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UNRAVELING THE ROLE OF INERT BIOMASS IN MEMBRANE AERATED

BIOFILM REACTORS FOR SIMULTANEOUS NITRIFICATION AND

DENITRIFICATION

MARYAM GHASEMI, SHENG CHANG, AND SIVABAL SIVALOGANATHAN

Abstract. This study presents an innovative 2D spatio-temporal model that sheds light on the in-

tricate formation of biofilms, incorporating two essential biomass decay pathways: cell lysis and en-

dogenous respiration. The model encompasses heterotrophic bacteria (HB), anaerobic heterotrophic

bacteria (AHB), and autotrophic bacteria (AB), offering a comprehensive understanding of multi-

species biofilm development. Through meticulous simulations, we explore the primary mechanisms

behind inert biomass formation in biofilms, revealing the key roles played by the lysis of HB, AHB,

and AB, as well as the endogenous respiration of HB. Moreover, the simulations reveal how species

of higher abundance contribute significantly to inert biomass generation, reshaping our understanding

of biofilm dynamics. Crucially, this study highlights the indispensability of considering biofilm inert

biomass when modeling the nitrification and denitrification behaviors of a membrane aerated biofilm

reactor (MABR). The distribution of oxygen and acetate across biofilm thickness is remarkably dif-

ferent when inert biomass is factored in, underscoring the necessity for a more holistic approach to

modeling biofilm behavior. With the introduction of the inert biomass inclusive biofilm model, our sim-

ulations explore the interactive effects of key process conditions - bulk concentrations of oxygen (O∞),

ammonium nitrogen (N1∞), acetate (A∞), and biofilm thickness - on the nitrification and denitrifi-

cation performance of MABR. A compelling correlation emerges between higher bulk concentrations

of oxygen and ammonium nitrogen and optimal nitrification rates, achieving an impressive range of

0.3 to 1.1g ammonium/m2/d. Delving into denitrification, we observe that high O∞, low N1∞, and

either high or low A∞ levels impede AHB formation and consequently hinder denitrification. Our

findings provide a roadmap for achieving simultaneous nitrification and denitrification, contingent on

specific conditions: 10[gm−3] < O∞ < 15[gm−3], 12[gm−3] < N1∞ < 20[gm−3], A∞ ranging from

3[gm−3] to 12[gm−3], and a biofilm thickness > 1.4[mm]. While our study reveals promising avenues

for simultaneous nitrification and denitrification, denitrification rates still lag behind nitrification rates

under the same conditions. As a result, we advocate for further investigations to devise strategies that

can enhance denitrification in MABR systems. In conclusion, this study advances our knowledge of

biofilm dynamics by introducing a comprehensive model and illuminating the key factors driving nitri-

fication and denitrification performance in MABRs. These findings pave the way for improved biofilm

engineering and wastewater treatment strategies, opening new horizons for sustainable environmental

practices.

1. Introduction

Wastewater pollution from domestic, commercial, public service, industrial, and agricultural sources

has become a global environmental challenge, severely affecting the quality of water bodies such as
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rivers and ultimately impacting the health of humans and animals [50]. To address these pressing

concerns caused by wastewater pollution, a variety of advanced technologies have been implemented,

including membrane aerated biofilm reactors (MABRs), which hold the potential to efficiently remove

both organic and inorganic contaminants from wastewater. MABRs offer a unique counter-diffusion

mass transfer mechanism, enabling the simultaneous supply of carbonaceous and nitrogenous substrates,

along with oxygen, from opposite sides of the biofilm. This makes MABRs particularly promising

for achieving simultaneous nitrification and denitrification (SND) in wastewater treatment with low

carbon to nitrogen (C:N) ratios [9, 25, 28, 29, 43]. A key distinguishing characteristic of MABRs from

conventional biofilm-based wastewater treatment technologies such as trickling filter, rotating biological

contactor, and fixed or moving bed biofilm reactors [38] is the precise control over oxygen supply to

biofilms through oxygen-permeable membranes. This feature allows for the creation of biofilms at the

membrane surface, leading to a high dissolved oxygen (DO) profile in the inner layers of the biofilm

close to the membrane. In this oxygen-rich region, nitrification bacteria flourish that effectively oxidize

NH+
4 to NO−2 or NO−3 . Simultaneously, aerobic heterotrophic bacteria actively consume biochemical

oxygen demand (BOD) and contribute to the overall treatment efficiency. As oxygen concentrations

decrease towards the outer surface of the biofilm, an anoxic zone is established, promoting the growth of

anaerobic heterotrophic bacteria that are responsible for denitrification or reduction of NO−2 or NO−3
to nitrogen gas. This dynamic interplay gives rise to stratified biofilm layers, enabling the simultaneous

removal of BOD, nitrification, and denitrification within MABR reactors [20, 32].

Achieving optimal SND performance in MABRs in terms of maintaining a high-level of total nitrogen

removal with minimum oxygen and carbon consumption requires a thorough understanding of critical

factors that influence the process. These factors include biofilm thickness, oxygen concentration, C:N

ratio, and hydraulic retention time (HRT) [5, 7, 25, 33, 35, 44, 47]. An essential aspect often overlooked

in realistic MABR performance descriptions is the gradual loss of active biomass over time and the

accumulation of inert biomass. This phenomenon arises from various processes, including cell detach-

ment, decay, lysis, and endogenous respiration [49]. Endogenous respiration involves the consumption of

intracellular materials, such as glycogen or polyhydroxy-alkanoate, in the absence of external substrate

[12]. Part of the decayed biomass through respiration is slowly biodegradable substance that is used to

yield energy for maintenance while the remaining is non-biodegradable and form residual inert biomass

[26]. The decay/lysis concept, known as death-regeneration, also involves the decay of cells and subse-

quent consumption of fraction of the decayed biomass as a substrate for the growth of new biomass [48].

In activated sludge process models like IAWQ, ASM1, and ASM2, loss of active biomass is commonly

described based on endogenous respiration and cell decay/lysis concepts, with the non-biodegradable

fraction of dead cell debris remaining in the mixed liquor as inert biomass [26, 48]. In MABR systems,

the inert biomass generated through these pathways remains within the biofilm, potentially exerting

a more significant impact on process performance compared to suspended activated sludge systems.

Although inert biomass within biofilms does not consume substrate, it can act as a barrier, influencing

substrate transformation within the biofilm and its development. Neglecting the effects of inert biomass

may lead to overestimation of biofilm capacity in nitrogen removal or underestimation of nitrogen re-

sources within the biofilm. Therefore, it is crucial to incorporate inert biomass accumulation and its

impact in biofilm models for an accurate description of MABR performance. Decay of biomass through

lysis and endogenous respiration and its effect on nitrogen removal have been considered separately

in some theoretical studies [2, 8, 13, 30, 33, 49] showing that inert biomass affects the performance of

MABRs noticeably. Nevertheless, formation of inert biomass through both pathways and its effect on

the SND have not been studied particularly via spatio temporal multi-scale modeling, where the impact

of inert biomass is more pronounced because volume filing effect is involved [10, 17].
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To address this knowledge gap, our study aims to conduct a pioneering computational investigation

of SND performance in MABRs under diverse environmental conditions, with a specific emphasis on

the presence and role of inert biomass within the biofilm. Most mathematical models that have been

proposed for computational study of the performance of MABRs and understanding the involved mecha-

nisms are 1D models in which biofilm development is modeled in the framework of the 1D Wanner-Gujer

model [49]. This model is constructed based on the implicit assumption that substrates and biomass

components stratify completely. This is a good assumption for many well-developed biofilms with co-

diffusional substrate supply that homogeneously cover the substratum. However, Ghasemi et. al. show

in [19] that capturing biofilm development from a relatively realistic initial inoculum is possible only by

utilizing higher dimensional models especially if internal structure of biofilm and substrate distribution

within the biofilm are quantities of interest. Hence, leveraging a continuous, deterministic, 2D model,

we delve into the spatial resolution of multi-species biofilms, offering comprehensive insights into in-

ert biomass accumulation through both lysis and endogenous respiration. The main considerations to

include cell lysis and endogenous respiration in simulating development of inert biomass are (1) both

processes can result in accumulation of inactive biomass within biofilm, (2) the effect of these two

mechanisms can vary with process conditions, and (3) inclusion of both mechanisms allows analyzing

the effect of these two mechanisms on accumulation of inert biomass under different process conditions.

