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INCORPORATING MEAN-FIELD VELOCITY DIFFERENCE IN A CONTINUUM

MACROSCOPIC TRAFFIC FLOW MODEL FOR ADVERSE ROAD CONDITIONS
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Abstract. In developing countries, the quality of driving infrastructure, specifically road conditions,

is often suboptimal, presenting challenges and limitations for motorists. However, current traffic

flow models have limitations in addressing problems caused by poor road networks. To address this

issue, a new macroscopic traffic flow model has been proposed in this study that considers mean-

field velocity differences on roads with suboptimal conditions. A thorough model derivation of this

new macroscopic traffic flow model is presented. The study establishes crucial stability conditions,

providing profound insights into traffic dynamics across diverse scenarios. Numerical simulations are

presented to demonstrate the model’s ability to capture shock waves, rarefaction waves, and local

cluster effects. The study results offer new insights into traffic dynamics in adverse road conditions

and enforce the need to enhance road infrastructure to alleviate congestion and enhance road safety.

1. Introduction

Traffic congestion is a widespread problem in today’s cities, causing longer travel times, more fuel

use, and increased pollution [39, 42, 49]. While existing traffic flow models [2, 18, 37, 38] have been

useful in understanding and addressing congestion, they often struggle to handle the complexities of

poor road networks. In this study, we aim to create a comprehensive traffic flow model that considers

the mean-field velocity differences on road infrastructure having divots and craters.

Over the years, the transportation industry has seen significant progress and growth in terms of

infrastructure, technology, and services. This has led to a revolution in travel, enabling people to move

more efficiently and effectively between places, increasing productivity, and contributing to economic

growth. However, this progress has come at a cost, with several negative consequences such as traffic

congestion, and environmental concerns. Traffic congestion is a major social hazard that has emerged

as a result of the rapid growth of the transportation industry. The increasing number of vehicles on the

road has led to a rise in traffic jams, which can lead to delays, frustration, and reduced productivity.

Additionally, traffic congestion has also been linked to increased air pollution, which can have adverse

effects on human health. The increase in the number of vehicles on the road has led to increased

emissions of greenhouse gases, contributing to global climate change.

To tackle these problems, researchers are closely studying various aspects of traffic, including how

cars follow each other, patterns of starting and stopping, mysterious traffic jams that seem to appear

out of nowhere, and the ebb and flow of traffic over time. By gaining a deeper understanding of these

phenomena, researchers aim to come up with effective strategies and solutions to reduce the negative

impacts associated with transportation, such as congestion and environmental issues.

With the increasing traffic challenges faced by modern cities, scholars have been actively researching

various traffic flow models to address this issue. These models include car-following models [4, 5, 8,
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28, 29, 30, 34, 35], which describe how drivers adjust their speed based on the distance from the car in

front of them, and cellular automation models [3, 17, 20, 26, 31, 48], which simulate individual vehicle

movements through a grid-like system. Other models include hydrodynamic models [6, 15, 40], which

treat traffic flow as a fluid and use equations similar to those used in fluid mechanics to describe the

movement of vehicles, and continuum models [1, 11, 12, 16, 38, 44, 45, 46, 51], which treat traffic flow

as a continuous field rather than individual vehicles.

Among these models, one of the most foundational is the traffic wave theory, which was first

introduced by Lighthill and Whitham in 1955 [32, 41]. The theory describes how traffic flow can

become unstable and lead to the formation of waves of slowed or stopped traffic that propagate through

the traffic stream. This theory laid the groundwork for kinematics-based traffic flow models, which

describe how vehicles move in a traffic stream based on their kinematic properties.

Subsequent research has expanded upon these models, incorporating additional factors. The authors

[13] delved into road surface irregularities, presenting a model that considers pothole depth, width,

and critical density to discern their impact on traffic. Expanding the macroscopic perspective, [9]

introduced a comprehensive model incorporating convection, anticipation, relaxation, diffusion, and

viscosity, contributing to a holistic understanding of large-scale traffic dynamics. Khan’s work brought

forth a model analogous to Little’s Law, establishing connections between traffic density, velocity, and

time to enhance our comprehension of traffic behavior [27]. Another paper [50] addressed uncertainty

in traffic velocity by formulating a continuum model that considers preceding vehicles on gradient

highways, introducing parameters like gradient angle and uncertainty coefficient, also [47] delved into

the electronic throttle dynamics on curved roads, incorporating variables such as slope angle and mass

to capture the impact of electronic throttle control. In the same year [24] introduced a delayed-

feedback control model based on throttle angle differences, aiming to enhance traffic stability through

feedback mechanisms. The publication by [33] integrated time delay and anticipation effects into a

macro traffic flow model, considering parameters like anticipation time and sensitivity coefficients,

