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ANALYSIS OF A MULTI-ITEM QUEUEING INVENTORY SYSTEM OPERATING

WITH AN EXCHANGE FACILITY

KARUMBATHIL RASMI AND MACHUVEETTIL JACOB

Abstract. This paper explores a stochastic queuing-inventory system designed to efficiently manage

both new and returned items, offering practical solutions for diverse customer needs. The system

differentiates services for various customer classes through dedicated channels, encompassing the sale

of new and returned items, as well as the purchase of used items from customers. This model incorpo-

rates four parallel queues for distinct customer classes, each serviced by a dedicated server. Customer

arrivals are modeled using a Markovian Arrival Process (MMAP), with service times being exponen-

tially distributed and independent. An (s, S) policy is implemented for replenishing fresh items. The

primary objective is to enhance service accessibility for various customer types within a single facility,

promoting operational efficiency and customer satisfaction. Additionally, the system’s ability to pur-

chase used items underscores its role in fostering sustainability in an evolving society. By applying the

Neuts matrix geometric technique, the paper analyzes the system to derive the long-term probability

distribution and significant performance metrics. Numerical methods are utilized to investigate key

system parameters and performance measures, and a cost function is introduced and optimized con-

cerning the reorder level. This comprehensive analysis offers valuable insights for optimizing inventory

and queuing systems in practical, real-world applications.

1. Introduction

Second-hand markets involve the buying and selling of used or pre-owned items. Such markets that

combine buying and selling of both new and used items, as well as facilitating item exchanges, offers a

wide range of options for consumers. This type of market provides a versatile platform where individuals

can not only purchase and sell both new and pre-owned goods but also engage in barter-style exchanges.

In such a system, when a customer returns their old items, the system does not demand that these

items were originally purchased from the same system. The system operates with the assumption that

the returned products always meet the terms and conditions set by the system.

We come across several platforms where objects/commodities/goods could be exchanged with new

ones. Customers might be interested in either new items or used items, or they wish to exchange a used

item with a new one, or they just want to sell their used item. The customer approaching the system

with a used item has two options: either to sell the old item and buy a new item, or the customer can

choose to leave the system without buying a new item. This creates two possible classes of customers in

such a system with multiple service options. Benefits of buying used items include cost savings, reduced

waste, and the potential to find unique or rare items. There will be a class of customers who only wish

to purchase a used item. However several customers have a preference for purchasing brand-new, unused

products instead of opting for used or secondhand items. They form another class of customers in a
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stochastic service system with new and used inventory. Thus, customers may be categorized into four

distinct classes based on their characteristics.

A study by Zhao [23] focused on a queueing inventory system with two customer classes, where each

service completion reduced the inventory by one unit. The authors modeled the system as a level-

dependent quasi-birth-death process and provided a detailed analysis. Krishnamoorthy, Manikandan,

and Lakshmy [15] presented a queueing inventory model that incorporates different inventory control

policies and addresses several related optimization problems. More recent contributions, including those

by Almaqbali et al. [1] and Sinu et al. [20], examine queueing inventory systems with multiple customer

classes and employ a Batch Markovian Arrival Process (BMAP) to represent customer arrivals.

The field of queuing-inventory theory, which falls under the broader umbrella of operations research,

plays a crucial role in aiding businesses in making decisions on how to design more efficient and cost-

effective service systems. The domain of multi-type queuing inventory appears to have attained limited

attention, despite the availability of numerous studies on multi-type inventories. As an illustration,

[5] conducted an in-depth examination of a queuing-inventory system utilizing a single server. This

system analyzed two distinct commodities, with each type having limited storage space allocated to it

using the matrix analytic method. In contrast, [22] investigated a queuing inventory system that dealt

with three distinct customer types and two types of inventory. [19] conducted an investigation into a

two-commodity queueing inventory with two customer classes. A manufacturing system comprised of

multiple products, employing a continuous review inventory control policy for each commodity type

was explored by [2]. [14] also investigated an inventory model with two types of commodities. Multi-

item queueing inventories were also investigated in [4]. [16] studied a Markov inventory system that

incorporates flexible service policies and caters to two classes of customers. Furthermore, a production

inventory model, involving job shop routings and random arrivals, was the subject of a study by [21].

