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TIME-DEPENDENT BEHAVIOUR OF AN M/M/3 HETEROGENEOUS SERVER
QUEUEING SYSTEM WITH MULTIPLE VACATIONS SUBJECT TO SYSTEM
DISASTER

VENUGOPAL KARTHICK AND VAIDHIYANATHAN SUVITHA

ABSTRACT. This research paper investigates the dynamic behaviour of a heterogeneous three-server
queuing model with multiple vacation. The model also accounts for the possibility that a disaster
could occur during busy periods or on vacation, in which case the restoration process would begin
immediately. The time-dependent probabilities of system size are presented in the work with explicit
equations computed in terms of modified Bessel functions, employing generating functions. To support
the theoretical conclusions, numerical examples are given.

1. INTRODUCTION

It is a common observation in queuing systems that the server leaves from the system for a certain
amount of time while it is in operation; this is known as the vacation period. This is the time that the
server can rest or finish up other tasks. The phrase “vacation queuing model” was originally coined
in 1975 by Levy and Yechiali [13] to refer to a queueing approach that takes server vacations into
consideration. Numerous scholars have thoroughly examined queueing models using vacations. Doshi
[3], Takagi [16], Upadhyaya [20], Tian and Zhang [18], and Ke et al. [10] have all conducted extensive
research on vacation queueing models that consider a wide range of scenarios.

Multiple vacations are among the many types of vacations available here. If there are no customers
in the system when the server returns from a vacation, the server may take another one. Multiple
vacations is the name of this type of vacation. Two server multiple vacation queueing model is studied
by Krishnakumar and madheshwari [12],rencenly Karthick and Suvitha [9] are studied about three server
multiple vacations queueing models. Researchers in various fields have Researchers in various fields have
studied multi-server queues with vacations. Levy [13] and Vinod [21] do initial investigations on the
M /M /c queue with exponentially distributed vacation times. Tian [17] discusses the M/M/c queueing
system with vacation in detail and gives conditional stochastic decomposition results for waiting time
and queue length. Several studies on multiserver queueing systems with vacations have been carried
out by a number of researchers, including Kao and Narayanan [8], Igaki [6], Chao and Zhang [2], Zhang
and Tian [22],[23], and Houalef et al. [4]. Tt is commonly assumed that servers in multiserver queueing
systems are homogeneous, i.e., that each server has the same service rate. This presumption might only
be accurate, though, if the servicing procedure is mechanically or electrically controlled. It is typical to
witness servers charging varying prices for the same tasks in human-manned queuing systems. Because
of this disparity in service rates, multiserver queueing systems with heterogeneous servers where service
time distributions can fluctuate throughout servers need to be modelled. As was already mentioned,
secondary occupations are taken into account by vacation queueing systems. Studying how secondary
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jobs affect system performance is made possible by analysing queuing systems with heterogeneous
servers and server vacations.

Queuing theory and network analysis are widely used to forecast congestion and blocking in computer
systems, telecommunication networks, and other queueing systems. Unforeseen events can result in
disasters, and these systems are commonly prone to failure. When a disaster strikes, all jobs in the
buffer including the one the server is now processing are lost because the system becomes unusable.
The first people to examine disaster-prone queuing systems were Towsley and Tripathi[19]. Artaljo and
Gomez-Coral [1] investigated the idea of “stochastic clearing” for queueing systems with catastrophes.
The following studies have offered transient analyses of single server queueing systems with disasters:
Sudhesh et al.[14], Kumar et al. [11], and Jain and Singh [7]. Furthermore, Sudhesh et al. [15]
investigated the transient analysis of two-server queueing models with system diaster.

This model is motivated by the following real-life situation: Consider a wireless network in a shopping
mall where there are three Access Points (APs) that provide internet connectivity to users’ devices. If
there are no users in the vicinity of the mall with devices looking to connect to the internet, then all
three APs remain Inactive. After the inactive time, if again there are no devices waiting for connections,
then again the AP’s go to inactive. If at least one user enters the mall and wants to connect to the
internet, any one of the three APs can handle the connection. The other two APs remain at rest until
more users arrive. If two users arrive and wish to connect to the internet simultaneously, any two of the
three APs can handle their connections, while the third AP remains inactive. If three users arrive and
want to connect to the internet at the same time, all three APs become active, providing connectivity
to each user. It’s also important to take into account the potential for a Denial of Service (DoS) attack
against the system, which would initiate an urgent repair procedure.

2. MODEL DESCRIPTION

In the present study, a M /M /3 heterogeneous servers queueing model with multiple vacations and the
potential for disastrous breakdown and repair is taken into account. These are the main presumptions
that underlie this model:

(i) Customer Arrivals: Customers arrive at a rate of A, following a Poisson process. Customers are
sorted into one queue according to their arrival order. The system’s capacity is based on an infinite
number of potential customers.

(ii) Service Process: For servers 1, 2, and 3, the service rates are indicated as p1, po, and ps, re-
spectively and the service follows exponential distribution. First-come, first-served is the order in
which customers are serviced.

(iii) Vacation Policy: When there are no customers in queue, every server is allowed to take a self-
imposed vacation. If a customer has been entered into the system at the end of a vacation, service
will begin. If not, the server takes another vacation right away, and so on, until finally returning
from vacation to find that at least a single customer is still waiting.

(iv) The duration of vacations taken by the servers follows exponential distributions with rates 61, 6,
93.

(v) Disastrous Breakdown and Repair: When the servers are either on vacation or busy, there is
a possibility of a disastrous breakdown occurring. The occurrence of a breakdown follows an
exponential distribution with a rate . In the event of a breakdown, the repair process starts
immediately, which follows exponential distribution with a rate (3, allowing for the servers to
resume their operation as soon as possible.
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At the time ¢ the number of customers in the systems is consider as H(t) and let I(¢) be the servers
state, where
0, when all the servers are on vacation,

when the server 1 is alone busy,

when the server 2 alone is busy,

when the server 3 alone is busy,

when the servers 1 and 2 are busy,

when the servers 2 and 3 are busy,

when the servers 1 and 3 are busy,

when all the servers are busy,

o B R I I

when all the servers are disaster.