[43] brought stochastic elements into play with an advection diffusion equation, providing a realistic

representation of random fluctuations in driver behavior, while [36] extended the Zhang model to

include tailpipe emissions, shedding light on the environmental impact on traffic flow. In addition, [23]

investigated a model encompassing diverse reactivity effects arising from driving attention and vehicle

inertia, introducing sensitivity coefficients and other parameters.

Despite the development of these models, the macroscopic impact of the mean-field velocity difference

on traffic flow models is still not well understood. This research seeks to explore the implications of

this concept and its potential influence on a poor road network.

The following sections in the paper are organized as outlined below. The next section will explain how

the model is derived, outlining the fundamental principles and assumptions. Following that, the third

section will explore the stability of the model, using a linear approach to understand how the system

behaves in different situations. Subsequently, we will closely examine non-linear traffic behaviors, such

as the formation, and dissolution traffic waves. The final section will summarize the findings and draw

meaningful conclusions that contribute to the progress of this field.

2. The Model

Understanding car-following behavior is crucial for analyzing traffic flow, predicting congestion, and

developing strategies for traffic management and control. Some classical car-following models include

[2, 14, 25]. Gazis et al. [14] introduced a groundbreaking car-following model that looks at how

individual vehicles follow the lead of the car in front of them on a single-lane road, considering both

their speed and the distance between them. Mathematically, this is expressed as:
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v′n(t+ ∆t) = λ∆v, (2.1)

where ∆v = vn+1(t)−vn(t), representing the speed difference between the following and leading vehicles,

with ∆t as the reaction time and λ as a sensitivity coefficient.

However, the model had an unrealistic phenomenon where the leading and following vehicles were

observed to be close to each other at identical speed levels. To correct this, Bando introduced the

optimal velocity model [2], which considers the legal velocity of each car as a function of the distance

headway with the model equation

v′n(t) = κ [V (∆xn(t))− vn(t)] , (2.2)

where κ = 1/τ represent the inverse of the driver’s reaction time, ∆x = xn+1(t)− xn(t) represents the

positional difference between two adjacent vehicles, and V (∆x) is the optimal velocity of the following

vehicle.

Despite its utility, experimental investigations revealed the OVM’s issue of excessive acceleration

and unrealistic deceleration. To overcome this issue, Helbing and Tilch [20] introduced a time lag

of response into the OVM and modified the equation to include both positive and negative velocity

differences. This led to the development of the full velocity difference model (FVDM), which takes into

account the effects of both the gap headway between two vehicles and their respective speeds. The

dynamic equation for the FVDM includes the optimal velocity and the velocity difference between the

leading and following vehicles as:

v′n(t) = κ [V (∆xn(t))− vn(t)] + λ∆vn(t). (2.3)

Within the derivation process, the transformation of this micro model into a macro model is

accomplished by employing the expansions outlined below.

v(x+ ∆, t) ≡ v(x, t) + vx(x, t)∆, (2.4)

∆vn(t) ≡ vn+1(t)− vn(t) ≡ v(x+ ∆, t)− v(x, t) = ∆vx(x, t), (2.5)

V (∆xn(t)) ≡ Ve(k), (2.6)

v′n(t) ≡ v(x, t)vx(x, t) + vt(x, t), (2.7)

where ∆ is distance between two successive vehicles. Upon substituting equations (2.5, 2.6, 2.7) into

equation (2.3), the resulting expression is:

vvx + vt =
1

τ
[Ve(k)− v] + λ∆vx. (2.8)

In this paper, the adjustments made to the macro model (2.8) involve incorporating the mean-field

velocity difference term p(∆ + loθ)vx [46] and the pothole effect ([13]) expressed as

1

2
πβT

√(
β2

4
+ α2

)(
1− k

kcrit

)
.

