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ASSESSING THE IMPACT OF HOST PREDATION WITH HOLLING II

RESPONSE ON THE TRANSMISSION OF CHAGAS DISEASE

JIAHAO JIANG, DAOZHOU GAO, JIAO JIANG, AND XIAOTIAN WU

Abstract. Chagas disease is a zoonosis caused by the protozoan parasite Trypanosoma cruzi and

transmitted by a broad range of blood-sucking triatomine species. Recently, it is recognized that the

parasite can also be transmitted by host ingestion. In this paper, we propose a Chagas disease model

incorporating two transmission routes of biting-defecation and host predation between vectors and

hosts with Holling II functional response. The basic reproduction number Rv of triatomine population

and basic reproduction numbers R0 of disease population are derived analytically, and it is shown that

they are insufficient to serve as threshold quantities to determine dynamics of the model. Our results

have revealed the phenomenon of bistability, with backward and forward bifurcations. Specifically, if

Rv > 1, the dynamic is rather simple, namely, the disease-free equilibrium is globally asymptotically

stable as R0 < 1 and a unique endemic equilibrium is globally asymptotically stable as R0 > 1.

However, if Rv < 1, there exists a backward bifurcation with one unstable and one stable positive

vector equilibria, and bistability phenomenon occurs, revealing that different initial conditions may

lead to disease extinction or persistence even if the corresponding R0 > 1. In conclusion, predation

transmission in general reduces the risk of Chagas disease, whilst it makes the complexity of Chagas

disease transmission, requiring an integrated strategy for the prevention and control of Chagas disease.

1. Introduction

Chagas disease is a vector-borne disease caused by the protozoan parasite Trypanosoma cruzi (T.

cruzi), transmitted by a broad range of blood-sucking triatomine species with approximately 140 species

in the world [13]. Humans infected with T. cruzi can cause severe life-threatening cardiac and gastroin-

testinal illness and currently no vaccine is available. It is reported that 21 countries across Latin America

are endemic, around 6-7 million people in the world are infected with T. cruzi and around 75 million

people are at risk of infection [19]. Moreover, around 30,000 new cases and approximately 12,000 deaths

are present per year [19]. Accordingly, the prevention and control of Chagas disease remains a great

challenge.

The transmission of the T. cruzi parasites is mainly attributed to the contact between triatomine

vectors and their reservoir hosts. Generally, T. cruzi-infected triatomine bugs feed on reservoir hosts’

blood, deposit their feces with T. cruzi parasites on the skin of hosts, then these parasites penetrate

the hosts’ body bloodstream through the bite wound sites due to hosts’ scratching or rubbing or other

means [13]. Due to the zoonotic nature and a wide geographical range of living settings, a number of

human and non-human primates host species can serve as nutritional resources for triatomine bugs,

such as rodents, marsupials, dogs, cats and so on [6, 8, 10]. This contact can render animal population

or triatomine bugs infectious when susceptible hosts are fed by T. cruzi -infected triatomine bugs,
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or susceptible triatomines feed on infected hosts. The interplay between animals and vectors can

potentially impact the prevalence of Chagas-positive human population.

It is definitive that a broad diversity of host species is one of the most important factors for the

complexity of Chagas disease’s control and prevention. Nevertheless, it is worth to point out that many

of them like raccoons and opossums are omnivorous with their diets including plants, small animals,

insects and armadillos and so on [6, 8]. Particularly, dogs can consume triatomine bugs and are able

to maintain the T. cruzi transmission in the absence of other hosts [8]; monkey can become infected

when they have eaten T. cruzi infected triatomine bugs [11]. These evidences indicate that there is

an additional transmission route of Chagas disease, called predation transmission. Studies [6, 11] also

suggest that parasite transmission through host predation may be an effective pathway for the Chagas-

parasite persistence, and may even more efficient than the traditional biting-defecation transmission

mechanism. However, to the best of our knowledge, how host predation and its infection impact on the

T. cruzi transmission has not been fully understood. This allows us to explore the potential influence

of predator-prey mechanism on the persistence of Chagas disease, which is crucial for the control and

prevention of Chagas disease.

Predation transmission of Chagas disease is not rare in the literature. Some experimental works have

manifested that carnivores such as raccoons and opossums can become infected when they ingest infected

triatomines [10, 16, 22]. Some investigators have used different Holling-type functional responses to

mimic the host predation and infection process [5, 6, 11]. These pieces of evidences have been unraveled

the potential significance of predation behavior on the transmission of Chagas disease.

Significant progress has been made on the dynamics and risk assessment of Chagas disease. Early

studies have been focused on the vector-host interaction considering simple vectors’ biting and defecation

transmission while having distinct clinical symptoms of humans as acute and chronic phases [7, 30].

In subsequent studies, additional different transmission routes such as blood transfusion [31], oral or

congenital transmission [5, 3], and different Chagas-related parasites like T. cruzi and T. rangeli [4, 32,

33] were integrated into models to examine these factors on the transmission of Chagas disease. The

delay effect of gestation or growth of triatomine bugs on the transmission of Chagas disease have been

also studied [5, 25]. Many researchers have concentrated on control strategies, like periodic/non-periodic

insecticide spraying, to evaluate their effectiveness in combating Chagas disease [24, 25]. However, the

impact of animal hosts’ predation of triatomine vectors on the transmission of Chagas-parasite has not

been fully understood so far, which draws our attention in this study.

The paper is organized as follows. In section 2, we formulate a mathematical model of Chagas

disease with an emphasis on vector’s predation by animal hosts. In section 3, we establish the threshold

dynamics in terms of basic reproduction number of vector population and basic reproduction numbers of

disease population. In section 4, numerical simulations are performed to reveal the effect of predation on

the transmission and control of Chagas disease. The paper ends with a brief conclusion and discussion.

2. The Model

Since both triatomine bugs and hosts (animals) infected with T. cruzi generally lead to life-long

carriers, both vector and host populations are divided into susceptible (Sj(t)) and infected (Ij(t))

classes, where j = v, h. Moreover, mortality of animals infected with T. cruzi is limited, thus no

disease-induced death is assumed for host population. For simplicity, we further assume hosts grow and

die at the same rate µh, with an aim to maintain the total number of host population as a constant,

denoted by Nh.

Generally, the reproduction of insects is influenced by ecological environmental source, namely, in-

creases linearly at small densities, decreases due to intraspecific competition, and then drops significantly
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at very large densities as a consequence of the available environmental resources [21]. Following [32, 33],

the new susceptible triatomine population at time t grows at a Ricker-type function

b(Nv(t)) = rvNv(t)e
−σNv(t),

where Nv(t) = Sv(t) + Iv(t) is the total number of vectors at time t, rv is the maximal number of

offspring produced by per adult triatomine and σ measures the density-dependent strength.

