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DYNAMICAL PROPERTIES OF AN SIRI EPIDEMIC MODEL WITH RELAPSE

AND FREE BOUNDARIES

YINDI ZHANG AND MENG ZHAO

Abstract. In this paper, we study an SIRI epidemic model with relapse and free boundaries, which

can describe the spreading process of diseases well. At first, the existence and uniqueness of the

global solution is proven. And then we obtain some sufficient conditions for the disease spreading and

vanishing. We can find an R0 such that the disease will vanish for R0 ≤ 1; otherwise, whether the

disease will spread or not is determined by the initial infected region h0 and spreading capacity µ

of the spreading front. Moreover, the longtime behavior of the solution is given. Finally, numerical

simulations are provided to illustrate the results of the analysis.

1. Introduction

Infectious diseases have been a major threat to human health all the time. A large number of

mathematical models have been proposed to study various infectious disease. In 1927, Kermack and

McKendrick [12] considered the following SIR model:
dS
dt = −βSI,
dI
dt = βSI − γI,
dR
dt = γI,

where S, I and R stand for susceptible, infectious, and recovered individuals respectively; the positive

constant β represents the effective contact rate, and the positive constant γ is the recovery rate. If we

denote the total constant population by N , then N = S + I +R.

However, for some diseases, the recovered individuals has a temporary period of immunity and may

relapse. Namely, the recovered individuals will once again become infectious individuals after losing

immunity. For example, herpes, human and bovine tuberculosis, and so on. Therefore, we need to

consider the relapse of the disease. In view of that herpes viral infections are the susceptible-infective-

latent-infective type, Tudor [18] proposed the following SIRI epidemic model:
S′(t) = b− kS − βSI,
I ′(t) = βSI − γI + δR− kI,
R′(t) = γI − δR− kR,

(1.1)

where b is the constant birth rate, k is the natural death rate, δ is the relapse rate, β represents the

effective contact rate, γ is the recovery rate, these parameters are positive constants. Then, Moreira and

Wang [17] modified this model by replacing βSI with a nonlinear incidence rate ϕ(S)I, they constructed
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the sufficient conditions for the persistence and extinction of disease, then gave the global asymptotic

stability of the disease-free and endemic equilibria. After these, there are many researchers devoting

into studying the model with relapse, please refer to [1, 5, 7, 30, 31] and references therein.

All of above models ignore the spatial diffusion. It is necessary to consider the following model with

diffusion: 

St(t, x)− d∆S(t, x) = b− kS(t, x)− βS(t, x)I(t, x), t > 0, x ∈ Ω,

It(t, x)− d∆I(t, x) = βS(t, x)I(t, x)− γI(t, x)

+δR(t, x)− kI(t, x), t > 0, x ∈ Ω,

Rt(t, x)− d∆R(t, x) = γI(t, x)− δR(t, x)− kR(t, x), t > 0, x ∈ Ω,

∂nS(t, x) = ∂nI(t, x) = ∂nR(t, x), t > 0, x ∈ ∂Ω,

S(0, x) = S0(x), I(0, x) = I0(x), R(0, x) = R0(x), x ∈ Ω,

(1.2)

where S(t, x), I(t, x) and R(t, x) stand for the population densities of susceptible, infective and recovered

individuals at t > 0 and x ∈ Ω respectively. Assume that the diffusion rate of S, I and R are the

same, and denoted by the positive constant d. There are many researchers studying this model. For

example, [27] considered the dynamics of a diffusive SIRI model with nonlinear incidence rate, and [26]

studied traveling waves for a spatial SIRI epidemic model. Besides, [19] investigated the dynamics of

epidemiological model with replace and disease-induced deaths, which is extended by Ding et al. [4] to

a diffusive epidemic model with replace and bilinear incidence rate later.

However, the above proposed models can not describe the spreading front well, which is important

during studying the spreading of disease and species. To overcome this shortcoming, free boundary

conditions are first introduced by Du and Lin [3] to study the spreading of invasive species. Later,

many researchers used this free boundary problems to consider the spreading of diseases. For example,

Kim et al. [11] considered an SIR epidemic model with free boundary; Huang and Wang [9] studied

the reaction-diffusion system for an SIR epidemic model with a free boundary; Cao et al. [2] studied

dynamics of a nonlocal SIS epidemic model with free boundary. For other problems related to free

boundary, we can refer to [20, 16, 8] and references therein.

Inspired by the above works, we investigate the following SIRI epidemic model with relapse and free

boundaries:

St − dSxx = b− kS − βSI, t > 0, x ∈ R,
It − dIxx = βSI − γI + δR− kI, t > 0, x ∈ (g(t), h(t)),

Rt − dRxx = γI − δR− kR, t > 0, x ∈ (g(t), h(t)),

I(t, x) = R(t, x) = 0, t ≥ 0, x ∈ R\(g(t), h(t)),

g′(t) = −µIx(t, g(t)), t > 0,

h′(t) = −µIx(t, h(t)), t > 0,

S(0, x) = S0(x), x ∈ R,
−g(0) = h(0) = h0, I(0, x) = I0(x), R(0, x) = R0(x), x ∈ [−h0, h0],

(1.3)

where x = g(t) and x = h(t) are the moving boundary to the determined, µ is the moving rate of the

free boundary. Assume that the initial functions S0(x), I0(x) and R0(x) satisfy
S0 ∈ C2(R) ∩ L∞(R), I0, R0 ∈ C2([−h0, h0]),

I0(x) = R0(x) = 0, x ∈ R\(−h0, h0),

S0(x) > 0, x ∈ R, I0(x) > 0, R0(x) > 0, x ∈ (−h0, h0).

(1.4)
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We should mention that this model was considered by Ding et al. in [4]. Unfortunately, there are

some cases remaining open in [4]. In this paper, we aim to obtain the results for all the cases.

Denote

R0 =
βb

k(k + γ)
+

δγ

(k + δ)(k + γ)
. (1.5)

The rest of this paper is arranged as follows. The existence and uniqueness of the global solution

of problem (1.3) will be proved in Section 2. In Section 3, we will establish the criteria for spreading

and vanishing. Then, we will show the long time behavior of solution (S, I,R, g, h) for problem (1.3) in

Section 4. In Section 5, we give some numerical simulations and brief discussions on the spreading and

vanishing of diseases. The last section is a brief discussion.

2. Existence and uniqueness

In this section, we first prove the local existence and uniqueness result. Then we use some suitable

estimates to show that the solution is defined for all t > 0.

Theorem 2.1. For any given (S0, I0, R0) satisfying (1.4) and any given α ∈ (0, 1), there exists T > 0

such that problem (1.3) admits a unique solution

(S, I,R, g, h) ∈ CT × [C1+α
2 ,2+α(DT )]2 × [C1+α

2 ([0, T ])]2,

and

‖I‖
C1+α

2
,2+α(DT )

+ ‖R‖
C1+α

2
,2+α(DT )

+ ‖g‖
C1+α

2 ([0,T ])
+ ‖h‖

C1+α
2 ([0,T ])

≤ C,
where

CT = L∞([0, T ]× R) ∩ C
1+α
2 ,1+α([0, T ]× R), DT = {(t, x) ∈ R2 : t ∈ [0, T ], x ∈ (g(t), h(t))}.

Here C and T depend on h0, α, ‖S0‖C2(R), ‖S0‖L∞(R), ‖I0‖C2([−h0,h0]) and ‖R0‖C2([−h0,h0]).

Proof. The proof of the local existence and uniqueness of the solution is similar to that in [10, Theorem

2.1], [24, Theorem 2.1] and [25, Theorem 2.1]. For completeness, we give the details as follows.

Step 1: We first straighten the free boundaries. Let ζ(y) be a function in C3(R) satisfying

ζ(y) = 1 if |y − h0| <
h0

4
, ζ(y) = 0 if |y − h0| >

h0

2
, |ζ ′(y)| < h0

6
,

and let

ξ(y) = ζ(−y) for any y ∈ R.
Consider the transformation

(t, y)→ (t, x), where x = y + ζ(y)(h(t)− h0) + ξ(y)(g(t) + h0), y ∈ R.