Consequently, the dynamic velocity equation is formulated as:

vvx + vt − p(∆ + loθ)]vx =
1

τ
[Ve(k)− v] + λ∆vx −

1

2
πβT

√(
β2

4
+ α2

)(
1− k

kcrit

)
. (2.9)

The fundamental elements of the newly proposed model in this paper involve the integration of the

dynamic density equation and the dynamic velocity equation as a system of partial differential equations
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as

kt + (kv)x = 0,

vt + [v − λ∆− p(∆ + loθ)]vx =
Ve − v
τ
− 1

2
πβT

√(
β2

4
+ α2

)(
1− k

kcrit

)
,

(2.10)

where θ ∈ (0, 1), p is the parameter of different mean-field velocity difference, lo represents the length

of a road in front of the current vehicle. α is the depth of the pothole and β is its width, kcrit denote

the critical density, and T is the driver physiological reaction time. Together, these equations provide a

comprehensive framework for understanding and modeling the dynamic behavior of a vehicular traffic

flow.

3. Qualitative Properties of the Model

The second-order macroscopic model is composed of a continuity equation and a dynamic velocity

equation. The proposed model is recast as:

∂k

∂t
+ v

∂k

∂x
+ k

∂v

∂x
= 0, (3.1)

∂v

∂t
+ (v − λ∆− p(∆ + loθ))

∂v

∂x
=
Ve − v
τ
− 1

2
πβT

√(
β2

4
+ α2

)(
1− k

kcrit

)
. (3.2)

Equations (3.1) and (3.2) are cast into vectors and matrix to assess the qualitative characteristics:

∂

∂t

[
k

v

]
+

[
v k

0 (v − λ∆− p(∆ + loθ))

]
∂

∂x

[
k

v

]
=

 0

Ve − v
τ
− 1

2
πβT

√
(
β2

4
+ α2)(1− k

kcrit
)

 .
Let ψ = [k, v]′ and

C(ψ) =

[
v k

o (v − λ∆− p(∆ + loθ))

]
,

D(ψ) =

 0

Ve − v
τ
− 1

2
πβT

√
(
β2

4
+ α2)(1− k

kcrit
)

 .
We have

∂ψ

∂t
+ C(ψ)

∂ψ

∂x
= D(ψ). (3.3)

When the source terms are set to zero, the derived homogeneous system can be represented in its

quasi-linear form as:
∂ψ

∂t
+ C(ψ)

∂ψ

∂x
= 0. (3.4)

The subsequent step involves determining the eigenvalues and eigenvectors. The Jacobian matrix is

employed to ascertain the eigenvalues, given by:

|C − hI| =
∣∣∣∣ v − h k

0 (v − λ∆− p(∆ + loθ))− h

∣∣∣∣ = 0.

This can be expanded as (v−h)[(v−λ∆−p(∆+loθ))−h] = 0 which has two roots: h1 = v−λ∆−p(∆+loθ)

and h2 = v Thus, the eigenvalues representing the characteristic wave speed of the model are

dx1

dt
= v − λ∆− p(∆ + loθ) and

dx1

dt
= v.

It can be deduced that the model exhibits strict hyperbolicity. As a result, the traffic moves faster

than the wave speed, and hence preserving the anisotropic nature of traffic flow. Now, the eigenvectors
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are required to find the Riemann variables. The eigenvectors associated with the eigenvalue (v− λ∆−
p(∆ + loθ)) is [

−k
λ∆ + p(∆ + loθ)

, 1

]′
.

Similarly, the eigenvector relating to the other eigenvalue is [1, 0]′. Combining them give the matrix of

eigenvectors W and its inverse W−1 as

W =

 −k
λ∆ + p(∆ + loθ)

1

1 0

 and W−1 =

 0 1

1
k

λ∆ + p(∆ + loθ)

 .
A similarity matrix A is used to diagonalize the system, that is

C = WAW−1 =⇒ A = W−1CW.

Multiplying equation (3.3) by W−1 gives

W−1 ∂ψ

∂t
+W−1C(ψ)

∂ψ

∂x
= W−1D(ψ). (3.5)

Presuming a minor alteration in δψ, the derivative with respect to time is ∂ψ
∂t , and the derivative

with respect to the spatial variable is
∂ψ

∂x
. The modifications subsequently yield the Riemann variables

as: δz = W−1δψ and inversely as δψ = Wδz. Thus, ∂z = W−1δψ can be expanded as:

δ

[
z1

z2

]
=

 0 1

1
k

λ∆ + p(∆ + loθ)

 δ [ k

v

]
.

