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DYNAMICAL ANALYSIS OF A COVID-19 MODEL WITH HUMAN-TO-HUMAN
AND ENVIRONMENT-TO-HUMAN TRANSMISSIONS AND DISTRIBUTED
DELAYS

JIE XU, YAYUAN LEI, TARIQ Q S ABDULLAH, AND GANG HUANG

ABSTRACT. SARS-CoV-2 can survive in different environments and remain infectious for several days,
which presents challenges to eliminating infectious diseases. It encourages researchers to study the
effects of SARS-CoV-2 on the environment. In this paper, we formulate an epidemic model for SARS-
CoV-2, which focuses on the transmission of the virus under environmental conditions. Two distributed
delays are introduced to describe the probability of the exposed and infected individuals in different
infection periods based on the transmission of the virus in the environment. The positivity and bound-
ness of solutions of model are derived. The basic reproduction number threshold theory is established
and the results demonstrate that the persistence of COVID-19 depends on the basic reproduction
number. Numerical simulations are presented to verify the theoretical results. Some measures are
proposed to control and eliminate COVID-19 infectious diseases.

1. INTRODUCTION

Infectious diseases, such as acquired immune deficiency syndrome (AIDS), tuberculosis, cholera, and
influenza, are caused by viruses, parasites, or pathogenic microorganisms that can be transmitted from
human to human, animal to animal, or human to animal [15]. Infectious diseases not only pose public
health burdens for society but can bring great disasters to the national economy.

Source of infection Transmission routes Susceptible host

FIGURE 1. Transmission of infectious disease.

As Figure 1 shows, infectious diseases can spread or prevail according to the three compartments, the
source of infection (people or animals that can excrete pathogens), the transmission routes (pathogen
transmission routes to others), and the susceptible host (healthy people who can be infected). Cutting
off one of the links completely is considered a useful way to prevent the occurrence and prevalence of
this infectious disease. Therefore, it is very important to investigate the pathogenesis and transmission
mechanisms of infectious diseases.
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Mathematical modeling is one of the most efficient tools for investigating the transmission of infectious
diseases in the population. By analyzing the dynamic properties of the model, it is not only possible
to understand the transmission mechanisms of infectious diseases but also to study the transmission
patterns of infectious diseases qualitatively and quantitatively, which is important for the formulation
of prevention and control measures.

In recent years, coronavirus disease 2019 (COVID-19) has been troubling the world which is caused by
a novel coronavirus named SARS-CoV-2. Coronaviruses are enveloped RNA viruses that are distributed
broadly among humans, other mammals, and birds and that cause respiratory, enteric, hepatic, and
neurologic diseases [14, 30]. Severe acute respiratory syndrome (SARS) and Middle East respiratory
syndrome (MERS) are also caused by coronaviruses. However, different from SARS, asymptomatic
infection plays a major role in the spread of SARS-CoV-2 [27]. Asymptomatic infections refer to
individuals who are infected and carry viruses, but lack noticeable symptoms throughout the infection
course. Johansson et al. [12] introduced an analysis study to estimate the transmission of SARS-CoV-2,
which concluded that at least 50% of new SARS-CoV-2 infections are caused by asymptomatic infected
individuals. Almadhi et al. [1] analyzed the data from the National COVID-19 Database in Bahrain,
which supported these predictions. The presence of individuals with infection but without symptoms
reduces the efficiency of identifying the asymptomatic infected individuals through symptom screening,
creates difficulties in controlling the source of transmission, and leads to pandemics of infectious diseases.
It is important to use mathematical modeling to study the dynamic properties of infectious diseases
and propose appropriate control strategies to eliminate epidemics.

The impact of individuals who are infected and infectious but not yet symptomatic on the transmis-
sion of COVID-19 cannot be ignored, and many scholars have introduced exposed infectious into their
models. Annas et al. [2] constructed an SEIR model for COVID-19 and provided stability analysis and
numerical simulation of the SEIR model. They found vaccines can accelerate COVID-19 healing, and
the isolation period can slow the spread of COVID-19 in Indonesia. To consider whether and for how
long the dynamic zero-crown strategy adopted by China since August 2021 can be maintained, Cai et
al. [7] developed an age-structured stochastic SLIRS model and suggested some factors should be the
focus of future mitigation policies. Berger et al. [5] presented a standard SEIR model with testing and
several other pertinent features and pointed out that testing asymptomatic individuals can stand in for
economically costly quarantine measures.

By investigating a cluster of COVID-19 cases in Wenzhou, China, Cai et al. [8] realized that indirect
transmission is a route of SARS-CoV-2 transmission, and they pointed out that indirect transmission
perhaps results from objects contaminated by virus or aerosols containing virus. Xiao et al. [28] provided
evidence for gastrointestinal infection with SARS-CoV-2, and it suggested infection may spread via
faeces. Ong et al. [17] detected the presence of SARS-CoV-2 on the surfaces of objects and suggested
the contaminated environment as a potential medium of transmission. Kampf et al. [13] summarized
22 studies that revealed that human coronaviruses persist on inanimate surfaces like metal, glass, or
plastic for up to 9 days. It is necessary to consider the impact of SARS-CoV-2 in the environment.

