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STEADY-STATE DYNAMICS IN A TWO-PATCH POPULATION MODEL WITH
AND WITHOUT ALLEE EFFECT

LAURENCE KETCHEMEN TCHOUAGA AND FRITHJOF LUTSCHER

ABSTRACT. Most biological populations reside in landscapes that consist of many different patches of
different quality. Different species differ in their movement behavior, habitat preference and growth
rates. Historically, mathematical models for population dynamics have made many simplifying as-
sumptions, such as a single patch or homogeneous landscapes. Recent models have begun to imple-
ment landscape heterogeneity and individual movement characteristics, but many of those are based
on logistic growth and linear analysis of the zero state. We consider a two-patch model with more
general growth functions that can include Allee effects. We prove the existence of steady states and
classify their qualitative behavior. In some special cases, we explicitly calculate their stability and use
these results to give conditions for when the system exhibits bistability, i.e., the simultaneous existence
of two locally stable states. We also study bifurcations with respect to the size of habitat patches and
give conditions for forward and backward bifurcations.

1. INTRODUCTION

The question of how much space a population requires to persist is an old one in spatial ecology.
It dates back to the work by [32] and [19] who determined the conditions for the existence of a posi-
tive steady state of a class of reaction—diffusion equations modelling movement and reproduction of a
biological population. More specifically, they studied the equation
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% :d%+h(u), t>0, (1.1)
where u = u(x, t) denotes the density of the population at location x and time ¢ with diffusion coefficient
d and net growth function A = h(u). They considered a bounded interval z € (0, L) (the “patch”) and
so-called hostile boundary conditions «(0,¢) = u(L,t) = 0. These boundary conditions represent the
assumption that individuals who leave the patch are lost from the population and no individuals can
enter the patch. They considered a linearly bounded growth function, i.e., h(u) < h'(0)u, such as the
logistic function h(u) = ru(l —u/K). In this case, there exists a positive steady state exactly if the zero
steady state is unstable [6]. One can show that this is the case if and only if L is larger than the minimal
patch size L* = w1/d h'(0). The minimal patch size indicates a transcritical bifurcation between the zero
and positive steady state. This result was later generalized to different boundary conditions (known as
mixed or Robin conditions), modelling a boundary where some but not all individuals leave the patch
[6]. If no individuals leave the patch, we have the so-called no-flux conditions u,(0,t) = ug(L,t) = 0,

which imply that the population can persist on an arbitrarily small patch.
An Allee effect occurs when the per capita population growth rate, h(u)/u, is not a monotone
decreasing function of density, and a strong Allee effect occurs when the growth rate at low density is
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negative [9]. Many possible mechanisms for an Allee effect exist, for example the difficulty of finding
mates or the reduced strength of group defence at low density [9]. When the Allee effect is strong,
the zero state is always linearly stable, so that linear stability analysis cannot indicate the existence
of a positive steady state. A typical population growth function with strong Allee effect is the cubic
function h(u) = ru(l—u/K)(u/A—1) with 0 < A < K. When this function is used in (1.1), phase-plane
methods (see next section) yield a saddle-node bifurcation, where a stable and an unstable positive state
exist above a certain critical length, for which no explicit analytical expression exists; see [20] or [6]. In
contrast to the case without Allee effect, the population may not persist even with no-flux boundary
conditions, if the initial population density is too small.

All of these models consider the case of the single patch of uniform quality, yet, most landscapes
consist of several patches of different quality. A typical modelling approach for population dynamics in
such multi-patch landscapes consists of using a reaction—diffusion equation of the form in (1.1) on each
patch and using matching conditions at the boundary between patches (the “interface”) to connect them
[3,2,7,8,12,17, 16, 21, 23, 25, 24, 26, 28, 30, 31, 36, 27]. Matching conditions represent the movement
behavior of individuals, which can include biased movement and habitat preference for particular habitat
types. Typically, such conditions impose discontinuities at the interfaces, either in the flux [5] or in
the density [25, 28]. The study of the dynamics of such systems has largely focused on the rate of
population persistence and spread on steady states when there is no Allee effect. For example, the
study of spatial spread in patchy landscapes began with [30] with simple continuity interface conditions
until the importance of models details at the interface was discovered [25] and applied to various settings
such as marine reserves [2, 21]. Detailed analysis and the existence of spreading speeds and periodic
traveling waves were presented recently in [17, 16], while homogenization methods were pioneered in
[36]. Steady-state profiles, their stability and potential pattern formation on multi-patch landscapes
were investigated in [22, 24, 27]. Models that include an Allee effect are less common since explicit
analytical results are rare. The earliest occurrence for a three-patch model is [22], and more recently
[26] in an infinite periodic setting and [16] on just two but infinite patches. Unfortunately, there is a
huge discrepancy between the few models that include an Allee effect and the increasing acceptance
that Allee effects are frequent in nature [9]. There is evidence that the strength of an Allee effect varies
spatially [33] and that this variation affects the spreading speed. Since several mechanisms that can
cause Allee effects depend on movement and since movement depends on landscape characteristics, it
is clear that abiotic heterogeneity can lead to varying strength of Allee effects or even on their presence
and absence. For example, one classical explanation for the appearance of an Allee effect is the difficulty
of finding mates. Since there are often differences in movement ability between males and females in
a species, different landscape characteristics can change the probability of finding mates and therefore
induce (or not) an Allee effect. The ability (or lack thereof) of plants to attract pollinators is another
potential mechanism for an Allee effect. Certain landscape features may attract or repulse pollinators
locally and therefore affect whether and to what extent plants experience an Allee effect. It is therefore
important to consider landscapes in which a population has an Allee effect in some regions but not in
others.

In this work, we consider a landscape consisting of two adjacent patches of (possibly) different quality
and study the existence and the shape of steady states in such landscapes. In particular, we study the
case when the population dynamics have a strong Allee effect on one patch but not the other. In
the next section, we formulate our model in detail and provide preliminary information and results
on existence of solutions of the resulting system of reaction—diffusion equations. We then show how
a positive steady state for our system can be obtained by ‘gluing’ together solutions of corresponding
systems of ordinary differential equations and their solution curves in the phase plane. We obtain a
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classification of the shapes of steady states (Section 3). As a consequence, we recover a previous results
for steady states when there is no Allee effect, but with different methods. We then study the stability
properties of some special steady-state solutions and combine these insights to obtain results on whether
and when the system shows bistability, i.e., the existence of multiple stable states (Section 4). It turns
out that the relative size of the two patches determines whether there is a global Allee effect if one of
the patches shows an Allee effect while the other does not. We use analytical and numerical methods
to study some bifurcations in our system (Section 5). We close with a discussion that considers some
of the biological implications of our work.

2. MODEL PRESENTATION AND PRELIMINARIES

We consider a one-dimensional landscape consisting of two adjacent patches. The two patches, say
0 < x < for patch 1 and —Il> < z < 0 for patch 2 with an interface at x = 0, can be of different
quality, for example, one could represent dense forest while the other is open grassland. We have a
population that inhabits this landscape and whose dynamics and movement on each patch are described
by a reaction-diffusion equation. Hence, the equation for the population density u;(z,t) at time ¢ and
location z in patch ¢ is

Oug(z,t) d_(?zui(x,t)
ot " 0x?

where d; represents the diffusion coefficient and h; describes the net growth. We will consider two types

+ hy(ui(z, 1)), i=1,2, (2.1)

of growth functions:
e Type M: h(u) is a monostable function, that is, there exists a positive number k such that
h(0) = 0 = h(k), h(u) > 0if 0 < u < k and h(u) < 0 if u > k. As an example, we have the
logistic growth function

h(u) = ru (1 - %) (2.2)

and the weak Allee function
h(u) = ru? (1 — %) . (2.3)
e Type B: h(u) is a bistable function, that is, there exist positives numbers a and k, 0 < a < k,
such that h(0) = h(a) =0 = h(k), h(u) <0 on (0,a), h(u) > 0 on (a,k) and h(u) < 0 if u > k.
As an example, we have the following cubic function, which presents a strong Allee effect

h(u) = ru (% - %) (1 - %) . (2.4)

We impose no-flux conditions at the boundary points x = —Il; and = = [, that is
8’[1,2(—127 t) 8u1 (ll, t)
= =0 t>0. 2.5
Ox Ox ’ - (25)

These boundary conditions imply that no individuals are leaving the two-patch landscape.
We consider the following matching conditions at the interface point z = 0:

wi(0,t) = bus(0,1), >0, (2.6)
8u1(0, t) 8uz(0, t)
- = — > .
g ox d or 20, (2.7)

where § = ady/(1 — a)d;. Parameter «a is the probability that an individual at the interface moves
into patch 1 and, accordingly, 1 — « denotes the probability that the individual moves to patch 2. This
expression of parameter 0 can be derived from a random walk model [25, 28]. Equation (2.6) says that
if individuals have a patch preference (a # 0.5) and/or unequal movement rates (d; # dz), then the
density is discontinuous at the interface. Equation (2.7) reflects flux conservation at the interface. It
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implies that every individual that leaves one patch enters the other and that there is no mortality in

this movement across the patch interface.
By assembling equations (2.1), (2.5), (2.6) and (2.7), we obtain the following system of equations to

study

Ouy (z,t) 0%uy (1)

5 =d; 57 + hi(ui(z,t)), (x,t) €[0,1;] x [0, 00);
Oua(z,t) 0ug(w,t)
o = ds 902 + ho(ug(z,t)), (x,t) € [—l2,0] x [0, 00);
u1(05 t) = (5’(,L2(07t), t> 07 (28)
Ouq(0,1) Ous(0,1)
= >
& Ox da ox £20;
6u2(712,t) _ 8u1(ll,t) _ 07 tZ 0’

oz oz
where each h;, i = 1,2, can be of type M or B.