Expanding the above into separate equations will result in

δz1 = δv and δz2 = δk +
k

λ∆ + p(∆ + loθ)
δv.

Upon integrating both sides, the wave propagation trajectories for this model are derived as

z1 = v and z2 = k +
k

λ∆ + p(∆ + loθ)
v.

Thus, the propagation of z1 is along the characteristic v(x, t), whereas the propagation of z2 is along

the characteristic v(x, t) − (λ∆ + p(∆ + loθ)). This characteristic speed is associated with shock and

rarefaction wave.

4. Linear Stability Analysis

Stop-and-go waves as well as phantom congestion indicate traffic instability. This segment pinpoints

the specific parameter conditions that lead to a non-stationary flow. Assuming that ke and ve are the

solutions to our proposed model, then a slight deviation from the steady state will be mathematically

represented as:

k(x, t) = ke + δk(x, t),

v(x, t) = ve + δv(x, t).

Building upon the previous statement, we derive the fundamental linearized continuity equation as:

∂(δk)

∂t
+ ve

∂(δk)

∂x
+ ke

∂(δv)

∂x
= 0. (4.1)

Similarly, the linearized dynamic velocity equation is

∂(δv)

∂t
+ (ve − λ∆− p(∆ + loθ))

∂(δv)

∂x
=

1

τ

(
dv

dk
.δk − δv

)
− 1

2
πβT

√(
β2

4
+ α2

)(
1− ke + δk

kcrit

)
. (4.2)
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With the assumption that ke ∼ kcrit, equations (4.2) reduces to

∂(δv)

∂t
+ (ve − λ∆− p(∆ + loθ))

∂(δv)

∂x
=

1

τ

(
dv

dk
.δk − δv

)
+

1

2
πβT

√(
β2

4
+ α2

)(
δk

kcrit

)
. (4.3)

We assume that the disturbance δk(x, t), δv(x, t) can be mimicked using the simple wave equation.

δk(x, t) = k∗ exp[isx+ (λ− iω)t] = k∗e
λtei(sx−ωt), (4.4a)

δv(x, t) = v∗ exp[isx+ (λ− iω)t] = v∗e
λtei(sx−ωt). (4.4b)

where s and ω are the wave number and speed respectively, and growth rate Λ. Slight changes in Λ

could lead to phantom traffic jam when Λ > 0.

Substituting (4.4) and its derivatives into the continuity equation

(Λ− iω)k∗e
Λtei(sx−ωt) + veisk∗e

ΛteΛtei(sx−ωt) + keisv∗e
Λtei(sx−ωt) = 0

and the momentum equation

(Λ− iω)v∗e
Λtei(sx−ωt) + (ve − λ∆− p(∆ + loθ))isv∗e

ΛteΛtei(sx−ωt)

=
1

τ

(
dv

dk
.k∗e

ΛteΛtei(sx−ωt) − v∗eΛteΛtei(sx−ωt)
)

+
1

2
πβT

√(
β2

4
+ α2

)(
k∗e

ΛteΛtei(sx−ωt)

kcrit

)
.

(4.5)

The linearized continuity and dynamic velocity equation are rearranged as

eΛtei(sx−ωt)(k∗(Λ− iω) + veisk∗ + keisv∗) = 0, (4.6)

eΛtei(sx−ωt)
[
v∗(Λ− iω) + (ve − λ∆− p(∆ + loθ))isv∗ −

1

τ

(
dv

dk
.k∗ − v∗

)

− 1

2
πβT

√(
β2

4
+ α2

)(
k∗
kcrit

)
= 0.

(4.7)

Equations (4.6) and (4.7) are simplified using matrix notation as Λ− iω + veis keis

− dv

τdk
− V

kcrit
(Λ− iω) + (ve − λ∆− p(∆ + loθ))is+

1

τ

[ k∗
v∗

]
=

[
0

0

]
where

V =
1

2
πβT

√(
β2

4
+ α2

)
.

Letting Λ = Λ− iω and ω = ω − ves, the above matrix equation is rewritten as Λ keis

− dv

τdk
− V

kcrit
Λ− (λ∆ + p(∆ + loθ))is+

1

τ

[ k∗
v∗

]
=

[
0

0

]
.