We assume that the customer’s arrival to the system is according to a Marked Markovian Arrival

Process (MMAP). Often, the presence of prioritization coincides with the existence of diverse customer

groups, such as those differing in their service time distribution, whether in single-server setups [3, 12] or

multi-server scenarios [13, 7, 8]. Consequently, the arrival process exhibits variability, and one potential

solution for modeling this variability is the Marked Markovian Arrival Process (MMAP), as applied in

works like [3, 7, 9]. MMAP[K], an extension of Markov arrival processes (MAP), is a well-established

concept in queuing theory. The original MAP, as outlined in Reference [18], was created to model

non-Markovian point processes. While it serves as a valuable tool for representing point processes

involving a single customer class, MMAP[K], as introduced by Neuts (as referenced in Reference [11]),

offers a practical analytical framework for scenarios where multiple customer types coexist(Refer [10]).

Key attributes of MMAP, including some characteristics of the arrival process, the time it takes for

a specific item type to arrive, and the associated MMAP behavior during that initial arrival, are

thoroughly examined in Reference [11].

In their work, Melikov [17] presented queueing inventory models that support both finite and infinite

buffer capacities to address customer impatience. Yadavalli et al. [22], in a separate study, examined a

system featuring three types of customers, where arrivals are governed by a Markovian Arrival Process

(MAP) and two distinct types of inventory items are managed. Chakravarthy [6] explored models in

which customers demand a random, but bounded, number of items, with provisions made for potential

customer loss.

Although much research has focused on queueing inventory systems with multiple customer classes,

no studies have addressed the concept of an inventory exchange facility while considering the presence

of four distinct customer classes. This manuscript aims to fill this gap by introducing an inventory

exchange mechanism within a multi-server queueing framework, offering a more comprehensive and
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realistic model for modern service and production systems. This paper considers a system that treats

four classes of customers, creating four different queues each with dedicated servers. On the service

completion of a customer from the class 1, one item is subtracted from the stock of new items. The

customer from class 2 leaves the system by exchanging of used item with a new one, which adds one

item to the stock of used items, and at the same time, one is deducted from the stock of new items.

On the other hand, when the service of the class 3 is completed, one item is deducted from the stock of

used items. The service completion of the fourth class of customers adds one item to the stock of used

inventory. This kind of system is observable all around us.

This paper is organized as follows: An introduction to the model and a review of related work are

presented in Section 1. Section 2 explains the mathematical formulation of the model and the process

of the system states is explained. Further, it investigates the stability analysis of the model in section

3. Following that, Section 4 derives the steady-state probability vector and the characteristic metrics

of the model, and Section 5 gives the numerical illustration. Finally, section 6 concludes the analysis.

2. Model Description

In this study, customers from four different classes arrive at the system according to a marked

Markovian arrival process(MMAP [4]). Two different stocks are incorporated into the system. Stock

1 holds inventory with new items and stock 2 consists of inventory with used items. Customers who

demand service with new items belong to class 1. They are allowed to wait in an infinite waiting space.

The class 2 customers are those who wish to get service with an exchange of a used item for a new one.

Class 3 customers want to buy used items only. Class 4 are interested in selling their used item. The

customers from class 2, 3 and 4 can wait in finite buffers with capacities, say, l2, l3, and l4 respectively.

There are 4 service nodes, each with a single server, in the system. Server k attends the customers

from class k, k = 1, 4. The service time of the respective servers follows exponential with parameters

µk, k = 1, 4. As a class 1 customer departs from the system, one inventory from stock 1 is also removed.

On service completion of a class 2 customer, one item is added to the stock 2, and one item is reduced

from stock 1. When a Class 3 customer leaves the system after getting service, the stock 2 level is

decreased by 1. As a class 4 customer leaves the system after service completion one item is added to

the stock 2. Stock 1 is running according to (S1, s1) policy with an exponential replenishment rate γ

and Stock 2 has a maximum limit, say, S2. We assume the customers from class 2 and class 4 arriving

in the system when the stock 2 level is S2 are lost.

The arrival process, MMAP [4], is driven by an irreducible continuous time Markov chain (CTMC)

{Z(t)}t≥0 with finite state spaceW. Let |W| = W . The sojourn time in each state z ∈ W is distributed

exponentially with rate βz and d.f.