The well-posedness of a system very similar to (2.8) has been shown by [24]. We omit the proof of
the following result since it requires only minor adjustments to the proofs in their work.

Theorem 2.1. System (2.8) with nonnegative initial condition u(x,0) = ug(z) has a unique global
solution. Furthermore, if ug(x) is nonnegative and bounded, then so is the solution.

To simplify our analysis, we scale system (2.8) such that the density and the derivative at the interface
become continuous. As long as h}(0) # 0, we make the following change of variables:

T= /Bta Ul(ﬂi,t) = 6k2v1(§7 T)7 f =T ﬁd? € 10, Iy ﬂd2 )
ddy ddy
(2.9)
us(@ 1) = kava(§,7), € = 2/B]ds € [~lav/B/d2,0) .
where 8 = h4(0) if ho is of type M or 8 = —h4(0)/aks if hs is of type B.
We obtain the scaled time-dependent problem
a'Ul (57 T) 821}1 (57 T)
or =D 8&2 +H1(U1(§a7_))7 (577—) € [Ole] X [0,00),
81}2(67 T) 827)2(53 T)
D = EOE T W€ 7)), (67) € [+12,0) X [0,00)
v1(0,7) = v2(0,7), T >0 (2.10)
oy (Oa T) _ an(Ov 7_), 7> 0;
29 29
8112(—L2,7') _ 8?]1([11,7’) :0’ 7_207

¢ ¢
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where
d v/ Bd 1 1
D = ﬁ, L1 = ll%lz, L2 = ZQ\/IB/dQ, Hl(Ul) = Mhl((sll’u’zl}l) and H2 = %hg(kgvg).

We notice that H; is of type M (B) precisely when h; is.

When h45(0) = 0, the above scaling with 5 = 1 still leads to solutions being continuously differentiable
at the interface, but other choices of 8 (dependent on the specific form of the function) might lead to
a greater reduction in the number of remaining parameters.

The steady-state equations of model (2.10) are:

d21)1

Dd—€2+H1(u1):07 £ €0, Ly];

d2

d;; + Hy(v2) =0, § € [~L2,0}; (2.11)
'01(0) _ 1)2(0), d’l];é(.()) _ dl)dgé())7 dv251;L2) _ 0, dvld(fl) _ 0

We write this system of coupled second-order equations as two systems of coupled first-order equations
and use phase-plane methods to analyze solutions (compare [35], [34]). System (2.11) is equivalent to

d’Ul - d’Ug o

dié. = wy, dif = w2,

th? = _%Hl(vl)a d%; = —Hs(v2), (212)
v1(0) = v2(0), w1(0) = w2(0), wa(—La) =0, wi(Ly)=0.

It is interesting to note that the ODEs here are coupled only through the interface matching conditions
and not through the reaction term. This reflects the spatial structure of the system where individuals
in patch 1 interact with individuals in patch 2 only indirectly when crossing the interface.

We analyze system (2.12) for different combinations of population dynamics, i.e., type M or B, which
lead to different phase planes of the ODE systems in (2.12). We can have (Hj, H3) of type (M,M),
(M,B) or (B,B) . The case (B,M) is equivalent to the case (M,B) by symmetry. This latter case is the
one that we study in this work. Before we study the various combinations of phase-plane dynamics, we
give the most important properties of each in isolation, i.e., we study

dv _
d¢

w?
(2.13)
dw
— = —H(v).
=AW
The equilibrium points are of the form (v,0) where H(v) = 0. Their Jacobian matrix has trace zero
and determinant equal to H'(7). Hence, if H'(7) < 0 then (7,0) is a saddle; if H'(7) > 0 then (7,0) is
a linear centre. The equation has the energy functional (first integral)

E(v,w) = %wQ + /Ov H(z)dz. (2.14)
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(a) Type M (b) Type B: E(0,0) = E(K,0)
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(c) Type B: E(0,0) < E(K,0) (d) Type B: E(0,0) > E(K,0)

FIGURE 1. Phase portrait of system (2.13) when H is of type M and of type B. We
used functions (2.2) and (2.4) to generate the plots.

Solutions of the ODE system are contained in level sets of E. Using this energy functional, we can
show that a linear centre is also a centre for the nonlinear system. In particular, the level sets of E are
closed near a linear centre so that the vector field has periodic solutions near such a centre.

When function H is of type M with H(0) = H(K) = 0, the qualitative behaviour of solutions of (2.13)
is given by the phase plane in Figure 1(a). When function H is of type B with H(0) = H(A) = H(K) =0
and 0 < A < K, there are three qualitatively different cases. When E(0,0) = E(K,0) then there is a
pair of heteroclinic orbits from (0,0) to (K,0) (Figure 1(b)). All nonconstant orbits inside the region
bounded by the heteroclinic orbit are periodic. When E(0,0) < E(K,0) then there is a homoclinic orbit
from (0,0) (Figure 1(c)). All nonconstant orbits inside the region bounded by the homoclinic orbit are
periodic. They intersect the v-axis exactly twice and have the point (A,0) in their interior. When
E(0,0) > E(K,0), there is a homoclinic orbit from (K,0) (Figure 1(d)). The remaining properties of
the phase plane are as in the preceding case. We denote the point at which a homoclinic intersects the
v-axis by (C,0).

Now, we are interested in the periodic orbits inside the homoclinic or heteroclinic. Using (2.14), they

e ¢ (e [ 1)

for some ¢ € R. We denote the intersection of the periodic orbit with the v-axis by v and ve, with
0 <11 <A<y <K, and the length of the patch by L,. Integrating over the upper or lower half orbit

satisfy E(v,w) = ¢, which gives
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yields (compare [23])

(2.15)

vz dv
L,= .
/Vl \/2 (c— J5 H(z)dz)

For orbits sufficiently close to the center point (A, 0), the length L, can be approximated by linearizing
(2.13) around its equilibrium point (4,0). We find that L, = 7/\/H'(A).

3. SHAPE PROPERTIES OF POSITIVE STEADY STATES

We begin our analysis of the steady states of (2.10) with several results on their qualitative properties,
such as monotonicity and bounds. We obtain these results by analyzing the corresponding systems (2.11)
and (2.12). The phase portrait of (2.12) is a combination of Figure 1(a) and one of Figures 1(b), 1(c)
and 1(d) depending on the type of function H in each patch (see Figures 2 and 3). For illustration
purposes, the phase plane in patch 1 will be represented by blue lines and in patch 2 by red lines.
Therefore, a solution of (2.12) consists of a connected orbit that starts on the v-axis on the red vector
fields and ends on the v-axis on the blue vector fields. The point where the two orbits meet corresponds
to the point at the interface. An obvious and trivial example of such an orbit is the constant solution
(0,0). It corresponds to the extinction of the population in both patches.

3.1. When (H,, Hs) is of type (M, M). The constant function v;(§) = v2(§) = K; is a solution of
(2.11) when K; = K. When K; # K>, the non-constant solutions are characterized by the following
result.

Theorem 3.1. All nonconstant positive solutions of (2.11) (and hence all steady-state solutions of
(2.10)) are monotone and bounded between Ky and K.

Proof. Let v = (v1,v2) be a nontrivial positive solution of (2.12) on [—Ls, L1]. Without loss of generality,
we may assume that Ky > Ks. If we assume that vo(—Ly) < Ks then v2(£) < Ky and wa(€) < 0 for all
& € (—Lo, 0], according to Figure 1(a). Hence, by the interface conditions, we also have v1(0) < Ky < K3
and wy(0) < 0. But then, by following the vector field in Figure 1(a) again, we see that wq(&) is
decreasing so that the boundary condition wi(L1) = 0 cannot be met. Hence we require vo(—L2) > K.
Next, if we assume that va(—Lgo) = K5 then vy and wq are constant, so that, by the interface conditions
we find v1(0) = Ky < K7 and wy(0) = 0. According to the vectorfield, again, we get wy(§) < 0 for
all £ > 0, so that we cannot satisfy the boundary condition. Hence we must have vo(—Lg) > K. By
following the vectorfield, we see that the solution is increasing, so that v2(0) > Ko and w2(0) > 0. A
similar argument shows that we must have vy (L1) < K7 and that the solution is increasing from vy (0)
to v1(L1). Such a solution is indicated in Figure 2. This completes the proof. O
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FIGURE 2. Phase portrait of system (2.12) when (Hi, Hs) is of type (M, M) and
K, > Ks. The nonconstant steady state solution of interest is represented by the
solution that starts at the red dot, increases to the intersection with the blue solution,
then follows that blue solution to the blue dot.

