuniformly inside a sphere, i.e., repeatedly samplein a
cube that circumscribes the sphere until the sampleis also in
the sphere, and then normalize the sampled point to a unit
vector; (3) sample the x, y and z coordinates on independent
Gaussian distributions, which yields a point sampled from a
spherically symmetric 3D probability density, and normalize
to a unit vector. The first method listed here is illustrated in
Code Block 11.

A similar problem is sampling a quaternion, which
may be interpreted as a point on the surface of a unit
4D-hypersphere. Accordingly, Code Block 12 shows how
quaternions may be randomly generated by sampling uni-
formly on the surface of a 4D hypersphere using an efficient
rejection method [79]. Code Block 13 uses these randomly
generated quaternions to compute rotation matrices, which
could be used to generate a fully random orientation by
rotating from an arbitrary reference orientation. Finally, a
randomly generated perturbation of orientation is shown
using the axis-angle method in Code Block 14 and Fig. 18.

Code Block 13. The rotation module generates a rotation matrix
from an axis and angle or a quaternion. The first index is the row
and the second index is the column, each starting with an index of
zero.

import numpy as np

def axis_angle(axis, angle):
cos = np.cos(angle)
sin = np.sin(angle)
rtmx = np.empty(shape=(3,3))
rtmx[0][0] = cos + (1—cos)s*axis[0]**2
rtmx[1][0] = (1—cos)x*axis[0]*axis[1] + sin*axis[2]
rtmx[2][0] = (1—cos)s*axis[0]*axis[2] — sinkaxis[1]
rtmx[0][1] = (1—cos)x*axis[0]*axis[1] — sinxaxis[2]
rtmx[1][1] = cos + (1—cos)*axis[1]**2
rtmx[2][1] = (1—cos)*axis[1]*axis[2] + sin*axis[0]
rtmx[0][2] = (1—cos)x*axis[0]*axis[2] + sin*axis[1]
rtmx[1][2] = (1—cos)x*axis[1]*axis[2] — sin*axis[0]
rtmx[2][2] = cos + (1—cos)xaxis[2]**2
return rtmx

def quaternion(q):
rtmx = np.empty(shape=(3,3))
rtmx[0][0] = q[0]*q[0] — q[1]*a[1] — a[2]*q[2] +a[3]*q[3]
rtmx{1][0] = 2+(a[0l*a[1] + a[2l+a[3])
rtmx([2][0] = 2+(a[2]*q[0] — q[1]+q[3])
remx[O][1] = 2+(a[0]xa[1] — a[2]*a[3])
rtmx[1][1] = q[1]*a[1] — q[2]*a[2] — q[0]*q[0] +a[3]*q[3]
remx(2][1] = 2+(a[1]*a[2] + a[O]*a[3])
remx{0][2] = 2+(af2]*a[0] + a[L]*a[3])
remx{1][2] = 2+(a[L]*a[2] — a[0]*a[3])
rtmx[2][2] = q[2]*q[2] — q[0]*q[0] — q[1]*q[1] +q[3]*q[3]
return rtmx
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Code Block 14. Visualize randomly uniform perturbations in three
dimensional particle orientations.

Code Block 15. Visualize randomly uniform positions in a spherical
shell in three dimensions.

import numpy as np
import matplotlib.pyplot as plt
import unit_sphere
import random
import rotation
random.seed(43279857)
ax = plt.figure().add _subplot(projection="3d")
unit_sphere.plot(ax)
for i in range(int(1le4)):
angle = random.uniform(—np.pi/2, np.pi/2)
axis = unit_ sphere.uniform _surface()
x = np.matmul(rotation.axis_angle(axis, angle), [0, 0, 1])
ax.plot([0, x[0], [0, x[L]], [0, x[2]],
color="orange’, alpha=0.025)
ax.plot([0,0], [0,0], [0,1], color="black’)
plt.show()

import random
import numpy as np
import matplotlib.pyplot as plt
import unit_ sphere
r_upper =3
r_lower =2
x = np.zeros(shape=(int(2e5), 3))
for i, in enumerate(x):
radius = (random.uniform(0, 1)*(r_upperx*3 — r_lowers*3) +
r_lowers*3)xx(1./3.)
x[i] = unit_sphere.uniform _surface(radius)
ax = plt.figure().add _subplot(projection="3d")
x = x[x[:, 2] < 0]
ax.scatter(x[:, 0], x[:, 1], x[:, 2], s=1, alpha=0.05)
plt.show()

Figure 18. The output from Code Block 14 shows 103 uniformly ran-
dom blue unit vectors emanating from the origin. The other 103 or-
ange unit vectors are confined to the top hemisphere because they
were randomly generated with the axis-angle method by perturbing
the orientation of an upwards z-axis vector (shown in black) with a
maximum angle parameter, §max = ™ = 180 degrees.

Figure 19. Example output from Code Block 15 shows approximately
10° small blue points randomly generated inside a spherical shell of
outer radius 3 and inner radius 2. To see the inside cavity, points
above z = 0 were removed.

12.2.3  Uniform position in a spherical shell

In the example shown in Code Block 15, positions are gener-
ated uniformly within a spherical shell. This is used to gener-
ate new trial positions with the AV of target isotropic sites, as
shown in Fig. 19.

12.3 Workflow for testing a new MC trial

Another recommendation during testing of new trials is to
start with a result that was obtained using an established
and well-tested set of trials and known to high confidence.
One source of such results is the National Institute of Stan-
dards and Technology (NIST) standard reference simulation
website [112]. Another choice is to generate results with one
or more well-tested, open-source simulation codes. Then,
when computing the same result with the new trial, any dif-
ferences may be further investigated. Start with the simplest
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model and thermodynamic conditions that may reveal dif-
ferences, such as an ideal gas simulation. Also, if possible,
completely remove as many other trials from the simulation
with the new trial, thereby allowing one to better determine
if the new trial is incorrect. Otherwise, the difference in the
results due to the new trial may be difficult to detect, or the
impact of the new trial difficult to isolate, because the other
trials are contributing greatly. For example, AVB insertions
and deletions can be tested without standard insertions and
deletions, and without even NVT translation and rotation tri-
als.

13 Conclusions
We provided a framework for deriving the Metropolis MC ac-
ceptance probabilities in the NVT, NPT, (semi)-uVT and Gibbs
ensembles with a detailed checklist for generating unbiased
trials in each of these ensembles. Discussions of how de-
tailed balance may be violated, as well as code examples to
compare ideal gas MC results with theoretical predictions,
were provided. The checklist was applied with a table format
for generating the transition probabilities to help reduce er-
rors. We considered complex trials with bias, which include
the illustrations and tables but not code examples. Finally,
a discussion of common implementation issues in MC were
included, along with code examples. It is our hope that this
article will make MC molecular simulation methodology de-
velopment more accessible in general to researchers. When
implementing complex MC trials, we recommend first test-
ing with a number of models and thermodynamic conditions,
starting with the simplest and fastest ideal gas simulation.
We encourage readers to comment upon this guide us-
ing the issue tracker of the GitHub repository [https://github.
com/usnistgov/best-practices-mc]. There are many more meth-
ods we would like to add to this guide. Future versions may
include the following MC methods: orientation bias, Mayer
sampling, expanded ensembles, geometric cluster algorithm,
shell particles, bond, angle and branch algorithms and tests.
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