Denote by a the number of bites per bug per unit time, then susceptible triatomines become infected

through the bites on the infected hosts at a rate ba Ih(t)
Nh

Sv(t), where b is the transmission probability

from infected hosts to susceptible triatomines per bite. As we mentioned in introduction, animal hosts

can ingest on triatomine insects, hence both susceptible and infected triatomines can decay at rates

mNv(t)

n+Nv(t)

Sv(t)

Nv(t)
Nh and

mNv(t)

n+Nv(t)

Iv(t)

Nv(t)
Nh,

respectively, where Holling-II functional response mimics the predator-prey mechanism, m is the max-

imum predation rate per host, and n is the half-saturation constant. Thus, dynamic of triatomine

population is governed by
S′v(t) = rvNv(t)e

−σNv(t) − baIh(t)

Nh
Sv(t)−

mSv(t)

n+Nv(t)
Nh − µvSv(t),

I ′v(t) = ba
Ih(t)

Nh
Sv(t)−

mIv(t)

n+Nv(t)
Nh − µvIv(t),

where µv is the natural death rate of triatomines.

For the host population, there are two routes that susceptible hosts (Sh(t)) can become infected. On

the one hand, susceptible hosts become infected at a rate caIv(t)
Sh(t)
Nh

, when they are bitten by those

infected triatomine bugs, where c is the transmission probability from infected vectors to susceptible

hosts per bite. On the other hand, the susceptible hosts become infected when they catch and consume

infected insects at a rate

p
mNv(t)

n+Nv(t)

Iv(t)

Nv(t)
Sh(t),

where p is the transmission probability per predation. Hence, dynamics of host population are governed

by 
S′h(t) = µh

(
Sh(t) + Ih(t)

)
− caIv(t)

Nh
Sh(t)− p mIv(t)

n+Nv(t)
Sh(t)− µhSh(t),

I ′h(t) = ca
Iv(t)

Nh
Sh(t) + p

mIv(t)

n+Nv(t)
Sh(t)− µhIh(t).

Since the total number of hosts is constant, then the final closed system describing the interaction

between triatomine bugs and animal hosts is governed by

S′v(t) = rvNv(t)e
−σNv(t) − baIh(t)

Nh
Sv(t)−

mSv(t)

n+Nv(t)
Nh − µvSv(t),

I ′v(t) = ba
Ih(t)

Nh
Sv(t)−

mIv(t)

n+Nv(t)
Nh − µvIv(t),

I ′h(t) = ca
Iv(t)

Nh

(
Nh − Ih(t)

)
+ p

mIv(t)

n+Nv(t)

(
Nh − Ih(t)

)
− µhIh(t),

(2.1)

with the initial condition

Sv(0) ≥ 0, Iv(0) ≥ 0, Ih(0) ≥ 0. (2.2)

Note that all model parameters are nonnegative in terms of biological meanings, and their ranges are

given in Table 1. The flowchart of the model (2.1-2.2) is presented in Figure 1.
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Figure 1. Flowchart of model (2.1) with both biting-defecation and predation trans-

mission routes

Table 1. Parameter description and reference

Parameter Description Range/Value Reference

rv the maximal number of offspring that a triatomine bug [0.0274, 0.7714]/day [1, 12, 14]

can produce per unit time

a number of bites per bug per unit time [0.2, 33]/day [12, 14, 32]

b transmission probability from infected hosts to [0.00271, 0.06] [12, 14, 28, 32]

susceptible bugs per bite

c transmission probability from infected bugs to [0.00026, 0.49] [1, 12, 28]

susceptible hosts per bite

σ density-dependency strength measuring the bugs reproduction (0, 0.1) [32]

p transmission probability per predation from (0, 1) in this study

infected vectors to susceptible hosts

µv natural death rate per vector [0.0045, 0.0083]/day [1, 12, 28]

µh natural death rate per host [0.00014, 0.0025]/day [1, 12, 18]

Nh total number of hosts [100,700] Assumed

n half-saturation constant for predation varied [5]

m maximum predation rate varied [5]

Proposition 2.1. System (2.1) has a unique, nonnegative and bounded solution for all t ≥ 0, with

initial value lying in

D =

{
(Sv, Iv, Ih) ∈ R3

+

∣∣Sv + Iv ≤
rv
µvσe

, Ih ≤ Nh
}
.

Proof. Summing up the first and second equations in system (2.1) yields

N ′v(t) ≤ rvNv(t)e−σNv(t) − µvNv(t) ≤
rv
σe
− µvNv(t), (2.3)

where the fact of xe−σx ≤ 1
σe for x ≥ 0 is used for the inequality. Thus, D is a positive invariant set of

model (2.1).

Since the vector field generated by the right side of (2.1) is continuously differentiable in D, there

exists a unique solution for all time t ≥ 0. The nonnegativity of (2.1) with the initial value in D directly

follows from Theorem 5.2.1 in [23]. The boundedness of Sv and Iv directly follows from Eq. (2.3). �
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3. Mathematical Analysis

In order to investigate the disease dynamics of model (2.1), we first consider the dynamics of tri-

atomine population.

3.1. Vector Population Dynamics. Adding the first and second equations in (2.1) leads to

N ′v(t) = rvNv(t)e
−σNv(t) − mNv(t)

n+Nv(t)
Nh − µvNv(t)

, f(Nv(t)) = Nv(t)f1(Nv(t)), (3.1)

where

f1(Nv) = rve
−σNv − mNh

n+Nv
− µv, (3.2)

with the positive invariant set of (3.1) as Dv = {Nv ∈ R+| 0 ≤ Nv ≤ rv
σµve
}.

Applying the next-generation matrix method [29] at triatomine-free equilibrium N∗v0 = 0, the basic

reproduction number of triatomine population is

Rv =
rv

mNh

n + µv
<
rv
µv
. (3.3)

indicating host predation reduces the vector reproduction number Rv.

3.1.1. Equilibrium Analysis. The positive equilibrium of system (3.1) is equivalent to seek for the pos-

itive roots of f1(Nv) = 0. The derivative of f1 w.r.t. Nv is

f ′1(Nv) =
mNh

(n+Nv)2

(
1− g(Nv)

)
, (3.4)

where

g(Nv) =
σrv
mNh

(n+Nv)
2e−σNv . (3.5)

The mathematical properties of f1 and g play a crucial role in determining the existence and number

of positive equilibria of system (3.1).

Lemma 3.1. The function g defined in Eq. (3.5) has the following properties:

(i) if σn ≥ 2, then g(Nv) is strictly decreasing from g(0) > 0 to zero.