Let X(t) = {H(t),I(t)}, then {X(t): t>0} is a Continuous time Markov chain with a state space
denoted by Q as follows: Q = {{(n,j),n >0,7=0,1,8 U{(n,j),n>1,7=2,3}U{(n,j),n>2,j =
4,5,6} U{(n,j),n >3,j =T}}. Let P, ;(t) be the time-dependent probability for the system to be in
state j with n customers at time t.

Pé ot) = —(A+ a)Po,o(t) + p1 Pra(t) + paPra(t) + pa,5(t), (2.1)
! o(t) = —(A -+ + 01+ 0s + 03) P o(t) + APu_yo()for n > 1, (2.2)

Py (t) = —(A+a)Poa(t) + BPos(t), (2.3)
PLy(t) = —(A+ o+ ) Pra(t) + APoa(t) + paPaa (t) + 01 Pyo(t) + BPys(t)

+ p2Poa(t) + psPa(t), (2.4)
Poy(t) = —=(A+ v+ 1 + 02+ 603) Pt (8) + APoc1,1 (1) + 1 Pagr 1 (8)

+601P,0(t) + BP,s(t) forn>2, (2.5)
P/’g(t) —(A+a+ p2)Pria(t) + pePao(t) + p1 Poa(t) + usPos(t) + 02 Py o(1), (2.6)
Poo(t) = A+ a+ o+ 01 +03)Pya(t) + APy_i2(t) + 2Py 2(t) + 2P o(t) forn>2,  (2.7)
P/}g(t> —(A+a+u3)Pis(t) + pusPas(t) + pePos(t) + p1Pog(t) + 03Py o(t), (2.8)
Pl y(t) = —(A+a+ g + 01+ 02) P s(t) + APo13(t) + p1Pag1 3(t) + 03 Poo(t) forn >2,  (2.9)
P/,4(t) —(A+a+p1 4+ p2)Poa(t) + (u1 + p2)Psa(t) + 01Pao(t) + 2P 1 (t) + psPs 7 () (2.10)
P, 4(t) = —(A+a+ 1 + pa +603) P 4(t)

+ (1 + p2) Pry1,a(t) + APy—1,4(t) + 01Pn2(t) + 02Pp 1(t) + psPs 7(t) (2.11)
Pys(t) = —(A+ o+ p2 + p3) Pos(t) + (2 + 13) Pas (1) + 02Pa (1) + 03 Pao(t) + psPar(t)  (2.12)
P, s(t) = —(A+a+p2 + pz +01)Po5(t) + (p2 + p13) Poy1,5(t) + APs—15()

+ 02Pn 3(t) + 03P 5(t) + p3Paz(t) (2.13)
Pyg(t) = —(A+a+ p + ) Pag(t) + (i + s) Pao(t) + 01 Paa(t) + O3 Po (1) + psPa7(t)  (2.14)
P g(t) = —(A+a+ p1 + p3 + 02) Pag(t) + (11 + 13) Pag1,6(t) + APa_1,6(t)

+ 01 P 3(t) + 03P, 1(t) + psPs 7 (1), (2.15)
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Pyo(t) = —(A+a+ iy + po + ) Pag(t) + (1 + piz + pi3) Pa7(t) + 01 P3 5(t) + 02 Py 6(2)

+ 03P34(t) + paPs 7(t), (2.16)
P;Li(t) = —( AN+ a4 pr+ p2+ p3)Por(t) + (1 + pi2 + p3) Pog1,7(t) + 01P, 5(t)

+ 02Pog(t) + B3P a(t), (2.17)
Pys(t) = —(A + B)Pos( Z (2.18)
Pog(t) = —(A+ B)Pos(t) + APy 18(t) forn > 1. (2.19)

We assume the initial condition as
Pyo(0) =1, Pg(0)=0,P,;(0)=0 for n>1,j=0,1,2,3,8;
P,;(0)=0 for n>2,j=4,5,6 and P, ;(0)=0 for n>3,j="7.

3. TRANSIENT PROBABILITIES

This section provides the time dependent system size probabilities for the system under consideration
using Laplace transformation and Modified Bessels functions.

In Theorem 1 below, we prove the transient probabilities Py, 1(t), Py 2(t), P 3(t), for n > 1, P, 4(¢),
P, 5(t), Pye(t), for n > 2, and P, 7(t), n > 3; and in Theorem 2, we give the transient probabilities
P, o(t), Py s(t) for n > 0.

Theorem 3.1. The probabilities P, 1(t), forn >0, P, 2(t), Py 3(t), forn > 1, P, 4(t), Py 5(t), Pns(t),
forn > 2, and P, 7(t), n > 3 are obtained from equations (2.4)- (2.17) in terms of Modified Bessels
functions as

P,1(t) =/0 (Z (01Pn0(t) + BPps()b] ™" [Tn—m(.) — ]ner(.)]e—kl(t—y))dy

m=1

+ / t ((,,L2p274(t) + usPog(t) + APo1 (t) + (02 + 03) Py (1)) b7~ (3.1)
0

() InH(.)]e—’““-w)dy,

_ /0( g (01 Ponso () + 8P s (D)6 (Lo () IMm(_)]e_kl(t_y)) N
+/0 ((u1P25 ) + tsPag(t) + APoa(t) + (61 + 03) Py o(£)) by (3)
[ea () = Q)™ Jay

:/Ot (mi (61Pm0 )+ﬁPm,8(t))b§Lm[lnm(.)—In+m(,)]e—ks(t—y)>dy

+/0 (( 1 Pas () + 2 Pas(t) + APy 3(t) + (01 + 02) Py s (t)) b5~ (33)
[ea () = O] ay
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t 0o
Pa(t) = / ( > (01Pma(t) + 62 P 1 (8)) 0} ™™ [T (.) — In+m(.)]e_k4(t_y)>dy
0
t
+ / ((Q(Ml + p12) Pa 4 (t) + 2113 P3 7(t) + 205 P 4 (t) )b~ (3.4)
0