From the homogeneous part, the characteristic equation is:

Λ2 + Λ

(
1

τ
− (λ∆ + p(∆ + loθ))is

)
+ keis

(
dv

τdk
+

V

kcrit

)
= 0.

But

Λ1,2 = − b
2
±

√(
b

2

)2

− c .



282 G. O. FOSU, D. ANOKYE, A. ADU-SACKEY, AND B. E. OWUSU

The solution to the characteristic polynomial is obtained as:

Λ1,2 =
1

2

(
(λ∆ + p(∆ + loθ))is−

1

τ

)
±

√
1

4

(
− ((λ∆ + p(∆ + loθ))is+

1

τ

)2

− keis
(
dv

τdk
+

V

kcrit

)
which can be expanded as

Λ1,2 =
1

2

(
(λ∆ + p(∆ + loθ))is

)
− 1

2τ

±

√
1

4τ2
− (λ∆ + p(∆ + loθ))

2s2

4
−
(
kes

(
dv

τdk
+

V

kcrit

)
+

(λ∆ +M∆)s

2

)
i,

which can be further expressed as

Λ1,2 =
1

2

(
(λ∆ + p(∆ + loθ))is

)
− 1

2τ
±
√
R+ i|I|,

where

R =
1

4τ2
− (λ∆ + p(∆ + loθ))

2s2

4

and

|I| = −
[
kes

(
1

τ

dv

dk
+

V

kcrit

)
+

(λ∆ + p(∆ + loθ)s

2τ

]
.

Following from [19, 22]√
R+ i|I| =

[
1

2
(
√
R2 + I2 +R)

] 1
2

+ i

[
1

2
(
√
R2 + I2 −R)

] 1
2

.

Hence,

Λ1,2 =
1

2

(
(λ∆ + p(∆ + loθ))is

)
− 1

2τ
±
[[

1

2
(
√
R2 + I2 +R)

] 1
2

+ i

[
1

2
(
√
R2 + I2 −R)

] 1
2
]
. (4.8)

Equation (4.8) can be separated into real and imaginary part as

Rε(Λ1,2) = − 1

2τ
±
[

1

2
(
√
R2 + I2 +R)

] 1
2

and

IM(Λ1,2) =
1

2

[
(λ∆ + p(∆ + loθ))is

]
± i
[

1

2
(
√
R2 + I2 −R)

] 1
2

.

This implies that

Rε(λ1) = − 1

2τ
+

[
1

2
(
√
R2 + I2 +R)

] 1
2

,

Rε(λ2) = − 1

2τ
−
[

1

2
(
√
R2 + I2 +R)

] 1
2

.

Considering the criteria mentioned earlier, it suggests that if Rε(Λ1) is more than zero, Rε(Λ2) will

also be greater than zero. This is because Rε(Λ1) exceeds Rε(Λ2). For Rε(Λ2), the same instability

condition that holds for Rε(Λ1) will apply. The stability of the new model will be attained, when

Rε(Λ1) is smaller than zero, that is, when

− 1

2τ
+

[
1

2
(
√
R2 + I2 +R)

] 1
2

≤ 0,
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which can be simplified as

I2 ≤ 1

4τ4
− R

τ2
. (4.9)

From the previous analysis, we realize that

R =
1

4τ2
− (λ∆ + p(∆ + loθ))

2s2

4

and

I = −
[
kes

(
1

τ

∣∣∣∣dvdk
∣∣∣∣+

V

kcrit

)
+

(λ∆ + p(∆ + loθ))s

2τ

]
.

These real and imaginary terms are substituted into Equation (4.9). That is:[
− kes

(
1

τ

∣∣∣∣dvdk
∣∣∣∣+

V

kcrit

)
− (λ∆ + p(∆ + loθ))s

2τ

]2

≤ 1

4τ4
− 1

τ2

[
1

4τ2
− (λ∆ + p(∆ + loθ))

2s2

4

]
.

Expanding and simplifying[
kes

(
1

τ

∣∣∣∣dvdk
∣∣∣∣+

V

kcrit

)]
×
[
kes

(
1

τ

∣∣∣∣dvdk
∣∣∣∣+

V

kcrit

)
+

(λ∆ + p(∆ + loθ))s

τ

]
≤ 0,

implying that

kes

(
1

τ

∣∣∣∣dvdk
∣∣∣∣+

V

kcrit

)
+

(λ∆ + p(∆ + loθ))s

τ
≤ 0.