(ii) if 0 < σn < 2, then there is a unique stationary point Ñv = 2−σn
σ > 0 such that g(Nv)

increases first at [0, Ñv), reaches a maximum value gmax , g(Ñv), and then decreases to zero

at (Ñv,+∞).

Proof. Clearly, g(0) = σn rv
mNh/n

> 0, and

g′(Nv) = − σ
2rv

mNh
(n+Nv)e

−σNv

(
Nv −

2− σn
σ

)
. (3.6)

It is obvious that: (i) if σn ≥ 2, g′(Nv) < 0 for Nv ≥ 0; (ii) if 0 < σn < 2, there admits Ñv = 2−σn
σ > 0

such that g′(Ñv) = 0, g′(Nv) > 0 for Nv ∈ [0, Ñv) and g′(Nv) < 0 for Nv ∈ (Ñv,+∞), and gmax ,
max

Nv∈[0,∞)
g(Nv) = g(Ñv) > g(0). �

Based on Eqs. (3.2)-(3.5) and Lemma 3.1, we have the following result on the equilibrium of system

(3.1).

Theorem 3.2. For system (3.1), we have

(i) If Rv > 1, there admits a unique positive equilibrium N∗v .

(ii) If Rv < 1, there are up to two positive equilibria. Specifically,
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(a) if 0 < σn < 1− µv

rv
and ml < m < mu, where

ml =
n(rv − µv)

Nh
and mu =

µv
σNh

(
1−W0(µv

rv
e1−σn)

)2
W0(µv

rv
e1−σn)

,

there are two positive equilibria N∗v± satisfying

N∗v− <
2− σn
σ

< N∗v+ .

(b) if 0 < σn < 1− µv

rv
and m = mu, there is one unique positive equilibrium

N∗v± , N̄
∗
v =

√(mNh
2µv

)2

+
mNh
σµv

−
(
mNh
2µv

+ n

)
.

(c) if otherwise, there is no positive equilibrium.

Remark 3.1. The condition for the two equilibria if Rv < 1 is equivalent to

0 < σn < 2, g(0) ≤ 1 < gmax,

and there is a Ñv1 < (2− σn)/σ such that

f1(Ñv1) > 0, f ′1(Ñv1) = 0.

The proofs of Theorem 3.2 and Remark 3.1 are provided in Appendix A. Figures 2-3 present an

intuitive observation of the existence and number of positive equilibria of system (3.1) in case of Rv > 1

and Rv < 1, respectively.

(a)

−μv

N *
v Nv

f1(Nv)

O
̃Nv

(b)

−μv

N *
v Nv

f1(Nv)

O ̃Nv1

̃Nv2

(c)

−μv

N *
v Nv

f1(Nv)

O
̃Nv

1

g(Nv)

̃Nv

1

g(Nv)

̃Nv1 ̃Nv2

1

g(Nv)

̃Nv

Figure 2. The unique positive equilibrium of system (3.1) if Rv > 1. (a) σn ≥ 2; (b)

0 < σn < 2 and g(0) < 1; (c) 0 < σn < 2 and g(0) ≥ 1.
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(a)
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O ̃Nv1
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−μv

O
̃Nv1 Nv

f1(Nv)
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(d)

−μv
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O Nv
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O Nv
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−μv
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Figure 3. The number of positive roots for f1(Nv) = 0 when Rv < 1. (a) 0 <

σn < 2, g(0) ≤ 1 < gmax and f1(Ñv1) > 0; (b) 0 < σn < 2, g(0) ≤ 1 < gmax and

f1(Ñv1) = 0; (c) 0 < σn < 2, g(0) ≤ 1 < gmax and f1(Ñv1) < 0; (d) 0 < σn < 2 and

gmax ≤ 1; (e) 0 < σn < 2 and g(0) > 1; (f) σn ≥ 2 and g(0) ≤ 1; (g) σn ≥ 2 and

g(0) > 1.

3.1.2. Stability and Bifurcation Analysis.

Theorem 3.3. For system (3.1), we have

(i) If Rv > 1, then N∗v is globally asymptotically stable (GAS) and N∗v0 is unstable in Dv.

(ii) If Rv < 1, then N∗v0 and N∗v+ is locally asymptotically stable (LAS) and N∗v− is unstable in Dv.

Proof. The stability can be obtained by Proposition 3.5.1 [15] since

N ′′v (t) = f ′(Nv) = f1(Nv) +Nvf
′
1(Nv).

(i) If Rv > 1,

f ′(N∗v ) = N∗v f
′
1(N∗v ) < 0, f ′(N∗v0) = f1(0) > 0,

indicating N∗v is GAS and N∗v0 is unstable in Dv.
(ii) If Rv < 1,

f ′(N∗v−) = N∗v−f
′
1(N∗v−) > 0, f ′(N∗v+) = N∗v+f

′
1(N∗v+) < 0, f ′(N∗v0) = f1(0) < 0,
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indicating that N∗v− is unstable, and both N∗v0 and N∗v+ is LAS in Dv. �

Theorem 3.4. System (3.1) experiences a backward bifurcation when Rv < 1, and undergoes a saddle-

node bifurcation at the positive equilibrium N̄∗v as the parameter m passes through m = mu.

Proof. We consider the parameter m as a bifurcation parameter. It follows from Theorem 3.2 that there

is a bifurcation occurring at the unique positive equilibrium N̄∗v when Rv < 1, 0 < σn < 1− µv

rv
and m =

mu.

Denote by ω1 and ω2 the right and left eigenvectors corresponding to the zero eigenvalue at N̄∗v ,

respectively, and we can readily obtain ω1 = ω2 = 1, and then transversality conditions at N̄∗v and mu

are

ωT2 fm(N̄∗v ,mu) = − NhN̄
∗
v

n+ N̄∗v
6= 0,

ωT2

[
D2f(N̄∗v ,mu)(ω1, ω1)

]
= − muNhN̄

∗
v

(n+ N̄∗v )3

(
1 +

µv

rve−σN̄
∗
v

)
6= 0.

It follows from Sotomayor’s theorem [20] that system (3.1) experiences a saddle-node bifurcation at N̄∗v
as m passes through mu. �
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0
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120

SN
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Figure 4. Backward bifurcation of model (3.1) in terms of Rv, where Nh = 200, σ =

0.0001, rv = 0.0274, µv = 0.0083 and n = 5228. Blue solid lines indicate stable equilib-

rium, red dashed lines indicate unstable equilibrium. Notation ‘SN+’ represents the

saddle-node bifurcation.