() - InH(.)]e—W—y))dy,

Mg

(62Pn3(1) + 03P 2(8)) V8™ [T () - fn+m<.>]e’“5“”)>dy

t
0 <m:l
t
[ (202 + 1) Pos®) + 201 Pas(®) + 261 Pas(t) 5 (35)
0
: [I"—1(~) - In+1(-)] eks(ty))dy7

Mg

S—

(01 P 3(t) + 03P 2 (1)) b5 ™™ [Ln—m(.) — In+m(.)]e_k6(t_y)>dy
1

3
I

+ (2 H1 + ,U3 PQ 6( ) + 2/,62P3,7(t) + 291P275(t))bg_1~ (36)

S~

A

L () - InH(.)]e—’%(f—y))dy,

P q(t) =/ ( Z (01 P 5(t) + 02 Py 6(t) + 03P 7(8)) 053 ™™ [Ln—im (1) — In+m(.)]6_k7(t_y))dy
0 \ =1 (3.7)

+/0 ((2(,“1 + p2 + pg)Ps7(t) + X [In—l(-) _ In+1(-)}6k7(ty)>dy,

and Py 1(t) is obtained from equation (2.3) as

Poi( 5/ Pog(t)e”Mret=mgy, (3.8)
The proof of Theorem 3.1 is given in Appendix A.

Theorem 3.2. The Probabilities P, o(t) and P, g(t) for n > 0 are obtained from equations (2.1), (2.2),
(2.18), (2.19) using Laplace transform as

Poyo(t) = 67()\+a)t . (§(t) —+ ,U,lGll(t) —+ M2G21(t) + M3G31(t) —+ (]. + ,ulGlg(t) —+ ‘LLQGQQ(t)

+ ps3Gsa (t))Po,s(t)> ; (3.9)
/\ntn—l

(n—1)!
+ (1 + M1G12(t) + ,LLQGQQ(t) + MgGgQ(f))Povg(t)), (310)

Poo(t) = e~ (M Fatfit82405)t  o=(Atajt (5(t) + 111G 11(t) + p2Gai (t) + psGsi (t)
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t) = Z 0103 X1(t) + {Qb?_lwa(f) ' (uzéu(t) + p3Ger (t) + (62 + ‘93)(;11(15))]

m=1

|: bn 17/)( ) (M G42( ) + M3G62(t) + (92 + 93)612(t))

mt

—|—Z BA ()\Jrﬁ)tXl( )+2/\B >\+B)tbn 11/’ ():|P078(t), (311)

a

)\ntn lef()\Jrﬁ)t a
P t (Aa+p)t . 1— —(Aa+pB)t 12
=[5 <ae S ) ] (o)) e

AT o

P, s(t) :me Pos(t) forn > 1. (3.13)

The proof of Theorem 3.2 is given in Appendix B.

Remarks:

(i) When there is only one server (assuming ps = pg = 03 == 63=0) and considering there is no

disaster then the proposed model is reduced the model derived in Kalidas and Ramnath [5].

(ii) When there is only one server (assuming ps = pg = 02 = 63=0) then the proposed model is
reduced single server queueing model with system disaster.

(iii) When there are 2 servers (assuming us = 63=0) then the proposed model is reduced to hetero-
geneous two server queueing model with multiple vacation with system disaster.

iv) When there are 2 servers (assuming pus = #3=0) and considering there is no disaster then the

1

proposed model is reduced to the model proposed by Kumar and Madheswari [12].

4. NUMERICAL ANALYSIS

In the following section, graphs showing the system’s transient probabilities in different circum-
stances, including single-server busy, two servers busy, all the three-server busy, servers on vacation,
and failure states, are shown. The graphs have been generated using the following parameter values:
A=2,u1 =3, u2 =2.5, u3 =2.0,60; =0.9, 65 =0.7, 63 = 0.5, « = 0.5, § = 1.5. The behaviour of the
transient probability of a single server-only busy state against time t for various values of n is depicted
in Fig. 1. This graph depicts the probability curves starting at 0 and converging to a steady state over
time. We saw in that graph that the transient probability values go down as the number of customers
goes up. For a certain n value, the probability value of server 1 being busy by itself is higher than
those of servers 2 and 3. Since the vacation rate of server 1 is greater than that of server 2 and server
3. The evolution of transient probabilities during server 1 and server 2 busy states, server 2 and server
3 busy states, and server 1 and server 3 busy states is shown in Fig. 2. From that figure, we notice
that if the number of customers increases, then the transient probability of all the states decreases.
Also, we notice that all probability curves start at 0 and gradually rise to some amount as ¢ rises until
stabilising. Fig. 3 exhibits the graph of all the servers vacation state, all the servers busy state, and
failure state transient probability over time ¢. From that figure, we observed that if the number of
customers increases, then the transient probability of all three states mentioned above decreases, and
it is also evident that probability curves start at 0 and gradually rise to a particular value until they
reach a steady state.
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5. CONCLUSION AND FUTURE WORK

This study explored a heterogeneous three-server queueing system with multiple vacation, disas-
ter, and repair. The modified Bessel function of the first kind was used to derive the time-dependent
probability of the system size. The proposed model’s numerical results show that the time-dependent
probabilities converge their respective steady-state probability.

Future work can expand upon this research by considering multi-server multiple vacation queueing
systems with disaster and repair. Analysing such systems would provide us a more complete under-
standing of their performance and behaviour. It would also be advantageous to investigate stochastic
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FIGURE 3. Probabilities Vs Time

decomposition for this model, as it can provide a deeper understanding of the dynamics of the system

and aid in improving performance.

