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THE IMPACT OF POLLUTION REDUCTION ON THE OPTIMAL HARVESTING
STRATEGY IN A SEASONALLY CHANGING AND POLLUTED ENVIRONMENT

SIMON D. ZAWKA AND P. D. N. SRINIVASU

ABSTRACT. This paper deals with the optimal harvesting of single-species populations in a polluted
and seasonally varying environment. The presence of pollution negatively impacts resource growth, and
as a result, the economic rent from harvest suffers. Assuming that pollution is inevitable, the harvester,
who has a fixed flow of funds for harvesting activity, intends to invest the unused funds left over
after harvesting in pollution control, expecting some increment in the economic rent. Thus, optimal
harvesting problems in two different scenarios have been studied, and the solutions are compared to
evaluate the impact of investing in pollution reduction on revenues. Pontryagin’s Maximum Principle
and the concept of blocked intervals are used to solve the aforesaid problems. Findings of the study
indicate that funding pollution control programs should be considered as an alternative to promote
conservation of resources and enhance net economic rent for harvesting systems impacted by pollution
and seasonal fluctuations.

1. INTRODUCTION

The continuous developmental activities to facilitate ever-growing human population has become
the major cause for increase in environmental pollution. This inevitable evil has direct impact on
stainability of the renewable resources that support human population and has indirect impact on the
revenues generated through these resources. For example, pollutants that are released into the water
bodies from some external sources significantly impact the growth of renewable resource such as fish.
The effect of pollutants on the survival of single species and interacting populations is extensively
studied in the literature [18, 19, 14, 38, 16, 33, 25, 26, 8, 22, 31, 32]. On the other hand, the influence
of seasonal variations on the dynamics of single-species populations has received considerable attention
in the scientific community [13, 11, 2, 37, 21]. The authors in [38, 23, 12, 39, 35, 20] presented the
effect of environmental pollution on the harvested single-species populations. Several studies discussed
the optimal exploitation of renewable resources in the presence of seasonal changes in the environment
15, 17, 4, 6, 28].

Majority of the literature mentioned above emphasize that pollution, seasonal fluctuations and un-
regulated harvesting as the major threats to the sustenance of resources. Despite the alarming impacts,
investigations on the optimal utilization of the stock (which suffers from all the three threats simul-
taneously) are rarely found in the existing literature. While the study [29] underlines the influence
of pollution control on harvesting a single species (in the absence of seasonal variation), [6] presents
the optimal harvesting of a single-species population in a seasonally varying environment that doesn’t
involve environmental pollution. The authors in [28] discussed optimal harvesting of a single-species
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population in a seasonally varying environment and highlighted the crucial role played by restrictions
on the harvesting effort to conserve resources.

The current study deals with the optimal harvesting of single-species populations in a polluted, sea-
sonally changing environment involving restrictions on harvest effort and pollution reduction measures.
To the best of our knowledge, there is no literature that addresses this issue. In this study, we focus
on the comparison of optimal harvesting problems with and without pollution control measures. First,
we study the problem by considering seasonality, environmental pollution, and restrictions on effort
capacity. Then, the model is modified to accommodate pollution-reduction measures within limited
financial resources. The optimal solutions are constructed for the two problems using the Pontryagin
maximum principle and the concept of blocked intervals. This study helps the harvester to make an
informed decision on the strategy to be followed to improve his revenues.

The paper is organized as follows: In Section 2, we introduce two optimal harvesting problems to
be considered in this study. The singular solutions of these two problems are constructed in Section
3. Section 4 deals with the optimal solutions of the problems in two different situations, i.e., with and
without binding constraints on the control variable. Section 5 presents several numerical examples to
demonstrate the significant outcomes of the study. Finally, discussion and conclusions are presented in
Section 6 and Section 7, respectively.

2. THE PROBLEMS

Let us consider harvesting a renewable resource, such as a fishery, under the influence of environ-
mental pollution and seasonal variations. Without the effect of pollution, resource growth is defined by
(xef. [6]),

dx

o8 = ala(t) — b(t)r) - aFx, (2.1)

where a, b are continuously differentiable positive periodic functions of the same period (say w), and ¢
and F represent the catchability coefficient and the fishing effort (in vessels), respectively. The model

(2.1) can be rewritten as
dx

o —alt)a (1 - K%) —qPr, (22)

where K (t) = %. Here, a(t) and K(t), respectively, represent the intrinsic growth rate and environ-
mental carrying capacity (with no pollution effects).

Now, consider the presence of pollution (due to various external sources such as industrial chemicals,
agricultural runoff, sewage, and so on) in the ecosystem. We assume that pollution impacts both the
intrinsic growth rate and the carrying capacity of the environment (ref. [29]). Thus, resource growth,
with the effects of pollution and seasonal change, is defined by

‘(lii; = a(t)x (1 - K%) —(t)z - gBz, (2:3)

where v is a twice continuously differentiable positive function of period w that stands for the death
rate of the species due to pollution. Setting a.(t) = a(t) —v(t) and K, (t) = %, (2.3) takes the
following form:

dz

x
— =a~(t 1-— —qEz. 2.4
Here, a, and K., respectively, stand for the growth rate and environmental carrying capacity with
pollution effects.