Fzẑ(x) = 1− e−βzx. (2.1)

At sojourn time expiration epoch, with probability P (k)(z, ẑ) the process Z(t) moves from the state

z to ẑ, generating a class k customer arrival, z, ẑ ∈ W, k = 0, 1, 2, 3, 4. (conventionally, no customer

arrival is generated if k = 0). Note that, for any z ∈ W,

4∑
k=0

∑
ẑ∈W

P (k)(z, ẑ) = 1. (2.2)

Thus, the MMAP is characterized by a set of 5 transition rate square matrices D0, . . . , D4 of order

W defined as follows:

(Dk)zẑ =

{
βzP

(k)(z, ẑ), z 6= ẑ,

−βz1k=0, z = ẑ,
z, ẑ ∈ W, k = 0, 1, 2, 3, 4., (2.3)
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where 1k=0 is the indicator of a non-random condition k = 0. The matrices Dk constitute a generator

matrix D of the Markov process {Z(t)}t≥0 such that

D =

4∑
j=0

Dk. (2.4)

Recall that De = 0.

Let Nk(t) be the number of class k customers in the system, k = 1, 2, 3, 4, Ij(t) be the inventory

level at stock j, 0 ≤ Ij(t) ≤ Sj , j = 1, 2, , and Z(t) ∈ W be the phase of the MMAP, at time t ≥ 0.

Then, the considered system can be modeled by the regular irreducible CTMC

ζ(t) = {N1(t), N2(t), N3(t), N4(t), I1(t), I2(t), Z(t)}, t ≥ 0,

with state space (n1, n2, n3, n4, i1, i2, z), n1 ≥ 0, 0 ≤ nk ≤ lk, k = 1, 2, 3, 4, 0 ≤ ij ≤ Sj , j = 1, 2 and

z ∈ W.

Fix the process ζ(t) at some state (n1, n2, n3, n4, i1, i2, z). Due to independence of the components

of ζ(t), the possible transitions are listed below:

• (n1 + 1, n2, n3, n4, i1, i2, ẑ) with rate (D1)zẑ, (arrival of class 1 customer);

• (n1, n2 + 1n2<l2 , n3, i1, i2, ẑ) or (n1, n2, n3 + 1n3<l3 , i1, i2, ẑ) or (n1, n2, n3, n4 + 1n4<l4 , i1, i2, ẑ)

with respective rate (Dk)zẑ,, (arrival of class k customer k = 2, 3, 4);

• (n1, n2, n3, n4, i1, i2, ẑ) with rate (D0)zẑ (MMAP phase switch);

• (n1−1, n2, n3, n4, i1−1, i2, z) with rate µ1, if n1 > 0 and i1 > 0, (departure of class 1 customer);

• (n1, n2 − 1, n3, n4, i1 − 1, i2 + 1, z) with rate µ2, if n2 > 0, i1 > 0, and i2 < S2 (departure of

class 2 customer);

• (n1, n2, n3−1, n4, i1, i2−1, z) with rate µ3, if n3 > 0 and i2 > 0, (departure of class 3 customer);

• (n1, n2, n3, n4 − 1, i1, i2 + 1, z) with rate µ4, if n4 > 0 and i2 < S2, (departure of class 4

customer);

• (n1, n2, n3, n4, S1, i2, ẑ) with rate γ, if i1 ≤ s1 (inventory replenishment in Stock 1).

Lexicographically ordered state space allows one to write the generator matrix in block-tridiagonal

form

Q =


A

(0)
1 A0 O O . . .

A2 A1 A0 O . . .

O A2 A1 A0 . . .
...

. . .
. . .

. . .
. . .

 , (2.5)

where the matrix O is a zero block of the corresponding dimension (we give the dimension explicitly if

and when necessary).

Corresponding to each level n1 , then are L states where,

L = (l2 + 1) (l3 + 1) (l4 + 1) (S1 + 1) (S2 + 1)W

W 0 = (l2 + 1) (l3 + 1) (l4 + 1) (S1 + 1) (S2 + 1)

k2 = (l2 + 1) , k3 = (l3 + 1) , k4 = (l4 + 1)

s1 = (S1 + 1) , s2 = (S2 + 1)

Then, the blocks Ai, i = 0, 1, 2, and A
(0)
1 are square matrices having size L.