APPENDICES: PROOFS OF THEOREMS 3.1 AND 3.2

Appendix A : Proof of Theorem 3.1.
Define

Then

Multiply (2.4) by z and (2.5) by 2™ and summing over all possible values of n then we get,

Y P ()" = (At o+ @)Qi(z,t) — (02 +03) Y Pua(t)z” + A2y Pu_pa(t)2"
n=1

n=2 n=1

o) o0 o0
M1 n+1 n n
+ — P, t +6 P, ot + P,s(t + Po4(t) + P g(t),
> n§:1 +1,1(t)2 1 E o(t)z B E s(t)z p2z P a(t) + pzzPee(t)

n=1 n=1

anT(:’t) + <(>\ +a+p +02+03)— ('uzl + /\Z>>Q1(Z, t) = (024 03)P11(t)z + AzFPp.1 ()

- %Pm(t)z 101> Pao(t)z" + 8 Pus(t)e"

n=1 n=1

+ p2Pa4(t) + p3Pog(t).
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Upon integrating the above linear differential equation with respect to ¢, we get

t o ]
Ql(z,t) = /0 (91 Z Pnyo(t)Zn + 5 Z Pn,g(t)z" — ,Uflpl,l(t) + (92 + 93)P1’1(t)z
n=1 n=1

+ p22Poa(t) + pszPe(t)z + )‘ZPO,I(t)) (e~ Fatutbats)(t=y) i /=422)(E=0) ) gy

If a; = 2¢/Ap; and b; = \/\/u;, then

elti/zHA2)t Z(biz)”[n(ait)

—00

where I,(a;t) is a bessel funtion of order n. Using that fact in the above equation and comparing the
terms coeflients of 2™ for n=1,2,3,...

t o0 o)
Pn’l(t) = / |:(91 Z Pm,()(t) -+ 6 Z Pm78(t))b?_mfn_m(.)e*kl(t*y) dy
0 m=1 m=1
t
=+ / |:(,U,2P2,4(t) + M3P2,6(t) + )\Po,l(t) + (92 + 93)P1’1(t)>b?71]n,1(.)e_kl(t_y) dy
0
t
- / 1Py ()T L, (e v gy, (5.1)
0

Equating the coefficients of z=™ for n=1,2,... and applying I_,(.) = I,(.) we get

t o0 [e’e)
’ :/ [(91 > Pao(t) + 8 Y Pus()br ™" L (Je 17 | dy
0 m=1 m=1

t
+ / {(MPM@) + 113 Py 6(t) + APy 1 (t) + (02 + 03) P (1) by ™ pa (e ™79 | dy
0
t
0

where k1 = A+ a + uy + 62 + 03 and I,,(.) = I,,(a(t — y)). Multiply equation (5.2) by b2 and subtract
from equation (5.1)

Pt = | t [ S (61 Pra ()" + 8P a5 [T () ~ fn+m<.>]e-‘“<t-y>} a+ [ t [(uzPu(t)

m=1

+ 13 Pa6(t) + APo,1(t) + (02 + 03) Py a(8)) b [Loa () — In+1(-)]€_k1(t_y)] dy.

In similar way using the equations (2.6)-(2.17) we get (3.1)-(3.7)

Appendix B: Proof of Theorem 3.2.
Taking Laplace transformation of the above equations (2.1)-(2.3), (2.18), (2.19), one obtains,

Poo(s) 1+ M1131,1(8) + M2P1,2(8) + N3p1,3(5))a (5.3)

:s+)\+a(
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. A R

Puo(s) = (5+A+a+ 0 +06s +93)P"‘1’0’(8) (54)
pO,l(s) = %P&S(S)a (5.5)
~ [e% o <
PO,S(S): S(S-’-)\—i-ﬁ) _S—I—)\—f—ﬁ;PH’S(S)’ (56)
. A .
Pos(s) = mpnflA(S) (5.7)
The above equations (5.4) and (5.7) recursively yield
. N .
Pro(s) = (s+ X+ a+0;+6;+65)" Fools), (5:8)
o A" N
P, s(s) = mpo,ss(s)- (5.9)
Taking The Laplace transforms of (3.1)-(3.7), we get
. 1 i . . . .
Pn,l(s) = \/ﬁ mz::l |:(91Pm,0(3) + BPWL,S(S))b?_m (w(s)nfm - w(s)ner)]
n—17 n
+ (2M2P2’4(8) + 2[1/3?2’6(8) + 2)\?0’1(8) + 2(92 + 93)P1}1(S))% for n Z 1, (510)
~ 1 > ~ n—m(. n—m n n+m
P a(s) = \/ﬁ mz::l [GQPm,O(S)bQ (¢(s) —(s)"F )]
n—1_17 n
+ (2/11[:)2)4(8) + 2”3?275(8) + 2(81 + 93)?12(8))% for n Z 17 (511)
> 1 - » n—m (7 n—m N n+m
P, 3(s) = \/ﬁ mzﬂ [espm,o(s)b:s (7/’(3) —(s) * )]
n—1_7 n
+ (2/12]5275(5) + 2#1?276(8) + 2(91 + 02)?173(8))% for n > 1, (512)
Pn,4(5) = \/ﬁ ,;_:2 {(Glpm’g(s) + 92Pm,1(5))b27m X (sz(s)n_m - Q/A’(S)n-i_m)]
n—17 n R n—2 7 n
+ (2(#1 + ,UQ)PQA(S) + 2#3?377(8))% + 203P274(5)% for n Z 2, (513)
. 1 i . . R R
Prs(s) = ﬁ mZ:2 |:(92Pm,3(8) + 03P, 2(5)) b5 " ((s)" ™ — ¢(3)n+m)}
n—17 n R n—2 7 n
+ (2(#2 + ,u3)15275(s) + 2#1]5377(8))% + 201P2,5(8)% for n Z 2, (514)

Prol) = s O (1 Pna(5) + 00 () ()" = (5"

+ (2(u1 + p13) Pao () + 22 Ps 7 (s)) = + 20, Py 6(s) =2

for n > 2, (5.15)
ag Qg
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P, (s 91 - 05, 6(8) 4+ 03P, 4(8))b2 " (h(s) ™™ — h(s)" ™
(s) = ﬁz[ 3(5) + 02P () 4 03Py a(9) D5 ()™ — (s)" ™)

bn—l n n
+ (2(p1 + p2 + /,43)701#(8)P377(8) for n > 3. (5.16)
7

Substituting equations (5.8), (5.9) in (5.10), (5.11) and (5.12) yields

[:’n)l(s) = Z |:91l1 + Sﬁ)\m’mPQS(S)] Xl (S) + 2,“/217?71 '(/}Ezs)n P274(S)