Let’s assume that the owner has availability of M amount of fund at each time ¢ for the harvesting
activity. The informed fund may be a salary or income from any source that is guaranteed at each
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time ¢. The owner wishes to utilize the available continuous stream of funds for the harvesting activity,
thereby maximizing the net economic rent. Suppose E represents the fishing effort (in vessels) with
the natural constraint 0 < E™" < F < E™® je. the availability of vessels for fishing activity is
bounded below and above by E™" and E™ respectively. Let ¢ be the cost per unit fishing effort,
and it is assumed that the available fund accommodates hiring the maximum allowable vessels, i.e.,
cE™® < M. If Y(t) denotes the yield at each time ¢, we have

Y (t) = qE(t)x(t),
and the instantaneous net revenue is given by
TqE(t)x(t) — cE(t),

where 7 is the price per unit harvest. Thus, the discounted net revenue over the infinite time horizon,
denoted by PV, is given by

PV = / " et (rqu(t) — ) B(t)dt,
0

where 0 is the discount rate. The aim is to maximize the discounted total net revenue subject to the
given resource dynamic equation and restrictions on the size of fishing efforts. Formally expressed, the
optimal harvesting problem is as follows:

< st
max e Tqxr — c) Edt 2.5a
max [ e (rga = (250)
dz x
5.6 — = 1-—- —qF = 2.
s.t o a~(t)x ( Kw(t)> qEz, x(0) =z >0 (2.5b)
E™" < E < Emoe, (2.5¢)

Clearly, (2.5) is an optimal control problem with the control variable E and the state variable x. Solving
(2.5) amounts to finding out the optimal pair (E*, z*) so that the integral (2.5a) is as large as possible.

The adverse effects of pollution on resource growth ultimately result in depleted revenue due to a
fall in stock. Hence, any effort made, such as reducing the pollution effect on the resource to help
improve the stock level, could result in enhanced economic revenue. Therefore, we consider investing
in pollution reduction as an alternative to help improve the resource stock level and, hence, indirectly,
the net revenue.

The problem (2.5) involves utilizing the amount cE(t) out of the available fund M for resource
harvesting. Hence, we contemplate diverting the remaining fund M —cFE(t) towards pollution reduction.
Incorporating this modifies the problem (2.5) to the following:

max/ e O rqEX — M)dt (2.6a)
{E} Jo
dx X
b= =a,()X (1— =) —¢EX, X(0) =X >0 2.6b
st G = (0K (1= 25 ) — X, X(0)= Xy (2.60)
E™" < F < BT (2.6¢)

where
(1) = a(t) = (1) + a(M = cE)y(t),
7 a(t) () | aM = cEn()
K () =230 1 A = e2)nl)
=35 " T 0
Note that the overall cost in (2.6) is M, which is the sum of harvesting cost (cE) and pollution reduction
cost (M —cE). A description of the parameters and constants involved in the problems (2.5) and (2.6)
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is presented in Table 1. The term a(M — cE)v(t) represents enhancement in the growth rate of the
species due to effort made to reduce the pollution in the environment utilising the fund (M —cE). Here
we assume 0 < a(M — cE) < 1 for E € [E™™ E™a*]. That is, pollution cannot be totally removed
from the environment even if the maximum possible amount of money (i.e., M — cE™™) is devoted to
pollution reduction.

Before proceeding to solve the problems (2.5) and (2.6), we discuss the existence and global stability
behavior of solutions for (2.5b) and (2.6b). Clearly, (2.5b)((2.6b)) always admits a trivial solution
z(t) =0(X(t) = 0). To discuss about the non-trivial solution, let’s consider the notation

W= [ s

w

The following lemma discusses the existence and global stability of the non-trivial solution of (2.5b),
whose proof directly follows from [6].

Lemma 2.1. Consider the differential equation (2.5b) with the given initial condition. Let E(t) be
w-periodic.

a. If (a — v —qFE) > 0, then (2.5b) admits a positive globally asymptotically stable periodic orbit
of period w.

b. If (a — v — qF) < 0, then all solutions of (2.5b) with the given initial condition approach
the trivial solution z(t) = 0 asymptotically (i.e., the trivial solution is globally asymptotically
stable).

c. If 0 < Eq(t) < Ea(t) be two w-periodic functions such that

1 w
(== aEa) = [ (als) = (s) - aEa(s))ds > 0
0

and xg, (t) and g, (t) are the non-trivial globally asymptotically stable w- periodic solutions of
(2.5b) with E(t) = E1(t) and E(t) = Ex(t), respectively, then 0 < xp,(t) < xg, (t) for allt.

A similar statement can be given for (2.6b) with the given initial condition. In the sections to follow,
we discuss the construction of optimal singular solutions and the optimal solutions for the aforesaid
problems (2.5) and (2.6).

3. CHARACTERIZATION OF SINGULAR SOLUTION

In this section, we construct the singular effort functions and the associated singular stock paths
pertaining to (2.5) and (2.6). First, let’s consider problem (2.5). The current value Hamiltonian (#) is
given by

H(z, E,\t) = (Tqx — ¢)E + ANz(a — bx) — yo — qFx]
and the adjoint differential equation is

A =0\ —7qE — \Na — 2bz — v — ¢E). (3.1)

The partial derivate of H with respect to E gives Hg = (7 — A\)gz — ¢, and hence the switching function,
which we denote by s(¢), is given by
s(t) = (1 — A)gzx —c. (3.2)

In the case of singular solution, we must have s(t) =0, i.e.,

(t—=A)gx—c=0, (3.3)
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provided that 7 — X\ > 0. Using (2.5b), (3.1), (3.3), and after simplification, the singular effort function
(which we denote by E(t)), is

1 Tq(a’(t) = (1)) + V' (H)e — 20'(t)Tqus
B0 = (a0 -0 - s - ) @
where x4(t) denotes the associated singular stock path which is the positive solution of the quadratic
equation
2b(t)Tqx? — (b(t)c + Tq(a(t) — y(t) — 6))x — dc = 0, (3.5)
given by

b(t)e +q(a(t) —y(t) — 0) + /(b(t)c + Tq(a(t) — ~(t) — )2 + 8b(t)Tgdc
4b(t)Tq '
Similarly, one can verify that the singular effort function (which we denote by E;(¢)) for (2.6) is given

zs(t) = (3.6)

B 1 a'(t) — 20 (6) Xs — T'(¢)
Bu(0) = oy (000 (1= aMie) — o) x, - “E=TED S e
where )
"(t) acy'(t)
D) = (1 — aM)y'(t) + 291 —(
=0 =aMy O+ @ gt aer®
and X,(t) represents the associated singular stock path, given by
1 acy'(t)
Xs(t) = 72b(t) (a(t) — (1 —aM)y(t) — prarp— ey () —-4). (3.8)
Note that the function X;(¢) is positive provided that
- _eo®)
a(t) — (1 — aM)y(t) Ty J>0. (3.9)

Lemma 3.1. The functions Es(t), x5(t), Es(t) and Xs(t) are periodic of period w.