If

|h(t)− h0|+ |g(t) + h0| ≤
h0

16
,

then the above transformation is a diffeomorphism from R onto R. Moreover, it changes the free

boundaries x = g(t) and x = h(t) to the lines y = −h0 and y = h0. Direct calculations give that

∂y

∂x
=

1

1 + ζ ′(y)(h(t)− h0) + ξ′(y)(g(t) + h0)
=:
√
A(g(t), h(t), y),

∂2y

∂x2
= − ζ ′′(y)(h(t)− h0) + ξ′′(y)(g(t) + h0)

[1 + ζ ′(y)(h(t)− h0) + ξ′(y)(g(t) + h0)]3
=: B(g(t), h(t), y),

∂y

∂t
= − ζ(y)h′(t) + ξ(y)g′(t)

1 + ζ ′(y)(h(t)− h0) + ξ′(y)(g(t) + h0)
=: C(g(t), g′(t), h(t), h′(t), y).
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Let

S(t, x) = S(t, y + ζ(y)(h(t)− h0) + ξ(y)(g(t) + h0)) =: u(t, y),

I(t, x) = I(t, y + ζ(y)(h(t)− h0) + ξ(y)(g(t) + h0)) =: v(t, y),

R(t, x) = R(t, y + ζ(y)(h(t)− h0) + ξ(y)(g(t) + h0)) =: w(t, y),

we have

St = ut + C(g(t), g′(t), h(t), h′(t), y)uy, Sx =
√
A(g(t), h(t), y)uy,

It = vt + C(g(t), g′(t), h(t), h′(t), y)vy, Ix =
√
A(g(t), h(t), y)vy,

Rt = wt + C(g(t), g′(t), h(t), h′(t), y)wy, Rx =
√
A(g(t), h(t), y)wy,

Sxx = A(g(t), h(t), y)uyy +B(g(t), h(t), y)uy,

Ixx = A(g(t), h(t), y)vyy +B(g(t), h(t), y)vy,

Rxx = A(g(t), h(t), y)wyy +B(g(t), h(t), y)wy,

then problem (1.3) becomes

ut −Aduyy − (dB − C)uy = b− ku− βuv, t > 0, y ∈ R,
vt −Advyy − (dB − C)vy = (βu− γ − k)v + δw, t > 0, |y| < h0,

wt −Adwyy − (dB − C)wy = γv − (δ + k)w, t > 0, |y| < h0,

g′(t) = −µvy(t,−h0), g(0) = −h0, t > 0,

h′(t) = −µvy(t, h0), h(0) = h0, t > 0,

v(t, y) = w(t, y) = 0, t ≥ 0, |y| ≥ h0,

u(0, y) = u0(y) := S0(y), y ∈ R,
v(0, y) = v0(x) := I0(y), w(0, y) = w0(y) := R0(y), y ∈ [−h0, h0],

(2.1)

where A = A(g(t), h(t), y), B = B(g(t), h(t), y), C = C(g(t), g′(t), h(t), h′(t), y).

Let

T1 = min

{
h0

16(1 + g∗)
,

h0

16(1 + h∗)

}
.

For 0 < T < T1, we define ∆T = [0, T ]× [−h0, h0] and

X1T = {v ∈ C(∆T ) : v(t,±h0) = 0, v(0, y) = v0, ‖v − v0‖C(∆T ) ≤ 1},
X2T = {w ∈ C(∆T ) : w(t,±h0) = 0, w(0, y) = w0, ‖w − w0‖C(∆T ) ≤ 1},

X3T = {g ∈ C1([0, T ]) : g(0) = −h0, g
′(0) = g∗, ‖g′ − g∗‖C([0,T ]) ≤ 1},

X4T = {h ∈ C1([0, T ]) : h(0) = h0, h
′(0) = h∗, ‖h′ − h∗‖C([0,T ]) ≤ 1},

where g∗ = −µv′0(−h0), h∗ = −µv′0(h0). It is easy to see that XT := X1T × X2T × X3T × X4T is a

complete metric space with the metric

d((v1, w1, g1, h1), (v2, w2, g2, h2))

= ‖v1 − v2‖C(∆T ) + ‖w1 − w2‖C(∆T ) + ‖g′1 − g′2‖C([0,T ]) + ‖h′1 − h′2‖C([0,T ]).

For any given (v, w, g, h) ∈ XT with 0 < T < T1, we consider{
ut −Aduyy − (dB − C)uy = b− βuv − ku, 0 < t ≤ T, y ∈ R,
u(0, y) = u0(y), y ∈ R.
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Applying standard partial differential equation theory [6], this problem has a unique solution u ∈
L∞([0, T ]× R) ∩ C 1+α

2 ,1+α([0, T ]× R). For above (u, v, w, g, h), we consider
ṽt −Adṽyy − (dB − C)ṽy = v(βu− γ − k) + δw, 0 < t ≤ T, |y| < h0,

w̃t −Adw̃yy − (dB − C)w̃y = γv − (k + δ)w, 0 < t ≤ T, |y| < h0,

ṽ(t,±h0) = w̃(t,±h0) = 0, 0 < t ≤ T,
ṽ(0, y) = v0(y), w̃(0, y) = w0(y), y ∈ [−h0, h0].

It follows from the standard Lp theory and Sobolev’s embedding theorem that this problem admits a

unique solution (ṽ, w̃) ∈ [C
1+α
2 ,1+α(∆T )]2. Just like the arguments in [21], we have, for T ∈ (0, T1],

‖ṽ‖
C

1+α
2

,1+α(∆T )
≤ ‖ṽ‖

C
1+α
2

,1+α(∆T1
)
≤ C(T−1

1 )‖ṽ‖W 1,2
p (∆T1

) ≤ K1(T−1
1 , T1), (2.2)

‖w̃‖
C

1+α
2

,1+α(∆T )
≤ ‖w̃‖

C
1+α
2

,1+α(∆T1
)
≤ C(T−1

1 )‖w̃‖W 1,2
p (∆T1

) ≤ K1(T−1
1 , T1), (2.3)

where K1 is a constant depending on T1, ∆T1 , α, h0, p, β, b, γ, ‖u0‖L∞(R), ‖v0‖C2([−h0,h0]) and

‖w0‖C2([−h0,h0]).

For 0 < T < T1, defining

g̃(t) = −h0 −
∫ t

0

µṽy(τ,−h0)dτ, h̃(t) = h0 −
∫ t

0

µṽy(τ, h0)dτ, 0 ≤ t ≤ T.

We have

g̃′(t) = −µṽy(t,−h0), h̃′(t) = −µṽy(t, h0), −g̃(0) = h̃(0) = h0,

and then g̃′(t), h̃′(t) ∈ C α
2 ([0, T ]),

‖g̃′‖
C
α
2 ([0,T ])

, ‖h̃′‖
C
α
2 ([0,T ])

≤ µK1 := K2, (2.4)

where K2 depends on µ, h0, K1.

Now, we define F : XT → [C(∆T )]2 × [C1([0, T ])]2 by

F(v, w, g, h) = (ṽ, w̃, g̃, h̃).

It is clear that (v, w, g, h) ∈ XT is a fixed point of F if and only if it solves (2.1).

At first, we prove that F is a self-mapping on XT for T > 0 sufficiently small. By (2.2), (2.3) and

(2.4), we know that F is continuous and compact, and

‖g̃′ − g∗‖C([0,T ]) ≤ ‖g̃′‖C α
2 ([0,T ])

T
α
2 ≤ K2T

α
2 ,

‖h̃′ − h∗‖C([0,T ]) ≤ ‖h̃′‖C α
2 ([0,T ])

T
α
2 ≤ K2T

α
2 ,

‖ṽ − v0‖C(∆T ) ≤ ‖ṽ‖
C

1+α
2

,0(∆T )
T

1+α
2 ≤ K1T

1+α
2 ,

‖w̃ − w0‖C(∆T ) ≤ ‖w̃‖
C

1+α
2

,0(∆T )
T

1+α
2 ≤ K1T

1+α
2 .