1

. 208 by l(s)"
a; ° ST T M s+HAEB @

Pyg(s), (5.17)

where

)\m

l =
T A+a) s+ A+ at 0y + 0y +65)m

(1 + M1P1,1(8) + N2P1,2(8) + /i3f31,3(8)),

Z Oaly Xo(s) + 20103~ ””EL; Py.4(s) 4 2u3 x bg_lzﬁi‘?nﬁ’%(s)

+2(0, + 93)b3*1L‘°’2)nﬁl,2(s) (5.18)
Z 0311 X5(s) + 2pb}™ “”23) Pys(s) + 2#36?11[}2?”?2’6(3)

+2(6; + 02)b0 wiz)"ﬁm(s). (5.19)

Substituting (5.17)-(5.19) in (5.13)-(5.15) leads to

> m n—17/.\n
Pn74(5) = Z [9192[1 <X1(8) —|—X2(5)> —+ ((s +6)\)‘+ B)m + - —2’_)\53_25 bl ;/1)(5) )PO,S(S)

m=1
+2(p + p2) 07 #31)"132’4(8) + 2M3b§71w282>n Py 5(s) +2(61 + 93)5371#82)n131,2(3)
b~ 17’”(1) o(5) + 2065 + 0)b7~ “/’(1) ()}le()

+ (2w + ug)lf’g,él(s) + 2,u3]5377(s) + 293]3274(5))1@_1(11{1(5)" for n > 2, (5.20)
> _Oo AS AS nlw() nlw() s
Pn75(5)—n;|:9293l1 <X3( )+X2( )) —|—2<u3+,u )b . ( )—|—2 b s P2,4( )

#2000+ 0055 Y o) 4 2 Yy ) 5200, P )| ot

. ) R bE e (s)"
+ (2(p2 + p3) P25 (s) + 201 P 7(s) + 201 Pas(s)) >———— for n > 2, (5.21)

as
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P, g(s) = i {Mgzl (X'l(s) +X'3(s)) + ( G fﬁn 5 T3 fii 5b?_1;i’(8)”>13078(s)

m=1
+2 <M1 + M3> byt wis) Pyg(s) + 2M2b711_1wii132,4(8) +2(61 + 02)b5 1 ¢Ej) Pi3(s)
3 1 3
+ 2M2b§71d}%ﬁ2,5(3) +2(02 + 93)19?71%131,1(8) Xo(s) + (201 + p3) Pos(s)
n—1 n n
+ 2,[1,3]5377(8) + 292]5274(8))w for n > 2. (522)

ag
Substitute n = 1 in (5.17)-(5.19), n = 2 in (5.20)-(5.22) and n = 3 in (5.17) and after some simplifica-

tions, we obtain

éil(s) + éi?(s)pOS(S) for i = 1a 27 37
G’il(s) + éiQ(s)ng(S) for ¢ = 4, 5, 6,

P3’7(8) = Fu(S) + F12(8)]508(8).

ol

where

7N
S
S
=
=
—
o
>,
A
—~
»
N~—
_|_
o
—
5
[\v)
_|_
S
w
&

(( B >X1(S)+ 25 @(s)}

A\ (s+ A+ 8™ s+A+5
Ago(s) = 2 Li; (amzoxl(s) +2(6, + @)%ﬁ?)]i
As(s) = g: Li (93u3l0X3(s) +2(6; + %)‘if?)]j,
Bio(s) :{ i Xa(5)2 <#1 + M2>b7f_1ﬁ;291)n +2(p1 + p2 + 03) bZ‘li(s)" }j7
m=1

Bi1(s) =Bio(s) mi:l {(919210 (Xl(s) + X2(5)>}X4(8)}7
i Kaloﬂom (Xl(s) + Xg(s)) +2(65 + ag)b?—lw} X4(s)},

ay

az

> 2usby ple)® X4(3)}’

{
by
{
{

1
100 5 e+ 2
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b2 (s)? }j

_ p S n
Bao(s {ZX (12 + p2) by ﬂpi; (2 + p3 + 61)

A™ :
o T(5HAtA)(SHAFat O +0)m
Bo(s) :BQO(S){ni [(029310 (Xg(s) + XQ(S))] X5(s)},
Bas(s) :BZO(S){ i [(agegzm (X?,(s) + X2(3)> +2(6; + ag)bg—“ﬁz)n] X5(s)},
m=1

Bas(s) =Bao(s {Zz b3 W ) ()},
Baa(s) =Bao(s {Zzﬂ by~ ”ﬁ ()},

Bao(s {Z Xo()2(pm + ps) by~ 1111( )

2—m 7 \2\J
(u1+u3+91)b¢(8)},

ae

o0

Bs1(s) 330(5){ Z [(919310 (Xl(s) + Xs(s))] Xﬁ(s)}a

m=1

Bia(s) Bgo(s){ f:l [(9193z0u3 (Xg(s) + X2(5)> +2(0 + 03)b! J’S)T Xﬁ(s)},
Xo(s)},

Bas(s) =Bso(s {Z 2 2b1
Baa(s) =Bso(s {Z 2 253 }

oo

CA’LQ(S) _ |:|:291 1b2w( ) +29 w( ) 21/}( ) :|X7(3)+2(/~L1 +M2+u3)b$¢((187)3:|J’
j=0

Chi(s) _6'1,0(8){ Z [91929310 KX?)(S) + Xs5(s) + <X1(5) + X:’a(s))Xe‘(S) + (Xl(s) + X2(3)>
X X4(S):|:|X7(S)},

Cia(s) =Chof {Cn + o, (61 + 63)b wg‘?g&(s)wg(eg + 93)19%1”2?3)64”&(3)}7

Chs(s) =Ch o {CH L o,(6, + 0,220 3, (5) + 2040, + ag)bgw(s)?’)a} X7(s)},

L Vw2 — a2 a2 a2
Cha(s) =Ch o {011 291(91 + 09)b3 ¢23) 5(s 4+ 2602(01 + 62)b w(Z)SXGHXﬂS)},
C15(s) =Ch0( { [ b2¢ Xs(s) + 292%@%;9))56(5) + 205 (1 + M2)fj7/3(8))54(8)