Proof. We observe that the function x4(t) (in (3.6)) is well defined and positive since the constant
term in the quadratic equation is negative. Moreover, all the coefficients in the quadratic equation
(3.5) are w-periodic. Hence, the function z4(t) is also periodic of period w. The function E;(t) is well
defined, provided that the denominator term in (3.4) is nonzero. Note that the denominator term is the
derivative (w.r.t. x) of (3.5), and hence it is nonzero since it doesn’t have a double zero for each ¢. The
periodicity follows from the definition. In a parallel manner, we can establish that the functions X ()
and E,(t) are well-defined and w-periodic. Note that the positivity of X(¢) follows from (3.9). O

If the effort function F,(t) satisfies the control constraint (2.5¢), then E(t) becomes optimal singular
control and z(t) is the associated optimal singular stock path. Similarly, if the control constraint (2.6c¢)
is satisfied, then E4(¢) becomes the optimal singular control and X(¢) is the associated optimal singular
stock path [5].

Note that the effort functions F4(t) and E(t) become optimal singular controls only when these
functions fall within the bounds prescribed for the control variables. However, the functions may
exceed the upper bound or fall below the lower bound in some situations. In that case, the singular
effort functions cannot be optimal, and hence, the optimal control must switch to an appropriate bang-
bang control (E™ or E™™) on some interval of positive length [3]. K.J. Arrow in 1964 called such
an interval a blocked interval. The reason for blocked intervals is the presence of binding constraints on
the control variable. In the next section, we study the problems (2.5) and (2.6) for two scenarios where
the control constraint is non-binding and binding.
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4. CHARACTERIZATION OF OPTIMAL SOLUTION

In the previous section, we have constructed the singular solutions for problems (2.5) and (2.6).
Here, we construct the optimal solutions, taking into consideration the initial state of the stock and
constraints on the harvesting effort.

4.1. Probelms with non-binding constraints. Recall the singular effort functions F(t) and Eg(t)
associated with (2.5) and (2.6), respectively. Suppose these singular effort functions satisfy the control
constraints (2.5¢) and (2.6¢), respectively, i.e.,

Emin < Es(t) < Ema

and
Emin S Es(t) S fmaz

for all ¢. Since problems (2.5) and (2.6) are linear in the control variable, the optimal control shall
be a combination of bang-bang and singular controls [10]. For the given initial conditions z¢ and Xy,
if 5(0) = z¢ and X,(0) = X, then the singular solutions become optimal solutions. Otherwise, the
initial adjustment is needed so that the given initial condition is met. To do this, we use the most rapid
approach strategy [10].

When zg > 25(0), the most rapid approach strategy is to employ the bang-bang control E = E™%*
initially until the singular stock path is reached. On the other hand, if 2oy < 24(0), then the most rapid
approach strategy is employing £ = E™™ until the singular stock path is reached. If E denotes the
most rapid approach strategy employed to reach the singular stock path with the minimum time ¢ = Ty,
then we have the following:

~ { Emer for 0 <t < Ty, when x(0) > x,(0),

= ' 4.1
E™in for 0 <t < Ty, when JI(O) < JJS(O) ( )

Clearly, the bang-bang control policy given above reduces to the well-known policy given in terms of
the switching function as follows:

. { Emerif s(t) > 0, 42)

E = .
Emin_if s(t) < 0,

where s(t) is the switching function defined in (3.2). Thus, the optimal pair (E*,z*) of the problem
(2.5) is fully determined as follows. The optimal harvesting startegy is

o-{ 1S w
and the associated optimal stock path is
o200zt
where Z(t) denotes the optimal approach path which is given by
() = { zp(t), for 0 <t <Tp, when x(0) > 4(0), (4.5)
T (t), for 0 <t < Tp, when z(0) < z4(0).
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Here, ,,(t) and x(t) represent the solutions of (2.5b) with E = E™™ and E = E™ respectively,
which are explicitly given below:
eJo (a(s)=(s)—qE™")ds

T 5 (a(r)— — _Tmin
ﬁ"’fo elo (alm = (m—aBmim)dnpy gy qg

CErn(t) =

, (4.6a)

eJo (a(s)=(s)—gE™*)ds

ﬁ + fot eJo (atm=(m)—aEm=)dnp(5) s

wp(t) = (4.6b)

Note that if the singular control F,(t) is employed right from the inital state, the corresponding stock
path will approach the singular solution asymptotically due to the global asymptotic stability behavior
of z4(t). Similarly, the optimal pair (E*, X*) for (2.6) is given by:

. E(t), for 0 <t < Ty,
E*(t) = 4.7
(*) { E;(t), for t > Ty, (4.7)

and the associated optimal stock path is

. X(t), for 0 <t < T
X*(t) = ’ ’ 4.
®) { Xs(t), for t > Ty, (48)
where
~ Emer for 0 <t < Ty, when X(0) > X,(0),
E= i (4.9)
E™" for 0 <t < Tp, when X(0) < X(0),
and
= X (t), for 0 <t < Ty, when X(0) > X,(0),
X(t) = 4.1
®) { Xm(t), for 0 <t <Tp, when X(0) < X,(0). (4.10)

4.2. Problems with binding constraints. Here, we construct optimal solutions for (2.5) and (2.6)
where the control constraint is binding. Recall the singular effort functions E;(t) and E;(¢) once again,
which are given in Section 3, and consider the following notations:

E™ = min E,(t)and EM = max E,(t), (4.11)
t€[to,to+w] t€(to,to+w)]

E™" = min E,t)and EY = max E,(t). (4.12)
te[to,t0+w} tE[to,t0+w]