Figure 4 shows the backward bifurcation of system (3.1) in terms of Rv. It is noticed that, as Rv < 1,

there exists one stable (N∗v+) and one unstable (N∗v−) vector equilibria. Biologically, this implies that

a small perturbation in model parameters or initial conditions may result in a significant deviation in

the vector’s dynamics.
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Remark 3.2. In fact, without the host predation on insects, the dynamics of vector population are

rather simple. Namely, there is a unique vector-free equilibrium if Rv < 1 and a unique positive vector

equilibrium which is globally asymptotically stable if Rv > 1. However, with the presence of host

predation, the backward bifurcation occurs as shown in Fig. 4, implying the host predation on insects

makes the complexity of the dynamics of vector population, hence the complexity of proposed Chagas

disease model (2.1).

3.2. Threshold Dynamics of System (2.1).

3.2.1. Basic Reproduction Numbers. It follows from Theorem 3.2 that system (2.1) have the disease-free

equilibria (DFE):

Eb± = (N∗v± , 0, 0) if Rv < 1

and

Eb = (N∗v , 0, 0) if Rv > 1.

Using the next-generation matrix method [29], the rates of appearance of new infections and transition

of individuals are

F =

(
ba Ih(t)

Nh
Sv(t)

caIv(t)
Nh−Ih(t)

Nh
+ p mIv(t)

n+Nv(t)

(
Nh − Ih(t)

) )
and

V =

(
mIv(t)
n+Nv(t)Nh + µvIv(t)

µhIh(t)

)
,

respectively. So, the new incidence and transition matrices at (S̃v, 0, 0) are

F =

(
0 ba S̃v

Nh

ca+ p mNh

n+S̃v
0

)
, and V =

(
mNh

n+S̃v
+ µv 0

0 µh

)
,

respectively, and S̃v could be N∗v± or N∗v . Hence, the basic reproduction number of model (2.1) is

R0(S̃v) = ρ(FV −1) =

√√√√ ca

µh

baS̃v

( mNh

n+S̃v
+ µv)Nh

+
p mNh

n+S̃v

µh

baS̃v

( mNh

n+S̃v
+ µv)Nh

,

≡
√
Rb +Rp, (3.7)

whereRb andRp are the reproduction numbers caused by vector’s biting-defecation and host’s predation

transmission routes, respectively.

Following Eq. (3.7), we have

R0(N∗v−) < R0(N∗v+) < R0(N∗v ).

These formulas and relationship provide the threshold conditions for the endemicity of Chagas epidemic

in population where the model (2.1) is at DFE.

3.2.2. Existence and Stability of Endemic Equilibria. We will explore the threshold dynamics of system

(2.1) in terms of Rv and R0.

Theorem 3.5. If Rv > 1, system (2.1) has up to three equilibria:

E0 = (0, 0, 0), Eb = (N∗v , 0, 0), Ee = (S∗v , I
∗
v , I
∗
h).

Moreover, we have

(i) If R0(N∗v ) < 1, only E0 and Eb exist. Moreover, E0 is unstable and Eb is GAS in D.
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(ii) If R0(N∗v ) > 1, all E0, Eb and Ee exist. Moreover, both E0 and Eb are unstable and Ee is

GAS in D.

Proof. In case of Rv > 1, it follows from Theorem 3.2 that N∗v is GAS in Dv. Results in [26, 27] indicate

that the long-term dynamics of system (2.1) are equivalent to the following limiting system:
I ′v(t) = ba

Ih(t)

Nh

(
N∗v − Iv(t)

)
− mIv(t)

n+N∗v
Nh − µvIv(t),

I ′h(t) = caIv(t)
Nh − Ih(t)

Nh
+ p

mIv(t)

n+N∗v

(
Nh − Ih(t)

)
− µhIh(t)

(3.8)

within a positive invariant set Dd = {(Iv, Ih) ∈ R2
+| 0 ≤ Iv ≤ N∗v , 0 ≤ Ih ≤ Nh}. For simplicity, R0 is

used in this portion instead of R0(N∗v ).

(i) Suppose R0 < 1. It is clear that system (3.8) has a disease-free equilibrium (0, 0). For its stability,

let us construct a Lyapunov function:

V (Iv, Ih) = k1Iv + k2Ih,

where k1 and k2 are two positive constants to be determined later. Then, the total derivative of V

along the solution of system (3.8) is

dV

dt
= k1I

′
v + k2I

′
h

= k1

(
ba
Ih
Nh

(
N∗v − Iv

)
− mIv
n+N∗v

Nh − µvIv
)

+k2

(
caIv

Nh − Ih
Nh

+ p
mIv

n+N∗v

(
Nh − Ih

)
− µhIh

)
=

(
k1
ba

Nh
N∗v − k2µh

)
Ih −

[
k1
ba

Nh
+ k2

( ca
Nh

+
pm

n+N∗v

)]
IvIh

+

[
k2

(
ca+ p

mNh
n+N∗v

)
− k1

(
µv +

mNh
n+N∗v

)]
Iv.

Choosing k1 = µh, k2 = ba
Nh
N∗v , we obtain

dV

dt
= µhIv

(
µv +

mNh
n+N∗v

)(
R2

0 − 1
)
− ba

Nh

[
µh +

( ca
Nh

+
pm

n+N∗v

)
N∗v

]
IvIh ≤ 0

due to R0 < 1. Moreover, we have dV
dt (Iv, Ih) = 0 if and only if (Iv, Ih) = (0, 0). By LaSalle’s invariance

principle [2], (0, 0) of system (3.8) is GAS in Dd if R0 < 1, indicating Eb of system (2.1) is GAS in D
if R0 < 1 and Rv > 1.

(ii) Suppose R0 > 1. Letting I ′v(t) = 0 and direct algebraic calculations lead to

0 < S∗v =
α

α+ I∗h
N∗v < N∗v , I∗v =

I∗h
Nh − I∗h

γ > 0,

and

0 < I∗h =
αγ

N∗v + γ

(
R2

0 − 1
)

= Nh −
(Nh + α)γ

N∗v + γ
< Nh,

where

α =

mNh

n+N∗
v

+ µv

ba/Nh
, γ =

µhNh

ca+ p mNh

n+N∗
v

and S∗v + I∗v = N∗v ,

implying the existence of endemic equilibrium Ee = (S∗v , I
∗
v , I
∗
h).
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We now examine the stability of (I∗v , I
∗
h) of model (3.8). The corresponding Jacobian matrix is

J
∣∣∣
(I∗v ,I

∗
h)

=

(
− ba
Nh
I∗h −

mNh

n+N∗
v
− µv ba

Nh

(
N∗v − I∗v

)
( caNh

+ pm
n+N∗

v
)(Nh − I∗h) − ca

Nh
I∗h −

pmI∗v
n+N∗

v
− µh

)
,

with

tr J
∣∣∣
(I∗v ,I

∗
h)

= −
(
ba

Nh
I∗h +

mNh
n+N∗v

+ µv +
ca

Nh
+

pmI∗v
n+N∗v

+ µh

)
< 0,

and

det J
∣∣∣
(I∗v ,I

∗
h)

= q

1−
( caNh

+ pm
n+N∗

v
)(Nh − I∗h)

ca
Nh
I∗v +

pmI∗v
n+N∗

v
+ µh

ba
Nh

(
N∗v − I∗v

)
ba
Nh
I∗h + mNh

n+N∗
v

+ µv


, q

(
1− q1

q2

)
,

where

q =
( ba
Nh

I∗h +
mNh
n+N∗v

+ µv

)( ca
Nh

I∗v +
pmI∗v
n+N∗v

+ µh

)
> 0.