Thus the stability condition is

ke

(∣∣∣∣dvdk
∣∣∣∣+

V τ

kcrit

)
+ (λ∆ + p(∆ + loθ)) ≤ 0. (4.10)

The stability condition derived from the model offers a comprehensive framework for analyzing and

improving traffic flow stability. The model’s stability relies on some major parameters, and it is essential

to recognize and oversee these factors to avoid major disruptions.

5. Numerical Simulation

In this section, we will be exploring how density and velocity varies across the space and time domain

for macroscopic flow. Our investigation will involve the use of numerical simulations to examine the

impact of minor disturbances.

Prior to implementing the numerical approach, we convert the continuous differential equation

presented in (3.1) and (3.2) into a discretized version in the following manner:

kj+1
i =

∆t

∆x
kji (v

j
i − v

j
i+1) +

∆t

∆x
vji (k

j
i−1 − k

j
i ). (5.1)

Heavy traffic (i.e vji < cc):

vj+1
i = vji −

∆t

∆x
(vji − cc)(v

j
i+1 − v

j
i ) +

∆t(ve(k
j
i )− v

j
i )

τ
− 1

2
∆tπβT

√√√√(β2

4
+ α2

)(
1− kji

kcrit

)
. (5.2)

Smooth traffic (i.e vji > cc):

vj+1
i = vji −

∆t

∆x
(vji − cc)(v

j
i − v

j
i−1) +

∆t(ve(k
j
i )− v

j
i )

τ
− 1

2
∆tπβT

√√√√(β2

4
+ α2

)(
1− kji

kcrit

)
. (5.3)

where cc = λ∆ + p(∆ + loθ), k
j
i and vji are respectively the density and velocity information on the

condition (i, j), i and j represent the space section and time interval; ∆x and ∆t respectively represent

spatial steps and time step.
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5.1. Shock waves and rarefaction waves. We will conduct a simulation tests to assess the ability of

our newly proposed macro model to accurately represent shock waves and rarefaction waves. This will

allow us to evaluate the effectiveness of the model and determine its capabilities in accurately depicting

traffic flow under varying conditions.

Outlined below are the characteristics of the two Riemann initial conditions

k1
up = 0.019(veh/m), k1

down = 0.910(veh/m),

k2
up = 0.910(veh/m), k2

down = 0.019(veh/m),

where kup and kdown are respectively the upstream and downnstream densities of shock and rarefaction

waves.

The initial speed profiles can be expressed as follows:

v1,2
up = ve(k

1,2
up ),

v1,2
down = ve(k

1,2
down).

We again consider the following speed-density equation [7, 10]

Ve = vf

[
1− exp

(
1− exp

(
cm
vf

(
km
k
− 1

)))]
, (5.4)

where vf represents the free flow velocity; km is the maximum density; cm is for the kinematic wave

velocity. The road length L of 1000 meters, divided into 100 grids, with time step of 0.1 seconds, and

the remaining parameters are specified in Table 1. These are benchmark data values widely accepted in

the literature and are based on real traffic experiments. They have been used extensively in the study

of traffic flow dynamics and have been instrumental in the development and validation of various traffic

models and simulation techniques.

Table 1. Parameter Setup

Parameter Value

vf 25.00 m/s

km 1.00 veh/m

cm 9.00 m/s

λ 0.60

θ 0.50

p 1.00 m/s

l0 4.00 m

τ 3.00

α [0.10 0.30]m

β [0.04 2.4]m

∆ 4. 00m

T 1.00 s

kcrit 0.38 veh/m

From Figure 1, the velocity profiles for roads with small and large size potholes provide a stark

contrast in traffic flow behavior. Small size potholes, assumed to have a conical form with a depth of

0.1 meters and a width of 0.4 meters, allow vehicles on the corresponding road to reach their maximum

speed prior to encountering the shockwave. This results in a relatively smooth traffic flow, with a small
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Figure 1. Shock waves for the evolution of velocity for road with small size potholes

(left), and large size potholes (right)

buildup of cars upstream of the shock. However, this buildup quickly dissipates due to the limited

number of vehicles catching up with the shock.