If we take

0 < T ≤ min

{
T1,K

− 2
α

2 ,K
− 2

1+α

1

}
,

then F maps XT into itself. It follows from the Schauder fixed point theorem that F has at least one

fixed point (v, w, g, h) ∈ XT . Therefore, (2.1) has at least one solution (u, v, w, g, h) and

u ∈ L∞([0, T ]× R) ∩ C
1+α
2 ,1+α([0, T ]× R), v, w ∈ C

1+α
2 ,1+α(∆T ),

g, h ∈ C1+α
2 ([0, T ]), g′(t) < 0, h′(t) > 0 in [0, T ].
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Hence, problem (1.3) has a solution

(S, I,R, g, h) ∈ CT × [C
1+α
2 ,1+α(DT )]2 × [C1+α

2 ([0, T ])]2.

Step 2: Let (Si, Ii, Ri, gi, hi)(i = 1, 2) be the solution of (1.3), which is defined for t ∈ [0, T ] with

0 < T � 1. Making the same transformation as in Step 1, we have

Si(t, x) = Si(t, y + ζ(y)(hi(t)− h0) + ξ(y)(gi(t) + h0)) =: ui(t, y), i = 1, 2,

Ii(t, x) = Ii(t, y + ζ(y)(hi(t)− h0) + ξ(y)(gi(t) + h0)) =: vi(t, y), i = 1, 2,

Ri(t, x) = Ri(t, y + ζ(y)(hi(t)− h0) + ξ(y)(gi(t) + h0)) =: wi(t, y), i = 1, 2.

Letting

U = u1 − u2, V = v1 − v2, W = w1 − w2, G = g1 − g2 and H = h1 − h2,

then U(t, y), V (t, y) and W (t, y) satisfy

Ut −A1dUyy − (dB1 − C1)Uy + [βv1 + k]U = (A1 −A2)du2yy

+d(B1 −B2)u2y + (C2 − C1)u2y − βu2V, 0 < t < T, y ∈ R,
Vt −A1dVyy − (dB1 − C1)Vy − (βu1 − γ − k)V = (A1 −A2)dv2yy

+d(B1 −B2)v2y + (C2 − C1)v2y + βv2U + δW, 0 < t < T, y < |h0|,
Wt −A1dWyy − (dB1 − C1)Wy + (k + δ)W = (A1 −A2)dw2yy

+d(B1 −B2)w2y + (C2 − C1)w2y + γV, 0 < t < T, y < |h0|,
U(0, y) = 0, y ∈ R,
V (t,±h0) = 0, W (t,±h0) = 0, 0 ≤ t ≤ T,
V (0, y) = 0, W (0, y) = 0, y ≤ |h0|,

and 
G′(t) = −µVy(t,−h0), 0 < t < T,

H ′(t) = −µVy(t, h0), 0 < t < T,

G(0) = H(0) = 0,

where Ai = A(gi, hi, y), Bi = B(gi, hi, y), Ci = C(gi, g
′
i, hi, h

′
i, y) (i = 1, 2).

Just like the arguments in [21], we have, for T ∈ (0, T1],

‖u1 − u2‖L∞([0,T ]×R) ≤ K3(T1)(‖v1 − v2‖C(∆T ) + ‖g1 − g2‖C1([0,T ])

+ ‖h1 − h2‖C1([0,T ])),

‖v1 − v2‖
C

1+α
2

,1+α(∆T )
≤ K4(T1)

(
‖u1 − u2‖L∞([0,T ]×R) + ‖w1 − w2‖C(∆T )

+‖g1 − g2‖C1([0,T1]) + ‖h1 − h2‖C1([0,T1])

)
≤ K5(T1)

(
‖v1 − v2‖C(∆T ) + ‖w1 − w2‖C(∆T )

+‖g1 − g2‖C1([0,T1]) + ‖h1 − h2‖C1([0,T1])

)
,

‖w1 − w2‖
C

1+α
2

,1+α(∆T )
≤ K6(T1)(‖v1 − v2‖C(∆T ) + ‖g1 − g2‖C1([0,T1])

+ ‖h1 − h2‖C1([0,T1])),

(2.5)

where K3, K4 and K6 depend on K1, K2 and the functions Ai, Bi, Ci in the definition of the transfor-

mation (t, y)→ (t, x), K5 depends on K3 and K4.

By similar arguments in the proof of [21, Theorem 1.1], we can obtain that

[v1y − v2y]
C
α
2
,α(∆T )

≤ K7‖v1 − v2‖W 1,2
p (∆T ) ≤ K8‖v1 − v2‖

C
1+α
2

,1+α(∆T )
,
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where K7 and K8 are independent of T−1. Then

‖g′1 − g′2‖C α
2 ([0,T ])

+ ‖h′1 − h′2‖C α
2 ([0,T ])

≤ 2µ‖v1y − v2y‖C α
2
,0(∆T )

≤ K9(‖(v1 − v2, w1 − w2)‖C(∆T ) + ‖(g1 − g2, h1 − h2)‖C1([0,T ])),

where K9 depends on K5, K8 and µ. Recalling that G(0) = G′(0) = 0 and H(0) = H ′(0) = 0, we have

for T � 1,

‖g1 − g2‖C1([0,T ]) + ‖h1 − h2‖C1([0,T ])

≤ T
α
2 (‖g′1 − g′2‖C α

2 ([0,T ])
+ ‖h′1 − h′2‖C α

2 ([0,T ])
)

≤ K10T
α
2

(
‖v1 − v2‖C(∆T ) + ‖w1 − w2‖C(∆T ) + ‖g1 − g2‖C1([0,T1]) + ‖h1 − h2‖C1([0,T1])

)
.

Combining this fact and (2.5), we have, if T < 1,

‖v1 − v2‖C(∆T ) + ‖w1 − w2‖C(∆T ) + ‖g1 − g2‖C1([0,T ]) + ‖h1 − h2‖C1([0,T ])

≤ T
1+α
2 ‖v1 − v2‖

C
1+α
2

,1+α(∆T )
+ T

1+α
2 ‖w1 − w2‖

C
1+α
2

,1+α(∆T )

+ T
α
2 ‖g′1 − g′2‖C α

2 ([0,T ])
+ T

α
2 ‖h′1 − h′2‖C α

2 ([0,T ])

≤ K11T
α
2 (‖v1 − v2‖C(∆T ) + ‖w1 − w2‖C(∆T ) + ‖g1 − g2‖C1([0,T ]) + ‖h1 − h2‖C1([0,T ])).

Therefore, for 0 < T � 1, we have v1 = v2, w1 = w2, g1 = g2 and h1 = h2. Consequently, u1 = u2.

Step 3: By the Schauder estimates, we have additional regularity for (u, v, w, g, h) as a solution of

(2.1), namely,

u ∈ L∞([0, T ]× R) ∩ C
1+α
2 ,1+α

loc ([0, T ]× R); v, w ∈ C1+α
2 ,2+α(∆T ) and g, h ∈ C1+α

2 ([0, T ]),

and (2.2), (2.3) and (2.4) hold. Hence, (u, v, w, g, h) is a unique local classical solution of the problem

(2.1), and then (S, I,R, g, h) is a unique local classical solution of the problem (1.3). �

To show that the local solution obtained in Theorem 2.1 can be defined for all t > 0, we need the

following estimate.

Lemma 2.2. Let (S, I,R, g, h) be a solution to problem (1.3) defined for t ∈ (0, T0) for some T0 ∈
(0,+∞), and satisfies

0 < S(t, x) ≤M1, 0 < t ≤ T0, x ∈ R,
0 < I(t, x), R(t, x) ≤M1, 0 < t ≤ T0, g(t) < x < h(t),

−M2 ≤ g′(t) < 0, 0 < h′(t) < M2, 0 < t ≤ T0,

where Mi(i = 1, 2) is independent of T0.

Proof. Using the strong maximum principle, we are easy to see that S(t, x) > 0 in (0, T0] × R and

I(t, x), R(t, x) > 0 in (0, T0]× (g(t), h(t)). By direct calculations, we have that N(t, x) satisfies
Nt − dNxx = b− kN, 0 < t ≤ T0, x ∈ R \ {h(t), g(t)},
Nx(t, g(t)− 0) ≤ Nx(t, g(t) + 0), 0 < t ≤ T0,

Nx(t, h(t)− 0) ≤ Nx(t, h(t) + 0), 0 < t ≤ T0,

N(0, x) = N0(x), x ∈ R,

where N0(x) = S0(x) + I0(x) +R0(x). Let N(t, x) be the solution of{
N t − dNxx = b− kN, 0 < t ≤ T0, x ∈ R,
N(0, x) = N0(x), x ∈ R.
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It follows from the comparison principle that we have

N(t, x) ≤ N(t, x) ≤ max

{
b

k
, ‖N0‖∞

}
=: M1.