Furthermore, we have

q2I
∗
v I
∗
h =

(
ca

Nh
I∗v +

pmI∗v
n+N∗v

+ µh

)
I∗h

(
ba

Nh
I∗h +

mNh
n+N∗v

+ µv

)
I∗v

=

(
ca

Nh
+

pm

n+N∗v

)
NhI

∗
v ·

ba

Nh
N∗v I

∗
h

>

(
ca

Nh
+

pm

n+N∗v

)
(Nh − I∗h) · ba

Nh
(N∗v − I∗v ) · I∗v I∗h

= q1I
∗
v I
∗
h,

where the equilibrium equation is used. Hence we obtain q2 > q1, implying

det J
∣∣∣
(I∗v ,I

∗
h)
> 0.

By Routh-Hurwitz criteria, both real parts of eigenvalues of J
∣∣∣
(I∗v ,I

∗
h)

are negative. Hence, (I∗v , I
∗
h) is

LAS in Dd if R0 > 1.

Moreover, let us denote(
h1(Iv, Ih)

h2(Iv, Ih)

)
,

(
ba
Nh

(N∗v − Iv)Ih − mIv
n+N∗

v
Nh − µvIv

ca
Nh
Iv(Nh − Ih) + p mIv

n+N∗
v

(Nh − Ih)− µhIh

)
and

∂h1

∂Iv
+
∂h2

∂Ih
= −ba Ih

Nh
− mNh
n+N∗v

− µv −
ca

Nh
Iv −

pmIv
n+N∗v

− µh < 0.

Thus, system (3.8) has no periodic orbits Dd. By Poincaré-Bendixson Theorem in [15], the single

equilibrium (I∗v , I
∗
h) is GAS in Dd if R0 > 1. Hence, the unique endemic equilibrium Ee is also GAS in

D if Rv > 1 and R0 > 1. �

Theorem 3.6. If Rv < 1, system (2.1) has up to five equilibria:

E0 = (0, 0, 0), Eb± = (N∗v± , 0, 0), Ee± = (S∗v± , I
∗
v± , I

∗
h±).

Moreover,

(i) Suppose 0 < σn < 1− µv

rv
and ml < m < mu, we have

(a) if R0(N∗v−) < R0(N∗v+) < 1, then E0 and Eb± exist. Moreover, both E0 and Eb+ are LAS,

and Eb− is unstable in D.
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(b) if R0(N∗v−) < 1 < R0(N∗v+), then E0, Eb± and Ee+ exist. Moreover, both E0 and Ee+ are

LAS, and Eb± are unstable in D.

(c) if 1 < R0(N∗v−) < R0(N∗v+), then E0, Eb± and Ee± exist. Moreover, both E0 and Ee+ are

LAS, and Eb± , Ee− are unstable in D.

(ii) if otherwise, only E0 exists and it is GAS in D.

Proof. (i) It follows from Theorem 3.2 that both N∗v− and N∗v+ exist, arising two boundary equilibria

Eb− and Eb+ of system (2.1), respectively. Since N∗v− is unstable and N∗v0 is LAS in case of Rv < 1,

immediately we obtain that Eb− is unstable and E0 is LAS.

Similar to Theorem 3.5, by setting S′v(t) = 0, I ′v(t) = 0 and I ′h(t) = 0 in system (2.1), we obtain

I∗h± =
α±γ±

N∗v± + γ±

(
R2

0(N∗v±)− 1
)

= Nh −
(Nh + α±)γ±

N∗v± + γ±
, (3.9)

and

S∗v± =
α±

I∗h± + α±
N∗v± , I∗v± =

γ±I∗h±

Nh − I∗h±
,

where

α± =

mNh

n+N∗
v±

+ µv

ba/Nh
, γ± =

µhNh

ca+ p mNh

n+N∗
v±

.

(a) If R0(N∗v−) < R0(N∗v+) < 1. E0, Eb± exist and it is obvious that E0 is LAS and Eb− is unstable.

The Jacobian matrix at Eb+ is

J
∣∣∣
Eb+

=


η(N∗v+) rv(1− σN∗v+)e−σN

∗
v+ +

mNhN
∗
v+

(n+N∗
v+ )2 − ba

Nh
N∗v+

0 − mNh

n+N∗
v+
− µv ba

Nh
N∗v+

0 ca+ p mNh

n+N∗
v+

−µh

 .

One of the eigenvalues is λ1 = η(N∗v+) , N∗v+f
′
1(N∗v+) < 0. The other two eigenvalues λ2 and λ3 are

determined by the following equation:

λ2 +
( mNh
n+N∗v+

+ µv + µh

)
λ+ µh

( mNh
n+N∗v+

+ µv

)(
1−R2

0(N∗v+)
)

= 0. (3.10)

Hence, Re
(
λ(Eb+)

)
< 0 owing to R0(N∗v+) < 1, thus Eb+ is LAS.

(b) If R0(N∗v−) < 1 < R0(N∗v+). Eq. (3.9) implies that Ee+ exists. By Eq. (3.10), it implies there

exists at least one eigenvalue with a positive real part if R0(N∗v+) > 1, indicating Eb+ is unstable.

Moreover, the Jacobian matrix at Ee+ is

J(Ee+) =

 η(N∗v+)− J21 η(N∗v+)− J22 −J23

J21 J22 J23

J31 J32 J33

 ,

where

J21 = ba
I∗h+

Nh
+

mNhI
∗
v+

(n+N∗v+)2
, J22 = −

(mNh(n+ S∗v+)

(n+N∗v+)2
+ µv

)
,

J23 =
ba

Nh
S∗v+ , J31 = −p

mI∗v+(Nh − I∗h+)

(n+N∗v+)2
,

J32 =
( ca
Nh

+
pm(n+ S∗v+)

(n+N∗v+)2

)
(Nh − I∗h+), J33 = −

( ca
Nh

I∗v+ +
pmI∗v+

n+N∗v+
+ µh

)
.
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The characteristic polynomial of J(Ee+) is

det
(
λI − J(Ee+)

)
=
(
λ− η(N∗v+)

)
(λ2 + a1λ+ a2),

where

a1 = ba
I∗h+

Nh

N∗v+

I∗v+
+

µhNh
Nh − I∗h+

> 0, a2 = µh
ba

Nh

I∗h+

I∗v+

NhI
∗
v+ + S∗v+I

∗
h+

Nh − I∗v+
> 0.

