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DYNAMICAL PROPERTIES OF AN SIRI EPIDEMIC MODEL WITH RELAPSE
AND FREE BOUNDARIES

YINDI ZHANG AND MENG ZHAO

ABSTRACT. In this paper, we study an SIRI epidemic model with relapse and free boundaries, which
can describe the spreading process of diseases well. At first, the existence and uniqueness of the
global solution is proven. And then we obtain some sufficient conditions for the disease spreading and
vanishing. We can find an Rg such that the disease will vanish for Ry < 1; otherwise, whether the
disease will spread or not is determined by the initial infected region ho and spreading capacity p
of the spreading front. Moreover, the longtime behavior of the solution is given. Finally, numerical
simulations are provided to illustrate the results of the analysis.

1. INTRODUCTION

Infectious diseases have been a major threat to human health all the time. A large number of
mathematical models have been proposed to study various infectious disease. In 1927, Kermack and
McKendrick [12] considered the following SIR model:

ds

W:—ﬁSI,

4 = BSI =11,
dR __
W_’ij

where S, I and R stand for susceptible, infectious, and recovered individuals respectively; the positive
constant [ represents the effective contact rate, and the positive constant « is the recovery rate. If we
denote the total constant population by N, then N =S5+ I + R.

However, for some diseases, the recovered individuals has a temporary period of immunity and may
relapse. Namely, the recovered individuals will once again become infectious individuals after losing
immunity. For example, herpes, human and bovine tuberculosis, and so on. Therefore, we need to
consider the relapse of the disease. In view of that herpes viral infections are the susceptible-infective-
latent-infective type, Tudor [18] proposed the following SIRI epidemic model:

S'(t) = b— kS — BSI,
I'(t) = BSI —yI 4+ 6R — kI, (1.1)
R'(t) =~+I — 6R — kR,

where b is the constant birth rate, k is the natural death rate, § is the relapse rate, § represents the
effective contact rate, v is the recovery rate, these parameters are positive constants. Then, Moreira and
Wang [17] modified this model by replacing 8ST with a nonlinear incidence rate ¢(S)I, they constructed
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the sufficient conditions for the persistence and extinction of disease, then gave the global asymptotic
stability of the disease-free and endemic equilibria. After these, there are many researchers devoting
into studying the model with relapse, please refer to [1, 5, 7, 30, 31] and references therein.

All of above models ignore the spatial diffusion. It is necessary to consider the following model with
diffusion:

Se(t,x) —dAS(t,z) =b—EkS(t,x) — BS(t,x)I(t,x), t>0, z €,
Li(t,x) — dAI(t,x) = BS(t,x)I(t, x) — vI(t, x)
+oR(t,x) — kI(t, z), t>0, x e, (1.2)
R(t,z) — dAR(t,x) = vI(t,z) — 6R(t,x) — kR(t,x), t>0, z€Q,
OnS(t,x) = 0pI(t,x) = O, R(t, x), t>0, €9,
S(0,z) = So(x),1(0,z) = Ip(x), R(0,x) = Ry(x), z€Q,

where S(t,z), I(t,z) and R(t, z) stand for the population densities of susceptible, infective and recovered
individuals at ¢ > 0 and = € (Q respectively. Assume that the diffusion rate of S, I and R are the
same, and denoted by the positive constant d. There are many researchers studying this model. For
example, [27] considered the dynamics of a diffusive SIRI model with nonlinear incidence rate, and [26]
studied traveling waves for a spatial SIRI epidemic model. Besides, [19] investigated the dynamics of
epidemiological model with replace and disease-induced deaths, which is extended by Ding et al. [4] to
a diffusive epidemic model with replace and bilinear incidence rate later.

However, the above proposed models can not describe the spreading front well, which is important
during studying the spreading of disease and species. To overcome this shortcoming, free boundary
conditions are first introduced by Du and Lin [3] to study the spreading of invasive species. Later,
many researchers used this free boundary problems to consider the spreading of diseases. For example,
Kim et al. [11] considered an SIR epidemic model with free boundary; Huang and Wang [9] studied
the reaction-diffusion system for an SIR epidemic model with a free boundary; Cao et al. [2] studied
dynamics of a nonlocal SIS epidemic model with free boundary. For other problems related to free
boundary, we can refer to [20, 16, 8] and references therein.

Inspired by the above works, we investigate the following SIRI epidemic model with relapse and free
boundaries:

Sy —dSy. =b— kS — BSI, t>0, z€R,

I, —dl,, = 3ST —~yI + 6R — kI, t>0, x € (g9(t),h(t)),

Ry —dR,, =~I — 6R — kR, t>0, z € (g9(t),h(t)),

I(t,z) = R(t,x) =0, t>0, z€R\(g(t),h(t)), (1.3)
J(t) = —nL(t,g(1)), £>0,

W (t) = —pla(t, h(t)), t>0,

S(0,z) = So(x), z €R,

—9(0) = h(0) = ho, 1(0,z) = Io(x), R(0,2) = Ro(z), =« € [~ho, hol,

where x = ¢g(t) and z = h(t) are the moving boundary to the determined, u is the moving rate of the
free boundary. Assume that the initial functions Sp(x), Ip(z) and Ro(z) satisfy

So € CQ(R) ﬂLOO(R), I(),RO S CQ([—ho,ho]),

Io(l‘) = RQ(Q?) =0, z € R\(—ho, ho), (14)
So(x) >0,z € R, Ip(x) > 0, Ro(x) > 0,2 € (—ho, ho).
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We should mention that this model was considered by Ding et al. in [4]. Unfortunately, there are
some cases remaining open in [4]. In this paper, we aim to obtain the results for all the cases.
Denote
b oy

+ .
kE(k+~)  (E+0)(k+7)
The rest of this paper is arranged as follows. The existence and uniqueness of the global solution

Ry = (1.5)

of problem (1.3) will be proved in Section 2. In Section 3, we will establish the criteria for spreading
and vanishing. Then, we will show the long time behavior of solution (5, I, R, g, h) for problem (1.3) in
Section 4. In Section 5, we give some numerical simulations and brief discussions on the spreading and
vanishing of diseases. The last section is a brief discussion.

2. EXISTENCE AND UNIQUENESS

In this section, we first prove the local existence and uniqueness result. Then we use some suitable
estimates to show that the solution is defined for all ¢ > 0.