Therefore, we have

0 < S(t, x) ≤M1, 0 < t ≤ T0, x ∈ R,
0 < I(t, x), R(t, x) ≤M1, 0 < t ≤ T0, g(t) < x < h(t).

By the Hopf boundary lemma, we have g′(t) < 0, h′(t) > 0, t ∈ (0, T0). In the following, we will

prove that h′(t) ≤M2 for all t ∈ (0, T0) with some M2 independent of T0. By the similar arguments in

[15], we define

ΩM := {(t, x) : 0 < t < T0, h(t)−M−1 < x < h(t)},

z(t, x) = M1[2M(h(t)− x)−M2(h(t)− x)2], (t, x) ∈ ΩM ,

where M will be determined later. Direct calculations show that, for (t, x) ∈ ΩM ,

zt − dzxx − βSI + γI − δR+ kI

= 2M1Mh′(t)(1−M(h(t)− x)) + 2dM1M
2 − βSI − δR+ (γ + k)I

≥ 2dM1M
2 − βM2

1 − δM1.

If we choose M ≥
√

(βM1 + δ)/2d, then

zt − dzxx − βSI + γI − δR+ kI ≥ 0.

It is easy to check that

z(t, h(t)−M−1) = M1 ≥ I(t, h(t)−M−1), z(t, h(t)) = 0 = I(t, h(t)).

If we can choose suitable M such that I0(x) ≤ z(0, x) for x ∈ [h0 −M−1, h0], then we can apply the

maximum principle to z − I over ΩM to deduce that I(t, x) ≤ z(t, x) for (t, x) ∈ ΩM . It follows that

Ix(t, h(t)) ≥ zx(t, h(t)) = −2M1M,

h′(t) = −µIx(t, h(t)) ≤ 2µMM1 =: M2.

In the following, we find some M independent of T0 such that I0(x) ≤ z(0, x) for x ∈ [h0 −M−1, h0].

Let

M := max

{√
βM1 + δ

2d
,

4‖I0‖C1([−h0,h0])

3M1

}
,

we have

zx(0, x) = −2M1M [1−M(h0 − x)] ≤ −MM1 ≤ −
4

3
‖I0‖C1([−h0,h0]) ≤ I ′0(x),

for x ∈ [h0 − (2M)−1, h0]. Noting that z(0, h0) = I0(h0) = 0, we obtain

z(0, x) ≥ I0(x), x ∈ [h0 − (2M)−1, h0].

Moreover,

I0(x) ≤ ‖I0‖C1([−h0,h0])M
−1 ≤ 3

4
M1 ≤ z(0, x),

for x ∈ [h0 − (M)−1, h0 − (2M)−1]. Hence I0(x) ≤ z(0, x) for x ∈ [h0 −M−1, h0].

Similarly, we have g′(t) ≥ −M2. This proof is completed. �

Theorem 2.3. The solution of problem (1.3) exists and is unique for all t ∈ (0,∞).
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Proof. This proof is similar to Theorem 2.4 in [11], we give the details of the proof process below. Let

[0, Tmax) be the maximal time interval in which the solution exists. By Theorem 2.1, Tmax > 0. Next,

we shall prove that Tmax =∞. By the contradiction argument, we assume that Tmax <∞. By Lemma

2.2, there are M1 and M2 and independent of Tmax such that

0 < S(t, x) ≤M1, (t, x) ∈ [0, Tmax)× R,
0 < I(t, x), R(t, x) ≤M1, (t, x) ∈ [0, Tmax)× [g(t), h(t)],

−M2 ≤ g′(t) < 0,−h0 −M2t ≤ g(t) ≤ −h0, t ∈ [0, Tmax),

0 < h′(t) < M2, h0 ≤ h(t) ≤ h0 +M2t, t ∈ [0, Tmax).

We now fix δ0 ∈ (0, Tmax) and M > Tmax. By standard Lp estimates, the Sobolev embedding

theorem, and the Hölder estimates for parabolic equations, we can find M3 > 0 depending only on δ0,

M , M1, M2 such that

‖S(·, t)‖C2[0,∞), ‖I(·, t)‖C2[g(t),h(t)], ‖R(·, t)‖C2[g(t),h(t)] ≤M3 for t ∈ [δ0, Tmax).

It then follows from the proof of Theorem 2.1 that there exists a τ > 0 depending only on Mi(i = 1, 2, 3)

such that the solution of problem (1.3) with initial time Tmax − τ
2 can be extended uniquely to the

time Tmax − τ
2 + τ = Tmax + τ

2 . But this contradicts the assumption, thus Tmax = ∞. This proof is

completed. �

3. Criteria for spreading and vanishing

It follows from Lemma 2.2 that g(t) and h(t) are monotonically decreasing and increasing respectively.

Then there exist h∞ and g∞ ∈ (0,+∞] such that lim
t→∞

h(t) = h∞, lim
t→∞

g(t) = g∞. We call that

spreading happens if lim
t→∞

(h(t) − g(t)) = ∞, and vanishing happens if lim
t→∞

(h(t) − g(t)) < ∞. In

this section, we will divide our discussion into two case: R0 ≤ 1 and R0 > 1.

3.1. The case R0 ≤ 1.

Lemma 3.1. If R0 ≤ 1 and ‖S0‖∞ ≤ b
k , then h∞ − g∞ <∞.

Proof. By ‖S0‖∞ ≤ b
k , we can use the comparison principle to obtain that

S(t, x) ≤ b

k
for t > 0 and x ∈ R.

In view of R0 ≤ 1, we have

d

dt

∫ h(t)

g(t)

[
I(t, x) +

δ

k + δ
R(t, x)

]
dx

=

∫ h(t)

g(t)

[
It(t, x) +

δ

k + δ
Rt(t, x)

]
dx+ h′(t)

[
I(t, h(t)) +

δ

k + δ
R(t, h(t))

]
− g′(t)

[
I(t, g(t)) +

δ

k + δ
R(t, g(t))

]
=

∫ h(t)

g(t)

[
dIxx + βSI − γI − kI + δR+

δ

k + δ
(dRxx + γI − kR− δR)

]
dx

=

∫ h(t)

g(t)

[
(βS − γ − k +

δγ

k + δ
)I

]
dx+

∫ h(t)

g(t)

[
d(Ixx +

δ

k + δ
Rxx)dx

]
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≤
∫ h(t)

g(t)

[
(β
b

k
− γ − k +

δγ

k + δ
)I

]
dx+

∫ h(t)

g(t)

[
d(Ixx +

δ

k + δ
Rxx)dx

]
≤
∫ h(t)

g(t)

(γ + k)(R0 − 1)Idx+

∫ h(t)

g(t)

[
d(Ixx +

δ

k + δ
Rxx)dx

]
≤ d

∫ h(t)

g(t)

Ixxdx

= − d

µ
[h′(t)− g′(t)] ≤ 0,

which implies

h(t)− g(t) ≤ 2h0 +
d

µ

∫ h0

−h0

[
I0(x) +

δ

k + δ
R0(x)

]
dx <∞ for t > 0.

Thus we finish the proof. �

Lemma 3.2. If h∞ − g∞ <∞, then lim
t→∞

S(t, x) = b/k in Cloc(R), and

lim
t→∞

‖I(t, x) +R(t, x)‖C([g(t),h(t)]) = 0. (3.1)

Proof. By [22, Proposition 3.1], it follows from the equations I satisfied that

lim
t→∞

‖I(t, x)‖C([g(t),h(t)]) = 0.

Then, for any given ε1 > 0, there exists T1 > 0 such that I(t, x) < ε1 for t ≥ T1 and x ∈ [g(t), h(t)].

For above ε1, we can use the comparison principle to obtain that

R(t, x) ≤ γε1

k + δ
for t ∈ [T1,∞) and x ∈ [g(t), h(t)].

By the arbitrariness of ε1, we have

lim
t→∞

‖R(t, x)‖C([g(t),h(t)]) = 0.

