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IMPACT OF VACCINATION AND NONLINEAR INCIDENCE RATE ON THE

DYNAMIC OF INFLUENZA STRAINS EPIDEMIC MODEL: OPTIMAL

CONTROL APPROACH

MOURAD OUYADRI, AMINE EL KOUFI, AND SALAHEDDINE BELHDID

Abstract. In this study, we develop and analyze a mathematical model describing the transmission

dynamics of influenza strains, including both drug-resistant and non-resistant variants. Our model

generalizes several existing epidemic models by incorporating key biological factors. We first prove the

existence, uniqueness, positivity, and boundedness of global solutions to ensure the model is well-posed

under natural conditions. Using the next-generation matrix method, we calculate two basic reproduc-

tion numbers associated with the model. We identify four biologically relevant equilibrium points: the

disease-free equilibrium, the resistant endemic equilibrium, the non-resistant endemic equilibrium, and

the coexistence endemic equilibrium. The local stability of these equilibrium is established through

standard stability analysis techniques. Furthermore, we propose two optimal control strategies, treat-

ment and media awareness campaigns based on Pontryagin’s Maximum Principle to reduce the spread

of infection. Numerical simulations performed in Matlab illustrate and support our theoretical results.

Finally, the paper concludes with a discussion and suggestions for future research directions.

1. Introduction

Mathematical modeling has become increasingly important in the study of infectious diseases due to

its vital role in understanding transmission dynamics and informing public health interventions. The

spread of infectious diseases, caused by bacterial or viral agents, continues to pose a significant threat

to human health. Notable examples of viral infections include HIV and influenza [4]. Mathematical

models provide researchers with powerful tools to analyze the progression of these diseases and to design

effective control strategies aimed at minimizing their transmission and impact.

One of the earliest mathematical frameworks for infectious disease modeling is the classical SIR

model introduced by Kermack and McKendrick [22], which divides the population into susceptible,

infectious, and recovered individuals. While this model has provided a foundation for epidemic theory,

subsequent developments have introduced additional compartments and mechanisms to capture more

complex biological realities, such as latency, quarantine, vaccination, and treatment effects [20, 23].

In epidemiology, the incidence rate represents the number of new infections occurring per unit of

time, and it plays a central role in modeling the dynamics of infectious diseases. A commonly used

form is the bilinear (or mass action) incidence rate βSI, where β is the transmission coefficient, and S

and I denote the susceptible and infected populations, respectively. This form has been widely applied

in classical epidemic models due to its simplicity and foundational significance.

However, various alternative incidence functions have been proposed in the literature to reflect more

realistic transmission dynamics based on different modeling assumptions (see Table 1 and references

[32, 30, 29]). Each of these forms offers certain advantages and limitations depending on the biological
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context. For instance, when the number of infected individuals becomes large, saturation effects may

occur limiting the number of new infections due to factors like behavioral change or resource constraints.

In such cases, saturated incidence rates, such as those used by Cao et al. [7], provide a more accurate

representation.

Moreover, when public awareness and media influence play a role in disease prevention, modified

incidence functions incorporating media effects become relevant. One such form is (β1− β2I)SI, which

models the reduction in transmission as the number of infections increases due to heightened public

response [30]. Su and Yang [33] also investigated the role of nonlinear incidence rates in modeling hepati-

tis C virus (HCV) dynamics, further emphasizing the importance of selecting appropriate transmission

functions based on disease characteristics.

However, vaccination represents a valuable mechanism to protect individuals against infectious dis-

eases before the human body receives the infection. In general, the vaccine plays the role of the immune

system when the organism is not capable of protecting humans against the disease. Several authors

have investigated the effect of vaccination on the dynamics of epidemics by presenting a mathematical

model which includes the class of vaccinated individuals. For example, Tornatore et al. [34] proposed a

generalized SIR model that contains a vaccination class. They determined sufficient conditions for the

disease-free equilibrium exponential stability. Foy et al. [17] presented a Covid-19 epidemic model with

vaccination. They examined the vaccine distribution strategies in India. [39] models the transmission

of SARS-CoV-2 in various environments, emphasizing that the persistence of the virus depends on the

basic reproduction number (R0). It also suggests control measures through numerical simulations and

theoretical analysis.ve In [37], the authors proposed and analyzed a periodic stochastic SIR model with

pulse vaccination.