It is quite straightforward to define A0, since, upon arrival of a class 1 customer, only the MMAP

phase is switched; thus,

A0 = IW 0 ⊗D1, (2.6)
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where ⊗ is the Kronecker product and I is the identity matrix of corresponding dimension. We will

need the following notation: hereafter eki:j is the (column) vector of dimension k ≥ 0 with i th to j th

components equal 1, and zero otherwise, i ≤ j ≤ k (conventionally we take eki:j ≡ 1 if k = 0 ). To

shorten the notation, we use for any i ≤ k
• eki ≡ eki:i (a single non-zero component at i th row, dimension k );

• ek ≡ ekk:k (last non-zero component, dimension k );

• ek ≡ ek1:k (all non-zero components of dimension k ).

Upon departure of class 1 customer, the level, as well as the inventory(stock 1), are decremented by

one, the matrix A2 has the following form:

A2 = Ik2k3k4 ⊗ µ1L
−
1 ⊗ Is2W . (2.7)

Where the matrix L−j is of order Sj + 1 and has only the lower diagonals 1 and all other entries are

zero, j = 1, 2.

We need auxiliary matrices of an increment/decrement in the corresponding (phase) component:

N
(+)
k =

[
0 Ilk
0 e′lk

]
, N

(−)
k =

[
0′ 0

Ilk 0

]
.

Note that N
(−)
k is a square matrix of order lk+1 having lower diagonal of ones, while N

(+)
k is semi-upper

diagonal. It is worth noting that asymmetry in N
(+)
k (non-zero last row) is used to indicate the arrival

of a class k customer that is lost, while the MMAP phase is changed according to Dk.

A1 =
(
N+

2 ⊗ Ik3k4s1s2 ⊗D2

)
+
(
Ik2 ⊗N+

3 ⊗ Ik4s1s2 ⊗D3

)
+
(
Ik2k3 ⊗N+

4 ⊗ Is1s2 ⊗D4

)
+
(
N−2 ⊗ Ik3k4 ⊗ µ2L

−
1 ⊗ L

+
2 ⊗ IW

)
+
(
Ik2 ⊗N−3 ⊗ Ik4s1 ⊗ µ3L

−
2 ⊗ IW

)
+
(
Ik2k3 ⊗N−4 ⊗ Is1 ⊗ µ4L

+
2 ⊗ IW

)
+
(
Ik2k3k4 ⊗ γes11:s1+1e

′
s1 ⊗ Is2W

)
+ (IW 0 ⊗D0)−∆

(2.8)

The matrix L+
j is of order Sj + 1 and all except upper diagonal of units are zero, j = 1, 2 and ∆ assures

(A0 +A1 +A2)e = 0.

∆ = diag
[
δ(a) + δ(b) + δ(c)

]
, (2.9)

where δ(a) is the vector of transition rates due to the departure of customers of classes 2, . . . ,K, δ(c)

contains transition rates due to a class 1 customer departure, and δ(b) is the vector of transition rates

due to replenishment given as follows:

δ(a) =
(
µ2e

k2
2:k2
⊗ ek3k4 ⊗ es12:s1 ⊗ es21:s2−1 ⊗ eW

)
+
(
µ3e

k2 ⊗ ek32:k3 ⊗ ek4s1 ⊗ es22:s2 ⊗ eW
)

+
(
µ4e

k2k3 ⊗ ek42:k4 ⊗ es1 ⊗ es21:s2−1 ⊗ eW
)
, (2.10)

δ(b) = γek2k3k4 ⊗ es11:s1+1 ⊗ es2W , (2.11)

δ(c) = µ1e
k2k3k4 ⊗ es12:s1 ⊗ es2W . (2.12)

It remains to define the block A
(0)
1 and the only difference is in the diagonal balancing matrix. Indeed,

from the condition
(
A

(0)
1 +A0

)
e = 0, it follows that ∆0 = diag

[
δ(a) + δ(b)

]
.
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3. Stability Condition

The necessary and sufficient condition for the existence of the non-zero steady-state probability is

the specific version of the Foster ergodicity condition known as the Neuts ergodicity criterion

πA0e < πA2e, (3.1)

where the stochastic vector π is the solution of the system

πA = 0, (3.2)

and

A = A0 +A1 +A2. (3.3)

Note that, due to the properties of Ai, i = 0, 1, 2, the matrix A is a generator matrix of a finite state

space CTMC giving the projection of the phase transition at high levels; thus, the vector π may be

considered as the steady-state probability of the phase at high levels. It now follows that A has a

block-tridiagonal structure indexed by the number of class-2 customers as follows:

A =



U
(0)
1 U0 0 0 . . . 0

U2 U1 U0 0 . . . 0

0 U2 U1 U0 . . . 0
...

...
. . .