Therefore, (3.1) is proved.

By the comparison principle, we can have

lim
t→∞

S(t, x) ≤ b

k
uniformly in R. (3.2)

Noting that I(t, x) = R(t, x) = 0 for t > 0 and x ∈ R\[g(t), h(t)], it follows from (3.1) that, for any

small ε2 > 0, there exists T2 � 1 such that I(t, x) + R(t, x) ≤ ε2 for t ≥ T2 and x ∈ R. Hence, S

satisfies {
St − dSxx ≥ b− kS − βε2S, t > T2, x ∈ R,
S(T2, x) > 0, x ∈ R.

Let S be the unique solution of{
St − dSxx = b− kS − βε2S, t > T2, x ∈ R,
S(T2, x) = S(T2, x), x ∈ R.

It is obvious that lim
t→∞

S(t, x) = b/(k+βε2) in Cloc(R). By a comparison argument and the arbitrariness

of ε2, we have lim inf
t→∞

S(t, x) ≥ b/k in Cloc(R). Combined with (3.2), we have lim
t→∞

S(t, x) = b/k in

Cloc(R). The proof is completed. �
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3.2. The case R0 > 1.

Consider the following eigenvalue problem:
−dφ′′ = −a11φ+ a12ψ + λφ, x ∈ (−L,L),

−dψ′′ = a21φ− a22ψ + λψ, x ∈ (−L,L),

φ(±L) = ψ(±L) = 0,

(3.3)

where a12, a21, a22 > 0 and a11 ∈ R are all the constants. We denote its first eigenpair by (λ, φ(x), ψ(x)).

It follows from [25, Lemma 3.3] that

λ =
1

2

dπ2

2L2
+ a11 + a22 −

√(
dπ2

2L2
+ a11 + a22

)2

− 4(
dπ2

4L2
+ a11)(

dπ2

4L2
+ a22) + 4a12a21

 ,
and there exists some θ > 0 such that φ = θψ and

(φ(x), ψ(x)) = (θ cos(
π

2L
x), cos(

π

2L
x)).

Let (λ1, φ(x), ϕ(x)) be first eigenpair of (3.3) with a11 = γ + k − βb/k, a12 = δ, a21 = γ and

a22 = k + δ. By R0 > 1, we have

a12a21 − a11a22 = δγ − (γ + k − β b
k

)(k + δ) > 0.

Then it follows from [29, Lemma 3.3] that there exists some h∗ > 0 such that λ1(L) > 0 for L < h∗,

λ1(L) = 0 for L = h∗ and λ1(L) < 0 for L > h∗, where

h∗ = L∗(a11, a12, a21, a22) :=
π

2

√
2d2√

d2(a22 − a11)2 + 4d2a12a21 − d(a22 + a11)
.

Lemma 3.3. If h∞ − g∞ <∞, then h∞ − g∞ ≤ 2h∗.

Proof. Assume on the contrary that 2h∗ < h∞ − g∞ < ∞. Then there exists some small ε > 0 such

that h∞ − g∞ > 2h∗ε =: 2L∗(−β( bk − ε) + γ + k, δ, γ, k + δ). By Lemma 3.2, we have, for above ε > 0,

there exists some T � 1 such that

S(t, x) ≥ b

k
− ε for t ≥ T and x ∈ [g∞, h∞],

and

h(t)− g(t) > 2h∗ε for t ≥ T. (3.4)

Hence 

It − dIxx ≥ (β bk − γ − k − βε)I + δR, t > T, x ∈ (g(T ), h(T )),

Rt − dRxx = γI − (k + δ)R, t > T, x ∈ (g(T ), h(T )),

I(t, g(T )) > 0, I(t, h(T )) > 0, t > T,

R(t, g(T )) > 0, R(t, h(T )) > 0, t > T,

I(T, x) ≥ 0, R(T, x) ≥ 0, x ∈ [g(T ), h(T )].

Let (λ1, φ(x), ψ(x)) be the eigenpair of (3.3) with L = [h(T ) − g(T )]/2, a11 = γ + k − b/k + βε,

a12 = δ, a21 = γ and a22 = k + δ, then λ1(L) < 0. We define

I(t, x) = mφ

(
x− g(T ) + h(T )

2

)
, t ≥ 0, x ∈ [g(T ), h(T )],

R(t, x) = mψ

(
x− g(T ) + h(T )

2

)
, t ≥ 0, x ∈ [g(T ), h(T )],

where m will be determined later.
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Noting that φ = θψ, we have

It − dIxx − (β
b

k
− γ − k − βε)I − δR

= − dmφ′′ − q(k b
k
− γ − k − βε)φ− δqψ

= q

[
(k
b

k
− γ − k − βε)φ+ δψ + λ1φ

]
−m(k

b

k
− γ − k − βε)φ− δmψ

= mλ1φ < 0,

and

Rt − dRxx − γI + (k + δ)R

= − dmψ′′ −mγφ−m(k + δ)ψ

= mλ1ψ < 0.

It is easy to check that

I(t, g(T )) = I(t, h(T )) = 0,

R(t, g(T )) = R(t, h(T )) = 0.

If we choose some sufficiently small m such that

I(0, x) ≥ I(0, x) and R(0, x) ≥ R(0, x),

then we can apply the comparison principle to get that

I(t, x) ≥ I(t, x), R(t, x) ≥ R(t, x) for t ≥ T and x ∈ [g(T ), h(T )].

Hence,

lim
t→∞

‖I(t, x) +R(t, x)‖C([g(t),h(t)]) > 0,

which is a contradiction to (3.1). We complete the proof. �

Corollary 3.4. If h0 ≥ h∗, then spreading always happens.

Lemma 3.5. If h0 < h∗, then there exists µ0 > 0 such that spreading occurs if µ > µ0.

Proof. This lemma can be proved by similar arguments in [23, Lemma 3.2]. We give the proof in detail.

Consider the following auxiliary free boundary problem

Ut − dUxx = −(γ + k)U, t > 0, r(t) < x < s(t),

Vt − dVxx = −(k + δ)V, t > 0, r(t) < x < s(t),

U(t, x) = V (t, x) = 0, t ≥ 0, x = r(t) or s(t),

r′(t) = −µUx(t, r(t)), r(0) = −h0, t > 0,

s′(t) = −µUx(t, s(t)), s(0) = h0, t > 0,

U(0, x) = I0(x), V (0, x) = R0(x), x ∈ [−h0, h0].

(3.5)

The proof of the existence and uniqueness of problem (3.5) is similar to that of problem (1.3), we

can easily show that (3.5) admits a unique global solution (U, V, r, s) and s′(t) > 0 and r′(t) < 0 for

t > 0. We write (Iµ, Rµ, gµ, hµ) and (Uµ, V µ, rµ, sµ) in place of (I,R, g, h) and (U, V, r, s) to clarify the

dependence of the solutions on the parameter µ. By using the comparison principle, we have

Iµ(t, x) ≥ Uµ(t, x), Rµ(t, x) ≥ V µ(t, x),

hµ ≥ sµ(t), gµ ≤ rµ(t) for t ≥ 0 and x ∈ [rµ(t), sµ(t)].
(3.6)
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In the following, we will prove that for all large µ,

sµ(2)− rµ(2) ≥ 2h∗. (3.7)

We first choose the smooth functions s(t) and r(t) such that s(0) = −r(0) = h0, s′(t) > 0 and r′(t) > 0

and s(2)− r(2) = 2h∗. We next consider the following initial-boundary value problem

U t − dUxx = −(γ + k)U, t > 0, r(t) < x < s(t),

V t − dV xx = −(k + δ)V , t > 0, r(t) < x < s(t),

U(t, r(t)) = 0, U(t, s(t)) = 0, t ≥ 0,

V (t, r(t)) = 0, V (t, s(t)) = 0, t ≥ 0,

U(0, x) = U0(x), V (0, x) = V 0(x), x ∈ [−h0, h0],

(3.8)

where the functions U0 and V 0 belonging to C1([−h0, h0]) satisfy{
0 < U0(x) ≤ I0(x) for all x ∈ [−h0, h0], U0(−h0) = U0(h0) = 0,

0 < V 0(x) ≤ R0(x) for all x ∈ [−h0, h0], V 0(−h0) = V 0(h0) = 0.
(3.9)

It follows from the standard theory for parabolic equations that problem (3.8) has a unique positive

solution (U, V ). By the Hopf lemma, we have Ux(t, s(t)) < 0 and Ux(t, r(t)) > 0 for all t ∈ [0, 2].