Several mathematicians have developed epidemic models which generalize the famous models of Ker-

mack and Mckendrick by proposing new classes of individuals as the class of individuals in quarantine,

the category of exposed individuals, the susceptible confined individuals class, or by the integration of

parameters which are associated with biological situations. Hethcote et al. [19] proposed and analyzed

an epidemic model with a class of individuals in quarantine and different types of incidence functions.

Li and Muldowney [23] investigated the global stability of a four-compartment model that included the

exposed class of individuals. The majority of existing model considers the spread of a single type of epi-

demic, but there are other situations where there are two types of infections. For example, Baba et al.

[3] proposed and analyzed a model that sketch the dissemination of influenza in a group of person with

two categories of infective population, namely, the infective individuals with resistant and non-resistant

strains. They provided a detailed stability analysis of the system.

A considerable body of research has been devoted to the mathematical modeling of influenza trans-

mission, reflecting its recurring seasonal burden and pandemic potential. According to the World Health

Organization, seasonal influenza epidemics cause an estimated 3–5 million cases of severe illness and

290,000–650,000 respiratory deaths worldwide each year [38]. Early models of influenza incorporated

the SEIR framework to capture latency and recovery dynamics [2]. Subsequent refinements introduced

age structure, heterogeneity in contact patterns, and vaccination strategies to better represent realistic

population dynamics [15, 26]. With the emergence of antiviral therapies, models were developed to

assess the effectiveness of treatment and prophylaxis in mitigating influenza spread [24]. More recent

works have addressed the coexistence of drug-sensitive and drug-resistant strains, highlighting the evo-

lutionary pressure exerted by widespread antiviral use and its consequences for epidemic control [1, 18].

Other contributions have incorporated waning immunity, seasonal forcing, and cross-immunity between
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strains, providing insights into influenza’s long-term dynamics and periodic recurrence [11, 35]. Collec-

tively, these models illustrate the necessity of accounting for resistance, vaccination, and immunity to

adequately capture influenza epidemiology.

The model proposed by Baba et al. [3] is presented by the following ordinary differential equations

system 

dS(t)

dt
= b− lS(t)− αS(t)IN (t)− βS(t)IR(t)

1 + k1IR(t)
,

dIN (t)

dt
= αS(t)IN (t)− (l + µ)IN (t),

dIR(t)

dt
=

βS(t)IR(t)

1 + k1IR(t)
− (l + γ)IR(t),

dR(t)

dt
= µIN (t) + γIR(t)− lR(t).

(1.1)

Figure 1. Schematic of influenza strains (1.2)

Where S(t) is the group of the susceptible individuals in population, IN (t) is the group of infected non-

resistant individuals, IR(t) is the group of infected resistant individuals. The parameters of the system

are supposed all positive, where b is the recruitment rate of the population, l represents the natural

death rate of the population, α and β are the infection rate by non-resistant strain and resistance strain,

respectively. µ and γ are the recovery rates of the infective non-resistant IN and infective resistance IR
individuals, respectively.

On the other hand, to fight against an epidemic, the vaccine has long been the most powerful means

(see [37]). Therefore, we assume that susceptible individuals are vaccinated with a success rate m (with

0 ≤ m ≤ 1). While m = 1 represents an idealized case of perfect vaccine efficacy, this assumption allows

us to explore the full range of vaccination outcomes, from no protection to complete immunity, providing

insight into the potential impact of vaccination on disease dynamics. We also model the transmission of

the epidemic by the incidence of Beddington-DeAngelis [5]. We note that the incidence of Beddington-

DeAngelis generalizes several incidences existing in the literature (see, [13, 14, 12]). Then, the following
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epidemic model is considered with vaccination and Beddington-DeAngelis incidence rate



dS(t)

dt
= b− lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)
,

dIN (t)

dt
=

αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− (l + µ)IN (t),

dIR(t)

dt
=

βS(t)IR(t)

1 + k2S(t) + k1IR(t)
− (l + γ)IR(t),

dR(t)

dt
= µIN (t) +mS(t) + γIR(t)− lR(t).