This approach allows a holistic evaluation of the role of inert biomass in SND processes and optimizing

total nitrogen removal with minimal oxygen and carbon consumption. Our research further investigates

the formation of inert biomass through each decay pathway, distribution of inert biomass across biofilm

thickness, and its consequential effect on SND performance. To the best of our knowledge, this is the

first study that employs a higher dimensional partial differential equation (PDE) model to describe

the development of a multi-species biofilm, comprising three distinct biomass types: autotrophs, het-

erotrophs, and inert biomass. This comprehensive modeling approach allows for a realistic evaluation

of inert biomass impact on SND processes, particularly in the presence of volume filling effects. By

understanding the hidden potential of inert biomass in MABRs, we can unlock a transformative era of

enhanced SND performance, promising sustainable and efficient wastewater treatment solutions.

2. Mathematical model

To study the effect of formation of inert biomass on SND performance of a membrane aerated biofilm
reactor (MABR), we develop the model introduced in [20] and include inert biomass as a particulate, i.e.,
volume occupying biomass fraction. To describe SND and the performance of MABR, we define com-
putational domain Ω ⊂ R2 as a rectangle of size [0, L]× [0, H] [mm2] which is divided into the biomass
region in which the total biomass density (M) is positive, Ω1(t) =

{
(x, y) ∈ Ω ⊂ R2 : M(t, x, y) > 0

}
and the liquid phase (bulk liquid, channels and pores of a biofilm) where the biomass density is zero,
Ω2(t) =

{
(x, y) ∈ Ω ⊂ R2 : M(t, x, y) = 0

}
. As shown in Figure 1 these regions are separated by

biofilm/liquid interface Γ(t) = ∂Ω̄1(t) ∩ ∂Ω̄2(t) which is not stationary and changes as time passes
and biofilm grows. Moreover, neither Ω1 nor Ω2 need to be connected, and Γ can consist of several
disjoint segments. To simulate an MABR and describe the nitrification/denitrification process we as-
sume substratum is placed at the bottom boundary at which biofilm is formed and this segment of
the computational domain also mimics the membrane through which oxygen is provided. Organic
and inorganic nitrogen sources are added through the top boundary indicating the involvement of
counter-diffusion mechanism, c.f. Figure 1. Biofilm is composed of four particulates: Inert biomass (I),
autotrophic biomass (Ba), aerobic heterotrophic biomass (Bh1), and anaerobic heterotrophic biomass
(Bh2). All these species are represented as volume fractions of maximum biomass density M∞ i.e.
M∞ · (I,Ba, Bh1, Bh2)[g/m3] represent density of inert bacteria (I), autotrophic bacteria (AB), het-
erotrophic bacteria (HB), and anaerobic heterotrophic bacteria (AHB) respectively. As is common in
mathematical models of biofilms, the EPS that is produced by the bacteria is subsumed in the biofilm
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Figure 1. Schematic of the computational domain Ω ⊂ R2 with liquid and biofilm

region. The arrows show the direction of substrate fluxes through the boundaries.

(a) (b)

Figure 2. Initial coverage of the substratum for two scenarios. (a): heterogeneous

inoculation including individual colonies of radius 160[µm]; (b): flat layer inoculation

including layers of thickness 20[µm].

volume fraction. A biofilm model that accounts for EPS explicitly has been proposed, for example,
in [15, 24, 26]. Decay of biomass through endogenous respiration produces slowly biodegradable and
non-biodegradable substances. The biodegradable fraction of decayed biomass can be used to provide
energy for maintenance through hydrolysis while the non-biodegradable fraction forms residual inert
biomass that does not consume substrate and is not consumed by any reactions [26, 33, 34]. To avoid
making the model more complex and since our focus in this study is on the effect of inert biomass
on SND, we do not include slowly biodegradable fraction and hydrolysis in our model and take into
account only the non-biodegradable fraction of decayed biomass. We also assume that all biomass loss
through lysis is converted into residual inert biomass. Furthermore, it is assumed that inert biomass is
removed physically or chemically. Nutrient substrates available in wastewater and required for biofilm
growth are ammonium nitrogen, N1[gm−3], nitrate nitrogen, N2[gm−3], oxygen, O[gm−3], and acetate,
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A[gm−3]. Independent variables are time and spatial location denoted by t ≥ 0 and (x, y) ∈ Ω. Using
these notations the model reads:



∂I
∂t

= ∇ · (
∑4

j=1D1j(M)∇Mj) + fdra
O

κao +O
Ba + fdrh

O

κho +O
Bh1︸ ︷︷ ︸

R1

+ daBa + dh1Bh1 + dh2Bh2︸ ︷︷ ︸
R2

∂Ba
∂t

= ∇ · (
∑4

j=1D2j(M)∇Mj) + µa
O

κao +O

N1

κn1 +N1
Ba︸ ︷︷ ︸

R3

− ra
O

κao +O
Ba︸ ︷︷ ︸

R1

− daBa︸ ︷︷ ︸
R2

∂Bh1
∂t

= ∇ · (
∑4

j=1D3j(M)∇Mj) + µh
O

κho +O

A

κa +A
Bh1︸ ︷︷ ︸

R4

− rh
O

κho +O
Bh1︸ ︷︷ ︸

R1

− dh1Bh1︸ ︷︷ ︸
R2

∂Bh2
∂t

= ∇ · (
∑4

j=1D4j(M)∇Mj) + µhηd
κho

κho +O

A

κa +A

N2

κn2 +N2
Bh2︸ ︷︷ ︸

R5

− dh2Bh2︸ ︷︷ ︸
R2

∂N1
∂t

= ∇ · (Dn1(M)∇N1)−
µaM∞
Yn

O

κao +O

N1

κn1 +N1
Ba︸ ︷︷ ︸

R6

∂N2
∂t

= ∇ · (Dn2(M)∇N2) +
µaM∞
Yn

O

κao +O

N1

κn1 +N1
Ba︸ ︷︷ ︸

R7· · ·

−µhηdM∞
(1− Yh)

2.58Yh

κho

κho +O

A

κa +A

N2

κn2 +N2
Bh2︸ ︷︷ ︸

· · · R7

∂O
∂t

= ∇ · (Do(M)∇O)− (4.57− Yn)

Yn
µaM∞

O

κao +O

N1

κn1 +N1
Ba︸ ︷︷ ︸

R8 · · ·

− (1− Yh)

Yh
µhM∞

O

κho +O

A

κa +A
Bh1 − ra

O

κao +O
Ba − rh

O

κho +O
Bh1︸ ︷︷ ︸

· · · R8

∂A
∂t

= ∇ · (Da(M)∇A)− µhM∞
Yh

O

κho +O

A

κa +A
Bh1︸ ︷︷ ︸

R9· · ·

− µhηdM∞
Yh

κho

κho +O

A

κa +A

N2

κn2 +N2
Bh2︸ ︷︷ ︸

· · ·R9

(2.1)

where M is the total biomass fraction, i.e. M = I + Ba + Bh1 + Bh2 and M = (I,Ba, Bh1, Bh2).

Diffusion terms in the biomass equations that are responsible for spatial spreading of biofilm contain

density dependent self- and cross-diffusion coefficients Dij(I,Ba, Bh1, Bh2) i, j ∈ {1, 2, 3, 4} [m2d−1]

and gradient of biomass species denoted by M1 = I, M2 = Ba, M3 = Bh1, and M4 = Bh2. As

explained in detail in previous studies [16, 23, 40], self- and cross diffusion coefficients are defined as:
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
Dii(I,Ba, Bh1, Bh2) = Mi (p(M)q′(M)− p′(M)q(M)) + p(M)q(M)

Dij(I,Ba, Bh1, Bh2) = Mi (p(M)q′(M)− p′(M)q(M)) if i 6= j

(2.2)

where p(M) and q(M) are defined as

p(M) =
δ

5
(1−M) q(M) =

(
M

1−M

)4

The accent ( ′ ) in equation (2.2) represents derivative with respect to M and δ[m2d−1] in functions

p(M) and q(M) is the biomass motility coefficient which is positive but much smaller than the diffusion

coefficients of dissolved substrates in liquid. The PDE system in (2.1) is a nonlinear reaction-diffusion

model due to nonlinear effects represented by diffusion coefficients in biomass equations. The nonlinear

effects are (i) porous medium degeneracy, i.e. Dij(M) ≈ 0 as total biomass, M , vanishes, (ii) a super-

diffusion singularity as total biomass, M , approaches unity, and (iii) cross-diffusion. The power law

degeneracy (i) guarantees propagation of the biofilm/liquid interface with finite speed and that the

biofilm does not spread noticeably if there is locally space available for new biomass to accumulate. It

is also responsible for the formation of a sharp interface Γ(t) between biofilm and surrounding liquid.