Theorem 2.1. For any given (So, Lo, Ro) satisfying (1.4) and any given o € (0,1), there exists T > 0
such that problem (1.3) admits a unique solution

(S,I,R,g,h) € Cp x [C'F52F*(Dp)]? x [C'F3 ([0, T]))?,
and
HI||Cl+§ 2o (D + HR”CHf 2 (P + ||g||cl+%([o,T]) + ”thH%([QT]) <C,
where
Cr=L*(0,T] xR)N C’HTQ’HO‘([O,T] xR), Dr={(t,z) eR*:t € [0,T],z € (g(t), h(t))}.
Here C and T depend on hg, o, [|Sollc2w), [1SollL=®), [[Hollc2((=ho,ho)) and || Rollc2([=ho,ho)) -
Proof. The proof of the local existence and uniqueness of the solution is similar to that in [10, Theorem

2.1], [24, Theorem 2.1] and [25, Theorem 2.1]. For completeness, we give the details as follows.
Step 1: We first straighten the free boundaries. Let ((y) be a function in C3(R) satisfying
: h . h h
Cly) =it [y —ho| < =7, Cy) = 0if [y = hol > 2, [C'(W)] <
and let
£(y) = ((=y) for any y € R.

Consider the transformation

(t,y) — (t,z), where z =y + ((y)(h(t) — ho) + &(y)(g(t) + ho), y € R.
If

h
1(#) = ol + lg(t) + hol < 2,

then the above transformation is a diffeomorphism from R onto R. Moreover, it changes the free
boundaries z = g(t) and x = h(t) to the lines y = —hy and y = hg. Direct calculations give that

oy 1

dr 1+ (y)(h(t) — ho) + € (W) (g(t) + ho) Alg(0), h(8),v),
Py W) — ho) +EW)g(t) + ho)

922 = T ) (D) — o) + € ) (g() + R - DWA0:0),
oy (1) + g (1)

ot LH%XU)hM+HXM%W®_
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Let
S(t,x) = S(t,y + C(y)(h(t) — ho) + () (9(t) + ho)) =: ult,y),
I(t,z) = I(t,y + C(y)(h(t) — ho) + &(y)(g(t) + ho)) =: v(t,y),
R(t,z) = R(t,y + C(y)(h(t) — ho) + £(y)(9(t) + ho)) =: w(t,y),
we have

Si = us +C(g(t), g (t), h(t), W' (t),y)uy, Sz =/ A(g(t), h(t), y)uy,
I =v +Cg(t),d 1), h(t), K t),y)vy, L. =/ A(g(t), h(t),y)vy,
Ry =w; + C(g(t), g (), h(t), K (), y)wy, Ry =+/A(g(t),h(t),y)w,,
Suw = A(g(t), h(t), y)uyy + B(g(t), h(t), y)uy,

Loz = A(g(1), h(t), y)vyy + B(g(t), h(t), y)vy,

Roo = A(g(t), h(t), y)wyy + B(g(t), h(t), y)wy,

then problem (1.3) becomes

— Aduy, — (dB — C)uy = b — ku — Suv, t>0, yeR,
vy — Advyy — (dB — C)vy = (Bu — v — k)v + dw, t>0, |y| < ho,
wy — Adwyy — (dB — C)wy = yv — (0 + k)w, t>0, |yl < ho,
9'(t) = —pvy(t, —ho), g(0) = —h, t>0, (2.1)
B (t) = —pvy(t, ho), h(0) = ho, t>0,
U(tvy) - w(t y) - O t Z 07 ‘y| Z hOv
u(0,y) = uo(y) := So(y), yeR,
v(O,y) ( ) = IO(y)a U}(O, y) = ’U)o(y) = RO(y)v Yy e [_hOa hO]a

where A = A(g(t), h(t),y), B = B(g(t),h(t),y), C = C(g(t),g'(t), h(t), (L), ).
Let

T = min{ o , o } .
16(1 + g*)’ 16(1 + h*)
For 0 < T < Ty, we define Ay = [0,T] x [—ho, ho] and
Xir ={v e C(Ar) : v(t,£ho) = 0,v(0,y) = vo, |[v — vollcar) < 1},
Xor ={w € C(Ar) : w(t, +ho) = 0,w(0,y) = wo, [|lw — wollc(ar < 1},
Xsr = {g € C'([0,T]) : g(0) = —ho,¢'(0) = g%, |lg' — 9"llc(o,r) < 1},
r={h e CY[0,T)) : h(0) = ho, I'(0) = h*, |’ = h*[|c(po,rpy < 1},

where g* = —puv{(—ho), h* = —pvj(hg). It is easy to see that Xr := X7 x Xor X X3sr x Xyr is a
complete metric space with the metric

d((v1, w1, g1, h1), (v2, w2, g2, h2))
= Jlvi = valloar + lwr = walle@aqr) + 191 = g2lleqo,my + 71 = hallegom)-
For any given (v,w, g,h) € X with 0 < T < Ty, we consider
{ut—Aduyy—(dB—C)uy:b—ﬁuv—ku, 0<t<T, yeR,
u(0,y) = uo(y), yeR
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Applying standard partial differential equation theory [6], this problem has a unique solution u €
L>=([0,T] x R) N C*5*1+2([0, T] x R). For above (u,v,w, g,h), we consider

0y — Advyy — (dB — C)oy =v(fu—v —k)+ 0w, 0<t<T, |yl < ho,

Wy — Ady, — (dB — C)wy = yv — (k + d)w, 0<t<T, |yl < ho,
O(t, £hgo) = w(t, +hg) = 0, 0<t<T,
6(07y) = vo(y),zb((),y) = U)()(y), y e [_h07 hO]

It follows from the standard LP theory and Sobolev’s embedding theorem that this problem admits a
unique solution (0, w) € [CHTQ’HO‘(AT)]Q. Just like the arguments in [21], we have, for T' € (0, T3],

<[l < Ol ay,) < KT TY), (2.2)

1
tayl«#a(ATl) =

—1\|. -1
(Ar) By = ol ar,) < KT 1), (2.3)

where K is a constant depending on Ti, A, «, ho, p, B, b, 7, [[uollze(®), [[vollc2((=ne,ne)) and

||UHCHTQ'1+°‘(AT)
H"DHCHT“,HQ < Hwnc%,ua

l[woll o= ([~ ho,ho))-
For 0 < T < Ty, defining

g(t) = —ho — /Ot (i (1, —ho)dr, h(t) = ho — /Ot iy (1, ho)dr, 0 <t <T.
We have
§'(t) = =ty (t,—ho), I (t) = =ty (t, ho), =§(0) = h(0) = ho,
and then §'(t), h'(t) € C%([0,T)),
I

§ ,uK1 = KQ, (24)

~/
g ”C%([O,T])’ ||C%([O,T])

where K5 depends on p, hgy, K.
Now, we define F : Xt — [C(Ar)]? x [C1([0,T])]? by

‘F(U’w?g7h) = (677‘2}3.&711)'

It is clear that (v,w,g,h) € X7 is a fixed point of F if and only if it solves (2.1).
At first, we prove that F is a self-mapping on X for T' > 0 sufficiently small. By (2.2), (2.3) and
(2.4), we know that F is continuous and compact, and