3.2. When (H;, H,) is of type (M, B). The constant functions v1(§) = v2(§) = K, are solutions
of (2.11) when K7 = K5 and when K; = A. Next, we classify all possible and positive nonconstant
solutions of systems (2.12) and (2.11), when H; is of type M and H, of type B, with K; # K3 and
K, # A. First, we reduce the problem of classifying all possible solutions of system (2.12) to the
problem of classifying monotone solutions.

Theorem 3.2. (1) Let v = (v1,v2) be a positive nonconstant solution of (2.12) on [—La, L1].
Then there exists a length 0 < Ly < Ly such that the restriction of v to [*EQ, L4] is a monotone
solution vy, = (v1, Vo).

(2) Let vy, = (v1,v2m) be a monotone solution on [—La, L1]. If (vy(—L2),0) is inside the homoclinic
or heteroclinic orbit (see Figure 3), then for every integer n, there is a solution ¥ = (v1,Vam)
on [— (Ls +nLy), L], whose restriction to its monotone part is the given solution vy, .

Proof. Let v = (v1,v2) be a solution of (2.12) on [—Ls, L1]. We have shown in Theorem 3.1 that each
solution v; on patch 1 is monotone. By the interface conditions, this solution comes from patch 2 with
the same slope, i.e., wy(0) = w1 (0) (Recall that we have scaled the system to have continuous density
and derivative.) Before it can change slope, the slope has to be zero. When the slope is zero, the
boundary condition is satisfied. Hence, there is a length of patch 2 that has this monotone solution.
More precisely, we know that wq(—La) = 0 by the boundary conditions. If ws(§) # 0 for all § € (— Lo, 0),
then vy is monotone since wy is the derivative of va. If wy(§) = 0 for some & € (—Ls,0), we pick the
largest £ € (—Lo,0) such that wy(€) = 0. Then, v2,,(£) = vo(€) for € € (€,0) is monotone. We have
proved the first part of the theorem.

Let va,,(—L2) be inside the homoclinic or heteroclinic orbit. Then there is a periodic orbit through
this point and solution vy, oscillates, producing any number n half orbits starting and ending on the v-
axis on the distance L, given by (2.15). Therefore, solutions vy, can be extended on [— (L2 +nL,), L1].
We have proved the second part of the theorem.

|

We classify monotone nonconstant solutions of (2.12), and therefore monotone nonconstant steady
states of (2.10), in the following theorem.

Theorem 3.3 (Classification of solutions). Let (vi,v2) be a positive monotone solution of (2.12).
Generically, this solution is of one of three following types:

(1) The solution is strictly increasing in both patches with va(—Lg) < min{A, K1} and v1(Lq1) < K;.
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(2) The solution is strictly increasing in both patches with va(—Lg) > Ko and v1(L1) < K1, provided
K > Ks.
(3) The solution is strictly decreasing in both patches with max{A, K1} < ve(—La) < Ko and
v1(L1) > Ky, provided K1 < K.
In addition, the following solutions exist under the accompanying non-generic conditions.
(1) The solution is strictly increasing on patch 2 with vo(—Lo) < A and constant on patch 1 with
v1 = K1, provided that
e K1 > A,
e The point (K1,0) is inside the homoclinic or heteroclinic orbit in Figure 3(c) , and
o Ly =L, as defined in (2.15), with vy = K.
(2) The solution is strictly decreasing on patch 2 with va(—Lg) > A and constant on patch 1 with
v1 = K1, provided that
o K1 <A,
e The point (K1,0) is inside the homoclinic or heteroclinic orbit in Figure 3(b), and
o Ly =L, as defined in (2.15), with v; = K.

Proof. Let v = (v1,v3) be a positive monotone nonconstant solution of (2.12). First, we assume that
K < Ks.

Case 1: We fix va(—Ly) < A and assume that Lo # L,. Then following the vector fields in
Figure 1(b), the solution is increasing with wy(§) > 0 for all £ € (—Ls,0]. Hence, by the
interface conditions, we also have wi(0) > 0. Then, following the vector fields in Figure 1(a),
we see that the boundary condition wy(L1) = 0 can only be met if w; (&) is decreasing, which
implies that v1(L1) < K;. Hence, we have va(—L3) < min(A4, K;) and an increasing solution
from v1(0) to v1(L1). Such a solution is present in all the plots in Figures 3(a), 3(b) and 3(d).

Similar arguments can be used to first show that a decreasing solution satisfying max(A, K1) <
vo(—Ly) < Ky and v1(L1) > K; exists when A < vo(—Ly) < Ko and Ly # Ly; and second,
that there is no solution when vy(—Lg2) > Ky and Ly # L,. Figure 3(b) illustrates a decreasing
solution.

Case 2: We fix Ko > va(—Ly) > A and assume that Ly = L, with v5 = v3(—L2). Then following
the vector fields in Figure 1(a), this solution is decreasing with v2(0) < A and wy(0) = 0.
The point (K4,0) may be on this orbit if K3 < A. Then we can have v; = v3(0) = K;. By
the interface conditions, we have w1(0) = 0 and v1(0) = K;. Since the boundary condition
w1 (L1) = 0 is already met at v1(0), then the solution v; is constant and equal to Kj.

Similarly, if we fix va(—L2) < A and assume that Ly = L, with 11 = va(—Lg), we can find
an increasing solution vy and a constant solution vy if K1 > A and vy = v3(0) = K;. Theses
two solutions can be observed in Figures 3(c¢) and 3(d), respectively.

Second, we assume that K; > Ks. Then one can use the same arguments as in the proof of Theorem 3.1
to show that there is an increasing solution that is bounded between Ky and K; (see Figure 3(c)). O

In the case (M,M), we have previously shown elsewhere that the positive steady state is unique, and
also that it is globally stable among positive solutions; see Theorem 2 in [27]. Since we do not have
uniqueness here in general, we cannot expect global stability results. In the next section, we will study
local stability properties.

4. STABILITY PROPERTIES OF POSITIVE STEADY STATES

In this section, we focus on the case where one patch has monostable and the other bistable dynamics,
i.e.,, (M,B). We consider the eigenvalue problem corresponding to the linearized system of (2.10) at its
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(¢) Ki < A< Ko (d) A< K1 < K»

FIGURE 3. Some phase portraits of system (2.12) when (H;, Hz) is of type (M,B). As
in the previous figure, sample solutions start at a red dot, follow the red vector field
until the intersection with the blue vector field, then follow that until the blue dot.
Plots ¢) and d) contain solutions where the red vector field ends at a blue dot; these
solutions do not follow the blue vector field for any positive length of time.

steady state solutions, obtain the existence of the principal eigenvalue, and then use the principal
eigenvalue to determine the stability of theses steady state solution. We will then use the sub- and
supersolutions method to obtain some results on the coexistence of multiple positive steady states. A
recent related result by [24] proves the existence of a dominant eigenvalue in the space of continuous
functions.

4.1. The principal eigenvalue and linear stability of a steady state solution. We linearize the
first two equations of (2.10) at a steady state solution, () = (91(£),72(§)), and search for a solution
of the form 7;(¢,7) = exp(o7)¥;(§), where n;(&,7) = v;(§,7) — 5;(§), ¢ = 1,2. The corresponding

eigenvalue problem is
2

D@ + Hi(v1)
LY =0y where L:= ) (4.1)
;—52 + Hj(v2)
with the boundary and interface conditions

$1(0) = 12(0), ¥1(0) = ¥5(0), 91(L1) =0, ¢y(~L2) =0. (4.2)

We set Y = {(¢1,%2) € W22 ([0, L1]) x W2 ([—Ls,0]) | satisfies (4.2)}. The following result
shows that (some of) the classical Sturm-Liouville [1, 13] theory can be generalized to L.
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Theorem 4.1. (1) Each eigenvalue of L on'Y is real.
(2) The eigenvalues of L form an infinite sequence {0}, where

> with o — —00 as k — oco.

01> 092032 ... 2 0 > ...
(3) L has a principal eigenvalue o1 with a positive eigenfunction v = (1,19) in' Y. Moreover, the
principal eigenvalue satisfies

Ly 0 1
_ /\2 _ /\2 -
A ())2de [hwg%+D

Ly

0
Hmmﬁ%+[L%wm@m

0

(4.3)

T1T yeviro 1 b 0
| 5| utdes [ udae
0 —Ly
We provide the proof of this theorem in Section 6.1. The following proposition gives some properties
of the principal eigenvalue (4.3).