Yang and Wang [29] proposed a mathematical model with non-constant transmission rates, empha-
sized the role of the environmental contamination in the transmission of COVID-19, and reflected the
impact of the on-going disease control measures. To investigate the effect of viruses in the environment
and individual mobility on infectious diseases, Rao et al. [19] established an SEIVR (Susceptible-
Exposed-Infected-Environment-Remove) epidemic model with individual mobility, and suggested that
customs inspection is very effective in preventing high-risk group movement. Naik et al. [16] pro-
posed a novel nonlinear mathematical model of the COVID-19 epidemic, analyzed the effects of the



38 J. XU, Y. LEI, T. Q. S. ABDULLAH, AND G. HUANG

environmental virus on the transmission patterns, and determined the relative importance of the dis-
ease transmission parameters. To enhance the surveillance of wastewater for early epidemic prediction,
Proverbio et al. [18] presented a novel mechanistic model-based approach to reconstruct the complete
epidemic dynamics from the SARS-CoV-2 viral load in wastewater. Zou et al. [31] indicated that viral
loads in the nasal and throat are related to days of infection, and higher viral loads were detected soon
after symptom onset. The number of viruses in the environment is not only related to the number of
individuals infected but also to the viral load in their nasal and throat. Thus, we propose a model with
two distributed delays to describe the difference of viral load in nasal and throat at different stages of
infection.

The main objective of this paper is to construct the DDE model for COVID-19 and analyze the
stability of the model. The rest of the paper is organized as follows. In Section 2, we construct the
DDE model according to the characteristics of the spread of COVID-19. The positivity, boundness,
and analysis of the reproduction number of the model will be investigated in Section 3. In Section 4,
we analyze the stability of two equilibria. Numerical simulations are presented in Section 5 to confirm
the theoretical results. In Section 6, we conclude the paper with some discussion.

2. MATHEMATICAL MODELING

To study the spread of COVID-19, Tilahun and Alemneh [24] proposed the following model

43 =71+ nR — B(o1] + 02E)S — pS,
% = fB(o1l +02E)S — (6 + p)E,

L =70E— (e+p+p)l,

4 — (1-7)E+¢el — (u+n)R.

(2.1)

In this model, the population is divided into four compartments: susceptible(S), exposed(F), infected
(I) and recovery(R) individuals. The exposed individuals indicate those people who are infected and
infectious but not yet symptomatic.

This model examined the impact of exposed infections on COVID-19 without considering the impact
of viruses in the environment. Thus, in our model, W is added to characterize the density of the viruses
in the environment since susceptible individuals can be infected by viruses that are transmitted to the
environment by infected and exposed individuals. As the viral load in the nasal and throat is related
to days of infection, two distributed delays are introduced in our model with kernel functions given by
f(m1) = fi(r)e ™ and g(72) = g1(m2)e %272, where 6, and & are the average removal rates of exposed
and infected individuals. f1(71) denotes the probability that the virus is transmitted from individuals
who turn into exposed individuals at t — 71 to the environment at moment ¢, and g;(72) denotes the
probability that the virus is transmitted from individuals who turn into infected individuals at ¢t — 7
to the environment at moment ¢. We assume that viruses in the environment are removed at rate d.
Thus, the dynamic of viruses in the environment is governed by

AW (t)
dt

+oo +oo
:/ 01E(t*7’1)f(7’1)d7’1+/ O—2I(t77_2)g(7_2)d7_2 7dVV, (22)
0 0

where o1 and oy are the respective rates of exposed and infected individuals spreading the virus to the
environment.

We assume that recovery individuals would not lose their immunity, then the transfer diagram for
the COVID-19 model with human-to-human and environment-to-human transmissions and distributed
delays is depicted in Figure 2.
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F1GURE 2. Transfer diagram for the COVID-19 model with human-to-human and

environment-to-human transmissions and distributed delays.

Thus, we consider the following model

UsR

%(f) — A— B1SE — BoST — B3SW — 11 S,
dE(t
% = BLSE + B2SI + B3sSW — (o + o) E,
dr(t
% =akF — (’Y+M3)Ia
dR(1)
ant) _ 7
% vl — R,
+00 Heo
T = [ B -rsrin + [ 1wl - n)gmin - dw.
0 0
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where the parameter A is the population influx. 81, 82, and 3 represent the transmission rates between
susceptible individuals and the exposed, infected, and the viruses in the environment, respectively.
1, b2, s, and py are the death rates of the susceptible, exposed, infected, and recovered individuals,
respectively. Due to the fact that COVID-19 increases the mortality rate of individuals, we asumme
that min {2, 3, 14} > p1. The parameter a~! indicates the incubation period between the infection,
and the onset of symptoms and -y represents the rate of recovery from infection. For the kernel functions

f(r1) and g(72), we assume f1(71) > 0,91(72) > 0 and

+oo +oo
/0 f(Tl)dTl = 1,/0 g(TQ)dTQ =1.

(2.4)

Due to the infinite delay, we need to determine an appropriate phase space. For any A€ (0, min {01,

da}), let
Cp= {<p : (—00,0] = R, p(#)e”? is bounded on (—oo,O}} ,
and
Yr={peCs:p@) >0forall § <0}.
Define the norm on C, and Y, by

| ¢ ||=sup [p(0)e>?].
0<0

Let Rf = [0, +00), the initial conditions of (2.3) are given as

S(0) = s0, E(0) = 1(0), 1(0) = 2(0), R(0) = ro, W(0) = wo, 0 € (—00,0],

where sg, rg, wg € Rar and p; € Y, fori=1,2.

(2.5)
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3. WELL-POSEDNESS

Theorem 3.1. Solutions of system (2.3) satisfying the initial conditions (2.5) are non-negative.

Proof. Asumme that there is a t; > 0 such that S(¢1) < 0, then there must be a t3 € [0,t1) such that
S(t2) = 0 and S’(t2) < 0. By the first equation of system (2.3) it has S’(t3) = A > 0 for S(t2) = 0,
which is a contradiction to S’(t2) < 0. It follows that S(¢) > 0 for all ¢ > 0.