”gl - Q*HC([O,T]) < HQIHC%([O,T})T% < K2T )
”}NL/ - h*”C([O,T]) < ”ﬁ/Hc%([O’T])T% < KQT%7

~ ~ 1ta
15— vollowam < Il gm0y, T < EOTS,

7 ~ lto lta
I = wolloan < Il e o, T < K0T

If we take
_2 -2
0<T< min{Tl,K2 “ K, 1*“},

then F maps X into itself. It follows from the Schauder fixed point theorem that F has at least one
fixed point (v,w, g, h) € Xr. Therefore, (2.1) has at least one solution (u,v,w,g,h) and

we L2([0,T] x R) N C =140, T] x R), v,w € C = (Ar),
g.h € CTE([0,T)), ¢'(t) <0, B'(t) >0 in [0, T].
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Hence, problem (1.3) has a solution
(S,1,R,g,h) € Cr x [CT551F(Dyp)]? x [CMF5 ([0, T])]2.
Step 2: Let (S;, I;, Ri, gi, hi) (i = 1,2) be the solution of (1.3), which is defined for ¢ € [0,T] with
0 < T < 1. Making the same transformation as in Step 1, we have
Si(t,x) = Si(t,y + () (hi(t) — ho) + EW)(gi(t) + ho)) =: wit,y), i =1,2,
Li(t, @) = Li(t,y + C(y) (hi(t) — ho) + §(y)(gi(t) + ho)) =: vi(t,y), i = 1,2,
Ri(t, ) = Ri(t,y + C(y) (hi(t) — ho) + &(y)(9i(t) + ho)) =: wi(t,y), i =1,2.
Letting
U=u —ug, V=vy—vy, W=w; —ws, G=g1 —gs and H = hy — ho,
then U(t,y), V(t,y) and W (t,y) satisfy

— A1dUyy — (dBy — C1)Uy + [Bvr + kU = (A1 — Az)duay,
+d(B1 — Ba)ugy + (Co — C’l)qu — BusV, 0<t<T, yeR,
— A1dVy,, — (dBy — C1)Vy — (Bur — v — k)V = (A1 — As)dvay,
+d(B1 — Ba)vay + (Cy — Cl)vzy + BusU + W, 0<t<T, y<|hol,
— Ay dWyy — (dBy — C1)Wy, + (kK + 0)W = (A1 — Az)dwsy,
+d(B1 — Ba)way + (Cy — Cr)way + 7V, 0<t<T, y<lhol,
U(0,y) =0, y €R,
V(t,£ho) = 0, W(t, £ho) =0, 0<t<T,
V(0,y) =0, W(0,y) =0, y < |hol,
and
G'(t) = —uV,(t,—ho), 0<t<T,
H'(t) = —uV, ( 0), 0<t<T,
G(0) = H(0) =

where A; = A(gi, hi,y), Bi = B(gi, hi,y), Ci = C(gmgphi,hé’y) (i=1,2).
Just like the arguments in [21], we have, for T € (0, T3],
Jur — uzl[Los jo,77xr) < K3(T1)(lv1 — v2llear) + [lg1 — g2ller o,
+ [|h1 = hallcro,1m),

[or = val 15 s < Ky(T1) (lur — w2l Lo (o,11xm) + lw1 — wallear

(Ar)
+llg1 = g2ller o.mpy + 101 = haller o)

< Ks5(T) (Jlor = vallear) + o — wallear

+llg1 = g2ller o.m)y + I1ha = hallerqomy) »

lwr —wal| j1ga 1y < Ke(T1) (o1 = v2llearn + g1 = g2ller oy

(Ar)
+ [h1 = haller o, 11)))
where K3, K, and K¢ depend on K7, K5 and the functions A;, B;, C; in the definition of the transfor-
mation (t,y) — (¢,x), K5 depends on K3 and Kj.
By similar arguments in the proof of [21, Theorem 1.1], we can obtain that
< Krllor —vallyp2ia,) < Ksllor —val| j1ge 00

[v1y — U2y]c%’a(AT) (Ar)’
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where K; and Ky are independent of 7!, Then
gy — 95”0%([0,:@ + ||k — h/2Hc%([0,T]) < 2ullvry — U2y||c%’°(AT)
< Ko(|l(v1 — v2, w1 —w2)|lcar) + [1(91 — g2, b1 — ha)llcro,17))s

where Ko depends on K5, Ky and u. Recalling that G(0) = G'(0) = 0 and H(0) = H’'(0) = 0, we have
for T <« 1,

g1 — g2ller o,y + 1k — haller o,y
< T2(||lg) - Bollos oy + 1171 = hallog 0.0
< K10T? ([or = v2lloan + lwr = walloar) + llg1 = g2lloro.m) + 11 = halloro.my) -
Combining this fact and (2.5), we have, if T' < 1,

o1 = vallear) + [lwr — walleary + g1 = g2llerqo,rmy + 171 = haller o)

lta lta
ST |lor = vall age vy ) + T Mlwn —wall page i
+ T%Hgﬂ - 9/2“0%([077“]) + T%thl - hl2||c%([o,T])

< KuT% (or — vallean + o — wallear) + llgr = g2llerqo.r + 11ha = hallerqo,m)-

Therefore, for 0 < T' < 1, we have vy = vy, w1 = wa, g1 = go and hy = ho. Consequently, u; = us.
Step 3: By the Schauder estimates, we have additional regularity for (u,v,w, g, h) as a solution of
(2.1), namely,

14

we L=2(0,T] x R)N C, 2 ""F4(0,T] x R); v,w € C*5:2+(Ay) and g, h € C*H5([0,T)),

loc

and (2.2), (2.3) and (2.4) hold. Hence, (u,v,w, g,h) is a unique local classical solution of the problem
(2.1), and then (S, I, R, g,h) is a unique local classical solution of the problem (1.3). |

To show that the local solution obtained in Theorem 2.1 can be defined for all £ > 0, we need the
following estimate.

Lemma 2.2. Let (S,I,R,g,h) be a solution to problem (1.3) defined for t € (0,Ty) for some Ty €
(0, +00), and satisfies
0<S(t,x) <My, 0<t<Ty, z€R,
0<I(t,x),R(t,x) <My, 0<t<Tp, g(t) <x<h(t),
— My < ¢'(t) < 0,0 < h(t) < M, 0<t<Typ,
where M;(i = 1,2) is independent of Tp.
Proof. Using the strong maximum principle, we are easy to see that S(¢,x2) > 0 in (0,7p] x R and
I(t,x), R(t,xz) > 0in (0,Tp] x (g(t), h(t)). By direct calculations, we have that N(¢,x) satisfies
Ny —dNyy =b— kN, 0<t< T, xeR\{h(t)7g(t)}a
No(t () — 0) < No(tg(t) +0), 0<t< T,
N(t, h(t) —0) < N(t,h(t) +0), 0<t<Typ,
N(0,2) = No(z), z €R,
where Ny(z) = So(z) + Io(x) + Ro(x). Let N(t,z) be the solution of
N;—dNy =b—kN, 0<t<Ty, z€R,
N(0,2) = No(z), z eR.
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It follows from the comparison principle that we have
— b
N(t,z) < N(t,z) < max{k, ||NOOO} =: M.