Proposition 4.2. Let v = (01,72) be a steady state of (2.10). The principal eigenvalue o1

(1) is negative if Hy(v1) and H,(U2) are both negative. In that case, U is linearly stable.

(2) is positive if the sum
L 0
Hi(v1)d¢ + D Hj(v2)d¢
0 —Lo
18 positive. In that case, v is linearly unstable.

(3) satisfies ming (HY(01), Hy(v2)) < 01 < maxe(H{(91), H5(02)).

Proof. Let © = (v1,72) be a steady solution of (2.10). If H{(v;) and H}(v2) are both negative then the
numerator of (4.3) is negative. Therefore, o3 < 0 and © is stable. In (4.3), the maximum is taken over
Y, and constant functions belong to Y, so by taking ¢ = 1 in (4.3), we obtain

Ly 0

Hi(v,)dé + D i Hy(v2)d¢
> 20 —L2 4.4
o1 = L+ DL, (44)

Thus,
L1 0
H!(v1)d¢ + D H}(05)d€ > 0
0 —Lo

implies o1 > 0. Then, ¥ is unstable.
Now, we assume that H{(?1) and H5(2) depend on &. Then, ming{H{ (1), H5(02)} < H](v;) <
maxg{H{(01), H5(02)}. The right-hand side of (4.4) becomes greater than
L, DL, . /- .
H H. .
<L1 +DL2 + Ll +DL2> mé_ln{ 1(1)1)’ 2(”2)}
Therefore, o1 > ming (H{(v1), H5(02)). On the other hand, the right-hand side of (4.3) is less than

Ly 0
(;()a%m+/;;£%>mmdﬂumxﬂﬂw»
S 1 (Db 0
o ) vt [ uae
—L2
Therefore, 01 < maxe(H{(01), H5(02)). We conclude that

mgn(Hi(’Ul)aHé(ﬁz)) <o < m?X(H{(@l)vHé(ﬁz))-
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Corollary 4.3. (1) Suppose (Hy, Hs) is of type (M,M) or (M,B) such that K1 = Ky. Then the
steady state (K1, Ks) is (linearly) stable.
(2) The steady state (0,0) is unstable when (Hy, Ha) is of type (M,M).

Proof. H{(K;) and Hj(K>) are both negative whatever type Hy and Hy are. When (Hy, Hz) is of type
(M, M), H{(0) and H(0) are both positive. Then from Theorem 4.2, (K7, K3) is stable and (0,0) is
unstable. O

4.2. Stability properties of steady states (0,0) and (K;,A4), K; = A. We study the stability
properties of steady states of system (2.10), namely (0,0) and (K4, A), with K7 = A, in type (M, B).
In type M alone, the zero state is unstable, but in type B alone, it is stable. Hence, we expect that for
the combination (M, B), the stability of (0,0) depends on the relative length of the two patch types.
If Ly is large with respect to L, then the steady state would be stable, otherwise unstable. We can
explicitly calculate the boundary of Ly where the stability switches. A similar effect was first observed
in an infinite periodic model [30]. The reverse consideration applies to (K7, A): the constant state K
is stable on type M alone and the constant state A is unstable on type B alone.

After lengthy but standard calculations (see [25]), we find that the boundaries of the stability region
depend on model parameters as follows:

oo b e | IO JHi(0)
For (0,0) : Ly = —— 10 t h[ Ok ( = L1> (4.5)
S S S B e < 1€ €0 —Hi(Ky)
For (K1, A): Ly = > t l DHAL h( L Llﬂ. (4.6)

Note that —H%(0) > 0 and —H{(K7) > 0. Hence, we have the following result:

Theorem 4.4. (1) Define Ly as in (4.5). Then (0,0) is a locally asymptotically stable state of
(2.10) if Ly > Lo and unstable if Ly < Lo.
(2) Define Ly as in (4.6). Then (K1, A) is a locally asymptotically stable state of (2.10) if Ly < Lo
and unstable if Ly > Lo.

We illustrate the stability region of these two solutions in the L;—Ls plane and identify possible
regions of bistability with respect to these parameters. In (4.5), the boundary value Ls in an increasing
function of H{(0) and L;, and a decreasing function of —H}(0) and D. We find a vertical asymptote

for Ly at
L=1L{=,/D/H{(0)arctan \/—DHQ(O)/H{(O)

In (4.6), the boundary value Lo is an increasing function of —H{(K7) and L;, and a decreasing

function of H5(A) and D. Moreover, as L; increases, this boundary curve approaches a horizontal

1§ = \/1/Hj(A) arctan [~ H{ (I,) / DH(A).

We find the derivatives of (4.5) and (4.6) at zero because comparison of the two will give us the
region of instability and bistability. At the state (0,0), we have L,(0) = —H/(0)/DH}(0) and at
(K1, A), Ly(0) = — ] (Ky)/ DHj(A).

To illustrate, we use the functions (2.2) and (2.4) in which case H{(0) = R, H5(0) = —A, H{ (K1) =
—R and H)(A) = A(1— A). Notice that H{ (K1) does not depend on K; but H(A) does depend on A.
Equations (4.5) and (4.6), with their derivatives at L; = 0 become

asymptote Lo = L§, where




208 L. KETCHEMEN TCHOUAGA AND F. LUTSCHER

_______________ instability . o
25 instability ) instability
] S T A e e e ——
15 15
Nis N ——D=0.9 N ——R=0.9
; D=2 N R=2
1
stability stability
05 stability o8y
0 0 - 0
0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 1 2 3 4 5 6
1 L L
(a) D=3, R=0.75 (b) A=0.5, R=0.75 (c) A=05,D=3
6 6 6
5 5 5
I —D=0.9
4 1 4 —D=2 4 ——R=09
« | ‘ —r2 | )
N3 h \ s s | 1
N stability ' i
1 1 -
? stability V) 2 stabilty /! !
) 1 1 1
1 1 (I ! 1 i ! 1 1
lmstabnny ; instability instability 1
1 i 1 1
00 0.5 1 15 25 00 0.2 0.4 0.6 0.8 1 1.2 14 00 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
L L L
1 1 1
(d) D=3, R=0.75 (e) A=0.5, R=0.75 (fy A=05,D=3

FIGURE 4. Boundaries (4.5) and (4.6) of the stability regions as a function of patch
sizes Ly and L. Panels (a)-(c): at the state (K1, A). Panels (d)-(f): at the state (0,0).
The dashed lines represent the asymptotes.
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o (/%)

For both steady states, the stablhty region is presented in Figure 4. We plot Lo as a function of L,
first, with fixed values of D and R for different values of A; second, with fixed values of A and R for
different values of D; third, with fixed value of A and D for different values of R. For these three plots,
(0,0) is stable above the boundary curve (see Figure 4(d), (e) and (f)), while (K7, A) is stable below
the boundary curve (see Figure 4(a), (b) and (c)).

We are now interested in the combination of the plots in Figure 4. Looking at (4.7) and (4.8), since
0 < A < 1, the slope L5(0) for the state (0,0) is less than that for (K;, A). We then conclude that the
stability domain of the solution (K7, A) is above the one of (0, 0) for small L; and below for large Ly, so
that both domains intersect. Figure 5 presents the combination of plots in Figures 4(a) and 4(d). We
obtain four different regions. In region (I), the state (0,0) is stable and the state (K7, A) is unstable
whereas the stability is reversed in region (IIT). The states (0,0) and (K, A) are both unstable in region
(IT), while they are both stable in region (IV).

We analyze the regions where at least one of the states (0,0) and (K7, A) is unstable. We use sub-

1
For (0,0) : Ly = —=arctanh

VA

R

1
For (Kl,A) : L2 = arctan m

N7y L4(0) =

(4.8)

and supersolutions methods to show the existence of multiple positive stable steady state solution of
system (2.10). We have the following result:
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1v) (111

0 0.5 1 1.5 2 25 3

FIGURE 5. Stability regions of steady state (0,0) and (K7, A). I: only (0,0) is stable,
IT: both are unstable, III: only (K7, A) is stable and IV: both are stable. Parameter
values are A = 0.85, R =0.75 and D = 3.

Theorem 4.5. (1) In region I, system (2.10) has at least one nonconstant stable positive steady
state.
(2) In region II, system (2.10) has at least two nonconstant stable positive steady states.