Suppose that there is a t3 > 0 such that E(t3) < 0, then there must be a 0 < { < t3 such that
E(t) >0 for all t € [0,%], E(f) = 0, and E’(f) < 0. From the second equation of system (2.3), we have
I(t) < 0 or W(t) < 0. For the case of I(f) < 0, there must be a 0 < < t such that I(t) > 0 for all
t €1[0,4], I(f) = 0, and I'(f) < 0. From the third equation of system (2.3), we have E(f) < 0, which is
a contradiction to E(t) > 0 for all ¢ € [0,7]. We can show that W (f) < 0 is a contradiction to E(t) > 0
for all ¢ € [0,#] in the same way. Thus, there does not exist t3 > 0 such that E(t3) < 0, which implies
E(t) >0 for all t € [0, +00).

From the fourth equation of system (2.3), it follows that

t
I(t) = I(0)e~(rHmalt / aB(n)etra)t=nqy,
0

This shows that I(t) > 0 for all ¢ € [0, +00) from E(t) > 0 and the initial conditions.
By the last two equations of system (2.3), we obtain

t
R(t) = R(0)e ! + / (et dy,
0

and

t +oo +o00
W(t) = W(0)e +/ [/ o1 E(n— 1) f(m)dn +/ ool (n — 72)g(m2)drs | e DAy,
o LJo 0

It is easy to show that R(¢) > 0 and W (t) > 0 for all t € [0, +00) from E(t) > 0, I(t) > 0, and the
initial conditions. The proof is completed. O

Theorem 3.2. Solutions of system (2.3) is ultimately bounded, that is there exists M > 0 and ty > 0
such that for solutions of system (2.3) satisfy max {S(¢t), E(t), I(t), R(t), W(t)} < M for anyt € [ty, o).

Proof. From N(t) = S(t) + E(t) + I(t) + R(t), one gets

AN(2)
at

=A—S(t) — p2B(t) — p3I(t) — paR(t) < A — pa N(2),
then we obtain

A
limsup N(¢) < —.
t—o00 M1

This implies that there exists Ny > 0 such that solutions on [Ny, 00) satisfy
A A A A
St) < —+LEWl) < —+1,IH) < —+1L,R({t) < —+1.
251 251 H1 H1
Next, we define S(0) = s for all § € (—o0,0] and

“+o0 “+o0
Ft) = é /O o1 [S(t—1)+E(t—7)] f(ﬁ)dﬁ—#% /0 0o [S(t—72 )+ E(t—72)+ I (t—73)]g(72)drat W (1),



Combining F'(t) and equations of (2.3), it has

Ao Ao 1 [t
Py 2w Tzq _ &/ oSt — 1) + ppE(t — 7)) f (r1)dm
0

1 [T
- / o2[p1S(t — T2) + p2 E(t — 72) + psl (t — 12)]g(T2)dTe — dW (1)
0
SAalp 4 Aoaq _hE®),

o v
where h = min {4, d} and

+oo +oo
p:/o f(m)dri, QZ/O g(m2)drs.

Then we have

. Aoip | Aoag
1 Ft) <
o B S
which means that there exists No > 0 such that
Aoip  Aosog
W) < 1 for t € [IV: .
(t) < ah+fyh+ or t € [Na,400)
Hence,

Aoip | Aoag
1
ah + vh +

and to > max { N1, N2} are obtained such that solutions of system (2.3) satisfy

max {S(t), E(t),I(t), R(t),W(t)} <M for any t € [tg,00).

A
M>max{—|—1,
21

41

]

Since the equations of S, E, I and W are decoupled in (2.3), it suffices to study the following system

U N BiSE — BT~ By5W — S,
) _ 5158 + BoST + AW — (o + pa)P,
ar(t
PO op— 1,
“+o0 —+oo
dV([;t(t) = / o1 E(t — 1) f(m)dm + / ool (t — 1) g(12)dTo — dW.
0 0

It is obvious that system (3.1) has a disease-free equilibrium Ey = (Sp,0,0,0), where So = A/ ;.

(3.1)

The infection components in this model are E,I, and W. The new infection matrix F and the

transition matrix V are given by
B1So B250 B350
F == 0 0 0 I
0 0 0
and
o+ o 0 0
V=] -« v+ p3 0
— | ouf(m)dr = [) o2g(m2)dmy d
By R = p(FV 1), we get the basic reproduction number of system (3.1) as followed

A (( B1 n aBs n (v + p3)op + CVU2Q]53) '

Moo=\t m T ermotm T (et im0 )
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If system (3.1) has an endemic equilibrium FE;(S*, E*, I*, W*) which should satisfy the following
equations

A= B1S*E* — BoS*I* — B3 S*" W™ — 11.8™ =0,
B1S*E* + B S*I* + B35 W™ — (a + ‘LLQ)E* =0,
aB* —(y+ps)l* =0, (3.3)

+oo +oo
/ o1 E* f(m)dm —|—/ ool g(m2)dre — dW* = 0.
0 0

Then we obtain the endemic equilibrium E;(S*, E*, I*, W*) exists if Ry > 1, and

_ A
B 8?0,1117

A 1
E* = 1—— ],
a+u2( §Ro>

. Aa _i
= a0+ ) (1 ére)

. _ MOy +ps)op+aosg (1
W = ot )+ pa)d ( )

S*

Ro

4. STABILITY ANALYSIS

4.1. Local stability.

Theorem 4.1.
(i) The disease-free equilibrium Ey is locally asymptotically stable if R < 1;

(ii) The endemic equilibrium E4 is locally asymptotically stable if Ry > 1.