(1.2)

Noting that the three first equations of (1.2) do not depend on the fourth equation, the fourth

equation can be removed without loss of generality. Therefore, we can only study the following system:



dS(t)

dt
= b− lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)
,

dIN (t)

dt
=

αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− (l + µ)IN (t),

dIR(t)

dt
=

βS(t)IR(t)

1 + k2S(t) + k1IR(t)
− (l + γ)IR(t),

(1.3)

with initial conditions

S(0) ≥ 0, IN (0) ≥ 0, IR(0) ≥ 0. (1.4)

This paper aims to analyze the impact of vaccination and nonlinear incidence on the transmission

dynamics of influenza involving two strains: drug-resistant and non-resistant. We derive two basic

reproduction numbers, which are expressed in terms of model parameters, and use them to establish

sufficient conditions for the local stability of four biologically meaningful equilibrium points. Further-

more, we formulate and analyze an optimal control problem to reduce both the number of infections and

the associated treatment costs, incorporating vaccination and media awareness strategies. Unlike clas-

sical models based solely on bilinear or standard incidence, our model adopts a Beddington-DeAngelis

incidence rate, which captures saturation and behavioral effects, thus providing a more realistic rep-

resentation of disease spread. In particular, our framework generalizes several existing models (e.g.,

[32, 30]) by including nonlinear transmission dynamics and control strategies, thereby offering a broader

and more flexible platform for studying the interplay between vaccination, drug resistance, and public

health interventions in influenza epidemics.

The remainder of this paper is organized as follows. In Section 2, we analyze the equilibrium points

of the model (1.3) and establish the existence, positivity, and boundedness of its solutions to ensure that

the system is both mathematically and biologically well-posed. Section 3 is devoted to the formulation

and characterization of the optimal control problem. In Section 4, we provide numerical simulations

to support and illustrate our theoretical findings. Finally, the paper concludes with a summary of the

main results and suggestions for future research directions.
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Table 1. Some incidence rates

Incidence rates Expressions References

Standard incidence rate
βSI

N
[10]

Saturated incidence rate
βSI

1 + ηI
[8]

Beddington-DeAngelis
βSI

1 + η1S + η2I
[5]

Crowley-Martin
βSI

1 + η1S + η2I + η1η2SI
[9]

Media coverage incidence β1 − β2
I

I +M
[25]

2. Basic mathematical analysis

2.1. Existence of the solution. The proposed model below describes the dynamics of a biological

population; therefore, the solutions of the system must remain non-negative and bounded. To this end,

we define the following set:

ω =

{
(S, IR, IN ) ∈ R3

+ : 0 ≤ S + IR + IN ≤
b

l

}
.

We can also verify the existence and uniqueness of the solutions of the system. To proceed, we

rewrite system (1.3) as:

ψ(t) = AX(t) +B(X(t)),

where

X(t) =


S(t)

IN (t)

IR(t)

R(t)

 , ψ(t) =



dS(t)

dt
dIN (t)

dt
dIR(t)

dt
dR(t)

dt


,

A =


−(l +m) 0 0 0

0 −(l + µ) 0 0

0 0 −(l + γ) 0

m µ γ −l

 ,
and

B(X(t)) =


b− αS(t)IN (t)

1+η1S(t)+η2IN (t) −
βS(t)IR(t)

1+k2S(t)+k1IR(t)
αS(t)IN (t)

1+η1S(t)+η2IN (t)
βS(t)IR(t)

1+k2S(t)+k1IR(t)

0

 .
There exist a Lipschtiz constant L such that

‖B(X1(t))−B(X2(t))‖ ≤ L‖X1(t)−X2(t)‖,

then

‖ψ(X1)− ψ(X2)‖ ≤W‖X1(t)−X2(t)‖,
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where W = max(L, ‖A‖) <∞. This shows that the function ψ is uniformly Lipschitz continuous, and

with the restrictions on S(t) ≥ 0, IR(t) ≥ 0, IN (t) ≥ 0 and R(t) ≥ 0, we prove the existence of a

solution for the system (1.3) [6].