4265 +u2>bi“’< 2 230,20 000},
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Cro(s) é“’(s){,i {zombg—l J’f) X4(s) + 20511263 1"” Xols) + 202 (s + u@fbiws))fs(s)
+ o0 m)bm 9 +292b5¢<5>]x7(3>},

urts) =Cratof g [zemgbgw ) %)+ 2000 b§¢(ai X (5) + 203001 + ) B5)Xol)
+ 20 (1 +u2)b§¢( s) 4202 1&&(:)])?7(8)},

Cra(s) cq,o@{ Wi K et ot 1”(1)) (92;56(5) n 93;54(5))])27(5)},

Diofs) zﬁ_oj [A31<s>u1 ﬁ_oj (Au<s>u2A21<s>m)j (Aus () Aon (s)yas + Ara(s)pas) + Asa ()2 (Aon ()
X g (All(s)ugflm(s)m)j (Av1(s)p2Aai (s)us + Ari(s)ps) + flm(S)Ml)]ja

7=0

D11 (s) =Diof(s) {1‘131(5) + Ag1(s)p2 (A1 + Agy i (1‘111(3)#2A21(5)N1>j (Au(s)+ 1‘111(8)#21‘121(5)))} ;
[

B12(5) :ﬁlo(S) Asq(s mg: (All H2A21( Jz 1) ‘(An(s)uzﬁzo(s){2u1%§)} +Alo(s){2u27’zj(s)}>

ai

+ Ay (s) 2 (A2 (s mio (Au (s)paAgy () )jbigg(All(S)uzﬁzo(s){Qul12)65‘29)}
+A10(s){2u2%f) }) +AQO(S){2M1“%ZS)})],

+ Agi (s)z (Ao (s)pa - io <A11(8)M2421(8)M1>j(AH(S)MAQO(S){MSQ&‘S)}

a2}t )

Dia(s) =Dio(s )[Azl Mli (All §)pa Az (s )Ml) Auo(s ){ wsf)} + Agi (s)uzAar (s)

X g (An(s)mAm(S)M) As(s ){QM 1[}(1)}4-%1 ofs ){ M21€fj)}],

Di5(s) =D1o(s )|:A31 )1 Z (Au (s)paAay(s)p 1) x Aya(s) + Az (s)paAay () (Au(s)

Jj=

x Mzi‘izl(s)m)]/ﬁlz(s)} ;

le(s) :Z (1‘111(8)#21‘121(8)#1) [/111(3) + A12(S)A21(8) + (All(s)uzz‘im(s)ﬂa’. + All(S)MS)bll(S)]>

=0
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Daa(s) :Z (All(s)/@fim(s)/ﬂ)j [(Au(s)mz‘l%(s) + Au(s)ﬂs)ﬁm(s) + Au(S)MzAzo(S){lepﬁfs) }

Jj=0 2
i W(s)

o]

ﬁ23( ) = Z (1‘111( ),u212121( )Ml) {[(1‘111(8)@1‘123(8) +A11(8)M3)b13(8) +A11(5)M21420(8){2M3w658)
Jj=0 2
= o : : : b(s)

Dau(s) = A1 (8)p2Asy () Aq1(8)poAss(s) + A11(s)p3) D1a(s) + Aro(s)4 2 )
]z_;( ) ){( (8)u2A23(s) M3) o{ugal}}

Das( A1 (8)p2Aai (s)p jfizl(S) 1

5( ]Z::o ( ) K
b31(8) :A21(3) + 12121(3)#1 <A11(S)M2A21(8)/~L1> (Au(s) + A12A21(8)) + <A21(3)M1
§=0

X Z (An(s),uzfim(s)m) (Av1(8)p + Asi (s)pzAry (s)ps) + A21(S)M3> D11(s),
=0
Daa(s) =(mn(sym Y- (A (s (8)u1)] (v (5)paAon (5)ps + Ava (5)p) + Azs (5)

=0

" M?)) Dua(s) + (Am(s)m i (An(s)ug x Agl(s)my(An(s)/zz&o(S){Quﬁ/;éj)}

Jj=0

+ Ao(s ){2/12&(8)}) + Ago(s ){QM 1&(5)}),

D33 <A21 ) Z <A11 M2A21 Hl) (A11(8)M2 X 12121(5)#3 + 12111(8),&3) =+ A21(S)u3>D13(8)
=0

(Azl i (An Y2 Aoy ( )Nl)j(ﬁll(s)uszo(s){?% 12};5) } + A20($){2N31€S)})>,

Jj=0

D34 <A21 le A11 M2A21 ),u1> (A11(8)M2A21(8)/~L3+A11(8),u3)+A21(8)/~L3>ﬁl4(8)

7=0

" (Am«sml > (An<8>ﬂ2f‘ﬂ<S>*“)j"‘“’(8){2‘“” Q&a(f ) })

=0
Das(s) =(mn(s)a Y f (Austoma ) (s (s + A 5)is) + Ao
(A21 X i1 Z (AH Vg Aoy (s) )jlez(s)),
Eio(s) = [i (Bu(s)ﬁﬂ(s) + Bii(s)paDaa(s) + 311(8)M3ﬁ12(8)>j] )

Eri(s) =Fy0(s) [Bu(s) + B12(8)Das(s) + Bi1(s)paDsi(s) + Bu(s)ug,bu(s)] fori=1,2,3,4,

n—17 n
Exs(s) :Elo(S)Bm(S)?MS%,
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oo

Fio(s) =) ((012(8) + Daa(s) + Cha(s)Dsa(s) + Cra(s)Dia(s) + Cus(s)) (Era(s) Eaa(s) Ess(s)