Proof. We apply the idea developed in [6], Section 3.2. Consider the eigenvalue problem (4.1)—(4.2)
at (01(€),02(€)) = (0,0) and (v1(£),2(€)) = (K1, A), with respective principal eigenvalues o) and o7,
and let Y9 = (Yo1,%02) and 1 = (11,1%12) be the corresponding positive eigenfunctions. When the
states (0,0) and (K, A) are unstable, then ¢{ > 0 and o > 0. We construct sub- and supersolutions
as appropriate multiples of ¥y and ;. The assumptions on H; imply that, if z is small, we can write
Hi(v; + 2) = H;(v;) + H.(%;)z + Gi(;,2)2%, where G; is a C? function in v;. For e sufficiently small,
we set: (vi1,v12) = (€Y1, €oz2), (v21,v22) = (K1 + €11, A + €)12), (v31,v32) = (K1 — €11, A — €tr2)
and (v41,v42) = (K, K), where K > K is a positive constant. We have that:
d27)21
D
2 dez
d®v
T? + Ha(vag) = ethiz (01 + G2(A, epr2)epra) > 0,
dU21(0) dUzl(O) d’UQQ(—LQ) dU21(L1)
0) — 0)=0 — =0 =0
v21(0) — v22(0) =0, T A : A T

Hence, (va1, v22) satisfy the definition of a subsolution of the equilibrium problem (2.11). A supersolution

+ Hy(v21) = €11 (0] + G1(A, ev11)etp11) >0,

=0.

of (2.11) will satisfy the reverse inequalities. Similarly, we can show that (v11,v12) is a subsolution for
(2.11), (vs1,v32) and (v41,v42) are both supersolutions for (2.11).
In region II, (0,0) and (K4, A) are both unstable. We consider two cases.

Case 1: If v(&,7) is a solution of (2.10) with v(&,0) = (v11, v12), then v(§,7) is an increasing
solution in 7. If T(&, 7) is a solution of (2.10) with T(&, 7) = (v31,v32), then T(, 7) is decreasing
in 7. Since, 0 < vy1; < vz < K7 and 0 < v13 < v32 < A, then by monotonicity (0,0) <
v(é,7) < (€, 7) < (K1,A). Hence, there exists a positive steady state (v{,19) of (2.10)
satisfying v1; < v? < w31 and v1g < vg < V3.

Case 2: If v(&,7) is a solution of (2.10) with v(&,0) = (ve1, va2), then v(£,7) is an increasing
solution in 7. If 7(¢, 7) is a solution of (2.10) with T(&,7) = (v41, v42), then B(, 7) is decreasing
in 7. Since for small €, K7 + eip1; < Ky and A + e)15 < Ko, then by monotonicity v(€,7) <
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F1GURE 6. Different shapes of steady states corresponding to different regions in Fig-
ure 5. The blue (red) parts of the curves correspond to the solution in patch 1 (patch
2); the dashed lines correspond to solution (K7, A) when it is unstable. The black line
at K5 on patch 2 only serves to visually indicate the carrying capacity there and is
not part of a solution. We used the logistic growth function on patch 1 and the Allee
growth function on patch 2. Parameters are A = 0.85, R = 0.75, D = 3, and L, =
8.7982.

v(€,7). Hence, there exists a positive steady state (vi,vl) of (2.10) satisfying vo; < v{ < vg;
and vgy < U% < V42.
Therefore, when (0,0) and (K, A) are both unstable, at least two nonconstant bounded positive stable

solution exist in region II.
In region I, the state (0,0) is stable and (K7, A) is unstable. The same arguments as in Case 2 above

show the existence of a nonconstant positive stable steady state here. O

Remark 4.1. In region III, the system (2.10) may or may not have a nonconstant stable positive steady

state (see Figure 6 below).

Figure 6 shows the different steady states of (2.10) according to the four regions of stability of the
constant solutions (0,0) and (K7, A) obtained in Figure 5. In region I, in addition to the zero steady
state, we have a decreasing solution between K; and Ky (Figure 6(a)). As we increase Li, we move
into region II, so that the zero state loses stability and an increasing solution appears. We now have
two positive nonconstant steady states (Figure 6(b)). Alternatively, in region IV, both constant steady
states are stable and we do not observe any nonconstant steady states (Figure 6(c)). Finally, in region
ITI, there may or may not be a nonconstant stable steady state; see Figures 6(d) and 6(e).
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Since the black and pink curves in Figure 5 correspond to a real dominant eigenvalue crossing zero,
and given the shapes of steady states found in Figure 6, it seems reasonable to expect that both
curves correspond to transcritical bifurcations. Specifically, the pink curve appears to correspond to
a transcritical bifurcation where the trivial state (0,0) is stable on the left (Figures 6(a) and 6(c))
and unstable on the right (Figures 6(b) and 6(e)). Similarly, the black curve appears to correspond
to a transcritical bifurcation where the intermediate state (Ki, A) is stable below (Figures 6(c) and
6(e)) and unstable above (Figures 6(a) and 6(b)). We explore these bifurcations more closely in the
following section. The situation in Figure 6(d), which can only occur inside region III, requires a
different bifurcation, which we will illustrate numerically in the following section.

All the results above hold for the special case that K1 = A, but they can also give us information on
the case when K is close but not equal to A.

Lemma 4.6. If the constant steady state for K1 = A of (2.10) is linearly stable, then there is a
nonconstant steady state when K; is close enough but not equal to A.

The proof of this lemma is an application of the implicit function theorem; see e.g., Chapter 3 in [6].
We omit it here, but the reader can find details in Lemma 4.3.7, Section 4.3 in [18].

5. BIFURCATION

In this section, we consider in more detail the behavior of our system when one of the spatially
constant states becomes unstable at the values of Lo that we calculated explicitly in the preceding
section. Specifically, we show the bifurcation of some non-constant steady-state solutions of (2.10),
following [10] and using the length of patch 2, Lo, as bifurcation parameter.

Rather than having the bifurcation parameter in our spatial domain, we would like to fix the domain
and bring the bifurcation parameter into the equations. We can achieve this by scaling the coordinates
in each patch by their respective length (on patch i, &€ = L;€ and dv; /dé = L;dv;/d€). Then the steady
state equations of system (2.10), given by (2.11), can be rewritten as
d27}1

DdingrL%Hl(Ul):O, € €0,1];

2
(1151)22 + L3H>(v2) = 0, €€ [-1,0]; (5.1)
v1(0) = v2(0), dv;éO) = ﬁjdvééo), dwd(g_l) =0, dv&él) =0.

We consider the bifurcation of a nontrivial solution of (2.10) from the zero steady state solution at
some bifurcation point Ly = Ly, defined in (4.7).

Theorem 5.1. Let 01 = o1(Ls) be the principal eigenvalue of the linearization of (5.1) at zero and
denote by (1,19) the positive eigenfunction associated with Ly = Lo, where o1(L2) = 0. Then the
following hold.
(1) Ly = Lo is a bifurcation point for (5.1).
(2) Near (f/g, (0,0)), the set T' of positive solutions of (5.1) bifurcating from the line of constant
solutions {(Lz, (0,0)) : Ly > 0} has the form:

I = {(La(s), (v1(s),v2(s)) : =6 < s < d},

where § is a positive constant and (v1(s),v2(s)) = (s¥1+ s21(8), sP2+ s2z2(s)) with differentiable
functions La(s), z(s) = (21(s), 22(s)) satisfying L2(0) = Lo, and z(0) = 2'(0) = (0,0).
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(3) There exists a length L} such that for Ly < L7, the bifurcation is backward and for Ly > L7,
the bifurcation is forward.

The proof of this theorem is given in Section 6.2.

We illustrate the statement of this theorem in Figure 7 below. We plot the value of v1(0) = v3(0) of
a steady-state solution as a function of Ly. For v1(0) = 0 and v1(0) = A = K1, we indicate the stability
as calculated in Section 4, where a solid (dashed) line indicates a stable (unstable) solution. When
L, is small, the bifurcation from (0,0) is backward, which means that the stable branch has negative
values. Since this is biologically irrelevant, we do not plot it here (Figure 7(a)). When L; is large
enough, the bifurcation is forward, which means that the stable branch is positive here (as indicated in
Figures 7(b) and 7(c)). When L, is intermediate, then the bifurcation value Ly is finite (near Ly = 2
in Figure 7(b)). When L, is so large that patch 1 alone can support a population, then the zero state
is unstable, independent of the value of L; (Figure 7(c)).

The same theory can be applied to study the bifurcation behavior at the positive state (K7, A). The
numerical results, included in Figure 7, indicate that the bifurcation from that state is always forward.
Looking at Figure 7, we expect branches of unstable solutions. In Figure 7(a), the branch would connect
the backward transcritical bifurcation from (0,0) to the bifurcation point on (K7, A), In Figures 7(b)
and 7(c), we expect the branch to connect the left endpoint of curve of nonconstant stable solutions to
the bifurcation point from (K4, A). In other words, we expect that the endpoints indicate a saddle-node
bifurcation. Saddle-node bifurcations are common in connection with a strong Allee effects.

v(0)

— = Unstable
—Stable

N

6 1 2 6 6
L, L, L,

(a) Ly =1 (b) Ly =213 (c) L1 = 3.5

v(0)
v(0)

— = Unstable
——Stable

= = Unstable
——Stable

FIGURE 7. Bifurcation diagram with respect to L,. Parameters are K; = A = 0.85,
R =0.75, D = 3. We used the logistic growth function in patch 1 and the Allee growth
function in patch 2.