2.2. Positivity. Since the population can not be non negative at any stage, the following theorem

shows that every solution of (1.3), with non negative initials values (1.4) will remain in R4
+.

Theorem 2.1. For any initial conditions (1.4), the solutions S(t), IR(t), IN (t), R(t) of system (1.3)

are positive for all t ≥ 0.

Proof. Taking the first equation of system (1.3)

dS(t)

dt
= b− lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)

≥ −lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)
,

then

S′(t) +G(t)S(t) ≥ 0, (2.1)

where

G(t) = l +m+
αIN (t)

1 + η1S(t) + η2IN (t)
+

βIR(t)

1 + k2S(t) + k1IR(t)
.

Multiplying the two sides of (2.1) by exp

(∫ t

0

G(s)ds

)
, we get

exp

(∫ t

0

G(s)ds

)
S′(t) +G(t) exp

(∫ t

0

G(s)ds

)
S(t) ≥ 0,

then
d

dt

[
exp

(∫ t

0

G(s)ds

)
S(t)

]
≥ 0.

Integrating the last inequality between 0 and t we obtain:∫ t

0

d

dt

[
exp

(∫ t

0

G(s)ds

)
S(s)

]
ds ≥ 0,

then

S(t) ≥ S(0)

[
exp

(
−
∫ t

0

G(s)ds

)]
,

this implies S(t) ≥ 0. In a similar way, we can prove that IR(t) ≥ 0, IN (t) ≥ 0 and R(t) ≥ 0. �

2.3. Boundlessness of the solution. The following theorem presents the boundlessness of solution.

Theorem 2.2. The set ω is positively invariant with respect to system (1.3), with the initial conditions

(1.4).

Proof. Let’s assume that N = S + IN + IR, then

dN(t)

dt
= b− lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)

+
αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− (l + µ)IN (t) +

βS(t)IR(t)

1 + k2S(t) + k1IR(t)

− (l + γ)IR(t),
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this gives

dN(t)

dt
= b− lN(t)−mS(t)− µIN (t)− γIR(t)

≤ b− lN(t).

According to Birkhoff and Rota’s [6] differential inequality, we get

N(t) ≤ b

l
+N(0) exp (−lt) ,

with N(0) the initial condition. Letting t→∞, we obtain

lim
t→∞

N(t) ≤ b

l
.

�

Remark 2.1. According to the Theorem 2.1 and 2.2, we confirm that the problem is mathematically

and biologically well defined.

2.4. Equilibrium points. In this section, we compute the equilibrium points of system (1.3) in order

to analyze their stability. To do this, we solve the system defined by

b− lS(t)−mS(t)− αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− βS(t)IR(t)

1 + k2S(t) + k1IR(t)
= 0,(

αS(t)

1 + η1S(t) + η2IN (t)
− (l + µ)

)
IN (t) = 0,(

βS(t)

1 + k2S(t) + k1IR(t)
− (l + γ)

)
IR(t) = 0.

The equilibrium points are given as follows:

(1) Disease-free equilibrium state. The free equilibrium state stands for the absence of infection.

Thus, all the infected groups will be empty, and the whole population will incorporate only

susceptible. Hence, the free equilibrium of the model is giving by

E0

(
b

l +m
, 0, 0

)
.

(2) Non-Resistant equilibrium state. The non-resistant equilibrium state stands for the absence of

infection in the resistant group. Thus, we have

ENR (S∗, I∗N , 0) ,

such that

S∗ =
l + µ+ η2(l + µ)I∗N

α− (l + µ)η1
,

and

I∗N =
bα− b(l + µ)η1 − (l +m)(l + µ)

η2(l +m)(l + µ) + (l + µ)[α− (l + µ)η1]
,

which only exists when

α− (l + µ)η1 > 0,

and
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bα− b(l + µ)η1 − (l +m)(l + µ) > 0.