Therefore, we have
0<S(t,z) <My, 0<t<Tp, z€R,
0<I(t,x),R(t,x) < My, 0<t<Ty, g(t) <z <h(t).

By the Hopf boundary lemma, we have ¢'(t) < 0, h'(t) > 0, t € (0,Tp). In the following, we will
prove that A/(t) < Ms for all t € (0,7p) with some M, independent of Ty. By the similar arguments in
[15], we define

Q= {(t,x):0<t < Ty, h(t)— M~' <z < h(t)},
2(t,x) = Mi[2M (h(t) — ) — M?(h(t) — 2)?], (t,z) € Qur,
where M will be determined later. Direct calculations show that, for (¢,z) € Qay,
2t — d2gy — ST+~ —0R+ kI
= 2M MK (t)(1 — M (h(t) — x)) + 2dM M? — BSI — SR+ (v + k)I
> 2dM; M? — BM? — 5 M;.
If we choose M > \/m, then
2 — d2gy — ST+ —0R+ kI > 0.
It is easy to check that
2(t, h(t) — M™Y) = My > I(t,h(t) — M™1), 2(t,h(t)) = 0= I(t,h(t)).

If we can choose suitable M such that Iy(z) < z(0,z) for € [hg — M1, hg], then we can apply the
maximum principle to z — I over s to deduce that I(¢,x) < z(t,x) for (t,x) € Q. It follows that

L(t, h(t)) > 2a(t, h(£)) = —2M; M,
W(t) = —ply(t, h(t)) < 2uM My =: M.

In the following, we find some M independent of Ty such that Io(x) < 2(0,x) for @ € [hg — M1, hy.

Let
BMy + 8 A Tollcr (1= ho,ho))
M = ’
max {\/77 3M, ’

4
2:(0,2) = =2M M1 — M(ho — x)] < =M M; < _§||IO||C1([fho,ho]) < Iy(z),

we have

for x € [ho — (2M) ™1, ho]. Noting that 2(0, hg) = Io(hg) = 0, we obtain
2(0,x) > Iy(z), @ € [hg — (2M) ™, ho).

Moreover,
_ 3
Io(x) < | oller (—homopyM ' < 1M =< 2(0,2),
for z € [hg — (M)~ hg — (2M)~1]. Hence Iy(z) < 2(0,2) for & € [hg — M1, he.
Similarly, we have ¢'(t) > —Ms. This proof is completed. |

Theorem 2.3. The solution of problem (1.3) exists and is unique for all t € (0,00).
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Proof. This proof is similar to Theorem 2.4 in [11], we give the details of the proof process below. Let
[0, Thnaz) be the maximal time interval in which the solution exists. By Theorem 2.1, Ty,q. > 0. Next,
we shall prove that T}, = oo. By the contradiction argument, we assume that 7,4, < co. By Lemma
2.2, there are M7 and M, and independent of T, such that

0< S(t,x) < My, (t,z) € [0,Thhae) X R,

0< I(tax)a R(t7-75) < M, (L.’L‘) € [OaTmaz) X [g(t), h(t>]7

- M2 S g/(t) < 07 _hO - MQt S g(t) S _h07 te [O7Tmax)a

0 < W (t) < Ma,hg < h(t) < hg+ Mat, t €0, Traz)-

We now fix 09 € (0,Tmaz) and M > Tya.. By standard LP estimates, the Sobolev embedding

theorem, and the Holder estimates for parabolic equations, we can find M3 > 0 depending only on dy,
M, My, My such that

1S5 t)le2q0,00)5 1 (5 ) le21g(e) ey IR Dl c21ge),ne)) < M3 for t € [do, Tnaz)-

It then follows from the proof of Theorem 2.1 that there exists a 7 > 0 depending only on M;(i = 1,2, 3)

such that the solution of problem (1.3) with initial time T}, — 5 can be extended uniquely to the

time Tryaz — 5 + 7 = Tiae + 5. But this contradicts the assumption, thus T4, = oo. This proof is
completed. O

3. CRITERIA FOR SPREADING AND VANISHING
It follows from Lemma 2.2 that ¢g(¢) and h(t) are monotonically decreasing and increasing respectively.
Then there exist hoo and goo € (0,+00] such that tlim h(t) = heo, tlim g(t) = goo. We call that
—00 —00
spreading happens if tlim (h(t) — g(t)) = o0, and vanishing happens if tlim (h(t) —g(t)) < c0. In
—00 —00

this section, we will divide our discussion into two case: Ry < 1 and Rg > 1.

3.1. The case Ry < 1.

Lemma 3.1. If Rg <1 and [|So||c < %, then hoo — goo < 0O.

Proof. By [|S0]|ce < %, we can use the comparison principle to obtain that
b
S(t,x) < Z for t >0 and z € R.
In view of Ry < 1, we have
d @

dt J gt

e+ 2

%R(f, x)} dz

= h(t)-ft O Ru(t,a)| du+w(e) |10t O Rit.n(t
_/g(t) t(7$)+m t(,ﬂ?):| T+ ()[(, ())+m (t, ())}

- (0) |90 + Rl 9(0)]

h(t) 1 5
- / dIrx+ﬂSIfyIkI+5R+(dRerfyIkR(SR)] dz
gty L k+9

/h(t) (5 &y ) h(t) ( 1 )
o L k+o 9(t) kE+6
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h(t) b 6'}/ h(t) 5
< LN LAY Lyw + ——
_/g(t) [(b’k gl k+k+6)]d:c+/g(t) {d( m+k+5Rm)dx]

h(t) h(t)
< / Y+ k) (Ro —1)Idx —I—/ [d([w + Rxa:)d.’l}:|
g(t) g(t) k49
h(t)
<d I,.dz
g(t)
_ _dy ,
= ——[M'(t)—g'()] <0,
1
which implies
h(t) —g(t) < 2h +d/h0 I(iC)—I—LR ()| dx < oo fort >0
= L P TR '

Thus we finish the proof. O
Lemma 3.2. If hoo — goo < 00, then tlglgo S(t,z) =b/k in Ciee(R), and
Jm ([1(t, ) + R(E 2) e aen).h = 0- (3.1)
Proof. By [22, Proposition 3.1], it follows from the equations I satisfied that
Jim (L2( )l men = 0.

Then, for any given 1 > 0, there exists T3 > 0 such that I(¢t,x) < &1 for ¢t > T3 and x € [g(t), h(¢)].
For above €1, we can use the comparison principle to obtain that

R(t,z) < L=L for t € [Ty, 00) and = € [g(t), h(t)].
E+46
By the arbitrariness of €1, we have
A ([R(E 2)le g .nw) =0
Therefore, (3.1) is proved.