Proof. (i) The characteristic equation of system (3.1) at the disease-free equilibrium Ey = (Sg, 0, 0,0)
is

(A4 p)[(A = B1So + a + p2) (A + v + p3) (A + d) — aBaSo(A + d)

+o0 \ +o0 \ (4.1)
— ()\ + v+ ,U3)0'16350/ e Tlf(Tl)dTl — 040'26350/ e 7—29(7'2>d7'2] = 0.
0 0
Due to A = —u1 < 0, so the stability of Ey depends on
(A= B1S0 + a+ p2) (A + 7 + p3) (A + d) = aB250 (A + d)
+o0 \ +o0 \ (4.2)
+ ()\ + Y + ,ug)O'lﬂgSQ/ e Tlf(T1)d7'1 + 010'2,8350/ e T2g(7'2)d7'2.
0 0
It follows that
A - atpz  ab 018 [,7°° e A f(r1)dmy
So TPTTS, TA A+d
0 0 + A+ p3 + (4.3)

a0 B3 fOJrOO e 2 g(1o)dro

A4+ )X +d)
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Let A = a + b, if a > 0, we have

afy o153 0+OO e f(r)dr  aoefs f0+oo e g (1) dry
Ay + s A+d A+ +u3)(XA+d)
< aBs o103 f0+oo e f(r1)dm aoyf33 f0+oo e 2g(1y)dr
TIA Y+ s A+d A+ +pz)(A +d)
< By o1pB3 n ao2qB33
T Aty tusl A+d A+ + ps)] [(A+d)
< afy N a1pB3 ao2qfB3 ’
v+ w3 d (v + p3)d
and
A a+ s o+ pg
S B1 + S > —B1+ .
From Ry < 1, it has
a3y o1pB3 ao2qB3 < B+ o+ Mz7
v+ 3 d (v + p3)d So

which leads to a contradiction. Thus all characteristic roots of equation (4.1) have negative real parts.
The disease-free equilibrium is locally asymptotically stable if Ry < 1.
(ii) The characteristic equation of system (3.1) at the endemic equilibrium Ey = (S*, E*, I*, W*) is

(A4 1) {B1(>\+7+,u3)()\+d) + foa(A+d) +5301()\+’7+M3)/000 e f(r)dm

1Ko N (4.4)
#am [ Rg(m)dn] = (O B @k )3+ )3+ d)
0
It follows that
A+p1) A B1 n Baax Bsoy [, e A f(m1)dm
(A4 paRo) o | A+ a+p2) A+ a+p2)(A+v+ p3) (A4 a4 p2)(A+d) (45)
JoRYeTep) fO T2 TQ)dTQ 1 .
A+ a+ p2) A+ + pz) (A +d) '
Let
B1 Bocx Bsoy [T e A f(m1)dm

O ratm)  Ota+m)tatum) | O tat A+ d)

,830[0’2 fO —T2A Tg)dTg
()\+Oé+ﬂ2)(>\+’7+ll3)()\+d).
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If A\=a+1b, a > 0is aroot of (4.5), it follows

_ b1 n Baax Bso1 [° e T f(T1)dm
Ata+ps) Atatp)A+y+us) (A+a+p)A+d)

Baaos fooo e A g(1y)dr
A+ a4+ p2) A+ v + p3) (A + d)

<‘ b1 n ’ Pac Bsoy [y e TN f(m1)dmy
(At a+tpe) A+ a+p2)(A 47+ ps) ()\+01+M2)(/\+d)
530&0’2[ —T2A Tg)dTQ
(A4 a+ p2)(A+ v+ p3) (A +d)
B Pacx B30 [~ e T f(r1)dm |

= +
(A tatp)l  [A+atp)l[A+y+u)l  [(A+a+p2)l|(A+d)
|530l0'2f0 —T2A 7'2 dTQ’

(A +a+ po)l |(7+u3)| |(A+d)

B . Paox B3o1p Bzaoaq
T(atp2)  (atp)(y+ps)  (atpe)d (ot p2)(y+ ps)d
Mg
AT
If Ry > 1, we have
’A+M1 _
A+ mRo| A+ Rl
Thus, one obtains

‘ A+p1) A
A+ 111 Ro) 1 Ro

This leads to a contradiction. Thus all characteristic roots of equation (4.4) have negative real parts.
The endemic equilibrium Fj is locally asymptotically stable if $¢ > 1. g

m‘<1.

4.2. Persistence. In this subsection, we will employ the permanence theorem of Hale and Waltman
[11] which has been applied in Theorem 6.1 of Rost and Wu [20] and Theorem 2.3 of Wang et al. [25]
to get the uniform persistence of system (3.1). Let X = R} x Y, x Y, x R, and T(t),t > 0 denotes
the family of solution operators corresponding to system (3.1). We follow the notion in [25].

Theorem 4.2. [20]. Suppose that we have the following
(i) X© is open and dense in X with X°U Xo =X and X°N Xo = 0;
(ii) the solution operators T(t) satisfy T(t) : X° — X°, T(t) : Xo — Xo;
(iii) T'(t) is point dissipative in X ;
(iv) ¥T(U) is bounded in X if U is bounded in X ;
(v) T(t) is asymptotically smooth;
(vi) A = Ugea,w(x) is isolated and has an acyclic covering N, where Ay is the global attractor of T(t)
restricted to Xg and N = U 1NVi;
(vii) for each N; € N, W*(N, ) N X0 = (), where W* refers to the stable set.
Then T(t) is a uniform repeller with respect to X°, i.e. there is an n > 0 such that for any x € X°,
liminf;, o d(T'(t)z, Xo) > 1.
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Theorem 4.3. System (3.1) is uniformly persistence if ®g > 1 and the disease is initially present, that
is, there exists 7 > 0 such that

o S o S . S o S
llgéIOlfS(t) >, hglorole(t) >, hglorolf I(t) > n and htrgg)lfW(t) >n.