According to our choice of s(t), r(t), U0(x) and V 0(x), there exist some µ0 > 0 such that, for all

µ > µ0,

s′(t) ≤ −µUx(t, s(t)), r′(t) ≥ −µUx(t, r(t)) for all t ∈ [0, 2]. (3.10)

Noting that s(0) = h0 < sµ(0), r(0) = −h0 > rµ(0), it follows from (3.5),(3.8),(3.9) and (3.10) that

Uµ(t, x) ≥ U(t, x), V µ(t, x) ≥ V (t, x), sµ(t) ≥ s(t), rµ(t) ≤ r(t) for t ∈ [0, 2] and x ∈ [r(t), s(t)],

which implies that sµ(2)− rµ(2) ≥ s(2)− r(2) = 2h∗. Thus, (3.7) holds. It follows that

h∞ − g∞ = lim
t→∞

[sµ(t)− rµ(t)] > sµ(2)− rµ(2) ≥ 2h∗.

Hence, we obtain the desired result by Corollary 3.4. We complete the proof. �

Lemma 3.6. If ‖S0‖L∞(R) ≤ b
k and h0 < h∗, there exists µ0 > 0 such that vanishing happens when

µ < µ0.

Proof. By ‖S0‖L∞(R) ≤ b
k , it is easy to see that 0 ≤ S(t, x) ≤ b

k for t ≥ 0 and x ∈ R. Then I and R

satisfy 

It − dIxx ≤ (β bk − γ − k)I + δR, t > 0, x ∈ (g(t), h(t)),

Rt − dRxx = γI − (k + δ)R, t > 0, x ∈ (g(t), h(t)),

g′(t) = −µIx(t, g(t)), g(0) = −h0, t > 0,

h′(t) = −µIx(t, h(t)), h(0) = h0, t > 0,

I(t, x) = R(t, x) = 0, t ≥ 0, x ∈ R\(g(t), h(t)),

I(0, x) = I0(x), R(0, x) = R0(x), x ∈ [−h0, h0].

(3.11)

In the following, we construct an upper solution of (3.11). Let (λ1, φ(x), ψ(x)) be the eigenpair of

(3.3) with L = h0, a11 = γ + k − β bk , a12 = δ, a21 = γ, a22 = k + δ, then λ1(L) > 0. Inspired by [25,

Lemma 3.8], we define

σ(t) = h0(1 + 2m−me−mt), t ≥ 0,

I(t, x) = Ke−mtφ

(
h0x

σ(t)

)
, t ≥ 0, x ∈ [−σ(t), σ(t)],
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R(t, x) = Ke−mtψ

(
h0x

σ(t)

)
, t ≥ 0, x ∈ [−σ(t), σ(t)],

where φ = θψ, the positive constants K and m will be determined later.

Direct calculations yield

It − dIxx − (β
b

k
− γ − k)I − δR

= Ke−mt
[
−mφ− h0xσ

′

σ2(t)
φ′ − dφ′′ h

2
0

σ2(t)
− (β

b

k
− γ − k)φ− δψ

]
= Ke−mt

[
−mφ−mφ′′ h

2
0

σ2(t)
− (β

b

k
− γ − k)φ− δψ

]
−Ke−mth0xσ

′

σ2(t)
φ′

= Ke−mt
[
−mφ+

h2
0

σ2(t)

(
(β
b

k
− γ − k)φ+ δψ + λ1φ

)
− (β

b

k
− γ − k)φ− δψ

]
−Ke−mth0xσ

′

σ2(t)
φ′

= Ke−mt
[
−mφ+

(
(β
b

k
− γ − k)φ+ δψ

)(
h2

0

σ2(t)
− 1

)
+ λ1

h2
0

σ2(t)
φ

]
−Ke−mth0xσ

′

σ2(t)
φ′

= Ke−mtφ

[
−m+

(
β
b

k
− γ − k +

δ

θ

)(
h2

0

σ2(t)
− 1

)
+ λ1

h2
0

σ2(t)

]
−Ke−mth0xσ

′

σ2(t)
φ′

≥ Ke−mtφ

[
−m+

(
β
b

k
− γ − k +

δ

θ

)(
h2

0

σ2(t)
− 1

)
+ λ1

h2
0

σ2(t)

]
=: ∆1 ≥ 0

and

Rt − dRxx − γI + (k + δ)R

= Ke−mt
[
−mψ − h0xσ

′

σ2(t)
ψ′ − dψ′′ h

2
0

σ2(t)
− γφ+ (k + δ)ψ

]
= Ke−mt

[
−mψ +

h2
0

σ2(t)
(γφ− (k + δ)ψ + λ1ψ)− γφ+ (k + δ)ψ

]
−Ke−mth0xσ

′

σ2(t)
ψ′

= Ke−mtψ

[
−m+

(
h2

0

σ2(t)
− 1

)
(θγ − k − δ) + λ1

h2
0

σ2(t)

]
−Ke−mth0xσ

′

σ2(t)
ψ′

≥ Ke−mtψ

[
−m+

(
h2

0

σ2(t)
− 1

)
(θγ − k − δ) + λ1

h2
0

σ2(t)

]
=: ∆2 ≥ 0.

If we choose small enough m such that

−m+

(
β
b

k
− γ − k +

δ

θ

)(
h2

0

σ2(t)
− 1

)
+ λ1

h2
0

σ2(t)
> 0,

−m+

(
h2

0

σ2(t)
− 1

)
(θγ − k − δ) + λ1

h2
0

σ2(t)
> 0,

then ∆1 ≥ 0 and ∆2 ≥ 0. Now we choose K sufficiently large such that

I(0, x) = Kφ

(
h0x

h0(1 + 2m)

)
≥ I0(x), R(0, x) = Kψ

(
h0x

h0(1 + 2m)

)
≥ R0(x) for x ∈ [−h0, h0].

Let µ0 = − h0m
2

Kφ′(h0) . If 0 < µ ≤ µ0, then

−µIx(t, σ(t)) = −µh0

σ(t)
Ke−mtφ′(h0) ≤ −µKe−mtφ′(h0) ≤ h0m

2e−mt = σ′(t)
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for t > 0. Similarly, we can obtain −σ′(t) ≤ −µIx(t,−σ(t)) for t > 0. By the comparison principle, we

have

g(t) ≥ −σ(t), h(t) ≤ σ(t) for t > 0,

I(t, x) ≤ I(t, x), R(t, x) ≤ R(t, x) for t > 0 and x ∈ [g(t), h(t)].

It follows that h∞ − g∞ ≤ 2 lim
t→∞

σ(t) = 2h0(1 + 2m) <∞. The proof is completed. �

Theorem 3.7. If ‖S0‖L∞(R) ≤ b
k and h0 < h∗, then there exists µ∗ ≥ µ∗ > 0 such that spreading

happens if µ > µ∗, and vanishing occurs if µ ≤ µ∗ and µ = µ∗.

Proof. As in [24, Theorem 5.2], we give detailed proof as follows.

We write (Sµ, Tµ, Rµ, gµ, hµ) instead of (S, I,R, g, h) to stress the dependence of the solution

(S, I,R, g, h) of (1.3) on µ. Define Σ∗ := {µ > 0 : hµ,∞ − gµ,∞ ≤ 2h∗}. By Lemmas 3.6 and 3.3,

we have Σ∗ ⊃ (0, µ0]. Using Lemma 3.5, we can obtain that Σ∗ ∩ [µ0,+∞) = ∅. Therefore, define

µ∗ := sup Σ∗ ∈ [µ0, µ
0]. By this definition and Corollary 3.4, we find that hµ,∞ − gµ,∞ = +∞ when

µ > µ∗. Hence, Σ∗ ⊂ (0, µ∗].