This indicates that initial data with compact support leads to solutions with compact support. The

super-diffusion singularity (ii) ensures that the biomass fraction does not exceed unity as required

physically and mathematically. The cross-diffusion terms with coefficient Dij , i 6= j describe resistance

to spatial spreading of one species due to the presence of other components, and subsequent mixing of

species. The diffusion coefficients for substrates also depend on the total biomass fraction however in

a non-critical manner. They are continuous functions bounded from above and below by two positive

constants and are defined as Dn1,n2,o,a(M) = D0
n1,n2,o,a(1 + M(ρ(n1,n2,o,a) − 1)) where D0

n1,n2,o,a and

0 < ρ(n1,n2,o,a) ≤ 1 are the diffusion coefficients in water and the biofilm/water ratio of diffusivities

respectively. This reflects the fact that the substrate diffusion is slower in the biofilm than in the

aqueous phase. Below is a summary of involved reaction terms:

• R1, R2: Formation of inert biomass through lysis and endogenous respiration. Endogenous

respiration is described by Monod kinetics with maximum oxidation rate ra,h and half saturation

constants κao , κho
. The lysis is described as a first-order process with a constant rate da,h1,h2.

• R3: Growth of autotrophic bacteria (AB) in the presence of ammonium (as electron donor)

and oxygen (as electron acceptor) described by dual Monod kinetics with µa as the maximum

growth rate and κao and κn1 as oxygen and ammonium half saturation constants respectively.

In order to avoid making the problem more complicated than necessary, we assume oxygen

half saturation constants in the growth and oxidation terms are the same. Furthermore, for

simplicity and to avoid unnecessary complexity, we treat the nitrifiers as one species that oxidizes

NH+
4 directly to NO−3 . Thus, the model does not consider the intermediate NO−2 and ammonia

oxidizers and nitrite oxidizers as distinct species [45, 46, 49].

• R4: Growth of Biological Oxygen Demand (BOD) degradation bacteria (heterotrophic bacteria

(HB)) that consume oxygen as an electron acceptor and acetate as an electron donor. It is

described by dual Monod kinetics with µh as the maximum growth rate and κho and κa as

oxygen and acetate half saturation constants respectively.

• R5: Denitrification that involves growth of anaerobic heterotrophic bacteria (AHB) in the

presence of acetate and nitrate (released as a side product of biological oxidation of ammonium)

under anoxic condition. It is described by dual Monod kinetics with ηdµh as the maximum

growth rate and κho , κa, and κn2 as oxygen, acetate, and nitrate half saturation constants

respectively.
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• R6: Uptake of ammonium by autotrophic bacteria with yield coefficient Yn.

• R7: production of nitrate as a result of biological oxidation of ammonium and its degradation

by denitrifier bacteria with yield coefficients Yn and Yh.

• R8: Uptake of oxygen by autotrophic and aerobic heterotrophic bacteria.

• R9: Uptake of acetate by heterotrophic bacteria (aerobic and anaerobic).

3. Computational simulation

To solve the PDE system (2.1) numerically, appropriate boundary conditions must be defined. As the

considered computational domain is a small part of a continuously repeating larger domain, we define

the homogeneous Neumann condition for all dependent variables at the lateral boundaries, x = 0, L,

to preserve the continuity [19]. To describe the involved counter-diffusion mechanism, we assume

oxygen is provided through the membrane placed at the bottom boundary, y = 0, and organic and

inorganic nitrogen sources are added through the top segment of the computational domain, y =

H. Hence, a nonhomogeneous Robin condition is imposed for oxygen at y = 0 and for ammonium

and acetate at y = H. The homogeneous Neumann condition is defined for nitrogen sources at the

bottom boundary to reflect a hydrophobic membrane which does not permit these substances to diffuse

through the membrane. We also assume that oxygen and nitrate are washed out through the top

boundary nevertheless oxygen is not completely removed. Thus, nonhomogeneous and homogeneous

Robin conditions are defined for oxygen and nitrate respectively at y = H. Moreover, it is assumed

that there is no biomass flux at the top and bottom boundary, i.e. we specify homogeneous Neumann

condition for biomass species at these boundaries. The boundary conditions for model (2.1) are as

follows: 

∂nI = ∂nBa = ∂nBh1 = ∂nBh2 = 0 at ∂Ω

∂nO = ∂nN1 = ∂nN2 = ∂nA = 0 at x = 0, L

O + λo
∂O
∂n = O∞ at y = 0

O + λo
∂O
∂n = 0.02 at y = H

∂nN1 = ∂nN2 = ∂nA = 0 at y = 0

N1 + λn1
∂N1

∂n = N1∞ at y = H

N2 + λn2
∂N2

∂n = 0 at y = H,

A+ λa
∂A
∂n = A∞ at y = H

(3.1)

where λ(·)[mm] is the concentration boundary layer thickness and describes the contribution of

the convective contribution of external bulk flow to substrate supply [11]. Generally, the values of

concentration boundary layer thickness are different at y = 0 and y = H. However, for simplicity, we

assume that all substrates have the same concentration boundary layer thickness at the top and bottom

boundaries, i.e. λo = λn1 = λn2 = λa = λ.

The primary objective of this study is investigating the role of inert biomass in SND performance

under different environmental conditions and to address the question whether neglecting decay of biofilm

causes any over or underestimation of substrate degradation and oxygen consumption. For this purpose,
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depending on questions that will be addressed, different values of substrate bulk concentrations will

be chosen in the range of O∞ = 5 ∼ 25[g/m3], N1∞ = 6 ∼ 20[g/m3], and A∞ = 3 ∼ 12[g/m3].

The oxygen bulk concentration is the concentration of dissolved oxygen in the water adjacent to the

membrane surface. Based on the oxygen Henry’s law constant of 0.0228[bar/gm−3] at 20◦C [3], the

selected range of O∞ corresponds to an oxygen partial pressure in the range of 0.114 to 0.57 bar. This

is in the range of the lower bound of air pressure on the gas side of the membrane (0.54 to 2.71 bar)

when air with 21% oxygen content is used as the oxygen source. In fact this is reasonable because the

air oxygen content decreases along the membrane length due to the oxygen consumption which makes

the oxygen partial pressure on the gas side lower than that in the atmospheric air. The range of bulk

concentrations for acetate and ammonium nitrogen are selected according to their effluent concentrations

discharged from a continuous complete mix reactor when the reactor starts without significant nutrient

availability. For the initial inoculation of the substratum, we consider two scenarios: homogeneous flat

layer coverage and sparse inoculation. In both cases, the biofilm consists of autotrophic, aerobic and

anaerobic heterotrophic bacteria. For comparability, the initial amount of biomass of all three types is

the same in the two cases. Thickness of each layer in the flat layer inoculation is 20[µm] which makes

the total initial thickness of the biofilm 60[µm]. In the case of sparse inoculation, the substratum is

covered by 6 semi-spherical colonies with radius 160[µm] centered at x = 0.4, x = 1, x = 1.6, x = 2.4,

x = 3, and x = 3.6[mm], c.f. Figure 2. Ammonium nitrogen and acetate are initially set to their

bulk concentrations, and initial conditions for oxygen and nitrate nitrogen are half of the oxygen bulk

concentration, i.e. 0.5O∞ (for simplicity) and zero respectively.

For computational study of the effect of environmental conditions and formation of inert biomass

on the nitrification/denitrification process and to investigate which pathway of decay contributes most

to formation of inert biomass and to interpret the obtained results, we will provide two dimensional

visualizations of simulations and define the following lumped output variables as quantities of interest:

• Total amount of biomass species:

U(t) =

∫
Ω

U dxdy U = I,Ba, Bh1, Bh2 (3.2)

• Total value of each production term in the equation for inert biomass per time:

Pi(t) =

∫
Ω

Pi dxdy (3.3)

where 

P1 = fdra
O

κao+OBa

P2 = fdrh
O

κho+OBh1

P3 = daBa, P4 = dh1Bh1, P5 = dh2Bh2

(3.4)

• Total amount of degradation of substrates by biofilm:

1

L

∫
Ω

R(n1,n2,o,a) dxdy [g/m2d] (3.5)
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where

Rn1
= µaM∞

Yn

O
κao+O

N1

κn1+N1
Ba

Rn2
= µhηdM∞

(1−Yh)
2.58Yh

κho

κho+O
A

κa+A
N2

κn2+N2
Bh2

Ro = (4.57−Yn)
Yn

µaM∞
O

κao+O
N1

κn1+N1
Ba + (1−Yh)

Yh
µhM∞

O
κho+O

A
κa+ABh1

+ra
O

κao+OBa + rh
O

κho+OBh1

Ra = µhM∞
Yh

O
κho+O

A
κa+ABh1 + µhηdM∞

Yh

κho

κho+O
A

κa+A
N2

κn2+N2
Bh2

(3.6)

Simulations are terminated when 80% of the computational domain is occupied by the biofilm or when

a pre-determined final time is reached.