For simplicity, we assume that the effort functions have a unique maximum and a unique minimum
in one full cycle (ref. Frames A and B of Figure 1). As discussed earlier, whenever E™" > E™ or
Emaz < BM the effort constraints become binding, and hence the optimal control cannot completely
follow the singular control; instead, it has to switch to the appropriate extremal control. Due to the
periodic nature of the binding constraints, the aforesaid situation occurs in a periodic manner. The
main task is then determining the time, say t = t7* (or t = t}), when the optimal control switches from
singular arc to E™™ (or when the optimal control switches from singular curve to E™%) and t = tJ*
(or t = t3) the time at which it switches back to the singular arc, resulting in the blocked interval
[t t7] (or [tM,t31]). Due to the periodic nature of the singular curve, we first look for the optimal
periodic solutions. Hence, we focus on the following modified optimal control problems:

to+w
—at
—c) Edt 4.13
Ew”."SIE(%ﬁ(SE’"mw /to € (qu C) ( a)
dx T
gy~ eWe (- —qF 4.13b
g )x( w)) e (4.13b)
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and
to+w
~ max / e O rqEX — M)dt (4.14a)
E'manE(t)SE'maz t
aX X
st — =a,(H)X (1 - = ) —qEX. (4.14b)
dt 0

Observe that solving (4.13) and (4.14) gives the solutions on ¢ty <t < ¢ty +w only. The optimal periodic
solutions on the entire planning horizon, which we denote by E,,,(t) and E,,, () (for efforts) and ., (t)
and X, (t) (for stocks), respectively, are obtained by extending the solutions for one full cycle onto the
entire plan period in a periodic manner. Once the optimal periodic solution is identified, we apply the
most rapid approach strategy to fulfill the given initial conditions.

\/A\/AVA | \ A A A

min

=

Effort
Effort

vin
naz

VAR VAR VARV
E - ]
ty M dy totw Time to Cmdy, o+ w Time
(A) The constraint E(t) < E™*® is binding (B) The constraint E™™ < FE(t) is binding

FiGURE 1. The figure depicts cases where the control constraints are binding in a
periodic manner.

Consider (4.13b) with the singular effort function F(t) as shown in Frame A of Figure 1 where the
constraint FE(t) < E™ is binding on the interval [cys, dys]. Here, E™%* < EM on an open interval
(car,dyr) and Eg(cpr) = E™® = Eg(dps). Consequently, the optimal control is not allowed to follow the
singular curve on the interval (cps, dpar), and hence there is a need to switch from the singular effort curve
to the bang-bang control £ = E™*. Whenever the optimal control is forced to leave the singular path
due to binding constraints, it switches at a time (say ¢ = t}/) before the constraint becomes binding,
i.e., t¥ < cpy, and it switches back to the singular curve at a time, say ¢t = t37, such that dy; < 37 [3].
The periodicity requirement on the optimal solution ensures t3! to satisfy dy; < t37 < tM +w. If ty is
any point of the t-axis such that tq € (#37 — w,tM), then the optimal periodic harvest policy E,,(t) on
the interval [to, g + w] becomes a combination of E™* and F(t), which is given as follows:

Ey(t), ifto <t <tM,
Eoo(t) = Emer if tM <t < ) (4.15)
Eq(t), if t <t <ty +w,
and the optimal periodic stock path becomes
xs(t)v if tO <t< t{\/lv
Tou(t) = ¢ wpr(t), if ] <t <M, (4.16)
w,(t), if ) <t <ty+w,

where ) (t) is given by

i @(9)=1(s) =B ") ds
TN (t) = . (4 17)

15(1{”) n ftt{\/f eff{” (a(n)—W(n)—qE""”)dnb(s)ds
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Now, the discounted total net economic rent on one full cycle is

3

t1!
PV to+w] = /t e P (pgzs(t) — c)Es(t)dt + /tM e P (pgzar(t) — ) B dt
0 1

- (4.18)
+ /t e P (pgzs(t) — c)Eq(t)dt.

M
2

From the optimality of z.(t) it follows that the switching time t} maximizes (4.18). This critical
value M can be identified as follows. By continuity of ,,,(t) we have

zs(t)) = () (4.19)
and
xar (837) = 2o (837). (4.20)

From (4.16)-(4.20) we observe that t} can be expressed (implicitly) as a function of ¢}4. Thus, (4.18)
can be viewed as a function of ¢} alone. Now treating ¢} as a parameter we solve the equation

dPV[to to+T]
—r— =0 4.21
it (4.21)
where
APV o v
C[ll;o];/t[O"r ] _ e*PtiVI (pqxs(t{\/[) _ C)Es(t]lw) . efpt{/f (pqu(t{\/[) o C)Emaa:
1
M ' Oz (t, M
—Ptgl tM _ Emazdt2 Emaz/ —pt( Z‘M(, 1 )>dt
+e 2 (pgzm(ty') — ¢ i + g " e
Y dtd!
— e (g, (141) — B S
1

Simplifying (4.21) we obtain
! M
2 efpt(axM(t’tl ))dt

M
e (pgas (1) — ) (E™* — Es(t17)) = pquam/ M
1

gy (4.22)

M v dty!
+e " (pgzae (') — ) (B™ = By (7)) 57
1

The term Zgj in (4.22) can be evaluated using (4.19) and (4.20). Thus, (4.19), (4.20), and (4.22) can
be used to identify the values of t}¢ and t}!. Similarly, one can construct the optimal periodic solution
for (2.6) with the binding constraint E(t) < E™® as shown in Frame A of Figure 1. If the constriant
E™in < E(t) is binding in (2.5) or (2.6) (ref. Frame B of Figure 1), the optimal periodic solutions can
be constructed in the same manner as what is presented above, except that E™® is replaced by E™™"

in the later case.