Proof. Let
X9 = {(C1,61(0), $2(0),C2) € X : $1(0), $2(8) > 0, for some 6 < 0},

Xo = {(C1,01(0), p2(0),C2) € X : ¢1(0), ¢2(0) = 0, for any 6 < 0}.

It is trivial to see that (i) and (ii) are satisfied, (iii) has been proved in Theorem 3.2, and (iv) can be
easily proved by Theorem 3.2. Therefore, we only need to prove the other three conditions in Theorem
4.2 hold.

(v) Let

ah+7h

A A A
M::max{—l—L o1p U2q+1},
1

and
T:= {<p eCy: supg@(s)egs < M} .
s<0
We can obtain that Y is compact in C, from Lemma 3.2 of [6]. For any bounded set U C X, let E}; and I;
be the segment of a solution with initial solution from U. Next we will demonstrate lim;_, o d(E¢, T) = 0,
and I; can be treated similarly. By theorem 3.2, there exist T' > 0 such that E(t) < M for ¢t > T and
E(T)=M or E(t) < M for all ¢ > 0. For the first case, let K be the maximum of E(t) on [0,T]. We
define
. Elt+s) UT-s5<s<0,
V(s) = .
M ifs<T —t.
It is obvious that ¢* € T and
d(E, Y) < d(Ey, ') = sg% |Ev(s) — W(s)’ ehs.

Then we have
sup |Et(5) — d)t(s)| ets =0,

T—t<s<0

sup ‘Et(s) — 1/Jt(3)’ e < (K+M)6A(T—t)’
—t<s<T-—t
sup [ Eu(s) — !(s)] €2 < (|| Bo || +30)e™"
s<—t

Thus lim;_, o, d(E¢, T) = 0 is obtained. By following the same technique to the second case, we also get
lim; 00 d(Ey, ) = 0. Hence, we obtain (v).

(vi) It is obvious that A = {Ep}, and it is isolated. Thus, the covering is simply N = Ey, which is
acyclic (there is no orbit that connects Ey to itself in Xj).

(vii) From (vi), we need to show that W$(Ey) N X = (). Suppose the contrary, that is there exists
a solution u; € X° such that

tlggo 5(t) = So, tlggo Ei =0, tlggo I =0, tlggo wi(t) = 0.
There exists Ty such that for any sufficiently small ,S(¢t) > Sy — € for all t > Tp. When Ry > 1, we
have
(So—2) |+ aBy | ((v+p)owp + aocq)Bs
v+ p (v + n)d

> o+ U
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There exists 17 such that

61 I 0152 n ((’7+N o1 fO ’7'1 dTl + aooy fO TQ)dTg)Bg
Y+ u (v +n)d

Due to lim E; =0, lim I; = 0, there exists 715 such that for all ¢ > T5, we have
t—o00 t—o0

(So —¢) > o+ e

aB(t—1)
Y+ s

I(0) — > 0,

W(O) —/ UlE(t — Tl)e_[slTlfl(Tl)dTl —/ UQI(t - 72)6_62T291(T2)dT2 > 0,
0 0

and then, we can obtain

) > aE(t) 7
v+ H3
o1 — 1) f(11)dm OOJQO‘E(FD) 7)d7s
W(t) = Jo 86— n)in)d ;fo T 9(m2)d (4.6)
_ fooo[('}/ + ,Lt)(ﬁf(T) + OéUQg(T)]E(t _ T)dT
(v + ps)d ~

Hence, for t > T* := max {1y, T1,T>},

BoaE 53 fo (v+ o1 f(1) + aoeg(T)|E(t — 7)dr
v+ Ms (v + p3)d

E'(t) >(So —¢) |BLE +

—(a+u2)E

Z(So — E) BlE +

BoaE ﬁs Iy + w1 f(7) + aoag(r) E(t — 7)dr
i v+ #3 (v + p3)d
— (a+ ) E.

By the mean value theorem for integrals, we know that for any ¢t > T* there is a & € [t — T™*,t] such
that

E'(t) 2(So — ) | BLE +

BoaE N BsE (&) fo (v + p)o1 f(7) + aoag(T)|dT
T+ e (v + pa)d
— (Oé + ,LLQ)E

If E(t) — 0, as t — 00, then by a standard comparison argument and the non-negativity, the solution

n(t) of

n' () =(So — €) [ﬂm(t) n Baan(t ) Ban(&) fo (v + o f(T) + QOQQ(T)]dT]

Y+ s (v + n3)d
— (@ + p2)n(h),
with initial data ng = Ey converges to 0 as well.
Define

G(t) = n(t) + [(wuz) (50—6)(ﬁ1+76+(23)] /E n(s)ds.