The eigenvalues of J(Ee+) are λ1 = η(N∗v+) < 0, Re(λ2) < 0, Re(λ3) < 0, which yields that the

endemic equilibrium Ee+ is LAS.

(c) If 1 < R0(N∗v−) < R0(N∗v+), both Ee− and Ee+ exist. By (b), we know that Ee+ is LAS and

Eb+ is unstable. Meanwhile, similar procedure leads to λ1 = η(N∗v−) , N∗v−f
′
1(N∗v−) > 0 which is one

of eigenvalues of J(Ee−). Hence, Ee− is unstable.

(ii) Under the associated situations and Theorem 3.2, the unique N∗v0 is GAS in Dv which implies

lim
t→+∞

Sv(t) = lim
t→+∞

Iv(t) = 0.

This leads to I ′h(t) = −µhIh(t), yielding Ih(t) degenerates zero for any initial nonnegative conditions.

Therefore, E0 is GAS in D. �

Figure 5 shows the bifurcation of endemic equilibria in terms of R0. As shown in Fig. 5(a) where

Rv < 1, if 0 < σn < 1 − µv

rv
,ml < m < mu are satisfied, a stable endemic equilibrium occurs when

R0(N∗v+) > 1. With the continuous increase of R0(N∗v+), an unstable endemic equilibrium occurs if

R0(N∗v−) is also greater than unity. However, in case of Rv > 1, the situation is rather simple, namely

a unique endemic equilibrium occurs if and only if R0 > 1 (see Fig. 5(b)).
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Figure 5. Forward bifurcation of system (2.1) in terms of R0, when (a) Rv < 1,

(b) Rv > 1. The blue solid lines indicate stable, while the red dashed lines indicate

unstable disease-free or endemic equilibrium.

Remark 3.3. In case of Rv < 1, the backward bifurcation for the vector population in Fig. 4 implies

that the triatomine bug population can still persist even if its vector reproduction number is less than
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Table 2. Summary of equilibria and stability of the model (2.1). ‘∗’ indicates positive

component.

Equilibrium Feasibility conditions Stability conditions

E0 = (0, 0, 0) Always exists Rv < 1

Eb+ = (∗, 0, 0) Rv < 1, 0 < σn < 1− µv

rv
,ml < m < mu R0(N∗v+) < 1

Eb− = (∗, 0, 0) Rv < 1, 0 < σn < 1− µv

rv
,ml < m < mu Always unstable

Ee+ = (∗, ∗, ∗) Rv < 1, 0 < σn < 1− µv

rv
,ml < m < mu,R0(N∗v+) > 1 LAS

Ee− = (∗, ∗, ∗) Rv < 1, 0 < σn < 1− µv

rv
,ml < m < mu,R0(N∗v−) > 1 Always unstable

Eb = (∗, 0, 0) Rv > 1 R0(N∗v ) < 1

Ee = (∗, ∗, ∗) Rv > 1,R0(N∗v ) > 1 GAS

unity. However, the forward bifurcation for the infected population in Fig. 5(a) indicates that Chagas

disease can die out if R0(N∗v+) < 1, while persists if R0(N∗v+) > 1.

4. Numerical Simulations

In this section, we numerically investigate the effect of predation transmission on the transmission

of Chagas disease. The selected parameter values are based on Table 1.

4.1. Bistability if Rv < 1. With the feasible parameter values chosen from Table 1, we observe

different bistability phenomena which are shown in Figure 6, where Rv = 0.9472 < 1. As shown

in Fig. 6(a), when R0(N∗v−) = 0.3094 < R0(N∗v+) = 0.9129 < 1, both bug-free equilibrium E0 and

disease-free equilibrium Eb+ are stable and the other disease-free equilibrium Eb− is unstable, which

implies no Chagas disease spreads. However, as depicted in Fig. 6(b,c), either R0(N∗v−) = 0.5559 < 1 <

R0(N∗v+) = 1.6404 or 1 < R0(N∗v−) = 1.1547 < R0(N∗v+) = 3.4073, the bug-free equilibrium E0 and

an endemic equilibrium Ee+ are synchronously stable, indicating different initial vector-host population

may lead to extinction or persistence of Chagas disease if Rv < 1.

4.2. Global Stability if Rv > 1. We have shown that, if Rv > 1, the disease-free equilibrium Eb is

globally asymptotically stable when R0(N∗v ) < 1 and an endemic equilibrium Ee is globally asymptot-

ically stable when R0(N∗v ) > 1 (see Theorem 3.5). Figure 7 presents the intuitive observation of the

global stability phenomena, where Rv = 1.9867, R0(N∗v ) = 0.9129 for (a) and R0(N∗v ) = 1.1952 for

(b). Biologically, even if the vector reproduction number Rv > 1, Chagas disease can either die out if

R0 < 1 or persist if R0 > 1.

4.3. Impact of Predation Transmission. In this subsection, we numerically examine the influence

of predation transmission on the transmission of Chagas disease.

Figures 8-9 present the impact of key parameters (n,m, p,Nh) relevant to the predation transmission

on the basic reproduction number R0 of Chagas disease and the number of infected hosts at equilibrium

I∗h in cases of Rv > 1, respectively. It is noticed, increasing the values of predation half-saturation

constant n and the predation infection probability p would increase R0 and I∗h, whereas increasing the

values of the maximum predation rate m and the total number of host population Nh result in the

decrease of R0. It is worthwhile to mention that, within the reasonable parameter ranges, R0 can

either greater than or less than unity.

However, it is interestingly observed as shown in Fig. 9(d), with the increase of Nh, the number of

infected hosts I∗h initially increases at the low level of Nh, reaches peak value and then declines. The
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Figure 6. Bistability of system (2.1) when Rv < 1. (a) E0 and Eb+ are stable and

Eb− is unstable, here µh = 0.0021; (b) E0 and Ee+ are stable, and Eb± are unstable,

here µh = 0.00064; (c) E0 and Ee+ are stable, and Eb± and Ee− are unstable, here

µh = 0.00025. Other parameter values are fixed at a = 0.6, b = 0.00471, c = 0.00106,

Nh = 200, σ = 0.0001, rv = 0.1714, µv = 0.0045, p = 0.01, n = 5842, m = 5.1549. Red

solid dots indicate stable and red circles indicate unstable.