Note that [t7?, 5] and [t} )] represent blocked intervals over which the optimal control follows
E™" and E™* | respectively, where ¢ and ¢}/ are the switching times when the optimal control leaves
the singular arc, and t3* and 37 are times when it gets back to the singular arc. While E,,(t) and
Zow(t) represent the optimal periodic effort and the associated optimal periodic stock path for (2.5),
E,.(t) and X, (t) represent that of (2.6).
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5. NUMERICAL SIMULATIONS

Here, we present numerical examples to illustrate the significant findings of the study. For this
purpose, we have chosen certain function forms associated with the coefficients. The numerical values
assigned to the parameters and constants are related to the actual values one might have in a fishery
(ref. [1]). Recall problems (2.5) and (2.6) with the coefficient functions given below and the numerical

TABLE 1. Numerical values that are assigned to the associated parameters and con-

stants.
’ Symbol ‘ Discription Values ‘ Unit ‘

T Intrinsic growth rate 1 1/month

K Carrying capacity 3.7 x 108 ton
oK Amplitude of K-fluctuation | 1.55 x 106 ton

0% Death rate due to pollution 0.45 1/month

q Catability coefficient 0.00027 1/vessel/month
M Available flow of fund 4 x 106 $/month

c Cost per unit effort 2000 $/vessel/month
T Price per unit catch 500 $/ ton

w Environmental cycle 12 months

] Discount rate 0.05 1/month

a Conversion factor 225 x 1077 | 1/$/month

values in Table 1: .
a(t) = bt) = T 0 =) () =,

where r, K, 0 ,w and 7y are all constants, and their numerical values can be found in Table 1. Clearly, the
functions a(t), b(t), and (t) are w-periodic.Here, the time ¢ is measured on a monthly basis, and seasonal
change in the environment occurs every twelve months, or one year. We consider zq = 1.5 x 10° = X
(in tons), and E™™ = 200, E™* = 2000 (in vessels).

Example 5.1 (Singular solutions when v = 0.20 and v = 0.45). Consider the given coefficient
functions and the numerical data present in Table 1. It can be verified that (a — v — qE) > 0 for each
E € [E™in E™®] and hence (2.5b) admits a globally asymptotically stable w-periodic solution (x(t)).
Similarly, {(a — (1 — a(M — cE))y — qE) is positive for each E € [E™™ E™@]  and hence (2.6b)
also admits a globally asymptotically stable w-periodic solution (Xs(t)). The singular effort curves,
the associated singular stock path, the yield curves, and the revenue curves for the two problems are
shown in Figure 2. From the figure, one can observe that as the influence of pollution increases, the
fishing effort, stock, yield, and net economic rent decrease in both scenarios. It is also evident from the
figure that the portion of effort devoted to pollution reduction increases with the effect of pollution (ref.
Frame A). The figure further highlights that the stock, yield, and net revenue are superior in the case
of pollution reduction.

Example 5.2 (Optimal solutions of (2.5) and (2.6) when v = 0.45). Consider problems (2.5)
and (2.6) with the numerical data given in Table 2. Then we have both E4(t) and E4(t) within bounds
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FIGURE 2. This figure depicts the singular effort curves (Frame A), associated stock
paths (Frame B), yield curves (Frame C), and revenue curves (Frame D) pertaining to
problems (2.5) and (2.6). In each frame, while the solid and dashed curves correspond
to v = 0.20 and v = 0.45, respectively, the green and blue curves represent problems
(2.5) and (2.6), respectively.

of the control constraints (see the dashed curves in Figure 2(A) for v = 0.45). However, o < x5(0)
and Xo < X(0) (see the dashed curves in Frame B of Figure 2). Therefore, an initial adjustment
is needed. Following (4.1) and (4.3), the optimal harvest strategy is the combination of E™™ and
E,, where E = E™" is employed initially, and then the optimal control switches to E = E, at time
To = 3.88. Here, the most rapid approach path x,, (starting from xq) reaches the singular path s with
the minimum time Ty = 3.88. Similarly, employing E = E™" initially, the optimal control switches
to E = E; at time Ty = 2.82. Here, the most rapid approach path X,, (starting from Xg) reaches the
singular path Xg with the minimum time Ty = 2.82. Hence, we have the following:

. E™in for 0 <t < 3.88, . Tm(t), for 0 <t < 3.88,
®) { Et), fort>3ss L O { y(t), fort > 3.88;

. E™n for0 <t < 2.82, . Xon(t), for 0<t<2.82,
®) { E.(t), fort> 2.82; ’ ®) { X(t), fort>2.82.

Here, it is worth mentioning that the minimum time (Ty) required to reach the singular path for (2.6) is
smaller than that for (2.5). This is because in the former case, not only the minimum effort E = E™in
is utilized for fishing, but also the mazimum allowable amount M — cE™™ is invested in pollution
reduction, which makes the most rapid approach path grow faster. The singular effort curves, singular
stock paths, optimal effort curves, and optimal stock paths of the two problems are shown in Figures
3 and 4, respectively. From the figures, it is evident that, while the singular curves are periodic, the
optimal curves become periodic only after a finite time. The present value of the total net revenues for
the first 60 months computed for the two problems below highlights that the net revenue is superior in
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the case of (2.6), where pollution reduction is implemented.

3.88 60
PVio.60) = / e O Tqum,(t) — c)E™"dt +/ e O (Tqus(t) — ¢)Eq(t)dt = 2.0389 x 10° ($US),
0 3.88
2.82 _ 60
PVg 60 = / e O (TqE™" X, (t) — M)dt +/ e O (TqE4(t) X, (t) — M)dt = 3.7008 x 10° ($US).
0 2.82
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FIGURE 3. The figure presents the singular effort curve (Frame A), singular stock path
(Frame C), optimal effort (Frame B), and optimal stock path (Frame D) pertaining to
problem (2.5). The black arc (in Frame D) given for the time period [0, 3.88] represents
the most rapid approach path.