Differentiating G(t) with respect to t gives

dG fra  Bs Jo (v + o1 f(r) + aoag(r))dr
dt—{(so_e) S (7 + p3)d ]_CHM}”(&PO

B1 +
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Therefore, G(t) goes to infinity or approaches a positive limit as ¢ — co. This is contrary to lim; oG =
0. Hence we have W*(Ey) N X° = (. By Theorem 4.2 we can obtain
liminf || E; ||> no.
t—o0
By similar estimates as in the proof of Theorem 3.2, we have
. > o
llglorolf E(t) > no
Then by equations (4.6), we get
liminf I(t) >

t—o0 Tyt s
o+ por+aocy

Mo,

htrgg)lf W(t) > O+ a)d Mo.
It means that there exists
7 := min {7707 - 70, (0 + Wor + acy 0} 0
v+ ps (v + p3)d
such that
htrglolgf S(t) >, htrgg)lf E(t) >, htrglogfl(t) >n and htrglor.}f W(t)>n
The proof is completed. |

4.3. Global dynamical properties.

Theorem 4.4.
(i) The disease-free equilibrium Ey is global asymptotically stable if o < 1;
(ii) The endemic equilibrium E, is global asymptotically stable if Ry > 1.
Proof. (i) Define a Lyapunov functional V; as follows

S (B2d + B302q)So B3So
V S —5)—Soln —)+RoE +
1 ( 0 on 50) 0 (7+,u3)d d

+ oio /0 /0 B(t — ) f(m)dsdr, + 1725 /O /0 It - $)g(r)dsdrs.

Then combining V; and the identity A = 1S, we obtain
dan (1 50) ds (52d + B302¢)So dI | B35S0 AW

w

dt S ) at §R° (v+p3)d dt ' ddt

+ X <ﬂ30150 / / Et—s f(Tl)deﬁ) in (630580 /000 /OT2 It — 5)9(7'2)d5d72>

(1 - SO) (A= B1SE — ST — B3SW — j11.S) + Ro[B1SE + B2SI + B3SW — (a + o) E]

S
(B2d + B3029)So
W[QE —(v+ N3)I]
BsSo [ [+ +Oo
+ ; |:/0 GlE(t—Tl)f(Tl)dTl —|—/0 O’QI(t—TQ)g(TQ)dTQ _dW:|
+ 536;150 A [E(t) — E(t — 1) f(m1)dm + 53;2 /0 [L(t) = I(t = 72)]g(2)dTs

1156 (2 -~ ;) + (Ro— 1)(BLSE + BoST + BoST),
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Obviously, by the arithmetic-geometric mean, we have d—l < 0 when Ry < 1. And dVl = O if and only
if E=0,1 =0and W = 0. Let M; be the largest invariant set in {S(t),E(t),I(t) )[4t = 0}.
It is easy to show that My = {Ep}. It follows from LaSalle invariance principle that Eo is global
asymptotically stable if Ry < 1.

(ii) Define a Lyapunov functional V5 as follows

Vo=Vs+Ve+Vi+Viw+ Vg+ + Vit

where

S

_ _§F 8% ln —
Ve=S—8 -8,
E
VE:EfE*fs*lnﬁ,

Viw = 01535+VZQI* (W S ‘Z/V> ’
Vs = ;;Elz;ﬁ_ii;.: / i / {E(IJSE:S) —1—In E(tEZS)] dsdr,
Vis = %/0 g(72) /OT2 [I(tl:s) —1—In I(tI:s)} dsdrs.

Obviously, V5 is non-negative at any time t. Differentiating Vg and employing the first equation of
(3.3), we obtain
dVs ( S*

e 1—5) (A= B1SE — 3251 — B3SW — 11.S)

s S $* E SE S* 1 SI
=u15*<2— )+ﬁ15*E*<1—+ )+525*I*(1—+ )

s 5 S ' E* S*E* S I+ S

N S* w SW
+ B3S*W <1S+W* S*W*)

Analogously, using Vg and the second equation of (3.3), we have
E*
—=11- o (B1SE + B2ST + 53SW — (o + p2)E)

. S E _ SE . £ SI  SIE*

(i E  SW  SWE
ST <1_E*+ S S*W*E)

Combining V7 and the thrid equation of (3.3), we get

av; 1 ool*qfBsS*W* I*
A grpr4 2229882 7 ) (1) (aE — I
dt ok (’32 T B+ oalg 7 ) (@B =+ ps)l)
s ol B ST I E I'E
=(Bosrrr + 22952 7 ) (L - .
(62 Vo Ep+ oal'q B 1B
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Substituting the last equation of (3.3) into the differential process of Vi, we derive dXXV as

dVw B3 S*W* W /+°° /+°O )
= 1- Et— d I(t— dry — dW
dt U1E*p+021*q( W) < Bt =m)f(m)dn + | oal(t = ro)g(re)dr

W o1 E* 338 W / tfn) W*E(t — 1)
PaS"W ( W*) t B+ oal*q UG WE* n
oo I* B3 S W /°° Itt—7) WI(t— 72)
Yo Eprogl), TR wr | ™

and & I* along (3.1), we have

Vs _ o1 E*B3S*w* /°° f(n)%/ﬁ [E(t—s) e E(t—s)] dsdn

Next, calculating the time derivative of d

de o1E*p + o9l*q E* E*
DB AI [ g [ - B B, BC
and
dgf _Gi‘;}i;ﬁj_s;li /0°° o / {I(tI: s) |- I(tI: s)} dsdry
—Uizi*ﬁisgzli AOO g(r { n II(? - I(t; ™) 1y I(t;* 72)] dry.
Hence, we derive 92 as follows

dt

—2 —(1S* + 1S EY) <2——>+ﬁ25*1* (3——— )

dt S s S IE* STE
R S* S* R SWE* SWE*
AW (1 et S> oS (1 “sweE " S*W*E>
Ugl*qﬁg,S*W* 1— Q +1n Er*
o1 E*p + 0217q E*T E*T
BsS*W*a, B / t—n) W*E(t — 1)
+0'1E*p—|—02[* fT1 + In WE* d7'1
B3S*W*0'2]* > t—TQ) W*I(t—Tg)
1 .
o Ep+oalq WI* | A

Therefore, by the arithmetic-geometric mean, we have % < 0. And dV2 = 0 if and only if § =
S*EI* = E*I, W*E(t — 1) = WE*, W*I(t — o) = WI* and WE* = W*E Let My be the largest
invariant set in {S(t), E(t),1(t), W(t) |42 =0}. It is easy to show that M, = {E*}. It follows from

LaSalle invariance principle that F; is global asymptotically stable if g > 1. O

5. NUMERICAL SIMULATIONS

In this section, some numerical simulations of system(2.3) are given to verify the above theoretical
results. We employ parameters in [19], showing in Table 1. We take three kinds of kernel functions
which are Dirac Delta function, weak delay kernel and strong delay kernel.
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TABLE 1. Definitions and values of model parameters.