6. PROOFS

6.1. Proof of Theorem 4.1. The method used to prove this theorem is an adaptation of the one used
to prove related theorems in [6] and [4]. We only indicate the main steps here; more details can be
found in [18].

We consider the separable Hilbert space H = L? ([0, L1]) x L? ([~L2,0]) as our base space. On H,
we define the inner product

1 b 0
(Y, o) = D Y11d€ + Padadg
0 Lo

and obtain the norm

1
lvllF = 5”%“%2([0,&]) + 192l 22— 1.0))-
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We set YV := {(¢1,¢2) € W32 ([0, L1]) x W?2 ([—L5,0]) |¢ satisfies (4.2)} and define the operator

d2
~D-— +¢
ez
—L:=
d2
—— +tec
dez "7
We assume that ¢; are positive continuous functions and denote by «; := min¢; and 5; = ||¢;||o- For

brevity, we will denote derivatives with respect to £ by primes.

Step 1: We multiply —Ly = ot by a function ¢ = (¢1,¢2) € Y and integrate to find the bilinear form
B[, ] associated with the elliptic operator —£L as

Ly 0 Ly 0
Bl = [ wioder [ vioider g [Camoder [ ewmeds 6)

0

for 1, ¢ € X , where X = {(¢1,¢2) € WH2([0, L1]) x W2 ([=L5,0])}. This bilinear form defines an
inner product (¢, ¢)p := B[y, ¢] on X.

Step 2: We also define the inner product

0

1
oix =5 [ o vignde+ [ (aoa+ vgoh) de.

B

from which we obtain the norm

1
vl = ) (||¢1||%2({0,L1]) + |W1||%2([0,L1])) + (HQ/JQH%?([ng,O]) + ||1/J§H%2([7L2,0])) .

For brevity, we will use the index L? instead of L?([—La,0]) or L2([0, L1]) if no confusion can arise. We
can show by standard estimates that the two inner products (¢, ¢)p and (¥, ) x generate equivalent
norms.

Step 3: For any fixed ¥ € X, we define the linear functional

0

1
6o 5 [ windet [ vavade

It is not too hard to show that G is bounded. Hence, the Riesz Representation theorem (eg [13]) implies
that there exists a unique ¢ := T¥ € X such that (T, ¢)p = G(¢)¢, where T is an operator defined
on X. We show that T is a positive compact symmetric operator on X.

Since G(¢)¢ = G(¢)v and G(v) is bounded, T is symmetric and bounded. Furthermore, (T, 4)p =
G()Y = ||¢||% > 0. Thus, T is positive. Let show that T is compact. We consider a bounded sequence
{wk};’;l in X. Since X is a Hilbert space, the sequence {¢k};°:1 has a weakly convergent subsequence
{t,}521, that is, there exists 1) € X such that (Y, ¢)x — (¢¥,¢)x as j — oo for all ¢ € X (see [15],
Theorem 5.12). The compact embedding of W12 in L? implies Yy, — ¢ as j — ooin H. We have that:

1T, = Tl = (T (e, — v), Tthr, — T)
1 [ 0
=< /0 (Vr, — )1 (T, — Top), d€ + /_ (¥, — ¥)2 Ty, — Tw), d¢

L2
< o |[on; =l [T, = Tl -
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Thereby, [|TYr;, — TY||p < Ca szk]. — ¢||H. Therefore, {Ty,}72, converges in X. We then conclude
that T' is compact.

Step 4: From the properties of T', we conclude that there exists a countable orthonormal basis {¢ }52
of X, consisting of eigenvectors of T', that each eigenvalue of T is real, and that the eigenvalues form a
discrete sequence {ux}52, tending to zero as k goes to infinity [13, 1].

For py, # 0, we take the inner product of Ty, = prpr with any ¢ € X to get (T'ok, ¢)p = pr(@k, ®)B-
By the definition of T and the inner product (-, ) g, we get G(¢r)¢ = ur Bk, ¢]. After dividing by py,

this becomes
1 (1 & 0
L de + / d
o D/o Pk, $1dE . Pl P2dE
0

Ly 0 1 Ly
— [ dtider [ vdhder g [ epnodss [ capr,onds
0 —Lo 0

— Lo

Since this holds for all ¢ in X, ¢y is a weak solution to

d21}1 1
7Dd7§2 + v = Evl’ £ €0, Ly];
d2’U2 1
— d§2 + Ccovg = ﬁvg, f S [_LQ,O];
dus (0 dv1(0) dws(—L dvi (L
v1(0) = v(0), jé ) _ 52 ), 225 2) _, 1d(§ )y,

By standard elliptic regularity theory, ¢; will belong to Y. Thus, the eigenvalues of —L are the

sequence {)\k}zozl, where A\, = — satisfies \; < Ag < A3 < ... and Ay — o0 as k — oo. It then follows

E
that the eigenvalues of the operator £ are the discrete sequence {oj}72,, where o, = —\; satisfy
01> 09> 03> ...> 0 > ... with o, = —o00 as k — oco. The principal eigenvalue of £ is given by [13]

L, 0 1 Ly 0
. IN29e N29e  © 290 2
/0 (4)de / (R / IR / | eavds

0

1 f 2 2
b wtace [l

m

g1 = ax
peX, Y#0

Positivity of the eigenfunction ¢; was shown in [24]; see also [4] for a more general method.
As in [24], if ¢; are not positive, we pick a large enough constant ¢ > 0 and solve instead the problem

d?v -

—D@ + (1 + Qv = (A + @)vy = Aoy, £e0,Ly];

d2’l)2 N
_digz‘i'(Cg“rq)’UQ:()\—f'q)Ug:)\’Ug, & € [—Ls,0];

d'UQ(O) d'U1 (0) d'UQ(—LQ) d’Ul(Ll)

0) =v2(0 = =0 =0.

Ul( ) 02( )a d§ d§ ) df ; df
When ¢; + ¢ > 0, the previous reasoning applies, and eigenvalues 1 = — )1 exist, but the principal

eigenvalues o1 = 1 + ¢ need not be negative. Due to this insight, we can use ¢; = H/(¥;) in the formula
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above and obtain the desired expression for the dominant eigenvalue

Ly 0 1 Ly 0
- [Cwrag- [ wirac 5 [ H@outaer [ @it
_ 0 Lo 0 Lo
RS S 1 kb 0 . (6.2)
L[ wtae s [ ugae
0 —Lsy

6.2. Proof of Theorem 5.1. We define X = L? ([-1,0]) x L? ([0, 1]), W = W22 ([-1,0]) x W22 ([0, 1])
and a nonlinear mapping F: R x W — X x R* as

F(La, (v1,v2)) = (6.3)

Solutions of the equation F(Ls, (v1,v2)) = 0 correspond to the steady states of our model. Hence,
we aim to find nontrivial solutions of (2.10) by studying bifurcations of (6.3) from the zero steady state
solution at the bifurcation point Ly = Lo, defined in (4.7).

The map F is continuous in v, twice Fréchet differentiable in v, and F(Ls, (0,0)) = 0 for all Ly > 0.
We apply the local bifurcation theorem from [10].

Step 1: We determine the dimension of the null space of V,F(Ls, (0,0)).
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Standard calculations give us the Fréchet derivative of F' at the bifurcation point (Lq, (v1,v2)) =

(L, (0,0)) as

VuF(Ly, (0,0))[¢] =

d?¢,
ez

dH1(0)

D + L}

d?¢,
ez

dHs(0)

E2
+ 2 dvg

b2

$1(0) — ¢2(0)

o, b1

d2

D dg;l + RL2¢,
42 _
dg’? — AL362

¢1(0) — ¢2(0)

dg2(0) Ly d¢:(0) dg2(0)  Le de1(0)
de L, d¢ d¢ Ly d¢
dei(1) de (1)
d¢ d¢
dga(—1) dga(-1)
d¢ d§

where we have substituted the expressions for H/(0) from our standard examples.
The null space, N (V,F(Lz,(0,0))), of V,F(Lg,(0,0)) is therefore given by:

2
Dddggl + RL2¢, = 0;
A2y -
oeW: d£22 — AL3¢y = 0;
_ dge(0) Ly dei(0) dga(=1) = deu(1)
= span{7},

where 1) is the eigenfunction associated to the (simple) eigenvalue o1(L2) = 0 of (6.10). Since ¢ is
nonzero, dim(N(V, F(Ls, (0,0)))) = 1.

Step 2: We prove that the codimension of the range of V, F(Ls, (0,0)) is 1.