This implies

α− (l + µ)η1 >
(l +m)(l + µ)

b
. (2.2)

(3) Resistant equilibrium. The resistant equilibrium state stands for the absence of infection in the

non-resistant group. Thus, we have

ER (S∗, 0, I∗R) ,

such that

S∗ =
l + γ + k1(l + γ)I∗R
β − (l + γ)k2

,

and

I∗R =
bβ − b(l + γ)k2 − (l +m)(l + γ)

k1(l +m)(l + γ) + (l + γ)[β − (l + γ)k2]
,

which only exists when

β − (l + γ)k2 > 0,

and

bβ − b(l + γ)k2 − (l +m)(l + γ) > 0.

This implies

β − (l + γ)k2 >
(l +m)(l + γ)

b
. (2.3)

(4) Endemic equilibrium state. The endemic equilibrium state, is when the infection is present in

both resistant and non-resistant compartments. Thus, we have

Ee (S∗, I∗N , I
∗
R) ,

such that

I∗N =
(α− η1(l + µ))S∗ − (l + µ)

(l + µ)η2
,

I∗R =
(β − k2(l + γ))S∗ − (l + γ)

(l + γ)k2
,

and

S∗ =
η2k1b+ η2(l + γ) + k1(l + µ)

k1η2(l +m) + k1[α− (l + µ)η1] + η2[β − (l + γ)k2]
,

which exists when

(β − k2(l + γ))S∗ − (l + γ) > 0, (2.4)

and

(α− η1(l + µ))S∗ − (l + µ) > 0. (2.5)
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2.5. Basic reproduction number. Using the next-generation matrix method developed by Van den

Driessche and Watmoung [36], we can express the basic reproduction number of the system (1.3).

Therefore, the infected compartments are IN and IR. The outflow term V and the nonlinear terms

with new infection F are as follows:

F =


αSIN

1 + η1S + η2IN
βSIR

1 + k2S + k1IR

 ,
and

V =

[
(l + µ)IN
(l + γ)IR

]
.

The Jacobian matrices F and V, associated with F and V, respectively, are given as follows:

F =

[
αS(1+η1S+η2IN )−η2αSIN

(1+η1S+η2IN )2 0

0 βS(1+k2S+k1IR)−k1βSIR
(1+k2S+k1IR)2

]
,

and

V =

[
(l + µ) 0

0 (l + γ)

]
,

Then, the matrix F × V−1 is given as follows:

F × V−1 =

[
αS(1+η1S+η2IN )−η2αSIN

(l+µ)(1+η1S+η2IN )2 0

0 βS(1+k2S+k1IR)−k1βSIR
(l+γ)(1+k2S+k1IR)2

]
.

The linearized form of the matrix F × V−1 at the equilibrium E0 is expressed as follows:

(F × V−1)(E0) =

[
αb

(l+m+η1b)(l+µ) 0

0 βb
(l+m+k2b)(l+γ)

]
.

The dominant eigenvalue of F × V−1(E0) represents the basic reproduction numbers, and it’s given

by R0 = ρ(F × V−1) (with ρ the spectrum of F × V−1(E0)). Then,

R01 =
αb

(l +m+ η1b)(l + µ)
,

or

R02 =
βb

(l +m+ k2b)(l + γ)
.

Remark 2.2. In deterministic epidemic models, the basic reproduction number plays a crucial role. It

represents the expected number of secondary cases produced by a single infectious individual introduced

into a population composed entirely of susceptible individuals, over the course of the infectious period.

This threshold quantity determines whether the infection will die out when it is less than one, or lead

to an epidemic outbreak when it exceeds one.

2.6. Stability. In this section, we prove the theorem for the stability of the equilibrium points of

system (1.3).

First, we derive the Jacobian matrix of system (1.3) in terms of the variables S, IN , IR:

J =

−(l +m)− j11 − j12 −j22 −j33

j11 j22 − (l + µ) 0

j12 0 j33 − (l + γ)

 ,
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where 

j11 =
αIN (1 + η2IN )(

1 + η1S + η2IN
)2 ,

j12 =
βIR(1 + k1IR)(

1 + k2S + k1IR
)2 ,

j22 =
αS(1 + η1S)(

1 + η1S + η2IN
)2 ,

j33 =
βS(1 + k2S)(

1 + k2S + k1IR
)2 .