Parameters Definition Values Reference
A The birth rate 75 per day Estimated
b1 Transmission constant between S and E 3.11x1078 /person/day (23]

B Transmission constant between S and 1 1.62x10~8 /person/day [23]
B3 Transmission constant between S and V 1.03x10~8 /person/day [29]
11 Nature death rate 3.01x1075 /person/day [29]
o Death rate of E 0.0317/person/day [4]
13 Death rate of 1 0.0357 /person/day [4]
1/ Incubation period 7 days [22]
0 Recovery rate 1/13 per day [22]
o1 Virus shedding rate by exposed people | 2.3 per person per day per ml [29]
o2 Virus shedding rate by infected people | 1.6 per person per day per ml [29]
d Removal rate of virus 1 per day Estimated

Case 1: If fi(71) and g¢1(m2) are determined by Dirac Delta function, let fi(m1) = 6(m1 — 73),
91(m2) = 0(72 — 74), system(2.3) reduces to a system with discrete delay

B N 51SE -~ ST 5SW — s,
dE(t
U _ 5158+ ST+ AW — (a+ po)B,
(5.1)
dI(t
7d(t) =aF — (y+ u3)l,
dW (¢
Vth( ) o1 E(t — 73)e” ' 4 o I(t — T4)e T — dW.

We choose initial values as (So, E, I, Wp) = (2109695, 118,149, 365). Let 73 = 3, 74 = 3, 1 = «, and
do = 7. From (3.2), we have g = 1.195. As Figure 3(a) shows, the solution of (5.1) converges to the
endemic equilibrium F; = (2084961.584,70.135, 88.964,218.093). As SARS-CoV-2 can be efficiently
inactivated by 75% ethanol, environmental disinfection is used to control the epidemic. Thus, assume
that the environment is disinfected twice a day and d = 2. From (3.2), we have Ry = 0.966. As Figure
3(a) shows, the solution of (5.1) is attracted by the disease-free equilibrium Fy = (2491694.352,0, 0, 0),
which means that the disease will eventually become extinct.
Case 2: Next, we consider the Gamma distribution delay kernel

anun—le—au
(n—1)1 "~

where a > 0 is a constant and n is an integer, with the average delay T = n/a, and two special cases,

G(u) = n=12,..,

G(u) = ae™ ™ (n=1), G(u) = a*ue” ™ (n = 2),
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(a) o = 1.195, the time evolution of solution of (5.1). (b) Ro = 0.966, the time evolution of solution of (5.1).

FI1GURE 3. The kernel functions are determined by Dirac Delta function.

are called weak delay kernel and strong delay kernel, respectively [3]. If fi(71) and g1 (72) are determined
by weak delay kernel, we have

U A BiSE — BT~ y5W — S,
dE(t
% = B1SE + B2 ST + B3SW — (o + p2) E,
YO _ 0B~ (y+ )l o
dt — Y n3)t,
+oo 1 1 +oo 1 /1
dW(t) — / o E(t—1)—e (FHoIm g, —|—/ ool(t —T2)—e (FZ 02724 — AW,
dt 0 T3 0 T4
Define
Foo 1 (246 Heo R
E, = E(t—m)—e =V, 1, :/ I(t — ) —e ‘7 72 dry,
0 73 0 T4
then one obtains
ds(t
O A 5uSE -~ 35T - BSW — S,
dE(t
U _ 5.5B + 5oST + BySW — (o + pa)P,
dI(t
% =ak — ('Y+[L3)I,
(5.3)
dW(t) =o1Ey + o2l — dW,
de
dE,,(t 1 1
*) =—F—(—+0)Ey,
dt T3 T3
dl,(t) 1 1
= —]—(—+6)1,.
dt T4 (7'4 * 2)

We choose initial values as (So, F, I, Wy) = (2109695, 118,149, 365). Assuming 73 = 3,74 = 3, and
51 = a, and d2 = v, then we have Ry = 1.217. The time evolution of the solution of (5.2) is shown in
Figure 4(a), which implies that system (5.2) transitions to a stable interior equilibrium state with an
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oscillatory approach towards it. Then let 1/u1 =1 and 1/us = 1, we have £y = 0.972. The solution of
(5.2) converges to the disease-free equilibrium, and the result is shown in Figure 4(b).

2500 T T T T T 400
I —E() —E()
—(t) 350 —I(t)
2000 - W(t)| 4 W(t)
300 | 1
® 1500 - p 2901
b b
g g 200
Z 1000 - z 150
100
500 -
50
[l
o 0 —

0 1000 2000 3000 4000 5000 6000 0 500 1000 1500 2000

Time Time
(a) Ro = 1.217, the time evolution of solution of (5.2). (b) Ro = 0.972, the time evolution of solution of (5.2).

FIGURE 4. The kernel functions are determined by weak delay kernel.