Figure 7. Global stability of system (2.1) if Rv > 1 and (a). R0 < 1, (b). R0 > 1.

Model parameter values are a = 0.25, b = 0.00271, c = 0.00106, Nh = 200, σ = 0.0001,

rv = 0.6714, µv = 0.0045, p = 0.01, n = 5960, m = 9.9365, µh = 0.0011 for (a) and

µh = 0.00067 for (b).

reason behind may be that the rate of predation transmission exceeds the rate of death due to host

predation.

We further conduct sensitivity analysis of model parameters on the basic reproduction number R0

in case of Rv > 1, by evaluating partial rank correlation coefficients (PRCCs) [17]. Latin hypercube

sampling (LHS) is used to sample the parameters from the uniform distribution, with parameters

varying from the ranges stated in caption of Figure 10. From the results shown in Fig. 10, we can find

that, predation-related parameters m,n,Nh have a notable impact on R0.
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Figure 8. The impact of predation transmission parameters n,m, p,Nh on R0 when

Rv > 1. Except for the values of n,m, p,Nh, all other parameter values are the same

as those in Fig. 6

.
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Figure 9. The impact of predation transmission parameters n,m, p,Nh on the number

of the infected hosts I∗h. Apart from n,m, p,Nh, the other parameter values are the

same as those in Fig. 6

.

4.4. Contribution of Two Different Transmission Routes. Since two transmission routes of

biting-defecation and predation transmission are involved in model (2.1), we are able to evaluate the re-

spective contributions to basic reproduction number R0 and newly infected hosts I∗h. From the formula
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Figure 10. PRCCs results of all parameters to the basic reproduction number R0.

The ranges of a, b, c, rv, µv, µh, p and Nh refer to Table 1. Ranges of n and σ are chosen

±20% at baseline values of 9840, 0.0001, respectively. The range of m is determined by

the existence analysis of the positive equilibrium.

R0 in Eq. (3.7), their respective percentages to the contribution of R0 are

Q̃b =
Rb
R2

0

and Q̃p =
Rp
R2

0

,

and their respective time series percentages to the contribution of the number of newly infected hosts

are

Qb(t) =
ca

ca+ p mNh

n+Nv(t)

, Qp(t) =
p mNh

n+Nv(t)

ca+ p mNh

n+Nv(t)

.

The subscripts b, p indicate biting-defecation and predation transmission routes, respectively.

Figure 11 presents the respective percentages (Qb(t) and Qp(t)), arising from two different transmis-

sion mechanisms, by varying m and Nh from high to low values, respectively. As we can see from each

column in Fig. 11, the percentage of predation transmission can either greater than or less than 0.5,

implying the contribution of predation transmission plays an indispensable role during the course of

Chagas disease outbreak. Particularly, we notice that the percentage Qp(t) of predation transmission

contribution decreases as m or Nh decreases, requiring the rational evaluation of model parameter val-

ues. Note that, we obtain Q̃b : Q̃p = Qb(t) : Qp(t) as t→ +∞ at equilibrium which is colored in grey in

Fig. 11, which implies that the relative contributions of two transmission routes to R0 or the number

of newly infected hosts are equal.

5. Conclusion and Discussion

In this study, we present a mathematical model for Chagas disease, where predation transmission

between triatomine vectors and non-human hosts are considered and Holling-II functional response

is used to describe this predation behavior. The findings from this dynamical analysis offer valuable

insights for the prevention and control of Chagas disease, where the conditions for the extinction and

persistence of Chagas disease could be identified.

Though the proposed model is simple, the dynamics are not simple, up to five equilibria (see Table 2)

are found and bistability phenomenon with backward and forward bifurcations is observed. The key



302 J. JIANG, D. GAO, J. JIANG, AND X. WU

0 20 40 60 80 100

Time

0

0.5

1

0 20 40 60 80 100

Time

0

0.5

1

0 20 40 60 80 100

Time

0

0.5

1

0 20 40 60 80 100

Time

0

0.5

1

0 20 40 60 80 100

Time

0

0.5

1

0 20 40 60 80 100

Time

0

0.5

1

(a)

(b)

(c)

(d)

(e)

(f)

Figure 11. The respective percentages of predation transmission and bite-defecation

transmission to the contribution of number of new infected hosts by varying m and

Nh. Apart from m and Nh, the other parameter values are the same as those in Fig. 7.

The grey regions indicate Q̃b : Q̃p = Qb(t) : Qp(t) at equilibrium.

findings are that the vector reproduction number Rv and disease basic reproduction number R0 are

not enough as thresholds to determine the endemicity of Chagas disease. In fact, in case of Rv > 1,

the dynamic is simple, namely disease dies out if R0 < 1 and persists if R0 > 1. However, in the case

of Rv < 1, the dynamic is complicated. Within the biologically feasible ranges of model parameters,

i.e. 0 < σn < 1 − µv

rv
, ml < m < mu, we have found the backward bifurcation for vector population

(Fig. 4) and the forward bifurcation for infected population (Fig. 5), indicating disease still dissipates

even if Rv < 1, and different initial conditions or a small perturbation in model parameters may result

in a significant variation in the fate of Chagas disease transmission.

With an emphasis on the impact of predation transmission by hosts ingest triatomine bugs on the

transmission of Chagas disease, we numerically found that predation transmission basically reduces the

risk of infection. We observed that the increase of the maximum predation value m and the number of

host population Nh, and the decrease of the half-saturation constant n lead to the decrease of Rv and

R0, whilst increasing the predation infection probability p results in the increase of R0(N∗v±), see Fig. 8.

However, we found unexpectedly that the total number of host population significantly influenced the

infected host population. That is, I∗h initially increases, reaches a peak value and then decreases as

Nh increases. Sensitivity analysis stated that model parameters relevant to predation transmission

significantly influence R0. Moreover, the analysis of relative contribution indicated that predation

transmission plays an indispensable role in the transmission of Chagas disease. Hence, by increasing

the number of host population in an environment and vaccinating hosts which can reduce predation
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infection probability may be the practically feasible strategies for the prevention and control of Chagas

disease.