. . .
. . .

...

0 0 . . . U2 U1 U0

0 0 . . . 0 U2 Û1


. (3.4)

The blocks U
(0)
1 , Û1, and Ui, i = 0, 1, 2, are square matrices. Indeed,

U0 =Ik3k4s1s2 ⊗D2,

U2 =Ik3k4 ⊗ µ2L
−
1 ⊗ L

+
2 ⊗ IW

U1 =Ik3k4 ⊗
((
γes11:s1+1e

′
s1 + µ1L

−
1

)
⊕ (Is2 ⊗ (D0 +D1))

)
+
(
N+

3 ⊗ Ik4s1s2 ⊗D3

)
+
(
Ik3 ⊗N+

4 ⊗ Is1s2 ⊗D4

)
+

+
(
N−3 ⊗ Ik4s1 ⊗ µ3L

−
2 ⊗ IW

)
+
(
Ik3 ⊗N−4 ⊗ Is1 ⊗ µ4L

+
2 ⊗ IW

)
− ∆̂,

where ⊕ is the Kronecker sum defined as A ⊕ B = I ⊗ B + A ⊗ I; ∆̂ being a diagonal matrix that

guarantees (U0 + U1 + U2)e = 0, and obvious convention
∑K
j=3 = 0 for K < 3 is used. It remains to

note that, since U
(0)
1 corresponds to states with no class-2 customers, U

(0)
1 = U1 + diag[U2e], while the

matrix Û1 = U1 + U0 .

Let the row vector π be presented in the form π = (π0, π1, . . . , πl2). Finally, after some algebra, the

ergodicity condition becomes

ρ := λ1

[
l2∑

m=0

πmek3k4 ⊗ µ1e
s1
2:s1
⊗ es2W

]−1
< 1. (3.5)

Note that the stability condition has a nice interpretation, since λ1 is the upward drift, while the sum

in brackets is the mean downward drift of class 1 customers obtained by aggregation of the components

phase probabilities vector π corresponding to the states with positive departure probability of class 1

customers.
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4. Steady State Performance

If the stability condition (3.5) holds, the stochastic vector of stationary probabilities, q, exists and

is the solution of the steady-state equation involving the infinitesimal generator Q given in (2.5):

qQ = 0. (4.1)

Note that the components of the vector q are ordered lexicographically, that is, for nk ∈ {0, . . . , lk}, k =

1, . . . ,K, i ∈ {0, . . . , S} and z ∈ W,

q(n1, n2, n3, n4, i1, i2, z)

= lim
t→∞

P {N1(t) = n1, N2(t) = n2, N3(t) = n3, N4(t) = n4, I1(t) = i1, I2(t) = i2, Z(t) = z} .

Since the matrix Q defines a level-independent QBD, the solution can be obtained in the matrix-

geometric form. Indeed, splitting the vector q into finite vectors q0, q1, . . . by the (value of the) first

coordinate, we assume that

qi = q0R
i. (4.2)

The matrix R is the so-called rate matrix, being the minimal non-negative solution of the matrix

quadratic equation (which follows from (4.1) using the block-tridiagonal structure of Q and (4.2)),

R2A2 +RA1 +A0 = 0. (4.3)

The boundary conditions for obtaining q0 follow from the first block-column of Q and are

q0(A
(0)
1 +RA2) = 0, (4.4)

q0(I −R)−1e = 1. (4.5)

However, in order to avoid numerical difficulties, it is recommended to use the alternative matrix

quadratic equation for the sub stochastic matrix G being the minimal non-negative solution of the

system

A0G
2 +A1G+A2 = 0, (4.6)

obtain the R matrix by the known relation

R = A0(−A1 −A0G)−1, (4.7)

and, finally, use (4.2) to obtain the vector q.

After obtaining the steady-state probability vector, it is straightforward to define the steady-state

performance measures of interest. We use an auxiliary vector j(n) of size n+ 1 containing the sequence

(0, . . . , n), i.e.,

j(n) = (0, . . . , n).