Case 3: If fi(71) and g1(m2) are determined by strong delay kernel, we can obtain

ds(t
O A 51SE -~ 51— BSW — S,
dE(t
% = B1SE + B2ST + B3SW — (Oé + NQ)E,
5.4)
dI(t (
W) =aF — (v +us),
+o00o 4 +oo 4

dW (t) = / o1 E(t — 7'1)*27'167(%+61)nd7'1 + / ool (t — Tg)fQTQei(%jL‘b)Tszg —dW.

dt 0 7'3 0 T4

Define

73

e 2 —(Z+o0)r e 4 (Z+4enr
Esl :/ E(t—Tl)—e 3 ! ldTl,ESQZ/ E(t—Tl)szle 3 . 1d7’17
0 0 T3

and

400 +o0
2 (2 s 4 (250,
Iy =/ I(t =)= Gt an, I, =/ I(t =) e T dr,
0 T4 0 T4
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then one gets

ds(t
% = A— BiSE — 8,81 — B3SW — 11,
dE(t
% = B1SE + 2SI + B3SW — (a + p2) E,
dI(t)
Rl A - D I
at o (’7+/1’3) ;
dng) = 01 B + 02l — dW,
5.5)
dEsl(t) 2 2 (
= —E — | — (S ES 3
dt T3 (73 +01) B
dEs2(t) 2 2
=_"F4— (= E
aQ p sl (7_3 + 61) s25
dIq(t) 2 2
1(t) _ =T — (= + 82) 1,1,
dt T3 T4
dI(t) 2 2
S L, (= Is.
dt ot (7'4 +02)1.

We choose initial values as (Sp, E, I, Wp) = (2109695, 118,149, 365). Assume that 73 = 3,74 = 3, and
01 = a and, 05 = -y, then we have Ry = 1.207. The evolution of the solution with time is shown in
Figure 5(a), which means the solution of (5.4) eventually reaches a stable interior equilibrium state.
Then let d = 2, we have g = 0.972. The time evolution of the solution is shown in Figure 5(b), and
we can find the disease will eventually die out.

1500 { T T T T T 400
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@ @
£ 2 200
=] =]
< < 150
500 -
100
50
| AAAAAAA
0 + : : . : 0 — : !
0 1000 2000 3000 4000 5000 6000 0 500 1000 1500 2000
Time Time
(a) Ro = 1.207, the time evolution of solution of (5.4). (b) Ro = 0.972, the time evolution of solution of (5.4).

FI1GURE 5. The kernel functions are determined by strong delay kernel.

As shown in the above images, the stability of system (3.1) depends on the basic reproduction number
%0.

Assuming 73 = 74, Figure 6 depicts the effect of time delays on the basic reproduction number and
illustrates that the basic reproduction number decreases as time delays increase. We can find that the
variation of time delays have the greatest impact on the model where the kernel function is determined
by the Dirac Delta function and the smallest effect on the model in which the kernel function is derived
from the weak delay kernel. In a biological sense, models in which the kernel function is determined by
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the Dirac Delta function indicate that exposed and infected individuals will only transmit the viruses
to the environment on a given day after being infected. For this kind of model, increases in time
delays mean that more exposed and infected individuals will enter other compartments before they
have transmitted the viruses to the environment, and thus this type of model is more sensitive to
change in time delays. Moreover, models whose kernel function is governed by a weak kernel function
indicate that the largest proportion of viruses is transmitted to the environment when the exposed and
infected individuals are newly infected, thus, time delays have the least effect on it.

1.4

— Dirac Delta function
Weak delay kernel
13+ Strong delay kernel | {

Basic reproduction number

-

0.9 . * * .
0 2 4 6 8 10
Time delay

FI1GURE 6. The evolution of the basic reproduction number with time delay.

Figure 7 demonstrates that the time delay affects the probability of transmitting the virus from an
individual to the environment. For both weak and strong kernel functions, an increase in time delay
leads to a decrease in the probability of transmitting the virus to the environment for those who are
infected for a short period of time, and an increase in the probability of transmitting the virus to the
environment for those who are infected for a long period of time. However, as time goes on, more
individuals are removed from exposed or infected compartments, resulting in less virus transmission
from individuals to the environment overall, which explains the results in Figure 6.
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FIGURE 7. The time evolution of kernel functions.



55

6. CONCLUSIONS

In this paper, we have proposed an epidemic model with environmental infections by viruses, and
viruses in the environment can infect susceptible individuals. The model contains two distributed
delays, which describe the difference in viral load in the nasal and throat at different stages of exposed
and infected individuals. By the dynamic analysis of this model, we have pointed out that the disease
eventually disappears when Ry < 1, and the disease persists when g > 1.

The theoretical results indicate that environment-to-human transmission leads to the spread of infec-
tious disease and causes difficulties in infectious disease eradication. Numerical simulations demonstrate
that disinfection is considered an effective measure to control the spread of COVID-19. Moreover, the
expression for the basic reproduction number indicates that reducing the potential for virus transmis-
sion from the host to the environment can decrease the level of endemic disease prevalence. Numerical
simulations confirm the theoretical results.

From the perspective of the source of infection, developing specific medicine to improve the recovery
rate of infected people will not only shorten the infection cycle but also effectively reduce the number
of viruses in the environment. To cut off the transmission route of the virus, the government could or-
ganize environmental disinfection periodically, and enterprises should appropriately expand production
to ensure the supply of protective items. Moreover, individuals could wear a mask, wash their hands
frequently, and disinfect their surroundings after contacting others. For susceptible individuals, vacci-
nation is an effective way to reduce the proportion of susceptible individuals and prevent the spread of
infectious diseases.
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