By the comparison principle, we can have

b
lim S(t,z) < z uniformly in R. (3.2)

t—o00
Noting that I(t,z) = R(t,x) = 0 for ¢ > 0 and = € R\[g(¢),
small g9 > 0, there exists 75 > 1 such that I(t,z) + R(t, )
satisfies

h(t)], it follows from (3.1) that, for any
< &g for t > 15 and x € R. Hence, S

St — dSyy > b— kS — feaS, t>T,, z€R,
S(Ty,x) > 0, z eR.

Let S be the unique solution of

itfdﬁmx:bfkﬁfﬂégﬁ, t>T2,(£€R,
S(Ty,z) = S(Ty, ), xz eR.
It is obvious that tlim S(t,x) = b/(k+Pez2) in Cioc(R). By a comparison argument and the arbitrariness
—00
of €2, we have litminf S(t,z) > b/k in Cjoe(R). Combined with (3.2), we have ltlirn S(t,z) = b/k in
— 00 — 00
Cloc(R). The proof is completed. O
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3.2. The case Ry > 1.
Consider the following eigenvalue problem:
—dqb// - _a11¢+a12w+)\¢u HAS (_LuL)u
_dwﬂ - a21¢ - a/22¢ + )‘w7 MRS (_La L)7 (33)
¢(£L) = (£L) =0,
where a12, a21,a22 > 0 and a1 € R are all the constants. We denote its first eigenpair by (A, ¢(x), ¥ (x)).
It follows from [25, Lemma 3.3] that

N L L i 4(d7r2 T )(d7T2 +ag) + 4
=-|—+a asy — — +4a a —4(— 4 an)(— +a a12a
5 | 272 11 + ag2 opz o +axn 12 1)(q75 + 022 12021 | ,

and there exists some 6 > 0 such that ¢ = 01 and
T 71'
(p(x),(x)) = (0 cos(ﬁx),cos(ﬁx)).

Let (A1, ¢(z), o(x)) be first eigenpair of (3.3) with a1; = v+ k — Bb/k, a12 = 0, a3 = v and
azs =k +9. By Rg > 1, we have

b
aipagy — ajiaz =06y — (Y +k — 5@)(]? +4) > 0.

Then it follows from [29, Lemma 3.3] that there exists some h* > 0 such that A;(L) > 0 for L < h*,
A (L) =0 for L = h* and A\ (L) < 0 for L > h*, where

0 2d?
2 \/d2(022 —a11)? + 4d%a12a21 — d(agz + a11)
Lemma 3.3. If hoo — goo < 00, then hoo — goo < 2h™*.

* *
h* = L*(a11,a12, 021, az2) =

Proof. Assume on the contrary that 2h* < hoo — goo < 00. Then there exists some small € > 0 such
that hoo — goo > 2R =: 2L*(—6(% —e)+v+k, 6,7,k +9). By Lemma 3.2, we have, for above ¢ > 0,
there exists some 7' > 1 such that

S(t,x) > % —efort > T and = € [goo, hoo),
and
h(t) — g(t) > 2h% for t > T. (3.4)

Hence

I —dl, > (B2 —y—k—Be)[+6R, t>T, z € (9(T),h(T)),

R —dRy;, =~vI — (k+ )R, t>T, ze(g(T),h(T)),

I(t,g(T)) > 0,I(t,h(T)) >0, t>1T,

R(t,g(T)) > 0,R(t, h(T)) > 0, t>T,

I(T,xz) > 0,R(T,x) >0, z € [g(T), h(T)].

Let (A1, ¢(x),¢(x)) be the eigenpair of (3.3) with L = [(T) — g(T)]/2, a11 = v+ k — b/k + Be,
a1z =98, as; =y and age = k + 9§, then A\ (L) < 0. We define

I(t,2) = mo <x - ‘””;hm) L t20, x € [g(T), h(T))
R(t,x) = ma (x — g(T)—;h(T)) , t>0, zelg(T),h(T),

where m will be determined later.
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Noting that ¢ = 61, we have

b

b
= —dm¢” —qlky 7~k — Be)o — bqu

0|6~y — k= Be)6 -+ b+ M| —m(k — — b — B2)o — o
mA1¢ <0,

and
R, —dR,, —yI+(k+d)R
= —dmy)” —myod —m(k+0)yY
=mA¢p < 0.
It is easy to check that
I(t, g(T)) = L(t,(T)) =0,
R(t,g(T)) = R(t,h(T)) = 0.
If we choose some sufficiently small m such that
1(0,2) = 10, z) and R(0,2) > R(0, z),
then we can apply the comparison principle to get that

I(t,z) > I(t,x), R(t,x) > R(t,x) for t > T and z € [¢(T), h(T)].

Hence,
Jim ([1(2, ) + R(t, @) [ o)) > 0
which is a contradiction to (3.1). We complete the proof. O

Corollary 3.4. If hg > h*, then spreading always happens.
Lemma 3.5. If hg < h*, then there exists u® > 0 such that spreading occurs if p > u°.

Proof. This lemma can be proved by similar arguments in [23, Lemma 3.2]. We give the proof in detail.
Consider the following auxiliary free boundary problem

U —dUzy = —(v+ K)U, t>0, r(t) <z <s(t),
Vi —dVyy = —(k+90)V, t>0, r(t) <z <s(t),
Ult,z) =V(t,z) =0, t>0, z=r(t) or s(t), (3.5)
r(t
(

) = —pUs(t,7(t)),r(0) = —ho, t>0,
§'(t) = —pUx(t, s(t)),s(0) = hg, t>0,
U(0,2) = Ip(x),V(0,z) = Ro(z), = € [—ho,hol.
The proof of the existence and uniqueness of problem (3.5) is similar to that of problem (1.3), we
can easily show that (3.5) admits a unique global solution (U, V,r,s) and s'(t) > 0 and 7'(¢) < 0 for
t > 0. We write (I*, R, g*, h**) and (U*, V# r# st) in place of (I, R, g, h) and (U, V,r,s) to clarify the
dependence of the solutions on the parameter . By using the comparison principle, we have
IH(t,x) =2 UH(t,2), R (t,z) = V#(t, x),

W > st(t), g" < r#(t) for t > 0 and z € [r*(t), s"(t)].

(3.6)
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In the following, we will prove that for all large p,
s*(2) —r#(2) > 2h™. (3.7)

We first choose the smooth functions s(t) and r(¢) such that s(0) = —r(0) = ho, s'(¢) > 0 and /(t) > 0
and s(2) — r(2) = 2h*. We next consider the following initial-boundary value problem

u,—du,,=—-(v+ kU, t>0, r(t) <z <s(t),

V,—dV,, =—(k+9)V, t>0, r(t) <z <s(t),

Ult,r(t) =0, U(t,s(t)) =0, t>0, (3.8)
V(t,r(t) =0, V(¢ s(t) =0, t>0,

U(0,z) =Uy(x), V(0,2) =Vy(z), =z € [—ho,ho,

where the functions U, and V, belonging to C([—hg, ho]) satisfy

{0 < Uy(x) < Iy(x) for all z € [—hg, ho, Uy(—ho) = Uy(ho) =0, (3.9)

0< KO($) < Ro(l‘) for all z € [—ho,ho], KO(—ho) = Ko(ho) =0.