Example 5.3 (Optimal solution of (2.5) when v = 0.20). Consider the optimal harvesting problem
(2.5) and the numerical data in Table 1 except for -y, which is replaced by v = 0.20 in the present case.
Here, the effort function E(t) fails to satisfy the control constraint E(t) < E™% (see the solid green
curve in Frame A of Figure 2). Consequently, the control constraint becomes binding on the interval
[ear, dar) = [10.47,14.36), resulting in the blocked interval [t} )] = [10.46,15.47]. The optimal periodic
effort (Eo.(t)) and the associated optimal periodic stock path (.. (t)) are given as follows:

Emar o<t <t —w zar(t), ingtSté”—w
Ey(t), M —w <t <tM xo(t), ) —w <t <M
Emaz M < <M (1), tM<t<tM
E ), tff <t<tM 4w St), M <t<tM 4w
t
)

8 8

Emer M 4 <t<t +w o), tM+w<t<tdl +w
Eow() =1 Esit), t+w<t<tM +2w | zo,(t) =1 zs(t), B +w <t <t +20
Emaer M 4o <t < ) 42w (), tM 42w <t <t + 20w
Ey(t), t¥f +2w <t <tM+3w (1), B + 2w <t <tM 4+ 3w

)
Emaz M 4 36 <t <) + 3w o (t), Y+ 3w <t <t + 3w
Ey(t), t) +3w <t <tM + 4w zs(t), M + 3w <t <M + 4w
Emar M 440 <t <60 rar(t), tM + 4w <t <60

(
t
(
t
(
t
(t
t
(
t
(



THE IMPACT OF POLLUTION REDUCTION ON THE OPTIMAL HARVESTING STRATEGY 177

1700 T T T T 1700

1400 14001

£ 10001 10001

Effort
ort

Eff

6001

—E,(t)
200 . . . . ] 200, . . . ‘_EW ]
0 12 24 . 3 48 60 0282 12 24 Time 96 48 60
(A) Singular effort (B) Optimal effort
25x10°
2
4 « 15t
g g
12] 12]
i
—Xu(t)
, 05 X
015 ‘ ‘ ‘ ‘ 015/ ‘ ‘ ‘ ‘
0 12 24 e 36 48 60 02.82 12 24 . 36 48 60
(¢) Singular stock (D) Optimal stock

FIGURE 4. The figure depicts the singular effort curve (Frame A), singular stock path
(Frame C), optimal effort (Frame B), and optimal stock path (Frame D) pertaining to
problem (2.6). The black arc (in Frame D) given for the time period [0,2.82] represents
the most rapid approach path.

The graphs of Eo,(t) and z,,(t) are shown in Frames A and C of Figure 5, respectively. Since xg <
Zow(0), an initial adjustment is needed to fully determine the solution to the problem (2.5). Following
(4.1) and (4.3), the optimal harvesting strategy first follows E = E™™ and then switches to E = E, at
Ty = 3.14. The optimal harvesting strategy and the associated optimal stock path are given as follows:

Emin_ < 14 ) <t<3.14
E*(t)z{ 7Zf0_t<3 5 x*():{xm(t)? ZfO_t_?’ 5

Eou(t), if3.14 <t < 60; ’ Tow(t), if 3.14 <t < 60.

The graphs for E*(t) and x*(t) are shown in Frames B and D of Figure 5. Note that while E,,(t) and
Zow(t) are periodic, E*(t) and x*(t) become periodic only after a finite time. Here, the present value
for the first two full cycles is given by

60

3.14
PViyy o0 = / =3t (rqum(t) — ) E™dt + / =3 (rqon (1) — ¢) Eus (t)dt = 45005 x 10° (SUS).
0 3.14

Example 5.4 (Optimal solution for (2.6) when v = 0.20). Consider problem (2.6) with the set of
parameter values given in Table 1 except for vy, which is given by v = 0.20 in the present case. The
singular effort function E4(t) doesn’t satisfy the control constraint E(t) < E™® (see the solid blue
curve in Frame A of Figure 2). Consequently, the control constraint becomes binding on the interval
[ear, dar) = [11.73,13.69], resulting in the blocked interval [t11 )] = [11.72,14.35]. The optimal periodic



178 SIMON D. ZAWKA AND P. D. N. SRINIVASU

2,000— ‘ ‘ ‘ ‘ 2000 * ‘ ‘ ‘ ‘
1500f 1 1500¢
1000 {1 1000

500 500

Effort
Effort

200p ) ) ) 7 —

0 12 24 Time 36 48 60 0sia 12 24 Time 36 a8 60
(A) Optimal periodic effort (Eo.) (B) Optimal effort (E*)
x10° ‘ ‘ ‘ ‘ x10°
2 o
15 15
-~
E 3
g 1 L
0.5 ] 05
015 ‘ ‘ ‘ ‘ 015/ ‘ ‘ ‘ ‘
0 12 24 Time 36 48 60 0314 12 24 Time 96 48 60
(¢) Optimal periodic stock (zow) (D) Optimal stock (z™)

FIGURE 5. The figure depicts the optimal periodic effort, the associated optimal pe-
riodic stock, the optimal effort, and the associated optimal stock pertaining to (2.5)
where v = 0.2. The black arc in Frame (D) stands for the most rapid approach path
of the initial adjustment.

effort (Eo. ) and the associated stock path (X, ) for the first five years are given below.

Emar qf o<t <t —w Xu(t), if0<t <t —w

E (t), M —w <t <tM X,(t), t —w <t <tV

Emor M <t < t)f Xu(t), 9 <t <t

Eit), M <t<tM+w Xo(t), i <t<tM +w

Emaz M 4 <t <t +w Xu@), tM+w<t<td +ow
Eow(t) =14 Eit), M +w<t<tM 420 | Xoo(t)=1 Xs), t¥ +w <t <tV 4+ 20

Emaz M 4o <t <) 4 2w Xar(t), tM +2w <t <) 420w

Eq(t), t¥ +20w <t <tM + 3w X,(t), ¥ +2w <t <tM 43w

Emaz M 4 36 <t <) + 3w Xar(t), tM +3w <t <M 4+ 3w

E.(t), t} +3w <t <tM + 4w Xo(t), 3 +3w <t <tM 4+ 4w

Emaer M 44 <t <60 Xn(t), t 4+ 4w <t <60

The graphs of By, and X, are shown in Frames A and C of Figure 6, respectively. Since Xo < Xow(0)
(see Frame C of Figure 6), an initial adjustment is needed to fully determine the optimal solution to
the problem (2.6). Following (4.1) and (4.3), the optimal harvesting strategy first follows E = E™™"
and then switches to E = E; at Ty = 2.69. Hence, the optimal harvesting strategy and the associated
optimal stock path are given as follows:

T Eou(t), if2.69<t<60;’ T Xow(t), if2.69 <t < 60.