For numerical solution of the PDE system (2.1), we first non-dimensionalize the system as: x̃ = x/H

and t̃ = tµh where H is the height of the computational domain and 1
µh

represents the characteristic

time scale for growth of heterotrophic bacteria, Ñ1 = N1

N1∞
, Ñ2 = N2

N1∞
, Õ = O

O∞
and Ã = A

A∞
. Note

that the biomass volume fractions I, Ba, Bh1, and Bh2 are already defined as dimensionless variables

with respect to the maximum cell density M∞. Then, we introduce a uniform grid of size N × M

for the rectangular domain [0, L/H] × [0, 1] to discretize the dimensionless PDE model by a Finite

Volume scheme. Due to the nonlinear diffusion effects (i), (ii), and (iii), the obtained ODE system is

nonlinear and cannot be analyzed using standard arguments from the theory for ordinary differential

equations, such as the Picard–Lindelöf theorem and the tangent condition cannot be readily applied to

study the well-posedness of the ODE system [31]. Moreover, it is not a priori clear whether high order

implicit standard numerical methods can be used for time integration of the resulting ODE system.

Using regularization idea, it has been shown in previous studies [16, 17, 18] that the spatially discre-

tised problem indeed satisfies a Lipschitz condition, i.e. has classical smooth solutions, indicating that

singularity is never attained. Hence, time-adaptive error controlled integration techniques can be used

to solve the resulting ODE model. In particular, we use the third order embedded Rosenbrock-Wanner

method with 4 stages ROS3PRL [41] which requires in each time-step the solution of several sparse,

large, non-symmetric linear systems, for which we use the stabilized bi-conjugate gradient method [17].

For efficient implementation of the code in terms of computational cost, OpenMP was used for the

parallelization of selected computationally expensive tasks such as the linear solver and the formation

of the Jacobian matrix within the Rosenbrock–Wanner method, and for the evaluation of nonlinear

reaction terms. For a more detailed description of the numerical challenges and numerical method we

refer to [16, 17].

Parameter values for numerical simulation and their description are summarized in Table 1.

4. Results

4.1. Biofilm development and distribution of inert biomass. The objectives of this section are

to study the development of bacteria species within the biofilm and distribution of substrates for flat

layer and sparse inoculation of the substratum (c.f. Figure 2). Results obtained at N1∞ = 12[gm−3],

O∞ = 15[gm−3], and A∞ = 6[gm−3] at times t = 150 and 300 are depicted in Figures 3-6. We observe

that in the case of flat layer inoculation, inert biomass is formed mainly in the inner region of the

biofilm at t = 150 due to decay of AB and HB while, as the biofilm grows (at t = 300), it is formed in

the middle area closer to the biofilm/liquid interface. The biofilm is mostly composed of AB and AHB

in this region indicating contribution of their decay to generation of inert biomass. Concentration of

inert biomass reduces in a narrow region near the biofilm/liquid interface because of formation of less
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Table 1. Model parameters for system (2.1) used for computer simulations

Parameter Symbol Value Dimension Source

Maximum specific growth rate for AB µa 0.16 d−1 [46]

Maximum specific growth rate for HB µh 6 d−1 [22]

Anoxic reduction factor for denitrification ηd 0.8 − [33]

Endogenous respiration rate for AB ra 0.0065 d−1 [49]

Endogenous respiration rate for HB rh 0.25 d−1 [49]

Non-biodegradable fraction of decayed biomass

by endogenous respiration fd 0.2 − [26]

Lysis rate for AB da 0.05 d−1 [27]

Lysis rate for HB, AHB d(h1,h2) 0.2 d−1 [27]

Oxygen saturation constant for Ba κao 0.5 gm−3 [49]

Oxygen saturation constant for Bh1, Bh2 κho
2 gm−3 [46]

Ammonium saturation constant κn1 1 gm−3 [46]

Nitrate saturation constant κn2 0.5 gm−3 [46]

Acetate saturation constant κa 20 gm−3 [46]

Yield of biomass produced from Ammonium Yn 0.24 − [46]

Yield of biomass produced from Acetate Yh 0.66 − [46]

Maximum cell density M∞ 104 gm−3 [49]

Diffusion coefficient for O in water D0
o 2× 10−4 m2d−1 [49]

Diffusion coefficient for N1 in water D0
n1 1.7× 10−4 m2d−1 [49]

Diffusion coefficient for N2 in water D0
n2 1.6× 10−4 m2d−1 [49]

Diffusion coefficient for A in water D0
a 1.5× 10−4 m2d−1 [46]

Biomass motility coefficient δ 10−12 m2d−1 [49]

Biofilm/water diffusivity ratio of O ρo 1 − [49]

Biofilm/water diffusivity ratio of N1 ρn1 1 − [49]

Biofilm/water diffusivity ratio of N2 ρn2 1 − [49]

Biofilm/water diffusivity ratio of A ρa 0.25 − [49]

Concentration boundary layer for oxygen λo 0.4 mm [21]

Concentration boundary layer for ammonium

and acetate λ(n1,n2,a) 0.4 mm Assumed

Oxygen bulk concentration O∞ 15 gm−3 [49]

Ammonium nitrogen bulk concentration N1∞ 12 gm−3 Assumed

Acetate bulk concentration A∞ 6 gm−3 [49]

Length of the computational domain L 4 mm Assumed

Height of the computational domain H 2 mm Assumed

AB in this area. Snapshots of distribution of substrates are represented in Figure 4. The concentration

of ammonium nitrogen decreases toward the bottom surface however it is not completely depleted

in the region close to the membrane indicating that it is not a limiting factor for growth of AB. The

concentration of oxygen provided through the membrane surface decreases within the biofilm as it grows

such that an anoxic zone is formed in the outer surface at t = 300. These promote formation of AB

and production of N2 within the biofilm and formation of AHB in the region close to the biofilm/liquid

interface at t = 300. At t = 150, HB is formed in the outer surface where the concentration of acetate



130 M. GHASEMI, S. CHANG, AND S. SIVALOGANATHAN

t=150 t=300

Figure 3. Snapshots of biofilm development for the flat layer coverage at t = 150

and t = 300. The bulk concentrations of substrates are set at N1∞ = 12[gm−3],

O∞ = 15[gm−3], and A∞ = 6[gm−3]. Note that the color coding scale for inert

biomass is different for better visualization of concentration gradient.

is higher and oxygen is not limited while oxygen depletion and consumption of acetate by AHB inhibit

formation of HB at t = 300. It has been shown in [19, 20] that initial arrangement of individual

colonies changes the internal structure of the biofilm and spatial distribution of substrates nevertheless

its effect on nitrification and denitrification is not considerable. To investigate whether formation of

inert biomass is affected by initial inoculation of the substratum, we study development of biofilm with

initial sparse inoculation (that needs a 2D modeling approach to be described) and plot snapshots of

biofilm development and substrate distribution in Figures 5-6. The results obtained at t = 150 show

that individual colonies that are closer together merge into single colonies at t < 150 and then form a

thick biofilm at t = 300. At t = 150, the inert biomass is mostly formed in the right side of the colonies

where more HB and small amount of AHB are formed. Note that AB that occupy the right side of the

colonies generate lower amounts of inert biomass in this region due to their lower respiration rate. As

the biofilm grows, the inert biomass occupies the whole biofilm with lower concentration in the inner

layers of the biofilm and higher concentration in the outer surface. The specific initial arrangement

used in this study yields formation of AB mostly in the left corner of colonies that consequently results

in the higher concentration of N2 in this area, production of HB and lower concentration of acetate

in the middle, and formation of AHB in the small area of the right corner of the colonies at t = 150.

Nevertheless, as the biofilm grows and colonies merge, AB occupy the whole biofilm heterogeneously
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t=150 t=300

Figure 4. Snapshots of substrate distribution for the flat layer coverage at t = 150

and t = 300. The bulk concentrations of substrates are set at N1∞ = 12[gm−3], O∞ =

15[gm−3], and A∞ = 6[gm−3]. Note that the color coding scales are different for better

visualization of concentration gradient. The solid white line shows the biofilm/liquid

interface.

except a narrow region closer to the biofilm/liquid interface while HB and AHB are formed in the outer

surface. Moreover, at t = 300 concentration gradient of substrates decreases across the biofilm and they

behave more homogeneously, similar to the flat layer scenario.