In contrast, large size potholes, with a depth of 0.3 meters and a width of 2.4 meters, create significant

challenges for drivers. Vehicles on the road with large potholes struggle to reach their maximum speed,

even when the road ahead is clear. This leads to a gradual decline in speed towards the region of dense

vehicles downstream of the shock. Consequently, there is a more substantial buildup of cars upstream

of the shock compared to the road with small potholes.

Figure 2. Rarefaction waves for the evolution of velocity for road with small size

potholes (left), and large size potholes (right)

The rarefaction plots in Figure 2 presents a notable comparison between traffic flow on roads with

small and large size potholes. On the road with small potholes, vehicles can efficiently achieve their

maximum speed as the queue dissolves, resulting in smooth traffic flow. Despite heavy traffic upstream,

drivers maintain a relatively low speed rate. Moreover, due to the light density downstream, vehicles

quickly reach their maximum velocity, indicating efficient traffic dissipation.

In contrast, the road with large potholes shows a different pattern. Despite an empty road ahead after

the dissolution of the queue, vehicles on this road struggle to reach their maximum speed. The velocity

profile reflects a persistent low-speed rate, highlighting the challenges posed by the road condition.
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This contrasts sharply with the behavior observed on the road with small potholes, where drivers can

efficiently reach their maximum speeds. Despite the absence of congestion downstream, vehicles on the

road with large potholes are unable to attain their maximum velocities efficiently.

These observations provide valuable insights into the impact of pothole size on traffic flow dynamics.

The impact on congestion is evident, with roads containing large potholes experiencing increased traffic

buildup and reduced speeds. The dissipation of traffic buildup upstream of the shock is slower on roads

with large potholes, highlighting the challenges faced by drivers in such conditions. The rarefaction

wave profiles also align with real-world scenarios, emphasize the critical role of road maintenance. Roads

with small potholes allow for efficient traffic dissipation and quick attainment of maximum velocity,

leading to smoother traffic flow. Conversely, roads with large potholes present persistent challenges for

drivers, indicating the need for timely maintenance to ensure improved traffic flow and better driving

experiences.

6. Local Cluster Effect

The local cluster effect refers to the stop-and-go patterns observed in traffic flow due to minor

disruptions. This section delves into the examination of the local cluster effect in the context of a

localized disturbance under a constant, uniform condition. In this research, we utilize the average

density k0 as suggested by [21]:

k(x, 0) = k0 + ∆k0

{
cosh−2

[
160

L

(
x− 5L

16

)]
− 1

4
cosh−2

[
40

L

(
x− 11L

32

)]}
,

where L is the road length, k0 represents the initial constant density, and ∆k0 = 0.2veh/m signifies

the amplitude of a localized disturbance. The initial density k0 will be retained as a free parameter

to quantify the extent of cluster effects. The periodic boundary conditions are adopted, there exist

k(L, t) = k(0, t) and v(L, t) = v(0, t).

Here, we adapt the following speed-density equation [10]:

Ve(k) = vf

[(
1 + exp

k/km − 0.25

0.06

)−1

− 3.72× 10−6

]
,

where km denotes the maximum density.

Figures 3 and 4 highlights the impact of small changes in the initial density profile of the traffic

stream. Snapshots of the simulation demonstrate that when the initial traffic density ranges between

0.2 veh/m and 0.35 veh/m, the density experiences significant fluctuations. Four initial density profiles

are considered.

As the initial density increases, the disturbance in the wave profiles also intensifies. The traffic flow

evolves into multiple local clusters, leading to the stop-and-go phenomenon. Beyond a certain point,

the effect of the disturbance becomes insignificant, resulting in a more uniform flow. This observation

indicates that small changes in the initial density can have a substantial impact on the traffic flow

dynamics.

When comparing the profiles for roads with small size potholes (Figure 3) and roads with large size

potholes (Figure 4), the effect of changes in the initial density is more pronounced for the road in

good condition. The snapshots reveal that the road with small potholes is more sensitive to variations

in initial density, showing clearer fluctuations and cluster formations. Conversely, the road with large

potholes exhibits less sensitivity to changes in initial density, indicating a more stable traffic flow pattern

despite variations in the starting density. This comparison present the influence of road condition on

how traffic flow responds to changes in initial conditions, with the road quality playing a significant role

in the formation and dissipation of traffic clusters.
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Figure 3. Space–time evolution of small perturbation for road with small size

potholes. The initial density profiles are given as k0 = 0.14(top left), ko =

0.27(top right), ko = 0.36(bottom left), ko = 0.41(bottom right)

Figure 4. Space–time evolution of small perturbation for road with large size potholes.