It follows from the standard theory for parabolic equations that problem (3.8) has a unique positive
solution (U,V). By the Hopf lemma, we have U_(t,s(t)) < 0 and U_(¢,r(¢)) > 0 for all ¢ € [0,2].
According to our choice of s(t), r(t), Uy(z) and V(z), there exist some p® > 0 such that, for all
>,

s'(t) < —pU,(t,s(t)), r'(t) > —pU,(t,r(t)) for all t € [0,2]. (3.10)
Noting that s(0) = hg < s#(0), r(0) = —hg > r#(0), it follows from (3.5),(3.8),(3.9) and (3.10) that

Ur(t,x) = U(t, x), VH(t, ) 2 V(¢ x),s"(t) = s(t),7"(t) < r(t) for ¢ € [0,2] and z € [r(t), s(t)],

which implies that s#(2) —r#(2) > s(2) — r(2) = 2h*. Thus, (3.7) holds. It follows that

oo — Joo = tlim [s*(t) — r#(t)] > s"(2) — r*(2) > 2h™.

—00

Hence, we obtain the desired result by Corollary 3.4. We complete the proof. (]

Lemma 3.6. If [|So||p~®) < 2 and hg < h*, there exists po > 0 such that vanishing happens when
< fo-

Proof. By [[SolLe®) <

< %, it is easy to see that 0 < S(¢,x) <
satisfy

%fortEOandxeR. Then I and R
—dly < (B2 —v—k)[+6R, t>0, z€(g(t),h(t)),

Rt —dRyy =71 — (E+ )R, t>0, z € (g9(t),h()),
g'(t) = —pla(t,9(t)), 9(0) = —ho, t>0,
W(t) = —pule(t, h(t)), h(0) = ho, ¢ >0,
I(t,z) = R(t,x) =0, t>0, z€R\(g9(t),h(t)),
1(0,x) = Ip(x), R(0,x) = Ro(z), x € [—hg,ho)

In the following, we construct an upper solution of (3.11). Let (A1, ¢(x), ¢ (x)) be the eigenpair of
(3.3) with L = hg, a11 = v+ k — ,8%, a1z =9, ag1 =7, aza = k+ 4§, then A\ (L) > 0. Inspired by [25,
Lemma 3.8], we define

(3.11)

a(t) = ho(1 +2m — me™ ™), t >0,

I(t,z) = Ke”™¢ (h‘(”;> , >0, z€[—0a(t),a(t)],
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R(t,z) = Ke ™ (h((ﬂ)> , >0, z€[—0o(t),ot)],

where ¢ = 61, the positive constants K and m will be determined later.
Direct calculations yield

~dTe— (B}~ ~ BT — iR
—m [ hoxo' 1 h2 b
= Ke t_—m(b ()¢— do (t)—(ﬂk—W_kW—&/J]
—mt v N b —mthoza’
= Ke —qu mao ()—(ﬁk—ﬁ’—k)(?_&/’} — Ke 0—2(t)¢
- 9 b
= Ke™™ _fm(,zb + 02&) ((BZ —y—k)p+ v+ /\1¢> — By v -k - 51/)}

—Ke mt
o?(t)
e b i g —me oz oy
= Ke ™ —mo + <('6k‘ ’Yk)‘bJF&/}) <0’2(t) - 1) +>\102(t)4 — Ke tUQ(t) ¢
R b 5\ (13 hj —mt hova’
et |om (o =k ) (ot 1) sty | - e
N b 5 h2 h{
el () (A1) enctb] <
and
Ry —dRys — I+ (k+ )R
:Kmt{ w—h()f")qﬁ— ' — () 7¢+(k+5)¢]
2 !
= Ke~ { mp + E)('yqb (k‘+5)¢+>\11/))—’7¢+(k+5)¢} _Ke_mt%wl
_ —-m h(2) h% -m homo’ !
e tw[_m+< e >(9’y k—8) + A\ (J—Ke taQ(t)w
2 2
s ()] -

If we choose small enough m such that

b 5\ [ R h2
—m+(6k—7—k+9) <02(t)_1>+)\102(t)>07
2

—m+ s —1)(0 —k—d)—i—)\&
(1) ! Lo ()
then A; > 0 and As > 0. Now we choose K sufficiently large such that

>0,

_ h _ h
10,2) = Ko [ ——2% ) > Io(z), B(0,2) = K¢ [ ——2C ) > Ry(z) for = € [~ho, hol.
ho(l 9m) ho(1 + 2m)
Let po = K¢, @ ) If 0 < p < pg, then
pho

—pl (t,o(t)) = —@Ke_m%’(ho) < —uKe ™ ¢ (ho) < hom?e™™ = o/ (1)

235
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for t > 0. Similarly, we can obtain —o’(t) < —ul,(t, —o(t)) for t > 0. By the comparison principle, we

have
9(t) > —o(t), h(t) < o(t) for t >0,
I(t,r) < I(t,z), R(t,x) < R(t,x) for t > 0 and = € [g(t), h(t)].
It follows that hoo — goo < 2 tliglo o(t) = 2ho(1 + 2m) < co. The proof is completed. O

Theorem 3.7. If ||[So|lp~®) < % and ho < h*, then there exists u* > p, > 0 such that spreading

happens if > p*, and vanishing occurs if p < p. and p = p*.

Proof. As in [24, Theorem 5.2], we give detailed proof as follows.

We write (S, Ty, Ry, gus hy) instead of (S, I, R, g, h) to stress the dependence of the solution
(S,1,R,g,h) of (1.3) on p. Define ¥* := {1 > 0 : hyoo — gu,o < 2h*}. By Lemmas 3.6 and 3.3,
we have ¥* D (0, ). Using Lemma 3.5, we can obtain that ¥* N [u%, +00) = (). Therefore, define
p* = sup¥* € [uo, p°]. By this definition and Corollary 3.4, we find that hy co — gu,c0 = +00 when
w > p*. Hence, ¥* C (0, u*].