Results in Figures 3-6 indicate that the effect of initial inoculation on the internal structure of the

biofilm is profound at the early stage of biofilm growth and becomes less significant in a well established

biofilm. Nevertheless, as the results in Figure 7 show, initial inoculation does not change the total

amount of produced inert biomass significantly. Hence since this study focuses on the importance of

including inert biomass in modeling the SND performance of an MABR and since both cases of initial

inoculation are relevant from a biofilm reactor performance perspective, for further study of SND and

generation of inert biomass under different environmental conditions we use the homogeneous case to

reduce computational cost. Note that the cases studied in this section are demonstrative examples and

other scenarios are possible. We refer to [19] for other possible configurations.

According to the results obtained in this section and comparing them with the results in [20], ne-

glecting the role of inert biomass as a volume occupying species in modeling the performance of MABRs

gives an inaccurate description of biofilm structure and consequently the SND performance.
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t=150 t=300

Figure 5. Snapshots of biofilm development for the sparse inoculation at t = 150

and t = 300. The bulk concentrations of substrates are set at N1∞ = 12[gm−3],

O∞ = 15[gm−3], and A∞ = 6[gm−3]. Note that the color coding scale for inert

biomass is different for better visualization of concentration gradient.

4.2. Contribution of endogenous respiration and cell lysis to generation of inert biomass. In

MABRs inert biomass is accumulated within the biofilm but it is not easy to determine the mechanism

of its formation experimentally. Nevertheless, we can discover the main source for production of inert

biomass computationally under different environmental conditions. For this purpose, we compute total

value of each production term of inert biomass as defined in (3.5) at N1∞ = 12[gm−3], O∞ = 15[gm−3],

A∞ = 6[gm−3] as a standard condition and at lower concentrations of each substrate to investigate

how it changes with respect to bulk concentrations of substrates. Results obtained for four considered

cases (Figure 8) show that respiration of AB makes the minimum contribution to inert biomass, due

to its slower growth, followed by respiration of HB. The main inert biomass generators are lysis of

bacteria species. However, contribution of each species varies depending on substrate concentrations

and biofilm thickness. Under the standard condition used in this study, lysis of AB increases with

time monotonically while lysis of HB increases until t ≈ 219 (biofilm thickness ≈ 0.84[mm]) albeit in a

non-monotonic behavior with some oscillations in between and then declines sharply due to inhibition

of HB growth in thick biofilm. Respiration of HB initially increases until t ≈ 100 and then decreases

and ultimately diminishes at the end of the simulation. Contribution of lysis of AHB is negligible at

the beginning, but it starts increasing at t ≈ 230 due to formation of AHB and it becomes dominant for

t > 300. These results show that lysis of biomass species with higher abundance has major impact on the
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t=150 t=300

Figure 6. Snapshots of substrate distribution for the sparse inoculation at t = 150

and t = 300. The bulk concentrations of substrates are set at N1∞ = 12[gm−3], O∞ =

15[gm−3], and A∞ = 6[gm−3]. Note that the color coding scales are different for better

visualization of concentration gradient. The solid white line shows the biofilm/liquid

interface.

accumulation of inert biomass and residual of endogenous respiration does not play a key role. Figure

8b shows the results for A∞ = 3[gm−3] while the bulk concentration of ammonium nitrogen and oxygen

are not changed. Decreasing the bulk concentration of acetate from 6[gm−3] to 3[gm−3] reduces the

production of heterotrophic bacteria which consequently makes lysis of autotrophic bacteria the major

contributor after t > 100 followed by lysis of AHB at t > 340 (Figure 8b). Decreasing the ammonium

nitrogen bulk concentration from 12[gm−3] to 6[gm−3] at O∞ = 15[gm−3] and A∞ = 6[gm−3] decreases

the growth of AB and makes lysis of HB the main contributor to inert biomass production during the

whole simulation period (Figure 8c). Moreover, since slower growth of AB leaves more oxygen for growth

of HB, the effect of its endogenous respiration becomes more significant compare to the results obtained

in other cases however it is not a determining factor. Reducing the bulk concentration of oxygen to

O∞ = 5[gm−3] makes the growth condition more suitable for anaerobic heterotrophic bacteria, the lag

time for its formation shorter, and respiration pathways less dominant, such that lysis of AHB becomes

dominant inert biomass generator after t >≈ 200 (Figure 8d).

4.3. Substrate distribution within the biofilm. Snapshots of distribution of substrates along a

vertical line at the middle of the domain (= 2[mm]) for flat layer inoculation of the substratum at times

t = 60, 150, 210 for the cases with and without decay are depicted in Figure 9. The results are obtained
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Figure 7. Total amount of generated inert biomass for flat layer and sparse in-

oculation. The bulk concentrations of substrates are set at N1∞ = 12[gm−3],

O∞ = 15[gm−3], and A∞ = 6[gm−3].

at N1∞ = 12[gm−3], O∞ = 15[gm−3], and A∞ = 6[gm−3]. The oxygen profiles at different times

with and without including inert biomass show the maximum oxygen concentration at the membrane

surface (y = 0) and the minimum at the top boundary. If inert biomass is not included anoxic zone is

formed at t = 150 and oxygen is depleted in the region y > 0.8[mm], while with taking into account

the inert biomass, anoxic zone is not formed during the whole simulation period indicating the lower

rate of oxygen consumption by the biofilm containing inert biomass. The simulation also illustrates

that the oxygen concentration gradient across the biofilm is slightly steeper for the case with inert

biomass, reflecting that the oxygen transfer resistance increases within the biofilm when inert biomass

is included. Figure 9 also shows the impact of including the inert biomass on acetate distribution.

Acetate is added to the domain through the top boundary, and it is consumed within the biofilm by HB

and AHB. Hence, its concentration decreases in biofilm toward the membrane surface. The simulation

shows a significant difference in spatial distribution of acetate for the cases with and without inert

biomass. Without inert biomass acetate is completely depleted in the region close to the membrane

surface for t > 150, while in the case with inert biomass it exists everywhere in the domain at all three

times indicating the overestimation of density of heterotrophs in the case with no inert biomass. The

simulation results in Figure 9 reveal that there is a great amount of ammonium in the domain at all

times however its concentration decreases toward the membrane surface. Due to formation of more

AB in the case without inert biomass, the concentration of ammonium nitrogen is lower within the

biofilm making the ammonium nitrogen concentration gradient between biofilm and liquid steeper in

this case. The concentration of nitrate nitrogen decreases from the membrane surface (where more AB

are formed) to the top boundary (where more AHB are produced). Without including inert biomass,

more nitrate is produced because of formation of more AB and more nitrate is also consumed due to

formation of more anaerobic heterotrophs.

4.4. Effect of substrate concentrations on formation of inert biomass. Production of inert

biomass in biofilms can be affected by the concentration and spatial distribution of oxygen, ammonium

nitrogen, and acetate as they control biofilm growth and structure of microbial communities. To study
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Figure 8. Dynamics of decay pathways for each bacteria species. (a): A standard

condition with N1∞ = 12[gm−3], O∞ = 15[gm−3], A∞ = 6[gm−3]; (b) At lower

acetate concentration A∞ = 3[gm−3], (c) At lower ammonium nitrogen concentration

N1∞ = 6[gm−3], (d) At lower oxygen concentration O∞ = 5[gm−3].

the effects of bulk concentrations of substrates on the accumulation of inert biomass is the objective

in this section. For this purpose, we change the bulk concentration of substrates and record the total

amount of inert biomass for each case. Results are depicted in Figure 10. Figure 10a shows the effect of

O∞[gm−3] on production of inert biomass under the condition of N1∞ = 12[gm−3] and A∞ = 6[gm−3].

Increasing O∞ doesn’t make significant difference in formation of inert biomass, indicating the balance

between production of inert and active biomass with increasing the bulk oxygen concentration. However,

the lowest concentration of bulk oxygen produces slightly larger amount of inert biomass which, as

shown in Figure 8, is mostly related to the lysis of HB until t ≈ 200 and lysis of AHB after that.