The initial density profiles are given as k0 = 0.14(top left), ko = 0.27(top right), ko =

0.36(bottom left), ko = 0.41(bottom right)

In exploring the impact of the mean-field velocity difference p on traffic flow, we perturbed the system

to observe the maximum cluster effect. Four scenarios were examined with varying p values as presented

in Figures 5 and 6.
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Figure 5. Space–time evolution for small sized potholed road with ko = 0.27, and

p = 0.00(top left), p = 0.70(top right), p = 1.40(bottom left), p = 2.00(bottom right)

Figure 6. Space–time evolution for large sized potholed road with ko = 0.27, and

p = 0.00(top left), p = 0.70(top right), p = 1.40(bottom left), p = 2.00(bottom right)

It was observed that the amplitudes of the density profile for these clusters increase significantly as

the mean-field velocity difference approaches zero. This phenomenon indicates that when p is closer

to zero, the traffic flow experiences more pronounced clustering behavior, leading to the stop-and-go
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pattern. This result aligns with our understanding of how small perturbations in p can cause substantial

changes in traffic dynamics.

Moreover, the effect of these perturbations is more pronounced on the road in good condition (Figure

5) compared to the road with bad potholes (Figure 6). The snapshots of the simulation clearly illustrate

that the road with small potholes is more sensitive to variations in p, exhibiting larger and more defined

clusters as p approaches zero. On the other hand, the road with large potholes shows less sensitivity to

changes in p, maintaining a relatively uniform flow pattern despite variations in the mean-field velocity

difference.

These results emphasize the significant influence of p on the formation of traffic clusters, particularly

on roads with different pothole sizes. The road quality plays a crucial role in how traffic responds to

changes in p, with roads in better condition showing greater sensitivity to variations in the mean-

field velocity difference. This insight provides valuable information for understanding how road

conditions and mean-field velocity differences interact to affect traffic flow patterns and the occurrence

of congestion.

7. Conclusion

This paper introduces a comprehensive macroscopic traffic flow model that incorporates the mean-

field velocity difference in the context of adverse road conditions. The study addresses the challenges of

traffic congestion, especially in the presence of poor road networks. The proposed model builds upon

foundational traffic flow theories and integrates elements such as pothole effects, mean-field velocity

difference into the dynamic velocity equations. The theoretical framework of the derived model is

supported by a linear stability analysis, providing insights into the stability conditions crucial for

effective traffic control.

The numerical simulations demonstrate the model’s ability to accurately depict shock waves,

rarefaction waves, and the local cluster effect under various conditions. Notably, the model proves

successful in imitating the abrupt impact of shock waves and the dissolution of rarefaction waves, with

apparent variation for fairly good and bad roads. The investigation revealed that roads with small

potholes allow vehicles to achieve maximum speed prior to encountering shocks, resulting in smoother

traffic flow. In contrast, roads with large potholes present challenges for drivers, who struggle to reach

maximum speed even on clear stretches of road. This disparity is further highlighted by the pronounced

effect of small changes in initial traffic density, particularly on roads in better condition.

The numerical experiments further highlight the model’s adaptability to dynamic density changes and

its success in mimic the local cluster effect. Moreover, the study uncovered a cluster effect, where small

perturbations in the mean-field velocity difference led to significant fluctuations in traffic density. As

the mean-field velocity difference approached zero, the amplitude of density profiles increased, resulting

in the formation of traffic clusters and the stop-and-go phenomenon. This effect was more pronounced

on roads with small potholes, showcasing the sensitivity of road conditions to changes in traffic flow

dynamics.

The proposed model’s unique contribution lies in its consideration of mean-field velocity differences on

a poor road network, addressing a gap in existing macroscopic traffic flow models. This research opens

avenues for further exploration and refinement of traffic flow models, fostering a deeper understanding of

complex traffic dynamics and informing strategies for efficient traffic management in adverse conditions.
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