Graphically, the optimal harvesting strategy and the associated stock path are shown in Frames B and
D of Figure 6, respectively. The total discounted net revenue for the first five years is given by,
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FIGURE 6. The figure depicts the optimal periodic solution and the optimal solution
pertaining to (2.6) with binding control constraints. While frames (A) and (B) repre-
sent the optimal periodic effort and optimal effort, frames (C) and (D) represent the
associated optimal periodic stock and optimal stock paths, respectively.

60

2.69
PV 060 = / e O rqgE™M X, (t) — M)dt + / e U TqE o0 (1) X0 (t) = M)dt = 5.1604 x 10° ($US).
0 2.69

Example 5.5 (Optimal solution of (2.5) and (2.6) when v = 0.55).

First, let’s consider problem (2.6) with the set of parameter values in Table 1 except for v, which is taken
as v = 0.55 in the present case. It can be seen that Es(t) satisfies the control constraint (ref. Frame
A of Figure 7). However, Xo < Xs(0) (ref. Frame B of Figure 7). Therefore, an initial adjustment is
required. Using the most rapid approach technique, the optimal solution is given as follows:

B (1) Em™in for0 <t < 2.88, X () = X (t), for 0 <t < 2.88,
| Es(t), fort>2.88; ’ | X,(t), fort>2.88.

Graphically, the optimal harvesting strategy and the associated stock path are shown in Frames A and
B of Figure 7, respectively. The discounted total net revenue is given by

60

2.88
PVg g0 = / e~ (rqEmI X, (1) — M)dt + / e~ (rqBL (1) X, () — M)dt = 3.2059 x 10° ($TS).
0 2.88

Now, let’s consider problem (2.5) with the numerical data in Table 1 except for ~, which is replaced by
v = 0.55. We observe that the effort function E, fails to satisfy the control constraint E™™ < E(t).
Consequently, the constraint is binding on the interval [y, dy] = [4.21,6.23], resulting in the blocked
interval [t7,t5'] = [4.20,7.57]. The optimal periodic effort (Eo,) and the associated stock path (Z,)
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for the first five years are given as follows:

Eq(t), 0 <t <ty zs(t), 0 <t <P

Emingm < ¢ < T (t), t7 <t <ty

Es(t), t5 <t <tV +w zs(t), 9 <t <t +w

Emin i 4w <t <t 4w T (t), P+ w <t <tl+w

Ey(t), t9 +w <t <tP + 2w zs(t), 19 +w <t <t +2w
Eow(t) =< E™n #7420 <t <t +2w , Tou(t) =< Tp(t), P +2w <t <0+ 2w

Es(t), t5' +2w <t < 7" + 3w zs(t), t9 + 2w <t <P + 3w

Emin 4 3w <t < 5+ 3w T (t), t7" 4+ 3w <t < 5" + 3w

Ey(t), t¥ +3w <t <tM 4+ 4w zo(t), M +3w <t <tM + 4w

Emin ¢ 4 4o <t <D+ 4w T (t), 7 + 4w <t < 9 + 4w

Es(t), t5' + 4w < t < 60 z(t), 15+ 4w <t <60

Since £(0) < 0w (0), the initial adjustment is needed to determine the optimal solution. With the most
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FIGURE 7. The figure depicts optimal solutions pertaining to (2.5) and (2.6) when
v = 0.55.

rapid approach strategy E = E™", the path ., (t) is reached at the minimum time Ty = 7.88. Hence,
the optimal effort and the associated path are given by:

T Bou(t), if 788 <t <60 T @ow(t), 788 <t <60

The optimal effort and the associated stock path are shown in Frames C and D of Figure 7, respectively.
The present value for the first five years is

60

7.88
PVjo,60) = / e 0 (TqE o, (t) — ¢)E™dt +/ e O Tqrow (t) — €) Eow(t)dt = 1.3272 x 10° ($US).
0 7.88
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TABLE 2. A summary of the maximum and minimum levels of the singular effort
functions and the associated stock paths pertaining to problems (2.5) and (2.6) for
different values of v, where x7" = mingep, ¢o+w] s(1), oM = Maxyefty to+w] Ts(t), X" =
MmNt to+w] Xs(t), XM = maxieps, 10+0) Xs(t), and (P) stands for the given optimal

harvesting problem.

v | () | Emin | BrEm) | EMEM) | Emer | ar(Xm) | aM (X))
0.20 | (2.5) | 200 676 2452 2000 | 8.1464 x 10° | 1.9771 x 108
(2.6) | 200 760 2102 2000 | 9.9978 x 10° | 2.4412 x 10°
0.45 | (2.5) | 200 216 1985 2000 | 5.4636 x 10° | 1.3214 x 105
(2.6) | 200 552 1575 2000 | 9.7288 x 10° | 2.3756 x 105
0.55 | (2.5) | 200 33 1796 2000 | 4.3922 x 10° | 1.0592 x 10°
(2.6) | 200 495 1428 2000 | 9.6213 x 10° | 2.3493 x 106

TABLE 3. A summary of the optimal harvesting strategies and the occurrence of bind-
ing constraints pertaining to problems (2.5) and (2.6) for different values of v where

(P) stands for the given optimal harvesting problem.