Figure 10b shows the impact of N1∞[gm−3] on the formation of inert biomass at O∞ = 15[gm−3] and

A∞ = 6[gm−3]. Initially, until t ≈ 150 (biofilm thickness 0.46[mm]), varying the bulk concentration of

ammonium nitrogen shows insignificant effect on I(t). As the biofilm grows, the results diverge such that

more inert biomass is produced at higher bulk concentration of ammonium nitrogen. The ammonium

nitrogen concentration affects growth of autotrophic bacteria and consequently available oxygen for

production of heterotrophs, formation of anoxic zone and growth of AHB. At higher bulk concentrations

of ammonium nitrogen that promote formation of AB and AHB, inert biomass is formed mostly because

of lysis of these species. Figure 10c shows the impact of A∞[gm−3] on I(t) at N1∞ = 12[gm−3] and

O∞ = 15[gm−3]. By increasing A∞ the amount of generated inert biomass increases nevertheless it

reaches ≈ 1.18 at the end of the simulation for all cases. Moreover, the required time for biofilm to

occupy 80% of the computational domain becomes shorter due to formation of more heterotrophic
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t=60

t=150

bacteria that grow fast. The main contributors to accumulation of inert biomass at high concentrations

of acetate are endogenous respiration of HB and lysis of AB at the beginning and lysis of AB and AHB

when the biofilm is well established, c.f. Figure 8.

The simulation results represented in sections 4.1-4.4 suggest that it is necessary to consider the

presence of inert biomass in MABR modeling for more accurate description of its performance. In the

subsequent sections 4.5-4.7, we will analyze the effect of bulk concentrations of oxygen, ammonium

nitrogen, and acetate on nitrification, denitrification, and study consumption of oxygen and nitrogen

sources.

4.5. Factors affecting nitrification. Figures 11a-f show the results of impact of substrate bulk con-

centrations O∞[gm−3], N1∞[gm−3], and A∞[gm−3] on the formation of AB and nitrification. As the

results in Figure 11a show, Ba(t) increases for all values of O∞[gm−3] and reaches ≈ 0.12, 0.22, 0.3,

0.39 at t ≈ 318 (end of the simulation for O∞ = 25[gm−3]) for O∞ = 5, 10, 15, 25[gm−3] respectively.
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] t=210

Figure 9. Snapshots of distribution of substrates within the computational domain

along the line x = 2[mm] (middle of the domain) at t = 60, t = 150, and t = 210

for the cases with and without decay. The bulk concentrations of substrates are set at

N1∞ = 12[gm−3], O∞ = 15[gm−3], and A∞ = 6[gm−3].

However, it becomes gradually stagnant at lower concentrations of oxygen. Figure 11b shows that

increasing O∞[gm−3] improves the nitrification rate due to the formation of more autotrophic bacteria

at higher concentrations of bulk oxygen. The nitrification rates obtained for different concentrations

of bulk oxygen initially increase and then gradually reach plateaus particularly at lower concentrations

with values increasing from ≈ 0.3[gm−2d−1] at O∞ = 5[gm−3] to ≈ 1.1[gm−2d−1] at O∞ = 25[gm−3]

at t ≈ 318, c.f. Figure 11b. According to the results in Figure 11a-b, increasing the bulk oxygen

concentration increases the amount of AB resulting in an increase in the nitrification rates however

the improvement occurs when biofilm thickness exceeds a threshold. Figures 11c-d show the effect of

bulk concentration of ammonium nitrogen on formation of AB and nitrification rate. The simulation

results show that more autotrophic bacteria are present inside the biofilm at higher concentrations of

ammonium nitrogen and Ba(t) increases from ≈ 0.18 to ≈ 0.32 at t ≈ 305 (end of the simulation

for N1∞ = 20[gm−3]) with increasing N1∞[gm−3] from 6[gm−3] to 20[gm−3] at O∞ = 15[gm−3] and

A∞ = 6[gm−3]. Increasing the production of autotrophic bacteria improves the nitrification rates such

that it reaches from 0.55[gm−2d−1] for N1∞ = 6[gm−3] to ≈ 0.87[gm−2d−1] for N1∞ = 20[gm−3] at

t ≈ 305, c.f. Figure 11d. Figures 11e-f show the impact of the bulk acetate concentrations on formation

of AB and nitrification rates. The simulation results show that formation of autotrophic bacteria is not

notably sensitive to changes in A∞[gm−3] from 3 to 12[gm−3] at O∞ = 15[gm−3] and N1∞ = 12[gm−3].

However, with the increase in biofilm thickness, a higher nitrification rate can be achieved at lower bulk

acetate concentrations. For the conditions used in this study (O∞ = 15[gm−3] and N1∞ = 12[gm−3]),

changing the bulk acetate concentration does not initially change the nitrification rate but later on (when

the biofilm reaches appropriate thickness) it slightly increases by decreasing A∞[gm−3] due to the for-

mation of more autotrophic bacteria at lower acetate concentrations. The nitrification rate increases

from ≈ 0.63[gm−2d−1] to ≈ 0.78[gm−2d−1] at t ≈ 186 (end of the simulation for A∞ = 12[gm−3]) as

A∞[gm−3] decreases from 12[gm−3] to 3[gm−3]. Thus, the simulation results reveal that the nitrifica-

tion performance of MABR is mainly affected by the oxygen supply, bulk ammonia concentration, and
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Figure 10. Time evolution of total amount of inert biomass for different values of

substrate bulk concentrations.

biofilm thickness. The impact of organic carbon on the nitrification performance of MABR is limited

and mainly because of its effect on the biofilm thickness and oxygen distribution after formation of HB.

To show how including inert biomass in modeling the SND process changes the results, we repeat the

simulations without inert biomass and calculate total amount of autotrophic bacteria and degradation

of ammonium at N1∞ = 12[gm−3], N1∞ = 6[gm−3], and O∞ = 15[gm−3]. The results are shown by

dashed lines in Figure 11. Comparing the results for Ba(t) and nitrification rates for the cases with

and without inert biomass, obtained under the same conditions, show that inclusion of inert biomass

results in lower values of Ba and nitrification rates. It also takes longer for Ba(t) and nitrification rate

to reach their stable values if inert biomass is included. These results indicate that it is necessary to

consider the inert biomass component of biofilm for more accurate simulation of MABR nitrification

performance.

4.6. Factors affecting denitrification. Figures 12a-f show the results of the effect of O∞, N1∞, and

A∞ on the formation of AHB and denitrification rates. Results obtained for Bh2(t) and denitrification

rates at different values of O∞[gm−3] for N1∞ = 12[gm−3], A∞ = 6[gm−3] are represented in Figures

12a and b. As shown in these figures, Bh2(t) starts increasing at t ≈ 140 and reaches ≈ 0.16 at the end

of the simulation for O∞ = 5[gm−3]. Increasing the oxygen bulk concentration delays the enrichment

of Bh2 and reduces the amount of AHB in the biofilm because of the production of more HB and
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Figure 11. Time evolution of total amount of autotrophic biomass (Ba) and degra-

dation of ammonium for different values of dissolved substrates. Dashed line shows the

results at standard condition (O∞ = 15[gm−3], N1∞ = 12[gm−3], A∞ = 6[gm−3]) on

the right axis for the case without decay terms.

inhibition of formation of anoxic zone. At the highest bulk concentration of oxygen (O∞ = 25[gm−3])

AHB is not produced significantly due to oxygen abundance that inhibits formation of anoxic zone

before termination of the simulation. However, although increasing O∞[gm−3] delays the growth of

AHB, they grow fast once the anoxic zone is established because of the access to acetate near the
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Figure 12. Time evolution of total amount of anaerobic heterotrophic bacteria

biomass (Bh2) and degradation of nitrate for different values of dissolved substrates.