• Average number of class 1 customers in the system:

E1 = q0R(I −R)−1eL. (4.8)

• Average number of class k = 2, 3, 4 customers in the system:

Ek = q0(I −R)−1ek2kk−1 ⊗ j(lk) ⊗ ekk+1k4 ⊗ es1s2W (4.9)

• Average inventory size in the stock 1:

Ī1 = q0(I −R)−1ek2k3k4 ⊗ j(s1) ⊗ es2W (4.10)

• Average inventory size in the stock 2:

Ī2 = q0(I −R)−1ek2k3k4s1 ⊗ j(s2) ⊗ eW (4.11)
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• Replenishment rate,

R̄ = q0(I −R)−1δ(b). (4.12)

• Class k loss rate, k = 2, 3, 4 due to filled buffer

Lk =

∞∑
i=0

qi
(
ek2k(k−1) ⊗ elk+1 ⊗ ek(k+1)k4s1s2 ⊗DkeW

)
(4.13)

• Class k loss rate, k = 2, 4 due to maximum inventory level

L
′

k =

∞∑
i=0

qi
(
ek2k3k4s1 ⊗ eS2

⊗DkeW
)

(4.14)

5. Numerical Illustrations

In this section, a numerical study has been presented to illustrate the behavior of key performance

measures under various system parameters. The results help to demonstrate the practical implications

of the analytical findings and offer insights into the system’s operational dynamics. The numerical

computations were carried out using MATLAB software.

We consider a fixed set of parameter values: l2 = 2; l3 = 2; l4 = 2;S1 = 6;S2 = 4;W = 2;K =

4;µ1 = 2;µ2 = 2;µ3 = 2;µ4 = 2; while varying the replenishment rate γ within the range [1, 5]. This

allows us to investigate the impact of γ on several key performance measures namely the system load

ρ, and the expectations E1, E2, and L2.

Figure 1 illustrates the variation of the system load ρ, as defined in equation (3.5), plotted against

the replenishment rate γ for different values of s1 = 3, 4, 5. The curves clearly demonstrate a non-

linear inverse relationship between γ and ρ. As the replenishment rate increases, the load on the

system decreases, suggesting improved inventory availability and reduced congestion. This behavior is

intuitive—higher replenishment rates mitigate the risk of inventory depletion, thereby lowering customer

waiting times.
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Figure 1. Dependency of load of the system ρ on Replenishment rate γ

We now analyze the behavior of the performance measures E1, E2, and L2, focusing on their variation

with respect to changes in the replenishment rate γ. By varying γ in the interval [1, 5], we obtain a set

of non-linear curves for different values of s1 = 3, 4, 5, as illustrated in the following figures.
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Figure 2. Dependency of E1,E2, L2 on Replenishment rate γ

The results reveal that as the replenishment rate of stock 1 increases, the expected number of class 1

customers both those purchasing new inventory (E1) and those returning for exchange (E2), decreases

significantly. This is attributed to improved inventory availability, which reduces delays and system

congestion. Additionally, the loss rate of class 2 customers (L2), those turned away due to a full buffer,

also diminishes with higher replenishment rates.

These trends highlight the crucial role of the replenishment rate in enhancing customer service levels

and minimizing the likelihood of service denial. Furthermore, the decrease in all three measures with

increasing γ underscores the effectiveness of replenishment policies in managing customer flow and

resource utilization.

Cost Function. One primary objective of this study is to balance the costs associated with maintaining

inventory and the costs related to waiting for items to arrive. A comprehensive cost function considering

various components can be introduced as,

ETC = ci1 Ī1 + ci2 Ī2 +

4∑
k=1

ckEk + cRR̂ +

4∑
k=2

cLk
Lk + cL′2

L
′

2 + cL′4
L
′

4 (5.1)

• cij is the holding cost of inventory in stock j (per item per unit time), j = 1, 2.

• ck is the waiting cost of customers at node k (per customer per unit time) k = 1, 2, 3, 4.

• cR is the reorder cost (per system per unit time).
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• cLk
is the cost due to a class k customer loss due to a fully occupied buffer (per system per unit

time), k = 2, 3, 4.

• cL′k is the cost due to a class k customer loss due to maximum inventory level S2 in stock 2 (per

system per unit time), k = 2, 4.