Next, we will show that µ∗ ∈ Σ∗. Otherwise, hµ∗,∞ − gµ∗,∞ = +∞. Hence we can find T > 0 such

that hµ∗(T ) − gµ∗(T ) > 2h∗. By the continuous dependence of (Sµ, Tµ, Rµ, gµ, hµ) on µ, we can find

small enough ε > 0 such that hµ(T ) − gµ(T ) > 2h∗ for all µ ∈ [µ∗ − ε, µ∗ + ε]. It follows that for all

such µ,

lim
t→∞

[hµ(t)− gµ(t)] ≥ hµ(T )− gµ(T ) > 2h∗.

This implies that [µ∗ − ε, µ∗ + ε] ∩ Σ∗ = ∅, and sup Σ∗ ≤ µ∗ − ε. Contradicting the definition of µ∗.

Thus we prove that µ∗ ∈ Σ∗.

Similarly, define

Σ∗ = {ς : ς ≥ µ0 such that hµ,∞ − gµ,∞ ≤ 2h∗ for all µ ≤ ς},

where µ0 is given by Lemma 3.6. Then µ∗ := sup Σ∗ ≤ µ∗ and (0, µ∗) ⊂ Σ∗. By the similar arguments

as above, we can show that µ∗ ∈ Σ∗. This proof is completed. �

4. Long-time behaviors

Lemma 4.1. Let (S, I,R, g, h) be the unique solution of problem (1.3). If vanishing happens, then

lim
t→∞

S(t, x) =
b

k
in Cloc(R), lim

t→∞
‖I(t, x) +R(t, x)‖C([g(t),h(t)]) = 0.

Proof. The proof of this theorem has already been done in Lemma 3.2. �

Lemma 4.2. If h∞ − g∞ =∞, then h∞ =∞ and g∞ = −∞.

Proof. The proof of this Lemma is similar to [14, Lemma 3.10]. Assume on the contrary that g∞ = −∞
and h∞ <∞.

Step 1: By using [28, Lemma 2.5], we can follow the arguments in the Step 1 of the proof in [14,

Lemma 3.7] to obtain that, for a given constant L > 0 and small ε > 0, there exist T1 > 0 and

l1 < l2 < 0 satisfying l2 − l1 = L such that

N(t, x) ≥ b

k
− ε = N∗ − ε for all t ≥ T1 and x ∈ [l1, l2].

Step 2: By using [13, Lemma 3.3], we have

lim
t→∞

‖I(t, ·)‖C([−L,h(t)]) = 0 for any given L > 0.
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Step 3: By applying the argument in the Step 3 of the proof in [14, Lemma 3.10], we can have that

for any given constant L > 0 and small ε > 0, there exist T1 > 0 and l1 < l2 < 0 satisfying l2 − l1 = L

such that

S(t, x) ≥ b

k
− ε for all t ≥ T1 and x ∈ [l1, l2].

Step 4: We choose l1 and l2 as in Step 3 satisfying l2 − l1 ≥ 2h∗, for small ε > 0 and large T > 0,

we have 
It − dIxx ≥ (β( bk − ε)− γ − k)I + δR, t > T, x ∈ [l1, l2],

Rt − dRxx = γI − (k + δ)R, t > T, x ∈ [l1, l2],

I(t, x) > 0, R(t, x) > 0, t > T, x = l1 or l2,

I(T, x) ≥ 0, R(T, x) ≥ 0, x ∈ [l1, l2].

By l2 − l1 ≥ 2h∗, we can argue as in the proof of Lemma 3.3 to obtain that

lim inf
t→∞

I(t, x) > 0 for x ∈ [l1, l2],

which contradicts to the conclusion of the Step 2.

Therefore, if h∞ − g∞ = ∞, then h∞ = ∞. Similarly, we can prove g∞ = −∞. This proof is

completed. �

Lemma 4.3. Let (S, I,R, g, h) be the unique solution of problem (1.3). If spreading happens and

k + δ > γ, then

lim
t→∞

(S(t, x), I(t, x), R(t, x)) = (S∗, I∗, R∗) locally uniformly in R,

where

(S∗, I∗, R∗) =

(
γ + k

β
− δγ

β(k + δ)
,

b

γ + k − δγ/(k + δ)
− k

β
,

bγ

(γ + k)(k + δ)− δγ
− kγ

β(k + δ)

)
.

Proof. This Lemma can be proved by the similar arguments in [14, Lemma 3.11] and [29, Lemma 4.2].

If spreading happens, then h∞ =∞ and g∞ = −∞ by Lemma 4.2 .

Step 1: Let N(t, x) = S(t, x) + I(t, x) + R(t, x). By using [28, Lemma 2.5], we can follow the

arguments in the Step 1 of the proof in [14, Lemma 3.11] to obtain that

lim
t→∞

N(t, x) =
b

k
=: N∗ locally uniformly in R.

Step 2: For any small ε > 0 and large l > 0, there exists T1 � 1 such that

N(t, x) ≤ N∗ + ε for t ≥ T1 and x ∈ [−l, l],

and g(t) < −l and h(t) > l for t > T1 by h∞ = −g∞ =∞. Thus (I,R) satisfies
It − dIxx ≤ [β(N∗ + ε)− γ − k − βI]I + δR, t > T1, x ∈ [−l, l],
Rt − dRxx = γI − (k + δ)R, t > T1, x ∈ [−l, l],
I(t, x) = R(t, x) = 0, t > T1, x ≤ −l or x ≥ l,
I(T1, x) ≥ 0, R(T1, x) ≥ 0, x ∈ [−l, l].

Consider the following problem
I
′
(t) = [β(N∗ + ε)− γ − k − βI]I + δR, t > T1,

R
′
(t) = γI − (k + δ)R, t > T1,

I(T1) ≥ ‖I(T1, ·)‖∞, R(T1) ≥ ‖R(T1, ·)‖∞.
(4.1)
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By the comparison principle, we have I(t, x) ≤ I(t) and R(t, x) ≤ R(t) for t ≥ T1 and x ∈ [−l, l]. Let

R̃0 be the basic reproduction number of (4.1), where

R̃0 =
βb(k + δ)

k[(k + δ)(k + γ)− δγ]
+

ε(k + δ)

(k + δ)(k + γ)− δγ
.

Thanks to the fact R0 > 1, we have R̃0 > R0 > 1, and then lim
t→∞

(I(t), R(t)) = (I
ε

1, R
ε

1), where

(I
ε

1, R
ε

1) =

(
β(N∗ + ε) + δγ

k+δ − γ − k
β

,
γ[β(N∗ + ε) + δγ

k+δ − γ − k]

β(k + δ)

)
is the unique positive equilibrium of (4.1). By the arbitrariness of ε, we have

lim sup
t→∞

I(t, x) ≤ I1 locally uniformly in R, (4.2)

lim sup
t→∞

R(t, x) ≤ R1 locally uniformly in R, (4.3)

where (I1, R1) is the unique positive solution of{
(βN∗ − γ − k − βI)I + δR = 0,

γI − (k + δ)R = 0.

Since R0 > 1, then I1 and R1 are positive.

By (4.2), for any small ε1 > 0 and large l, there exists T2 > T1 such that

I(t, x) ≤ I1 + ε1 for t > T2 and x ∈ [−l, l].

Then S satisfies {
St − dSxx ≥ b− kS − β(I1 + ε1)S, t > T2, x ∈ [−l, l],
S(T2, x) > 0, x ∈ R.

Applying the arguments in the step 2 of the proof in [14, Lemma 3.11], we can show that

lim inf
t→∞

S(t, x) ≥ b

k + β(I1 + ε1)
locally uniformly in R.

By the arbitrariness of ε1, we have

lim inf
t→∞

S(t, x) ≥ b

k + βI1

=: S1 locally uniformly in R,

where S1 is the unique positive solution of

b− kS − βI1S = 0.