Dashed line shows the results at standard condition (O∞ = 15[gm−3], N1∞ =

12[gm−3], A∞ = 6[gm−3]) on the right axis for the case without decay terms.

outer surface of the biofilm. Thus, overall, denitrification has a shorter lag time and a higher rate at

lower concentrations of oxygen. Total amount of Bh2 and denitrification rate obtained for ammonium

nitrogen concentrations in the range of 6 to 20[gm−3] at O∞ = 15[gm−3] and A∞ = 6[gm−3] are shown

in Figures 12c-d. Increasing N1∞[gm−3] makes the lag time for the formation of anoxic zone shorter,
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facilitating growth of AHB. For example, by increasing the bulk ammonium nitrogen concentration from

12 to 20[gm−3], the lag time for growth of AHB reduces from ≈ 230 to ≈ 200 and the denitrification

rate at t ≈ 305 increases from 0.06 to 0.07[gm−2d−1] (Figures 12c-d). At N1∞ = 6[gm−3], AHB is

not formed prior to the termination of the simulation, resulting in no denitrification in this case during

the simulation period. Figures 12e-f show the effect of acetate concentrations (A∞ = 3, 6, 12[gm−3])

on Bh2 and denitrification rate at O∞ = 15[gm−3] and N1∞ = 12[gm−3]. AHB is not formed at

A∞ = 12[gm−3] and the small amount of AHB that is initially available vanishes because of the fast

occupancy of the biofilm by HB under this condition that also results in an earlier termination of the

simulation. Decreasing A∞ to 6[gm−3] produces less HB and Bh2(t) starts to increase at t ≈ 205 and

reaches ≈ 0.13 at the end of the simulation (t ≈ 322) with a denitrification rate ≈ 0.075[gm−2d−1]

achieved at this time. However, further decrease in A∞ to 3[gm−3] results in production of less HB

which leaves more oxygen for the growth of AB. Slow growth rate of AB, delays establishment of anoxic

zone and formation of AHB. Under this condition, Bh2(t) starts to increase at t ≈ 300 and reaches 0.06

at the end of the simulation with a denitrification rate ≈ 0.03[gm−2d−1] achieved at this time. This

implies that when the biofilm growth is limited by carbon sources, denitrification can only be established

with reduced oxygen concentration. Hence, according to the results obtained in this section, very low

or very high concentration of acetate can inhibit denitrification. At very low concentrations, AHB

is not produced considerably due to acetate shortage, while at high acetate concentrations AHB will

be arrested by the overgrowth of HB. However, optimization of oxygen supply can help to establish

denitrification under these conditions.

To show how taking inert biomass into account in modeling the SND process affects the results, we

repeat the simulations without inert biomass atN1∞ = 12[gm−3], A∞ = 6[gm−3], andO1∞ = 15[gm−3].

Results are shown by dashed lines in Figure 12. Comparing the degradation rates achieved at the same

environmental conditions for the cases with and without decay shows that presence of inert biomass

significantly delays denitrification and reduces its rates. Thus, inclusion of biomass decay is necessary

to simulate MABR denitrification performance more accurately.

4.7. Consumption of oxygen and nitrogen sources. Key factors in determining the efficiency of

SND performance are consumption of oxygen and substrate degradation by biofilm. Range of biofilm

thickness that yields minimum oxygen consumption and maximum removal of nitrogenous sources can

be considered an optimum thickness at which an efficient SND is achieved. To see if we can find

a required or an optimum biofilm thickness for effective SND, we compute the ratio of consumption

of O to degradation of N1 (OC/DN1) and degradation of N2 to degradation of A (DN2/DA) within

the biofilm for various bulk concentrations of substrates. For easier physical interpretation and to

find a required biofilm thickness that results in effective SND performance, we calculate the biofilm

thickness as time proceeds and record the ratios at each value of the biofilm thickness. Simulation

in all cases is terminated when 80% of the computational domain is occupied by the biofilm. Results

obtained for various O∞, N1∞ = 12[gm−3] and A∞ = 6[gm−3] show that after the initial growth of

biofilm, OC/DN1 slightly increases and then decreases as biofilm grows. Initial increment of the ratio

is due to the growth of HB which consumes oxygen at higher rate compare to ammonium degradation

by AB. After that, the ratio drops because of formation of anoxic zone and AHB which reduces the

oxygen consumption and the ratio reaches the minimum of ≈ 4.3 at the thickness 1.2[mm] and remains

there until the end of the simulation, c.f. Figure 13a. The results for DN2/DA for different values of

O∞[gm−3] are depicted in Figure 13b. Since formation of AHB takes time, the ratio remains constant

until the biofilm reaches a specific thickness. Increasing O∞[gm−3] increases the lag time for formation

of anoxic zone and AHB and DN2/DA starts increasing at approximately 0.3, 0.6, 0.8, and 1.3[mm]

for O∞ = 5, 10, 15, 25[gm−3] respectively. Note that since degradation of nitrate and acetate become
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Figure 13. Ratio of oxygen to ammonium and nitrate to acetate consumption within

the biofilm at various substrate bulk concentrations. In (a), (b) N1∞ = 12[gm−3],

A∞ = 6[gm−3], in (c), (d) O∞ = 15[gm−3], A∞ = 6[gm−3], and in (e), (f) N1∞ =

12[gm−3], O∞ = 15[gm−3].

stable at the specific time, the ratio reaches plateau ≈ 0.13 at the thickness 0.8[mm], 1.2[mm], and

1.4[mm] for O∞ = 5, O∞ = 10, O∞ = 15 respectively. Moreover because of the formation of very

small amount of AHB for O∞ = 25[gm−3], DN2/DA is smaller in this case and reaches ≈ 0.06 at

the end of the simulation. Similar behavior is observed in the results obtained for different values
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of N1∞[gm−3]. As shown in Figure 13c, OC/DN1 initially increases and then decreases and reaches

the minimum ≈ 4.6 at the biofilm thickness 1.6[mm] for N1∞ = 6[gm−3] and ≈ 4.3 at the biofilm

thickness 1.4[mm] for N1∞ = 12[gm−3] and N1∞ = 20[gm−3]. Noteworthy here is that the ratio at

N1∞ = 6[gm−3] is higher than that at N1∞ = 12, 20[gm−3] due to formation of less autotrophic

bacteria which decreases the ammonium degradation. Results obtained for DN2/DA at different bulk

ammonium nitrogen concentrations show that the ratio is almost zero at N1∞ = 6[gm−3] because of

the presence of more oxygen for HB which consumes acetate and inhibits formation of AHB. Increasing

N1∞[gm−3] to 12 and 20[gm−3] increases the ratio because of formation of less HB (due to oxygen

consumption by AB) that leaves more acetate for the growth of AHB occurring at the thickness 0.8[mm]

and 0.6[mm] respectively. However, in both cases the ratio reaches the plateau ≈ 0.13 at the biofilm

thickness ≈ 1.5, c.f. Figure 13d. Results of the effect of A∞[gm−3] on OC/DN1 are shown in Figure

13e. At low concentration of acetate (A∞ = 3[gm−3] in this study), the ratio decreases and quickly

reaches the constant ≈ 4.5 due to formation of less HB that reduces the oxygen consumption and

increases degradation of N1 by AB. Increasing A∞[gm−3] results in the production of more HB which

increases the ratio due to higher oxygen consumption and lower degradation of ammonium. The value of

OC/DN1 increases at the beginning for A∞ = 6[gm−3] and A∞ = 12[gm−3] and then decreases because

of oxygen depletion and reaches ≈ 4.5 and ≈ 4.8 respectively at the biofilm thickness 1.6[mm]. Figure

13f shows the results of the impact of A∞[gm−3] on DN2/DA. Since increasing A∞[gm−3] promotes

the formation of HB that inhibits production of AB and N2 and delays the formation of AHB, the ratio

is approximately zero at A∞ = 12[gm−3] and increases by decreasing A∞[gm−3]. It increases at the

thickness ≈ 0.5[mm] and ≈ 0.8[mm] for A∞ = 3[gm−3] and A∞ = 6[gm−3] respectively and reaches

the constant ≈ 0.13 at the end of the simulation.

Results in this section indicate that to have an optimum SND in terms of minimum oxygen con-

sumption and maximum nitrogen removal (using the parameter values in this study), it is better to use

lower concentration of O∞, higher concentrations of N1∞ and medium range of A∞. Biofilm thickness

is an important factor to promote nitrification and denitrification. Using the parameter values in this

study, the biofilm thickness between ≈ 0.8[mm] and ≈ 1.4[mm] is required to promote SND and the

thickness >≈ 1.4[mm] can be an optimum thickness to achieve an effective SND performance. Despite

the positive effect of biofilm thickness on optimizing the SND performance, excessive growth of biofilm

causes clogging phenomenon and results in the formation of more inert biomass that can ultimately

lead to biofouling. This indicates that optimizing SND, needs a careful adjustment of involved factors

that minimizes the unwanted side effects.

5. Discussion

Membrane aerated biofilm reactors (MABRs) have proven to be highly efficient biofilm technologies

with tremendous potential for achieving energy and carbon-efficient simultaneous nitrification and den-

itrification (SND). Their unique ability to regulate substrate and oxygen distribution within biofilms

through the counter-diffusion mechanism makes them promising candidates for sustainable wastewater

treatment [9, 25, 29]. Mathematical modeling serves as a valuable tool to comprehend the SND mech-

anisms in MABRs and the influence of key process conditions. Central to modeling the performance of

MABRs and SND is accurately describing biofilm development and establishing connections between

biological composition, key process conditions, and SND performance. One significant aspect of biofilm

growth that some theoretical studies have overlooked is that biofilms do not grow infinitely, and mi-

crobial synthesis is balanced by loss processes [19, 20, 46]. Biomass loss in biofilms can occur through

detachment of cells and particles, cell lysis, hydrolysis of particles, and endogenous respiration [49].