Theorem 2.3. The disease-free equilibrium point E0 is locally stable when max {R01,R02} < 1, un-

stable when min {R01,R02} > 1.

Proof. For E0, the Jacobian matrix becomes as follows:

JE0 =


−(l +m) − αb

l +m+ η1b
− βb

l +m+ k2b

0
αb

l +m+ η1b
− (l + µ) 0

0 0
βb

l +m+ k2b
− (l + γ)

 ,

Then, the eigenvalues of JE0
are

λ1 = −(l +m) < 0,

λ2 =
αb

l +m+ η1b
− (l + µ) = (l + µ)[

αb

(l +m+ η1b)(l + µ)
− 1]

= (l + µ)[R01 − 1] < 0,

λ3 =
βb

l +m+ k2b
− (l + γ) = (l + γ)[

βb

(l +m+ k2b)(l + γ)
− 1]

= (l + γ)[R02 − 1] < 0.

According to stability theory [28], the equilibrium point E0 is locally stable if λ2 < 0 and λ3 < 0. This

condition is satisfied when R01 < 1 and R02 < 1.

�

Theorem 2.4. The following statements hold:

(i) If R01 > 1 and R02 < 1, then the equilibrium point ENR is locally stable.

(ii) If R02 > 1 and R01 < 1, then the equilibrium point ER is locally stable.

Proof. (i) For ENR, the Jacobian matrix becomes as follows:

JENR
=

H11 H12 H13

H21 H22 H23

H31 H32 H33

 ,
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where

H11 = −(l +m)− αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
,

H12 = − αS∗(1 + η1S
∗)

(1 + η1S∗ + η2I∗N )2
,

H13 = − βS∗

1 + k2S∗
,

H21 =
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
,

H22 = −(l + µ) +
αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2
,

H23 = 0,

H31 = 0,

H32 = 0,

H33 = −(l + γ) +
βS∗

1 + k2S∗
.

The first eigenvalue of the matrix JENR
is given by

λ1 = H33 <
( l+mb S∗ − 1)(l +m+ γ)

1 + k2S∗
.

Using the inequality b− (l+m)S∗ = (l+ µ)I∗N > 0, we deduce that λ1 < 0. The other two eigenvalues

λ2 and λ3 of matrix JENR
are the roots of the following equation:

λ2 − (H11 +H22)λ+H11H22 −H21H12 = 0.

We must prove that the real parts of λ2 and λ3 are strictly negative, for this it is sufficient to show that

−(H11 +H22) > 0 and H11H22 −H21H12 > 0. Thus, we have

− (H11 +H22)

= l +m+
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
+ l + µ− αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2

= l +m+
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
+

αS∗

1 + η1S∗ + η2I∗N

αS∗(1 + η1S
∗)

(1 + η1S∗ + η2I∗N )2

= l +m+
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
+

αS∗η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
> 0.



IMPACT OF VACCINATION AND INCIDENCE RATE ON THE DYNAMIC OF INFLUENZA 227

And,

H11H22 −H21H12

=

(
−(l +m)− αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2

)
×
(
−(l + µ) +

αS∗(1 + η1S
∗)

(1 + η1S∗ + η2I∗N )2

)
+

αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
× αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2

= (l +m)(l + µ) +
(l + µ)αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
− (l +m)αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2

=
(l +m)αS∗

1 + η1S∗ + η2I∗N
+

(l + µ)αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
− (l +m)αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2

=
(l + µ)αI∗N (1 + η2I

∗
N ) + (l +m)αS∗η2I

∗
N

(1 + η1S∗ + η2I∗N )2
> 0.

According to the Routh–Hurwitz criteria [28], the eigenvalues λ2 and λ3 have negative real parts.

Therefore, the equilibrium point ENR is locally stable.

(ii) Similarly, we can prove that the equilibrium ER of system (1.3) is locally stable if R01 < 1 and

R02 > 1. �

Theorem 2.5.

Assume that the conditions (2.4) and (2.5) holds, if R01 > 1 and R02 > 1, then Ee is locally stable.