The service rate plays a critical role in managing the trade-off between holding costs and waiting

costs in a queueing inventory model. We may fix all the unit costs at 1. The following graphs depict the

dependence of cost function on the service rates of different classes of customers. We fix the parameters

as l2 = 3; l3 = 3; l4 = 3; s1 = 2;S1 = 6;S2 = 4;W = 2;K = 4;µ3 = 2;µ4 = 2; γ = 2; and vary µ1 fixing

µ2 = 2 and vice versa to obtain the following two graphs.
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Figure 3. Service rates vs. Expected total cost

We observe that as the service rates of class 1 customers increase, the total cost decreases. This

reduction is primarily due to the shorter waiting times and reduced number of class 1 customers in

the buffer, which leads to lower holding and delay-related costs. On the other hand, an increase in the

service rates of class 2 customers results in a higher total cost. This may be attributed to increased

operational or service-related costs associated with handling class 2 customers more rapidly, possibly

without proportional benefits in terms of system efficiency or customer retention.

The replenishment rate γ significantly influences the holding costs, ordering costs, and the risk of

stockouts, which in turn impact customer waiting times. Figure 4 illustrates the effect of varying γ on

the expected total cost.



A MULTI-ITEM QUEUEING INVENTORY SYSTEM OPERATING WITH AN EXCHANGE FACILITY 213

1 2 3 4 5 6
.	

13.8

13.9

14

14.1

14.2

14.3

14.4

14.5

14.6

E
T
C

Effect	of	.	on	ETC

Figure 4. Replenishment rate vs. Expected total cost

As the figure indicates, an increase in the replenishment rate may lead to a rise in the expected

total cost. While a higher replenishment rate reduces the average number of waiting customers (both

class 1 and class 2) and lowers the customer loss rate due to improved inventory availability, these

benefits are offset by the increased frequency of reorders. The elevated ordering activity results in

higher replenishment-related costs, which ultimately outweigh the gains from reduced congestion and

customer loss, leading to an overall increase in total cost.

The cost function can be optimized through strategic decisions regarding the reorder point s1. By

optimizing this function, an effective inventory management policy can be established that minimizes

the overall cost while ensuring timely service to customer demand.
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Figure 5. Reorder level vs. Expected total cost

Fixing the parameters as l2 = 2; l3 = 2; l4 = 2;S1 = 10;S2 = 4;W = 2;K = 4;µ1 = 2;µ2 = 2;µ3 =

2;µ4 = 2; γ = 2; and varying s1 from 1 − 9, the expected total cost is calculated. The results are

plotted in Figure 5. As evident from the figure, the total cost initially decreases with increasing s1,

reaches a minimum, and then begins to rise again. This indicates a trade-off between inventory holding

costs and service efficiency. The minimum cost is attained when the reorder level is set at s1 = 5,



214 K. RASMI AND M. J. JACOB

suggesting that this value offers the most balanced and cost-effective inventory policy under the given

system parameters.

6. Conclusion

In this work, a stochastic queueing inventory system has been analyzed, accommodating different

types of inventory and catering to multiple classes of customers with distinct service requirements. The

system handles both fresh and used items, where new inventory is replenished following an (s, S)-type

policy. The model is formulated as a level-independent QBD process, and the matrix-geometric method

is applied for steady-state analysis. The steady-state probability vector is obtained, which forms a basis

for computing several important performance measures, such as the expected number of customers in

various classes, customer loss rates, and overall system load.

A detailed numerical study is carried out to explore the behavior of the system under different

parameter settings. The effect of the replenishment rate γ on key performance indicators such as

customer waiting time, inventory levels, and loss rates is carefully examined through graphical analysis.

It is observed that while higher replenishment rates improve service availability and reduce customer

wait times, they may also lead to increased ordering costs, underscoring the need for balance.

Furthermore, a total cost function incorporating holding, ordering, and loss-related costs is intro-

duced. Optimization of this cost function, with respect to the reorder point s1, reveals the optimal

inventory control policy that minimizes the expected total cost. The results demonstrate that care-

ful tuning of replenishment and service parameters can significantly enhance system performance and

operational efficiency.

Overall, the study provides a comprehensive framework for analyzing and optimizing complex queue-

ing inventory systems that serve multiple customer classes with distinct demands, including exchange

facilities and service processes.
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