Next, we will show that p* € ¥*. Otherwise, h oo — gur,00 = +00. Hence we can find 7' > 0 such
that hy«(T) — gu-(T) > 2h*. By the continuous dependence of (S, T}, R, gu, hy) on g, we can find
small enough € > 0 such that h,(T) — g,(T) > 2h* for all p € [p* —e,pu* +¢€]. It follows that for all
such p,

tliglo[hu(t) = 9u®)] = hu(T) = gu(T) > 207

This implies that [u* — e, pu* + ] NE* = 0, and sup X* < p* — e. Contradicting the definition of p*.
Thus we prove that p* € ¥*.
Similarly, define

Y. ={¢:¢ > po such that hy oo — gueo < 20" for all p <},

where pg is given by Lemma 3.6. Then p, :=sup X, < p* and (0, uy) C Xy. By the similar arguments
as above, we can show that u, € 3,. This proof is completed. O

4. LONG-TIME BEHAVIORS

Lemma 4.1. Let (S,1,R,g,h) be the unique solution of problem (1.3). If vanishing happens, then

. b . .
lim S(t,z) = o Cioc(R), lim |[I(t,2) + R(t, )| o(ig).nwy = 0-

t—o0
Proof. The proof of this theorem has already been done in Lemma 3.2. O
Lemma 4.2. If hoo — goo = 00, then ho = 00 and goo = —00.
Proof. The proof of this Lemma is similar to [14, Lemma 3.10]. Assume on the contrary that goc = —00

and ho, < 0.

Step 1: By using [28, Lemma 2.5], we can follow the arguments in the Step 1 of the proof in [14,
Lemma 3.7] to obtain that, for a given constant L > 0 and small ¢ > 0, there exist 77 > 0 and
Iy < ly < 0 satisfying I, — Iy = L such that

b
N(t,z) > L E= N, —eforallt > T, and z € [I1,15].
Step 2: By using [13, Lemma 3.3], we have

tlggo I1(t, )lc(=r,n@)) = 0 for any given L > 0.
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Step 3: By applying the argument in the Step 3 of the proof in [14, Lemma 3.10], we can have that
for any given constant L > 0 and small ¢ > 0, there exist 77 > 0 and I; < ls < 0 satisfying lo — 11 = L
such that

b
S(t,x) > P —eforallt > Ty and x € [l1, o).

Step 4: We choose [; and I as in Step 3 satisfying lo — [y > 2h™*, for small € > 0 and large T' > 0,
we have

—dly > (B(2—e)—v—k)+0R, t>T, €l
Rtdem—’yIf(k+5)R, t>T, z€[l,la],
I(t,z) > 0,R(t,z) > 0, t>T, x=1 or Iy,
I(T,z) >0,R(T,z) >0, x € [l1,1s].

By lo — 11 > 2h*, we can argue as in the proof of Lemma 3.3 to obtain that
htmian(t,:c) > 0 for z € [ly, 2],
—00

which contradicts to the conclusion of the Step 2.
Therefore, if hoo — goo = 00, then ho, = oco. Similarly, we can prove go, = —oo. This proof is
completed. O

Lemma 4.3. Let (S,1,R,g,h) be the unique solution of problem (1.3). If spreading happens and
k+0 >, then

lim (S(t,z), I(t,x), R(t,z)) = (S«, L, Rs) locally uniformly in R,

t—o00
where
(So.1 R):(V-i-k‘_ oy b k by kY )
e B Bk+0) y+k—0dv/(k+6) B (v+k)(k+0d) -y B(k+0)

Proof. This Lemma can be proved by the similar arguments in [14, Lemma 3.11] and [29, Lemma 4.2].
If spreading happens, then h,, = 0o and go, = —oo by Lemma 4.2 .

Step 1: Let N(t,x) = S(t,x) + I(t,z) + R(t,z). By using [28, Lemma 2.5], we can follow the
arguments in the Step 1 of the proof in [14, Lemma 3.11] to obtain that

b
lim N(t,x) = — =: N, locally uniformly in R.
t—o0 k‘

Step 2: For any small € > 0 and large [ > 0, there exists 77 > 1 such that
N(t,x) < N.+e fort > Ty and z € [—1,1],
and ¢g(t) < —l and h(t) > for t > T1 by heo = —goo = 00. Thus (I, R) satisfies

—dly <[B(N.+¢e)—y—k—BII+6R, t>Ti, z €11,

Ry —dR,, = ’}/I— (k+6)R, t>1T, x € [—l,l],
I(t,x) = R(t,z) = 0, t>Ty, < -1 or x>1,
I(Ty,z) > 0, R(Ty,x) >0, x € [=1,1].

Consider the following problem
T(t)=[B(N,+¢e)—y—k—BII+0R, t>T,
R (t) =4I — (k+0)R, t> Ty, (4.1)
I(1) 2 I(T1, ) llso, R(T1) 2 |R(T1, ) |0
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By the comparison principle, we have I(t,z) < I(t) and R(t,z) < R(t) for t > Ty and = € [~[,]]. Let
Ry be the basic reproduction number of (4.1), where

Bb(k +6) e(k +0)
[(k+0)(k+7) =] (k+0)(k+7)—dy

Thanks to the fact R > 1, we have Rg > R > 1, and then tlim (I1(t),R(t)) = (I, R,), where
— 00

N <B(N*+e)+,fjé—7—k V[B(N*+5)+sza—7—k}>

Ro= -

(Ille): 3 ) ﬁ(k+6)

is the unique positive equilibrium of (4.1). By the arbitrariness of ¢, we have

limsup I(t,z) < I locally uniformly in R, (4.2)
t—o0

limsup R(¢,z) < Ry locally uniformly in R, (4.3)
t—o0

where (I, R;) is the unique positive solution of
(BN, — —k — BD)T + 6R = 0,
{’y[— (k+d6)R=0.
Since Ry > 1, then I; and R; are positive.
By (4.2), for any small e; > 0 and large [, there exists T5 > T such that
I(t,z) < I +¢ fort > Ty and z € [-1,1].
Then S satisfies
St —dSpy > b—kS — (11 +¢€1)S, t>Ts, ze€[-1]1],
{S(Tg,:zz)>0, z € R.
Applying the arguments in the step 2 of the proof in [14, Lemma 3.11], we can show that

liminf S(¢, z) >
t—o0

> ————— locally uniformly in R.
k+B(I1 +e1)

By the arbitrariness of €1, we have

1itm inf S(t,z) > =: 5, locally uniformly in R,
—00

k+ 81,
where §, is the unique positive solution of
b— kS — BI,S =0.
For any small € > 0 and large | > 0, there exists T5 > 1 such that
N(t,x) > N, —e for t > T3 and = € [-1,]],

and g(t) < —l and h(t) > [ for t > T3 by hoo = —goo = 00. In view of (4.3), for any small &5, there
exists Ty > T3 such that

R(t,z) < Ry + &3 for t > Ty and x € [-1,1].
Thus (I, R) satisfies

I —dl, > [B(Ny—¢) — B(Rl +eg)—y—k—BII+0R, t>Ty ze€l[-1]l,
Ry —dRy. =~I — (k+ )R, t>Ty, ze[-11,
I(t,x) > 0,R(t,z) >0, t>Ty, v ==+l
I(Ty,z) > 0,R(Ty,x) > 0, x € [=1,1].
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Using the arguments in the step 2 of the proof in [29, Lemma 4.2], we can show that
N+ 2% —BR, —~v -k
liminf I(¢,z) > b s — P -7
t—o0 ﬂ
(6N + k+5 BEI _Py—k) Y
Bk +9) k4 5

By k+ 9 > v and R > 1, we have I; and R, are positive.
By (4.4), for any small e5 > 0 and large [ > 0, there exists T5 > Ty such that

I(t,x) > I —eg for t > T5 and x € [-1,1].