vy (P) | E™" < E(t) | E(t) < E™me® Optimal harvesting strategy
0.20 | (2.5) | Non-binding Binding E™in (0 <t<3.14, Ey(t), t > 3.14
(2.6) | Non-binding Binding Emn (<t <269, Eyl(t), t >2.69
0.45 | (2.5) | Non-binding | Non-binding | E™", 0 <t < 3.88, E,(t), t > 3.88
(2.6) | Non-binding | Non-binding | E™", 0 <t < 2.82, E(t), t > 2.82
0.55 | (2.5) Binding Non-binding | E™", 0 <t < 7.88, E,,(t), t > 7.88
(2.6) | Non-binding | Non-binding | E™", 0 <t < 2.88, E4(t), t > 2.88

TABLE 4. A summary of the discounted total net revenues pertaining to (2.5) and
(2.6) for different values of v. Here, (P) stands for the optimal harvesting problem,
PV,(PV,), PV,,(PV,,), and PV,(PV,) represent the net revenue computed for sin-

gular solution, optimal periodic solution, and optimal solution, respectively.

v | (P) | PVy(PV,) | PV,(PV,,)| PV,(PV,) | PV,—- PV, |PV,—- PV,

0.20 | (2.5) | 5.3510 x 10° | 5.3337 x 10° | 4.5005 x 10° | 6.6150 x 10% | 6.5990 x 10°
(2.6) | 6.0125 x 10° | 6.0120 x 10° | 5.1604 x 10°

0.45 | (2.5) | 2.5113 x 10° N/A 2.0389 x 107 | 1.8177 x 10% | 1.6619 x 10°
(2.6) | 4.3290 x 10° N/A 3.7008 x 10°

0.55 | (2.5) | 1.6709 x 10° | 1.6704 x 10° | 1.3272 x 10° | 2.1912 x 10° | 1.9687 x 10°
(2.6) | 3.8621 x 10° N/A 3.2959 x 10°

181
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6. DiscussioN

A summary of the maximum and minimum levels of the singular fishing efforts and the associated
singular stock paths computed for the two problems is given in Table 2. When the effect of pollution
increases, the maximum and minimum effort levels fall, and hence it is more likely that the constraint
E™™ < E(t) becomes binding. Comparing the maximum (minimum) effort levels of the two problems,
one can observe that, for all pollution levels, the maximum effort level (EM) of (2.6) is smaller than
EM of (2.5), and the minimum effort level (E™) of (2.6) is larger than E™ of (2.5). This highlights that
pollution reduction efforts may turn the problem involving binding constraints into one with nonbinding
constraints. From the table, the comparison of E™ and E™™" and EM and E™* clearly highlights the
occurrence of binding constraints. For both problems, the maximum (minimum) stock level decreases as
the effect of pollution increases. We also observe that the maximum (minimum) stock level is superior
when pollution reduction is undertaken.

A summary of the optimal harvesting strategies for the two problems is presented in Table 3. It also
highlights the occurrence of binding constraints for the varying effects of pollution. We can observe that
the optimal approach path takes less time to reach the optimal singular solution (or optimal periodic
solution) in (2.6) than (2.5). The reason is that, while it is only the fishing effort that is reduced to
the minimum level E™ in (2.5), the maximum possible effort M — cE™" is also devoted to pollution
reduction in addition to reducing the fishing effort to E™™ in (2.6). Moreover, the minimum time
the optimal approach path takes to reach the optimal singular solution (or optimal periodic solution)
increases with the effect of pollution in both (2.6) and (2.5). The relative position of the initial state to
the singular solutions and optimal periodic solution is the deriving force for the employment of E™™
for the most rapid approach strategy.

A summary of the discounted total net revenues computed for the two problems over the time interval
[0, 60] is presented in Table 4. In both problems, the revenues are computed along the optimal singular
solution (when the control constraint is nonbinding), the optimal periodic solution (when the control
constraint is binding), and the optimal solution, and the values appear in the decreasing order of their
appearance, which was expected (ref. Table 3). It can also be observed that, in all cases, the revenue is
superior when pollution reduction is undertaken. Moreover, the difference increases with the effect of
pollution, which underlines the importance of pollution reduction efforts when the effect of pollution is
severe.

7. CONCLUSIONS

In this paper, we have investigated the impact of pollution control on the optimal harvesting of a
single species population in a seasonally changing and polluted environment. Considering a constant
amount (M) of funding for the harvesting activity at each time, we have proposed two distinct ways
to use this fund to maximize the net economic rent: the first involves allocating the available funds for
harvesting exclusively with the effort ¢E (such that 0 < cE < M), with the remaining sum M — cE not
being used for the harvesting activity. The second involves allocating the excess M — cE to pollution
reduction (rather than holding the money) in the hopes of enhancing the net economic revenue indirectly.
Both seasonal change and environmental pollution affect the intrinsic growth rate and carrying capacity
of the environment.

We have constructed the optimal singular solutions for each of the two scenarios and noted that the
fishing effort, stock level, yield, and revenue decrease with the effect of pollution. Through numerical
simulation, we observed that, while strong restrictions on the control variable for different reasons are a
major cause, a fall in the fishing effort due to the effect of pollution may also cause binding constraints
on the control variable. We have also observed that, while the maximum level of singular fishing effort
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is reduced and the minimum level rises after the implementation of pollution reduction, the associated
stock level and yield remain superior all the time in the case of pollution reduction. The main reason
for the rise in net revenue is the improved stock level due to pollution reduction efforts.

Following the determination of singular solutions, we have constructed the optimal solutions in two
different situations: when the control constraint is binding and when it is nonbinding. When the problem
involves binding constraints, first we have constructed the optimal periodic solution (a solution satisfying
control constraints), and then the optimal solution (which fulfills the initial condition) is obtained using
the most rapid approach strategy. By considering the varying effects of pollution, we have computed
the net revenues along singular solutions, optimal periodic solutions, and optimal solutions. In all cases,
the net revenue improves when investment in pollution reduction efforts is considered. Thus, based on
the results of this study, we strongly recommend investing in pollution management as an alternative
to benefit resource conservation and enhance the net economic rent for the harvesting system in a
seasonally changing and polluted environment.
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