Among these, lysis and endogenous respiration are the dominant pathways for biomass loss in biofilms
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[49]. While several previous studies have considered either the cell lysis pathway or endogenous respi-

ration to describe biomass loss and the accumulation of inert biomass [2, 6, 8, 14, 30, 33, 37, 42, 45], a

limited number of studies have examined decay/lysis and endogenous respiration together as the main

sources for the formation of inert biomass particularly by employing multi-scale modeling approach.

Thus, our study aims to address this gap and investigate the mechanism of inert biomass accumulation

within the biofilm, considering both lysis and endogenous respiration as contributing factors. Through

the incorporation of cell lysis and endogenous respiration mechanisms into our 2D model, we present

a more accurate description of the SND process in MABRs, accounting for the effect of inert biomass

as a volume-occupying particulate within the biofilm. This comprehensive modeling approach allows

us to determine optimum conditions that maximize nitrogen removal while considering the impact of

inert biomass accumulation.

Our simulation results illustrate that lysis of heterotrophic bacteria (HB), anaerobic heterotrophic

bacteria (AHB), and autotrophic bacteria (AB) and endogenous respiration of HB are the primary mech-

anisms responsible for the formation of inert biomass in the biofilm. The growth of autotrophic and het-

erotrophic bacteria significantly influences the amount of inert biomass formed within the biofilm, with

species of higher abundances contributing more to inert biomass production as shown in Figures 8 and

10. Furthermore, our simulations demonstrate that the distributions of oxygen and acetate across the

biofilm thickness differ significantly when inert biomass is considered compared to when it is neglected.

This disparity further affects the distribution and abundances of HB, AB, and AHB within the biofilm,

ultimately influencing the simulated SND performance of the MABR. Nevertheless, our study indicates

that considering the inert biomass accumulated within the biofilm in the SND process modeling allows

for more accurate identification of conditions that optimize process performance. An essential question

that can be addressed through computer simulations is how key process conditions interactively affect

nitrification and denitrification performance in MABRs. Our work investigates the impact of bulk con-

centrations of oxygen, ammonium nitrogen, and acetate on SND efficiency. Notably, we find that higher

bulk concentrations of oxygen and ammonium nitrogen, along with moderate acetate concentrations,

promote nitrification. Moreover, the minimum ratios of oxygen consumption to ammonia degradation

(OC/DN1), which reflect oxygen consumption through nitrification, indicate that SND is most efficient

at biofilm thicknesses between 1.4 to 1.6[mm]. This range prevents excessive HB growth due to acetate

consumption by AHB during denitrification. Results of degradation of N2/degradation of A (DN2/DA)

obtained for different values of oxygen and nitrogen sources indicate that efficient denitrification occurs

at the biofilm thickness >≈ 1.4[mm] and it is more sensitive to environmental conditions. High oxygen

bulk concentration, low ammonium nitrogen bulk concentration and very high or very low acetate bulk

concentration inhibit formation of AHB and consequently removal of nitrate. Hence, based on the com-

puter simulations in this study, SND can be achieved under conditions of 10[gm−3] < O∞ < 15[gm−3],

12[gm−3] < N1∞ < 20[gm−3], and 3[gm−3] < A∞ < 12[gm−3] with biofilm thickness > 1.4[mm].

Under these conditions, the nitrogen removal rates between 0.5 to 0.85[gN/m2/d] and denitrification

rates between 0.01 to 0.08[gN/m2/d] are achieved after ≈ 51 days (t ≈ 305). The SND performance

of MABR under various conditions has been previously studied experimentally. For example, Landes

et al., [25] reported the nitrification and denitrification rates of 0.15 to 0.32[gN/m2/d], and 0.03 to

0.12[gN/m2/d] under conditions of hydraulic retention times from 2.7 to 5.4 hours and air pressures

from 24.4 to 27.8[kPa] (O∞ = 11.4 to 11.8[gm−3]). Li and Zhang studied the impact of carbon to

nitrogen ratios (C/N) on the SND performance using a pilot-scale MABR [29]. According to the re-

ported ammonium nitrogen loading and nitrogen removal rates, nitrification rates in the range of 0.33 to

0.38[gN/m2/d] and denitrification rates between 0.02 to 0.235[gN/m2/d] are achieved by the pilot-scale
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MABR at the C/N ratios from 2 to 8 and air pressure 0.01[MPa] (O∞ = 10.1[g/m3]) [29]. The nitrifi-

cation and denitrification rates obtained in this study are reasonably close to the experimental results

reported by Lander et al. [25] and Li and Zhang [29]. The discrepancies between the experimental and

computational results are possibly because of varying experimental and computational conditions. Fur-

thermore, the model used in this study does not include nitrogen removal through partial nitrification

and anammox pathways and denitrification that may be caused by suspended sludge in MABRs. These

simplifications can also result in the prediction of a relatively lower denitrification rate by the applied

model. In addition, the results obtained by the comprehensive modeling approach in this study can be

utilized for the preliminary design of an MABR. For example, for a nitrification-based MABR design,

a steady-state mass balance equation for a continuous stirred-tank rector (CSTR) can be formulated as

[34]:

QN1i = Rn1S +QN1∞

where Q[m3d−1] is the wastewater flow rate, N1i[gm
−3] is the ammonium nitrogen concentration in

the influent, Rn1[gN/m2/d] is the ammonium nitrogen removal rate, S[m2] is the membrane area,

and N1∞[gm−3] is the bulk ammonium nitrogen concentration in the reactor or effluent. Since the

ammonium nitrogen degradation rate Rn1[gN/m2/d] can be determined by the simulation for certain

N1∞, A∞, and O∞, the membrane area for the given conditions can be determined as:

S =
QN1i −QN1∞

Rn1

As aforementioned, an effective SND can be achieved under the conditions 10[gm−3] < O∞ < 15[gm−3],

12[gm−3] < N1∞ < 20[gm−3], and 3[gm−3] < A∞ < 12[gm−3] with biofilm thickness > 1.4[mm] in

this study. However, given the generality of the biofilm model developed in this work, the proposed

model can be applied to any conditions of O∞, N1∞, and A∞ to explore the SND strategies in practical

MABR design. It is also worth noting that the denitrification rates that can be achieved by MABR

biofilm are significantly lower than the nitrification rates under the same conditions. The main factors

affecting denitrification are bulk oxygen and acetate concentrations and biofilm thickness. Nitrification

and denitrification has contradictory requirement for bulk oxygen concentrations. Such contradictions

can be alleviated to some extent by the increase in biofilm thickness and controlling C:N ratio in proper

ranges, thanking to the counter-diffusion mass transport mechanisms in MABR. In addition, some

operation strategies like intermittent aeration, are applied in MABR operation to enhance SND with

MABR [4, 36, 39] which is indeed one of our future works.

6. Conclusion

In conclusion, this study presents a simulation-based exploration of the mechanisms of inert biomass

accumulation within membrane aerated biofilm reactors (MABRs) and its impact on simultaneous ni-

trification and denitrification (SND) under diverse process conditions. By incorporating cell lysis and

endogenous respiration mechanisms into our 2D model, we provide a more accurate representation of

SND processes in MABRs, considering the formation of inert biomass as a volume-occupying particulate

within the biofilm. This novel modeling approach enhances our understanding of SND performance and

aids in determining optimal conditions to maximize nitrogen removal. Our simulation results highlight

the influence of biomass loss mechanisms on substrate distribution within the biofilm. The presence

of inert biomass leads to increased oxygen, ammonium nitrogen, and acetate concentrations inside the

biofilm, delaying the formation of anoxic zones and the growth of anaerobic heterotrophic bacteria. Ne-

glecting the formation of inert biomass may underestimate the required biofilm thickness for effective

SND. Moreover, our simulations demonstrate the interplay of process conditions, such as bulk concen-

trations of oxygen, ammonium nitrogen, and acetate, on SND efficiency. Higher oxygen and ammonium
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nitrogen concentrations, along with moderate acetate levels, facilitate nitrification. However, denitrifi-

cation is more sensitive to environmental conditions and requires proper biofilm thickness, controlled

C:N ratios, and optimized oxygen and acetate concentrations. Our study advances the knowledge

of SND processes in MABRs and contributes valuable insights for designing sustainable and efficient

wastewater treatment systems. As water pollution continues to pose environmental challenges, our

findings support the development of SND technologies that can help preserve valuable water resources

and promote environmental well-being.
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