=11 — Ry =: I, locally uniformly in R, (4.4)

litm inf R(t,x) > =: R, locally uniformly in R. (4.5)
hade el

Then S satisfies
Sy —dSpr <b—kS —B(I; —e3)S for t > Ty and = € [—1,1].

Applying the arguments in the step 2 of the proof in [14, Lemma 3.11] again, we can show that

b
li S(t —_—
e S D) < 5 — e

By the arbitrariness of €3, we have

locally uniformly in R.

b _
limsup S (¢, z —— —: 51 locally uniformly in R.
m Sup (t2) < AL 1 y y

Step 3: By the similar argumentb in Step 2, we have
N, + —k—06R
limsup I(¢,z) < 0 kM 7 P

t—o0 B

lim sup R(¢, z) <

t—o0 1)

=11 — R, =: I locally uniformly in R,

=: Ry locally uniformly in R.

By k+ 8 >~ and Ry > 1, we have I, and R, are positive.
Moreover, we can obtain that

1itm inf S(t,z) > =: 5, locally uniformly in R.
— 00

k+ ﬂjg
Step 4: Repeating above arguments, we can obtain six sequences {S,},{S,},{I.},{L,},{R.}, and
{R,,} satisfying

S, < hm 1nfS(t x) < limsup S(¢,z) < S}, locally uniformly in R,

t—o0

I, < hm 1nf I(t,x) <limsupI(t,x) < I, locally uniformly in R,

t—o0
R, < litm inf R(t,z) < limsup R(t,z) < R, locally uniformly in R,
—+oo t—o0
where
o _ b = 5N+k+§ ’y_k_ﬁﬁn—l E " I
" k+pL " B T ks
ln—ﬁN +k+5 V_k—BR7L77n:Lln,§n: b_'
B k+6 k+ BIL,
Moreover,

S <8y << 8, << 8, <~~<§2<§1,
l1<l2<...<ln<..

<I,<--<Iy<Iy,
R <R,<---<R,< - -<R,<---<Ry<Ry.
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Denote

lim (Sp, In, Ry) = (Soos oo, Reo) and  lim (S,,,1,,,R,) = (S, 1., R..),

n?»=n? o0 =007
n—oo n—00

then we have

- ﬁN + k 5 —-v—k—BR, — Y = 5 b
Too = + Roo=——Io, Soo= 7
oo /3 b (ee) k + 6 [o o} o9} k + ﬁlooy
POE L = ek ek LY s ="
By direct computations, we have (S, I, R..) = (Seos Loo, Roo) = (S, Ii, R.). Therefore, this lemma
is proved. ([l

5. NUMERICAL SIMULATION AND DISCUSSION

In this section, we will use MATLAB to carry out some numerical simulations to illustrate the
spreading and vanishing of diseases.

5.1. The case of Ry < 1.
Fix the coefficients and initial functions in (1.3) as follows:

b=1, 8=05 k=06, y=05 =02, d=1, hg=1,
1
So(x) =1+ g sinw, Io(x) = cos(g:c).

Then, we can have that Rg = 0.8712 < 1 by (1.5). By the following figure 1, it is easy to see that the
disease will die out if Ry < 1.

F1GURE 1. The profiles of I and R.

5.2. The case of Ry > 1.
Firstly, we consider the case of hg > h,. Fix the coefficients and initial functions in (1.3) as follows:

b=1, =1, k=05 v=05 =02 d=1, hg = 3,
1
So(x) =1+ §sinx, Iy(z) = cos(g:c).

Then we have Ry = 2.1429 > 1 by (1.5). By direct calculations, we can obtain that h, = 1.5279 and
(Ss, I, Ry) = (0.8571,0.6667,0.4762), and then hg > h,. From figure 2, we can easily see that the
solution (I, R) keeps positive and tends to an equilibrium (0.6667,0.4762) if Ry > 1 and hg > h..
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FIGURE 2. The profiles of I and R.

Next, we will discuss the impact of expending capability o on disease transmission for the case of
ho < hy. Fix the coefficients and initial functions in (1.3) as follows:

b=1, B=1, k=05 =05, 6§ =02, d=1, hg = 1.5,
1
So(z) =1+ 3 sinx, Iy(z) = cos(gac).

Then we have that Ry = 2.1429 > 1 by (1.5). By direct calculations, we can obtain that h, = 1.5279 >
ho and (S, I, R.) = (0.8571,0.6667,0.4762). From figure 3, we can find the solution (I, R) keeps
positive and tends to an equilibrium (0.6667,0.4762) for some large g = 10 if Rg > 1 and hy < h..
From figure 4, it is easy to see that the disease will die out for some small = 0.5 if Rg > 1 and
ho < hy. This means that whether the disease will spread or not for Ry > 1 and hg < h, depends on
the expending capability .

FIGURE 3.

0 4 X ~ 2
t 0 4

FIGURE 4. The profiles of I and R with u = 0.5.

6. DISCUSSION

This paper considers an SIRI epidemic model with relapse and free boundaries. At first, the existence
and uniqueness of the global solution is proved. And then we provide the criteria for the disease

spreading and vanishing. Roughly speaking, the disease will vanish if one of the following conditions
holds:
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(i) The basic reproduction number Rq < 1;
(ii) Ro > 1 and the initial infected region hy < h* and the boundary moving rate u < po;

and the disease will spread if one of the following conditions holds:

(i) The basic reproduction number Rg > 1 and hg > h*;
(i) Ro > 1 and the initial infected region hy < h* and the boundary moving rate u > u°.

Moreover, we give the longtime behavior of the solution, which is given by the following spreading-
vanishing dichotomy:

(i) Vanishing: if hoo — goo < 00, then

. b . .
lim S(t, :l:) = % n Cloc(R)7 tlggo ||I(t, :E) + R(t, 'T)HC([g(t),h(t)]) =0.

t—o00

(ii) Spreading: if heo — goo = 00 and k + & > =, then
tlim (S(t,x), I(t,x), R(t,z)) = (S«, L, Rx) locally uniformly in R.
—00

Finally, some numerical simulations are provided to illustrate the results of our analysis.

This paper mainly studies the effect of relapse. These results can be regarded as complement and
extension of [4]. However, compared with [4], we establish the sharp criteria when considering the factor
of relapse. The main results in this paper indicate that relapse makes Rg become lager, which means
that relapse can increase the chance of epidemic spreading. This tell us that it is necessary to consider
the effect of relapse when we propose the free boundary model to describe the spreading diseases.
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