§=0
+ E12(8)E24(8) + E13(8)E33( )+ E15 ) + (012 D23 )+ é13(8)b33(8) + 014(8)
X ﬁls(s) + élﬁ(s)) (E22(S)E33( ) + Eoy S)) (012( )D24 + CA'13(S)1A)34(8) + CA'14(S)ﬁ14(8)

+ 017(5))E33(5)>]7

Fn(s) =F10(8) ((6'11(8) + 1522(3)ﬁ22(8) + élS(S)b32(3) + CA'14(S)Dl2(5) + CA'15(8)) (E12(S)E22(8)E33(8)
+ E12(s)Eaa(s) + Eis(s) Ess(s) + Ei5(s)) + (Cr2(s)Das(s) + C1s(s) Dss(s) + Cra(s) Dis(s)

+ OIG(S>) (E22(S)E33(8) + E24(8)) + (6'12(8)ﬁ24 + CA'13(S)D34(8) + 6'14(8)D14(8) + 017(8))E33(8)>7

FlZ(S) :Flo(s) ((012(8)1522(5) + 6'13(5)1532(8) + 6'14(5)1512(5) + 6'15(3)) (E12(5)E23(5) + E12(5)E22(8)
+ E14(8)) + (6'12(3)b23(s) + 013(S)ﬁ33(8) + é14(8)b13(8) + 016(8)) (EQQ(S)E32(8) + E23(8))
+ (012(3)1524 + 013(8)1534(3) + 6'14(8)D14(5) + 017(3))E32(S)>,

Gi1(s) =Di1(s) + Dia(s) (Er1(s) + Era(s) Eas(s) + Ers(s)Es1(s) + Fi2(s)Eaa(s) Es1(s) + (Bia(s) Eaa(s)
x E33(s) + E12(s) Eaa(s) + Eus(s)Ess(s) + E1s(s)) Fi1(s)) Dis(s) (B (s)
+ Eao(s)Es1(s) + (E22( )E33(8) + Ea(s)) i ( s)) + Dys(E31(s)
+E33 F11 ) for 1 =1,2,3,
Gia(s) =Dys(s) + Dia(s) ) (Bra( 8)Ea3(s) + E12(5) Eaa(s) Bsa(s) + Era(s ) (E12(8)E22(8)Egs(8)
+ (E12( )Eaa(s) + Er3(s)Ess(s) + Eus(s )F12 s)) +Dz3(E22 (5)Es2(s) + Fas(s)
(

(E22( )E33(8)) + Eoa(s ))F12( ) + Dja(s )(Esz( )+ Es3(s) Fra(s )) for i=1,23,

)

)

Gar(s) =E11(s) + Ena(s)Eai (s) + Eis(s) Bsa (s) + Era(s) Eas(s) Esi(5) + (Ena(s) Eaa(s) Esa(s)
+ Era(5)Eaa(s) + Ens(s)Ess(s) + Eus(s)) Fn,

(s)
(s)
Gaz(s) =B14(s) + B12(s) Ea3(s) + E12(s)Eaa(s) Es2(s) + (Er2(s) Eaz(s) Ess(s) + Era(s) Eaa(s)
(s)
(s)

_|_

+ Bi3(s) Es3(s) + Ens(s ) Fia(s),
G51(8) =E21(s) + Eaa(s)Es1(s) + Es(s) + (E22(S)E33(8) + E24(8))F11,
s) =E22(s)E32(s) + Eas(s) + (Eaa(s)Ess(s) Eaa(s)) Fia(s),
) =Ez1(s) + Ess(s)Fu(s),
Go2(s) =Esa(s) + Es3(s) Fia(s).
f

Substituting the values o Pn( ), Plg(S), p13(s), P24(s), ng)(s)7 ng(s), P37(3) in (5.3), (5.8) and
(5.16)-(5.22) yieds
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Pools) = (5+Ata) {(1 + 11G11(s) + p2Gaa () + 3G (5)) + (14 paGaals) + p2Giaa(s) + pia

X 632(5))]50,8(3)} ) (5.23)
Po(s) = GIATa)TA i"a 0 T 0y 1 0" [(1 + 11G11(8) + p2Gai(s) + 3G (s))

+ (14 1 G1a(6) + pCn(s) + paCin(5) Pos(s)| (5.24)

= Z 0112X1(s) {%n 1¢(§ ) <M2G41( ) + 13Ger(s) + (02 + 93)67'11(8))}

+ 2077t Uff) . <MQG42(S) + Mséfm(s) + (62 + 93)é12(5))
P, (S) = Z 02[2X2 |:2bn lw( ) <,[L1G41( ) + M3é51(3) + (91 + 93)@21(8)>:|

m=1

+ |:2b;llwisl)n< M1 - é42(8) + ,u3é52(8) + (91 + 93)@22(8)>:| P078(S), (526)

P, 3(8) = Z 93l2X3 |:2bn 1¢( ) <M1G51( ) + H2G61(3) + (91 + 02)@31 (S)):l
m=1
+ {21)3”%81)” : (MIGSQ(S) + p2Gea(s) + (01 + 92)@32(8)” Pos(s), (5.27)
AT R R R
A TG T At a T B TGt aym (L TG+ helan(s) + sl (s))

+ (14 1 Gha(s) + paGa(s) + nsGaa(s)), (5.28)
Pa(s) = Z {91925 (Xl( )+ Xg(S))]X4(S) +> [(,%6;51( )+ (61 + 93)6;21(5))@11/}1;25)

()G aGon(9) + 01+ )G9 )0 (5 )

a1 Q4
+ { [(H3G52 + (01 + 03)Gaa(s )> byt 1/17;28)
(00 )G i)+ 61+ 0o )i ()| )
aq a4y
LA™ 20802 1 ¢"(s)\] 2

+ ((3+/\+B 5+>\+Bb o >:|P0,8(8), (5.29)
P, s( Z {929352 (Xz( )+ X3(S))] Xs(s) + [(mém(s) + (01 + 92)é3l(s)> bgflLZis)