For a bounded operator, the dimension of the null space of its adjoint operator is equal to the
codimension of its range. We define the right-hand side of (6.4) as an operator T': W x R® — X x R*,
show that it is bounded and determine its adjoint T*. We consider R™ with his standard inner product
and define the inner product on X by

L [ 0
(0, 0)x = DL1/0 <P1¢1d€+/1#72¢2d§-

Let ® € W x R® with

D=(¢1 62 ¢1(0) 62(0) H4(0) 64(0) éx(1) a(~1) #(1) Sh(1) )
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and G = (g1, 92, a,b,c,d) € X x R*. First, we show that 7" is a bounded operator. We have that:

L ! 2 0 —o, 12
T / | D + RLu|” dé + / [ — AL3 o] A€ + (1(0) — $2(0))”
0 -1
= 2
1(0) - 22410 L)+ (gh(—1))° 6.5
+ ( ¢5(0) L1¢1( )| +(01(1)" + (¢a(=1))". (6.5)
Next, we find a bound for each expression of (6.5). Using Cauchy’s inequality, we have that:

1
2
/ D& + RLi61|" d¢ < D* |16 I[72 + R*LY | éull72 + 2DRL |l 2 116 2
0

2 2
< D? |12 + B L [l + DRL3 (161172 + 16 72)

Therefore, we have the estimate
! 2 2 2
| 1por + Rizer* g < (07 + Rt + 2DRLY) (Jnl3e + on )
0

Similar steps give

2

(400~ 2610)) = @60)° + (£2610)) - 2260640)

=\ 2
<2400 +2(2) @or

= 2
L
< <2+2 (L) ) [(65(0))° + (6(0))°]
1
The other components can be estimated similarly. Therefore,
2 2 2714 2 E2 2 1112
IT®1% czs < (D + R2LE + 2DRLY) 2 (ll6n3s + 1641172 )
DL,
+ (1+ 2413 + 42L3) (16al32 + 162”1172
Lo\2 L 2
2 2 2
¥ <6+2<L1) ) [(«51(0))2+<¢2<o>>2+<¢;<o>> ¥ (L1 a<o>)

+(@1(1)° + (65(-1)°]
< G616l + Ca @]

Hence,
2
IT®[% xrs < C 1Pl s -

where C = C; + Ca, with C; = D? + R?L} + 2DRL? + 1+ 2AL3 + A2L4 and Cy = 6 + 2(La/L1)?.
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Next, we compute the adjoint operator of T' in the standard way. We have that:

L ! _
(T®,G) = DL21 /0 (D¢} + RLI¢1] gr1d€ +/ [0 — AL3¢2] g2d€ + a (61(0) — $2(0))

b (¢>’2<0> - 2¢a<o>> et (1) + dely(-1)

0
- T2 / o1 [Dgf + R3] a6+ [ 0n o — AT de

Ly

+ 7 (150~ [9rilo) + l9205]”, — [9204]" , +a (61(0) ~ 62(0)

b (¢;<o> - ¢a<o>) T ety (1) + dgh(~1)

0 Lo
L [ oo+ rugaacs [ o lof - AT o+ o)

DL1
2200610 - ZoiD1) + 22 010060) + :(0)65(0) — ga(-1)6h (-1

~ 6(0)05(0) + 9a(~1)gh(1) + a1 (0) — agn(0) + B5(0) b2 ,(0) + e} (1)

+dgh(—1)

0 - Ly
=2 [Coulogt+ mizgac+ [ oalot - aBjgs)ac+ (0 Zi0)) on00)

== 500 a0+ (~ 20 0) =072 ) 10+ 0+ 2(0) 350)

- 200G + 6al-1gs-1) + (4 D) 40 + (- al-1) 5(-1).
1
Hence, we have (T®,G) = (P, T*G), where

. _ Lo
"G = < Dg! + RL3g1 g —AL3gs a+ 72g1(0) —a—gh(0) ——2g1(0) — b2
I, I, I,

L
b+g2(0) —
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Next, we find the null space of T*. We have that: TG = (0 <

Dg! + RL3g; =0 Dg! + RL3g, =0
g4 — AL3gs =0 g5 — AL3g> =0
a+g1(0)=0 91(0) = g5(0) 91(0) = ¢2(0)

—
—a—g5(0)=0 a = —g5(0) 91(0) = g5(0)
L L
—2201(0) = b= =0 91(0) = g2(0) gi(1) =0
L1 Ll
— —
b+g2(0) =0 b=-60(0) g2(=1) =0
(1) =0 = g{(1) =0 @=-9(0)
gé(—l) -0 b= —92(0)
_ L
LQ L2 c = _72 ]_
c+flgl(1):O:>c__flgl(l) ngl( )
4 go(~1) = 0 = d = go(~1) 4=g2(-1)
Therefore,

N () = span { (11,2, 04,0, 6200) —ijwn,wg(—l))}

and dim(N(T*)) = 1. Since T is bounded, we obtain dim(N (T*)) = codim(R(T')) = 1, where R denotes
the range of the operator.

Step 3: We show that
dV,F
dLy
where ¢ € N(V,F(Lz,(0,0))).
We start by determining the expression of R(V,F(Ls,(0,0))). Since T is a bounded operator, the
range of T is equal to the orthogonal space of the null space of its adjoint. Let * € N(T*), then

(l_/2a (Oa 0))[¢] ¢ R<VUF<I_/2a (Oa O))),

R(V,F(Ly,(0,0))) = {G = (g1, 92,a,b,¢,d) € X x R* such that (U*,G)y, ps =0}
={G = (91,92,a,b,¢,d) € X x R* such that I(g1, g2, a, b, c,d) = 0},

where [ is defined by
Ly

1(917927%[?,07 d) = E

1 0 EQ
[ otns [ aan - avh(0) — bun(0) — e 2un(1) + (-1, (60)
0 1 1
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To show that ddVL”F (L2, (0,0)[6] ¢ R(VoF(Ls, (0,0))), we pick ¥ € N(VyF(Ls,(0,0))). We have
2
that:

0.0 = (o ok

dH,(0) 1, T

_ 1 T
:(o 2ALy 0 —1y0) 0 o) ,
Ly

and

0
(L (L 0.0)0]) = —24Ls [ 43+ a00) 44 0)

We will later explicitly calculate the eigenfunction i) and then evaluate this expression to find that it
is indeed nonzero; see (6.9) and (6.14). We conclude that

ddvT”F(iz, (0,0)[¢] ¢ R(V,F(La,(0,0))).
2

Based on Steps 1-3, we apply Theorem 1.7 from [10] (see also Lemma 1.1 in [11]) and find: if Z
is any complement of N(V,F(Ls,(0,0))) in W, the solutions of the equation F(Ls, (v1,v2)) = 0 near
(L2,(0,0)) consist precisely of the curves (vi,v2) = (0,0) and (La(s), (v1(s),v2(s)), s € I = (—6,0).
The functions (La(s), (v1(s),va(s)) are C! functions such that Ly(0) = Lo, (v1(0),v2(0)) = (0,0) and

(v1(0),v5(0)) = (¥1,v2). Furthermore, (vl(f),vg(s)) = (8101 + s21(8), st + s22(s)), where (¢1,1)9) is
the positive eigenfunction associated to o1(Lz), and z(0) = 2/(0) = 0.

Step 4: We compute the formula for the direction of the bifurcation.
Shi provides this formula without details [29]. Here, we give the details. Following the original proof
in [10], we define:

sTYF (Lo, sv) + 82), if s #£0,
H(s,La(s),2(s)) =
VoF(Lz2,(0,0))[¢ + 2], if s=0.

By definition, H (s, La(s), 2(s)) = 0. We differentiate this expression to find

Hy(s, La(s), 2(s)) 7 Ly(s)H, (s, La(s), 2(s)) T 2'(s)H.(s, La(s), 2(s)) . 0.

Since z'(0) = 0 (see above), the last of these three terms vanishes. For the second term, we calculate

H(0, L2(0) + h, 2(0)) = H(0, L(0), 2(0))

lim
h—0 h
i VP (La 1 (0,0)[6 + 2(0)] = VP (La, (0.0)[ + 2(0)
h—0 h
dV,F
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The first term becomes
H(h, Ly(0),2(0)) — H(0, L2(0), 2(0))

i :
. %F(EQ, h(¥ + 2(0))) — Vo F(La, (0,0)[¢ + 2(0)]
_ ;:m: F(Ly, h(1) + 2(0))) — hivF(f,Q, (0,0))[t) + 2(0)]
~lim F(Lg, (0,0) 4+ k(¢ + 2(0))) — F(EZ[LZEO’ 0)) — AV F(Ls, (0,0))[¢ + 2(0)]
- %hQAvF(EQ, (0,0))[¢ ;;(ow 2(0)] + ()

1 _
Hence, the above expression becomes
SAF (L, (0,0) U] + L5(0) 2 (2, 0,0)) = 0

We want to solve this equation for L} (0).
We begin with the second derivative of F. Since

dHy (v + dH; (v
Fro(v1 + 1) — Fio(v1) = Dgll + Lfil(dlv 2 6, Dol 4 12 Clh() g,
dHq (v + ¢ ) dHl(’U1> dng(Ul)
_ 72 1\V1 1) _ 72
=L < dv dv Lidrar dv?

we have

.
AUF(LQ,(vhvz))MHw]:(L%¢1<p1d2H1(”1) qusmw 00 0 o) :

dv?
At the bifurcation point (Lg, (v1,v2)) = (La, (0,0)), we obtain

dv?