For any small ε > 0 and large l > 0, there exists T3 � 1 such that

N(t, x) ≥ N∗ − ε for t ≥ T3 and x ∈ [−l, l],

and g(t) < −l and h(t) > l for t > T3 by h∞ = −g∞ = ∞. In view of (4.3), for any small ε2, there

exists T4 > T3 such that

R(t, x) ≤ R1 + ε2 for t > T4 and x ∈ [−l, l].
Thus (I,R) satisfies

It − dIxx ≥ [β(N∗ − ε)− β(R1 + ε2)− γ − k − βI]I + δR, t > T4, x ∈ [−l, l],
Rt − dRxx = γI − (k + δ)R, t > T4, x ∈ [−l, l],
I(t, x) ≥ 0, R(t, x) ≥ 0, t > T4, x = ±l,
I(T4, x) ≥ 0, R(T4, x) ≥ 0, x ∈ [−l, l].
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Using the arguments in the step 2 of the proof in [29, Lemma 4.2], we can show that

lim inf
t→∞

I(t, x) ≥
βN∗ + δγ

k+δ − βR1 − γ − k
β

= I1 −R1 =: I1 locally uniformly in R, (4.4)

lim inf
t→∞

R(t, x) ≥
γ(βN∗ + δγ

k+δ − βR1 − γ − k)

β(k + δ)
=

γ

k + δ
I1 =: R1 locally uniformly in R. (4.5)

By k + δ > γ and R0 > 1, we have I1 and R1 are positive.

By (4.4), for any small ε3 > 0 and large l > 0, there exists T5 > T4 such that

I(t, x) ≥ I1 − ε3 for t > T5 and x ∈ [−l, l].

Then S satisfies

St − dSxx ≤ b− kS − β(I1 − ε3)S for t > T5 and x ∈ [−l, l].
Applying the arguments in the step 2 of the proof in [14, Lemma 3.11] again, we can show that

lim sup
t→∞

S(t, x) ≤ b

k + β(I1 − ε3)
locally uniformly in R.

By the arbitrariness of ε3, we have

lim sup
t→∞

S(t, x) ≤ b

k + βI1

=: S1 locally uniformly in R.

Step 3: By the similar arguments in Step 2, we have

lim sup
t→∞

I(t, x) ≤
βN∗ + δγ

k+δ − γ − k − βR1

β
= I1 −R1 =: I2 locally uniformly in R,

lim sup
t→∞

R(t, x) ≤ γ

k + δ
I2 =: R2 locally uniformly in R.

By k + δ > γ and R0 > 1, we have I2 and R2 are positive.

Moreover, we can obtain that

lim inf
t→∞

S(t, x) ≥ b

k + βI2

=: S2 locally uniformly in R.

Step 4: Repeating above arguments, we can obtain six sequences {Sn},{Sn},{In},{In},{Rn}, and

{Rn} satisfying

Sn ≤ lim inf
t→∞

S(t, x) ≤ lim sup
t→∞

S(t, x) ≤ Sn locally uniformly in R,

In ≤ lim inf
t→∞

I(t, x) ≤ lim sup
t→∞

I(t, x) ≤ In locally uniformly in R,

Rn ≤ lim inf
t→∞

R(t, x) ≤ lim sup
t→∞

R(t, x) ≤ Rn locally uniformly in R,

where

Sn =
b

k + βIn
, In =

βN∗ + δγ
k+δ − γ − k − βRn−1

β
, Rn =

γ

k + δ
Īn,

In =
βN∗ + δγ

k+δ − γ − k − βR̄n
β

, Rn =
γ

k + δ
In, Sn =

b

k + βĪn
.

Moreover,

S1 < S2 < · · · < Sn < · · · < Sn < · · · < S2 < S1,

I1 < I2 < · · · < In < · · · < In < · · · < I2 < I1,

R1 < R2 < · · · < Rn < · · · < Rn < · · · < R2 < R1.
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Denote

lim
n→∞

(Sn, In, Rn) = (S∞, I∞, R∞) and lim
n→∞

(Sn, In, Rn) = (S∞, I∞, R∞),

then we have

I∞ =
βN∗ + δγ

k+δ − γ − k − βR∞
β

, R∞ =
γ

k + δ
I∞, S∞ =

b

k + βI∞
,

I∞ =
βN∗ + δγ

k+δ − γ − k − βR∞
β

, R∞ =
γ

k + δ
I∞, S∞ =

b

k + βI∞
.

By direct computations, we have (S∞, I∞, R∞) = (S∞, I∞, R∞) = (S∗, I∗, R∗). Therefore, this lemma

is proved. �

5. Numerical simulation and discussion

In this section, we will use MATLAB to carry out some numerical simulations to illustrate the

spreading and vanishing of diseases.

5.1. The case of R0 ≤ 1.

Fix the coefficients and initial functions in (1.3) as follows:

b = 1, β = 0.5, k = 0.6, γ = 0.5, δ = 0.2, d = 1, h0 = 1,

S0(x) = 1 +
1

2
sinx, I0(x) = cos(

π

2
x).

Then, we can have that R0 = 0.8712 < 1 by (1.5). By the following figure 1, it is easy to see that the

disease will die out if R0 ≤ 1.

Figure 1. The profiles of I and R.

5.2. The case of R0 > 1.

Firstly, we consider the case of h0 ≥ h∗. Fix the coefficients and initial functions in (1.3) as follows:

b = 1, β = 1, k = 0.5, γ = 0.5, δ = 0.2, d = 1, h0 = 3,

S0(x) = 1 +
1

2
sinx, I0(x) = cos(

π

2
x).

Then we have R0 = 2.1429 > 1 by (1.5). By direct calculations, we can obtain that h∗ = 1.5279 and

(S∗, I∗, R∗) = (0.8571, 0.6667, 0.4762), and then h0 > h∗. From figure 2, we can easily see that the

solution (I,R) keeps positive and tends to an equilibrium (0.6667,0.4762) if R0 > 1 and h0 ≥ h∗.
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Figure 2. The profiles of I and R.

Next, we will discuss the impact of expending capability µ on disease transmission for the case of

h0 < h∗. Fix the coefficients and initial functions in (1.3) as follows:

b = 1, β = 1, k = 0.5, γ = 0.5, δ = 0.2, d = 1, h0 = 1.5,

S0(x) = 1 +
1

2
sinx, I0(x) = cos(

π

2
x).

Then we have that R0 = 2.1429 > 1 by (1.5). By direct calculations, we can obtain that h∗ = 1.5279 >

h0 and (S∗, I∗, R∗) = (0.8571, 0.6667, 0.4762). From figure 3, we can find the solution (I,R) keeps

positive and tends to an equilibrium (0.6667,0.4762) for some large µ = 10 if R0 > 1 and h0 < h∗.

From figure 4, it is easy to see that the disease will die out for some small µ = 0.5 if R0 > 1 and

h0 < h∗. This means that whether the disease will spread or not for R0 > 1 and h0 < h∗ depends on

the expending capability µ.

Figure 3. The profiles of I and R with µ = 10.

Figure 4. The profiles of I and R with µ = 0.5.

6. Discussion

This paper considers an SIRI epidemic model with relapse and free boundaries. At first, the existence

and uniqueness of the global solution is proved. And then we provide the criteria for the disease

spreading and vanishing. Roughly speaking, the disease will vanish if one of the following conditions

holds:
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(i) The basic reproduction number R0 < 1;

(ii) R0 > 1 and the initial infected region h0 < h∗ and the boundary moving rate µ < µ0;

and the disease will spread if one of the following conditions holds:

(i) The basic reproduction number R0 > 1 and h0 ≥ h∗;
(ii) R0 > 1 and the initial infected region h0 < h∗ and the boundary moving rate µ > µ0.

Moreover, we give the longtime behavior of the solution, which is given by the following spreading-

vanishing dichotomy:

(i) Vanishing: if h∞ − g∞ <∞, then

lim
t→∞

S(t, x) =
b

k
in Cloc(R), lim

t→∞
‖I(t, x) +R(t, x)‖C([g(t),h(t)]) = 0.

(ii) Spreading: if h∞ − g∞ =∞ and k + δ > γ, then

lim
t→∞

(S(t, x), I(t, x), R(t, x)) = (S∗, I∗, R∗) locally uniformly in R.

Finally, some numerical simulations are provided to illustrate the results of our analysis.

This paper mainly studies the effect of relapse. These results can be regarded as complement and

extension of [4]. However, compared with [4], we establish the sharp criteria when considering the factor

of relapse. The main results in this paper indicate that relapse makes R0 become lager, which means

that relapse can increase the chance of epidemic spreading. This tell us that it is necessary to consider

the effect of relapse when we propose the free boundary model to describe the spreading diseases.
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