¥ ( i+ 113)Gost + i G (5) + (64 +92>é21<s>)b3—1”’”< | ), (5.30)

az as
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+ Z |:<N1é62(3) + (91 + 92)G32( ))bn 1{11}“( )
+ <(“2 + 113)Gaz + 111 Gaa(s) + (1 + 02)Glas (s > by 1¢ }b” 1¢:( )Pos(s), (5.31)
Poe(s) = mz:; [91‘9312 <X1( ) + Xs(s )} P KuzGu + (02 + 03)G 11 (s )) 11/)2759)
+ ((Ml + p13)Ge1 + p2Gs1 (5) + (62 + 03) G (s )b” lwn }b” 1wn(s)
S g 11/’n(5
+ 2Gaa(s) + (02 + 6 )Glz( ) oy
|:7nz_:1 l:(u ’ ) aq
+ ((m + 13)Goa + 112G32(s) + (02 + 03)Ga(s )>b” ”/’3 (s )}bg 1157:(3),
pA™ 2A80s 19" (s)] £
+<(s+)\+ﬁ)m+s+)\+ﬂb1 a )]Pw(s) (5.32)
Pars) = 3 [91929312 ((x.a(s) 1 X)) Xa(s) + (Xals) + Xs(s)) Xs(s) (Xa(s) + Xs(s) ;zG(s))} £(s)
+ Z {93 K 3G51(s) + (61 + 93)(?21(5))@”/223)
+ ((Ml + p12)Gar + paGe(s) + (61 + 03)G11(5)> : b?‘”sf(s)} bz—l%:(g)
+ o Kulém(s) + (01 + 92)631(5))@—1“(3)
as
+ <(M2 + p13)Gs1 + pa - Gaa(s) + (61 + 92)@21(8)> : bgll(/;:(s)} bg’lqﬁ—:(s)
+ 62 Kuz@u(s) + (02 + 93)é11(s)>b?1¢258)

+ ((ﬂl + p13)Ger + paGsi (s) + (02 + 03) G (s ))bn 11/}3( )} 6 (S)]

d i | (Gt 01+ 93>ézz<s>)bz;“ﬁi>

bn 1 an
as

+ <(M1 + ﬂz)é42 + usém(s) + (61 + 93)(7712(5))1’?_“/} (s )} —(s)

+6; Kulém(s) + (0 + 92)é32(5)> byt W;ES)

+ <(,u2 + u3)é42 + M1G42(8) + (61 + 92)622(5))

bn—l 12)”(8)

ai

x bg‘lg(é‘)} b?“ﬁ:(S) + 02 Kﬂzézxz(s) + (02 + 93)é12(5))

n ((ul+u3)é62+u26:52(s)+<92+93)é32< >)b” 1 >}b" .

as ag

BA™ 2230y . n(s) R
+2((8+A+B)m+s+A+ﬁb1 T >”P°’8(s)’ (5:33)
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Inverting equations (5.5), (5.23)-(5.33) leads to,
Poa(t) = Bem MR 5(1),

Poo(t) = e= A Fe)t (5(t) + 11 G11(t) + p2Gar (t) + p3Gsi(t) + (1 + p1Gra(t) + p2Gaa(t)

+ MgGBQ(t))PO,S(t));
)\ntnfl
(n—1)!
+ (1+ p1Gr2(t) + poGaa(t) + M3G32(t))P0,8(t)>7

Pn,O(t) = e~ (AtatOi+02+05)t o—(A+a)t <5(t) + ,LLlGll(t) + MgGgl(t) + u3G31(t)

1(t) = i 0113 X (¢ [ 2077 1¢( ) <M2G41( ) 4 u3Ger(t) + (62 + 93)6111(??))}

> )\mt

[b” 1w()<u Gua(t) + psGea(t) + (02 + 03)Gralt ) Z

—(A+B)tX1 (t)
(m —

#2age 0o 0 .
1

Poa(t) = Oals Xo(t) + [ng—“/;(? * <Mé41(t) + 3G (t) + (61 + og)ém(t)ﬂ
m=1

n [ngl 1/’251)" <,u1é42(t) + u3Cisa(t) + (61 + 93)@2@))]150,8(15),

m=1

(u1@51(t) + G (t) + (61 + 92)6:31(15))]

+

[anlwgn (M1G52(t) + paGla(t) + (61 + 92)632(75))]]30 s(t),

i [eleglg (X1 )+ Xa(t )} )+ Z KW,G51 + (01 + 05)Gian (¢ ))bg—”ﬁzit)

=2
bn 1 wn
Q4

+ ( p1 + p2)Gar(t) + p3Ger(t) + (01 + 93)G11(f)>b?_1w1 (t )] —(s)

+ [Z K#3G52( )+ (01 + 93)G22(t)>b§1w(t) + ((ul + 112)Gaa

a
m=1 2

+u3G62(t)+(91+03)G12(t))b?_1¢1( )} by “ﬁ:() féwfl) OB 4 9330,
% e—(A+B)tbn71 wn(t)} Po,s(t)7
> - — A n— ?w;n(t)
P, 5(t) = 020513 Xo(t) + X. Xs5(t) + Ge1(t) + (01 + 05)Gsy (t) b3 1 —=
o) = 3 [patsts (000 + X)) 5500+ 3 [ (1nCr(6) + 01+ 0)Gnt0) )50

+ ((N2 + M3)é51(t) + ,U1G41 (t) + (01 + 92)G21 (t)> bg_l wij (t)} bg_l ¢Elt5) ©
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0 n
Z 19 (@)
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Here all the probabilities are purely expressed in terms of Pyg(t). Using (2.18) we can find Py g(t) in

the following manner: substituting P, g(s) in (5.6) we get

o0

A Q@ « A" A
Pos(s) = s(s+ A+ a+p) _s+>\+a+ﬁ;(s+>\+ﬁ)”%’8(8)'

On inversion, we obtain

(1]
(2]
(3]

(4]

[9]
(10]

(11]

[12
[13]
[14]
[15]
[16]
[17]

(18]
(19]

20]

(21]

e e )\ntn—le—()\-‘rﬁ)t J a
— _ —(A+a+p)t _ o~ +at+p)t
() <[ 3~ e 2 N raea(— )|
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