There are some limitations with the current study. Human population is not taken account into the

model (2.1) for the sake of simplicity, though human is the most important population that should be

examined, while the findings from the interplay between triatomines and non-human primates still offer

certain valuable insights for the prevention and control of Chagas disease. Secondly, triatomine bugs who

are infected with Chagas-parasites have different behavioral activity compared to susceptible triatomine

bugs, and non-human primates, like dogs, carrying Chagas-parasites may also have clinical symptoms

leading to death [9, 16]. These factors may lead to a significant disparity from the actual situation

of this dynamical analysis. Our previous studies have contemplated the factor of pathogenic effect

of secondary Chagas-parasite Trypanosoma rangeli on the transmission dynamics of Chagas disease,

including either co-feeding or co-infection [32, 33]. These factors can be further incorporated into the

present model, and we leave these questions for our future investigation.
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Appendix A. Proof of Theorem 3.2

Following Eq. (3.2), we have

f1(0) = (mNh

n + µv)(Rv − 1), lim
Nv→+∞

f1(Nv) = −µv < 0,

implying

f1(0) > 0⇔ Rv > 1, f1(0) < 0⇔ Rv < 1.

(i) If Rv > 1⇔ f1(0) > 0.

If σn ≥ 2, we have

g(0) = σn
rv

mNh/n
> σn

rv
mNh/n+ µv

= σnRv > σn ≥ 2.

It follows from Lemma 3.1(i) that there is a unique root Ñv1 > 0 such that g(Ñv1) = 1. This implies

that f1(Nv) directly decreases from the positive value f1(0) to negative, until converges to −µv. Hence,

there exists a unique positive equilibrium N∗v such that f1(N∗v ) = 0.

If 0 < σn < 2, we have

gmax = g(
2− σn
σ

) =
4

e2
· rv
mNh/n

· e
σn

σn
>

4

e
· rv
mNh/n+ µv

=
4

e
Rv > 1,

using

min
x∈(0,∞)

ex

x
= e

at x = 1 and Rv > 1. However, g(0) can either be greater than or less than unity.

If g(0) ≤ 1 < gmax holds, it follows from Lemma 3.1(ii) that there are two roots 0 < Ñv1 < Ñv2

such that g(Ñv1) = g(Ñv2) = 1. This indicates that f1(Nv) increases from positive f1(0) to a local

maximum, then decreases to negative local minimum, increases again, and eventually tends to −µv.
This situation ensures a unique positive equilibrium N∗v such that f1(N∗v ) = 0.
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If 1 < g(0) < gmax is satisfied, f1(Nv) directly decreases to a local minimum and then increases,

until converges to −µv. This also indicates a unique positive N∗v such that f1(N∗v ) = 0.

(ii) If Rv < 1⇔ f1(0) < 0.

If σn ≥ 2 and g(0) ≤ 1, it follows from Lemma 3.1(i) and Eq. (3.4) that f1(Nv) always increases from

negative value f1(0) to negative value −µv. If σn ≥ 2 and g(0) > 1, we know that f1(Nv) decreases

first from negative value f1(0) and then increases to negative value −µv. These two cases indicate no

roots of f1(Nv) = 0. (See Fig. 3(f,g)).

If 0 < σn < 2, it follows from Lemma 3.1(i) and Eq. (3.4) that the positive roots of f1(Nv) depend

on three situations: (a). g(0) ≤ 1 < gmax, (b). g(0) < gmax ≤ 1, and (c). 1 < g(0) < gmax.

In case of (a), it is easy to know that f1(Nv) increases first from negative f1(0) to a local maximum

f1(Ñv1), then decreases to a local minimum f1(Ñv2) and increases again, eventually converges to nega-

tive value −µv. This phase transition of f1 may lead to one equilibrium N∗v = Ñv1 > 0 if f1(Ñv1) = 0,

two equilibria 0 < N∗v− < Ñv1 < N∗v+ < Ñv2 if f1(Ñv1) > 0 and no equilibrium if f1(Ñv1) < 0 (See

Fig. 3(a,b,c)).

In cases of (b) or (c), it is easy to know that f ′1(Nv) > 0 for the former and f ′1(Nv) < 0 for

Nv ∈ [0, Ñv1) and f ′1(Nv) > 0 for Nv ∈ (Ñv1,∞) for the latter. Both cases indicate that no equilibrium

exists for f1(Nv) = 0 (See Fig. 3(d,e)).

Next, we will investigate the equivalent conditions for the existence of the two equilibria in terms of

model parameters. We consider m as a mutable variable. By some straightforward algebraic calcula-

tions, we obtain that the conditions

Rv < 1, 0 < σn < 2 and g(0) ≤ 1 < gmax

are equivalent to

(I). 0 < σn < 1− µv
rv
,

n(rv − µv)
Nh

< m <
4rv
σNh

eσn−2,

or

(II). 1− µv
rv
≤ σn < 2,

σn2rv
Nh

≤ m <
4rv
σNh

eσn−2.

To confirm the feasibility of (I) or (II), we need to examine whether the curve of f1 traverses Nv-axis

during the interval (0, Ñv1). To do this, we first find a critical value of m corresponding to the unique

positive equilibrium of model (3.1). Consequently, f1(Ñv1) = 0 and f ′1(Ñv1) = 0 yield
rv

(
1− σ(n+ Ñv1)

)
e−σÑv1 − µv = 0, (A.1a)

m =
µv
Nh

(n+ Ñv1)2

1
σ − (n+ Ñv1)

> 0, Ñv1 <
2− σn
σ

. (A.1b)

Next we should analyze the suitability of Eqs. (A.1).

Let’s treat m as a function of Ñv1. For Ñv1 ∈ (0, (2− σn)/σ), Eq. (A.1b) leads to

dm(Ñv1)

dÑv1

=
µh
Nh

σ(n+ Ñv1)

( 1
σ − (n+ Ñv1))2

(2− σn
σ

− Ñv1

)
> 0,

implying m = m(Ñv1) increases monotonically within the interval (0, (2− σn)/σ). We further denote

h(Ñv1) = rv

(
1− σ(n+ Ñv1)

)
e−σÑv1 − µv,

then we have

dh(Ñv1)

dÑv1

= rvσ
2e−σÑv1

(
Ñv1 −

2− σn
σ

)
< 0, Ñv1 ∈ (0,

2− σn
σ

).
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That is, h(Ñv1) monotonically decreases with respect to Ñv1 during the interval (0, (2 − σn)/σ). Fur-

thermore, we have

h

(
2− σn
σ

)
= −rveσn−2 − µv < 0, h(0) = rv(1− σn)− µv.

To guarantee the positive equilibrium, h(0) > 0 is required, which is equivalent to σn < 1 − µv/rv.
Therefore, condition (I) holds and (II) is not valid.

Consequently, we conclude that the existence of two positive equilibria for the model (3.1) when

Rv < 1 is equivalent to

0 < σn < 1− µv
rv
, ml < m < mu,

where

ml =
n(rv − µv)

Nh
and mu =

µv
σNh

(
1−W0(µv

rv
e1−σn)

)2
W0(µv

rv
e1−σn)

,

and W0 is the principal real branch of transcendent Lambert W function.
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