.
AuF(Ez,(070))[¢][<p]=<—QfL%wl 2(14+ A)L3¢ap2 0 0 0 o)

We also have that

dH2 (’02)
v

]
<i2,<o,o>>m:(o oL, R G o)

-
- 1

:<0 ~24Lyir 0 —7-4{(0) 0 0) :

With this, (6.7) now becomes
Ry 2,12 !
_ZL1¢1 (I1+A)Lsvs 0 0 0 O
_ 1 T
+L'2(0)<0 —2ALstp2 0 —L—lwi(O) 0 O> =0.

Applying [ from 6.6 to (6.8) gives

221

(6.8)

L ! R 0 / 0 T 1 ’
(-2 [ Gowwtacs [+ angutac) + o) ([ -24Ldac+ Lui0m0) =0

- DL,
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Finally, we are ready to solve for L}(0) and obtain (after simplifying)

R 1 ) 0
aphr [ vhe- s L. [ v
5(0) = Ly Ly ° —

— (6.9)
¥, (0)42(0) — 2A4L; L / e

The sign of L,(0) will give the direction of the bifurcation. As the last step, we now calculate this
expression.

The principal eigenvalue o1(L2) and its associated eigenfunction ¢» = (¢1,19) of the eigenvalue
problem
D¢ + RLig1 =061, £€0,1];
¢y — AL3do = s, £e[-1,0]; (6.10)
/ Ly / / /
$1(0) = ¢2(0), ¢5(0) = E¢1(0)’ 95(=1) =0, ¢1(1) =0,

satisfy (using the same method as in [30, 25])

- - 1
o1(Ly) = 0 where Ly = — tanh~*

/i \/gtan <\/§L1>
P1(§) = FQCOSh(\/ZMi cos <\/§L1 (= 1)) ; (6.11)

Ua(§) = Facosh (VAL (§+1))

for some nonzero number Fy, with ¢} (0) = F»\/R/D Ly cosh (\/Zig) tan («/R/D Ll) and 15(0) =
F5 cosh (\/ng).

We observe that L, exists if and only if 0 < y/R/AD tan (\/R/D Ll) < 1, which implies that
0 < L, < /D/Rarctan (w/AD/R).

Calculating the numerator and denominator of the expression in (6.9) is now possible, but tedious,
using the formulas for powers of trigonometric functions. We only show one such calculation explicitly

here, namely for the first integral in the numerator of (6.9).
With a = /R/D Ly, we have that

sin(3a(¢ — 1)) + 9sin(a(¢ —1))1"  sin(3a) + QSiH(Cl).

1
3(a(€ —1))d :[ =
| eostate 1) - 0 -
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Thus,

COSh3 \/ZEQ R/D R R
F3 3 <R 121{1 <sin (3\/DL1>+93111< DL1>>
3 [\ =L
CcOos D 1
\/W sin <31/§L1) tan <\/§L1>
— 3 3 T
- YL FQCh(\/ZL) ——+9
V' D

cos3 <

Using several trigonometric identities, we finally arrive at

tan EL + gtan?’ EL
R L /R/D _, VD™ "3 Dt
ELI ¢1d§ = A FQ 3/2 . (612)
0 R IR
1 — —tan? —
AD D

A similar calculation can be carried out for the second integral in the numerator of (6.9). Combining
the two leads to the following expression of the numerator

A —|— 2 1 + — R R tan ELl
/R/D R AD D V. D
Num = 1 Fy tan BLl 373 . (6.13)
- B (B
AD Dt
Equally tedious calculations involving trigonometric identities for the denominator give us
R IR IR /R
F22 \/;Ll tan ( DL1> i D tan ( DL1>
Deno = — L1F} | AL, +
R IR R of R
1— E tan ( DL1> 1— ——tan < DL1>

AL Lo F2.
Now, using (6.13) and (6.14), we find that

(6.14)
R R\ [ /R
D i —A+ <1—|— 1D D)tan <\/;L1>
L/2(0) TFQ tan (\/;Iq) 3/2 (615)
A

R (/R
l—ADtan< DL1>
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The denominator of L}(0) is always negative, but the numerator can change sign. We calculate the sign
change as a function of L1, the length of patch 1.

2
LQ(O):OZ—A—i—g (1—1—/{;—1—5)‘5&112 (\/§L1> =0
| R 3A

14— 4t
R

D 342D
VR \\2AD TR+ 4R) |

Therefore, for L1 < L}, we have L,(0) > 0, thus the bifurcation is backward and for L; > L}, we have
L4(0) < 0, thus the bifurcation is forward.

7. DISCUSSION

We considered a fairly general model for population dynamics in a two-patch landscape. We allowed
for qualitatively different growth functions on the two patches (monostable or bistable). We established
the existence of steady states and some of their qualitative properties by analyzing the phase plane of
the corresponding steady-state system. This method allowed us to generalize the existence result proved
in [27] for logistic growth function to all monostable functions. In the case of mixed monostable/bistable
dynamics, we classified all monotone steady states and proved that all steady states can be obtained
from these by concatenation of periodic orbits in the phase plane.

Our results apply to more general landscapes, for example to a protected area (core) surrounded by
a non-hostile but lower-quality area (buffer) as in [5] or to an infinite periodic landscape as in [25] and
[17] as follows. In the first case, denote the interval [—Lq, L] as the core and an interval of length Lo on
either side of this as the buffer, with our discontinuous interface conditions at +L;. Then any solution
on the two patch landscape [0, L1] U [L1, L1 + Lo] with no-flux condition at z = 0 as studied here,
can then be extended to a (symmetric) solution on the core-buffer landscape. Similarly, every periodic
two-patch landscape with patch sizes 201 and 2L, can be concatenated from the two-patch landscape
[0, L1] U [L1, L1 + Lo] by reflection and periodicity. Hence, every steady state on [0, L1] U [L1, L1 + Lo]
with no-flux boundary extends to a steady state on a the periodic landscape.

To study the stability of steady states, we analyzed the corresponding eigenvalue problem. As a
result, we generalized some of the classical Sturm—Liouville theory to our setting. It will be an interesting
challenge to try and generalize other aspects, for example the result that zeros of eigenfunctions interlace.
In general, explicit calculations of stability are rarely possible, but the case of spatially constant solutions
(under some conditions on parameters) allows for such calculations and gives interesting insights. We
proved the existence of multiple stable states and the existence of nonconstant steady states by a
combination of linear analysis, sub- and supersolution methods and bifurcation results.

We did not consider the case where both growth functions are bistable, but we expect that the
methods that we developed here carry over to that case. In fact, our argument that the classification
of steady states reduces to the classification of monotone states carries over directly. The phase-plane
analysis will consist of more cases, namely the combinations of the phase portraits in Figures 1(b), 1(c)
and 1(d), but the arguments will be the same. The linear stability analysis at constant states will also
carry over. One big difference will be that the zero state will always be stable, so that no solution will
bifurcate from it.
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The appearance of a fold bifurcation is not too surprising in our model. Such bifurcations are often
associated with strong Allee effects. However, when considered on a single patch, one of the two locally
stable states is the zero state [20]. In our case, we have a fold bifurcation where both stable states are
nonzero; see Figure 7(c). This opens the door to hysteresis. For example, if the population initially
is on the lower positive stable solution branch (say for L, = 1.5), then decreasing Lo will lead to
increasing population densities until Lo crosses the bifurcation, upon which the population will jump
to the higher positive solution branch. Upon increasing Lo again, the population will stay at that level
and not decline to the lower original level any more.

Even though Allee effects are common in nature, their treatment in mathematical models for popu-
lation dynamics is quite rare. This is due, to a large extent, to the difficulty of analyzing such models
rigorously. Similarly, spatially explicit and heterogeneous models are less frequently studied than either
spatially implicit or spatially explicit but homogeneous models. For example, the classical spatially
explicit Allee effect model consists of a single patch [20], whereas the landmark models for spatially
heterogeneous population dynamics explicitly exclude an Allee effect [14, 22, 30]. A spatially explicit
model with Allee effect in two different patch types was analyzed in [26], but only via homogenization
and by numerical simulation. Our work and results provide a new approach and insights. For example,
Allee effects are typically considered dangerous for population persistence so that one would like to
limit them in an effort to protect species. Hence, increasing the size of an adjacent patch without Allee
effect seems to be a useful measure. Looking at Figures 6(a), 6(b) and 6(e) shows that this is indeed
helpful to populations at small densities: the zero state is stable when the Allee patch is large und
unstable when the non-Allee patch is large. However, at the same time, the total population density
at the positive steady state between K; and Ks decreases, i.e., a larger population declines. Hence,
well-meant management actions could have unintended negative consequences.
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