Proof. For Ee, the Jacobian matrix becomes as follows:

JEe
=

K11 K12 K13

K21 K22 K23

K31 K32 K33

 ,
where

K11 = −(l +m)− αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
− βI∗R(1 + k1I

∗
R)

(1 + k2S∗ + k1I∗R)2

= −(l +m)−K21 −K31,

K12 = − αS∗(1 + η1S
∗)

(1 + η1S∗ + η2I∗N )2
= −(l + µ)−K22,

K13 = − βS∗(1 + k2S
∗)

(1 + k2S∗ + k1I∗R)2
= −(l + γ)−K33,

K21 =
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
,

K22 = −(l + µ) +
αS∗(1 + η1S

∗)

(1 + η1S∗ + η2I∗N )2
= − αS∗η2I

∗
N

(1 + η1S∗ + η2I∗N )2
,

K23 = 0,

K31 =
βI∗R(1 + k1I

∗
R)

(1 + k2S∗ + k1I∗R)2
,

K32 = 0,

K33 = −(l + γ) +
βS∗(1 + k2S

∗)

(1 + k2S∗ + k1I∗R)2
= − βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

.



228 M. OUYADRI, A. EL KOUFI, AND S. BELHDID

The eigenvalues λ1, λ2 and λ3 of the matrix JEe
are the roots of the following equation:

λ3 + q1λ
2 + q2λ+ q3 = 0,

where

q1 = −(K33 +K11 +K22),

q2 = K33K11 +K22K33 +K11K22 −K21K12 −K31K13,

q3 = K33K21K12 +K31K13K22 −K33K11K22.

According to Routh-Hurwitz criteria [28], the equilibrium ENR is locally stable if qi > 0, ∀i = 1, 2, 3

and q1 × q2 > q3.

q1 = −(K33 +K11 +K22)

= −K33 +K21 +K31 −K22 + l +m

=
βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

+
αI∗N (1 + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2
+

βI∗R(1 + k1I
∗
R)

(1 + k2S∗ + k1I∗R)2

+
αS∗η2I

∗
N

(1 + η1S∗ + η2I∗N )2
+ l +m,

=
αI∗N (1 + η2S

∗ + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2
+
βI∗R(1 + k1S

∗ + k1I
∗
R)

(1 + k2S∗ + k1I∗R)2
+ l +m

= q11 + q12 + l +m > 0,

q2 = K33K11 +K22K33 +K11K22 −K21K12 −K31K13,

= −(l +m)K33 −K33K21 +K33K22 − (l +m)K22 −K31K22

+ (l + µ)K21 + (l + γ)K31

=
βk1S

∗I∗RI
∗
N

(1 + η1S∗ + η2I∗N )2(1 + k2S∗ + k1I∗R)2

× (k1(1 + η2I
∗
N ) + η2k1S

∗ + η2(1 + k1I
∗
R))

+
αI∗N

(1 + η1S∗ + η2I∗N )2
((l + µ)(1 + η2I

∗
N ) + (l +m)η2S

∗)

+
βI∗R

(1 + k2S∗ + k1I∗R)2
((l +m)k1S

∗ + (l + γ)(1 + k1I
∗
R))

= q21 + q22 + q23 > 0,

q3 = K33K21K12 +K31K13K22 −K33K11K22

= −(l + µ)K33K21 − (l + γ)K31K22 + (l +m)K33K21

= (l + µ)
βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2

+ (l + γ)
βI∗R(1 + k1I

∗
R)

(1 + k2S∗ + k1I∗R)2

αS∗η2I
∗
N

(1 + η1S∗ + η2I∗N )2

+ (l +m)
βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

αS∗η2I
∗
N

(1 + η1S∗ + η2I∗N )2
> 0.

Then qi > 0, ∀i = 1, 2, 3.
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Next, let’s show that q1 × q2 − q3 > 0

q1 × q2 − q3 = (q11 + q12 + (l +m))(q21 + q22 + q23)− q3

= q11q21 + q12q21 + (l +m)q2 + q22q11 + q23q12 + q23q11

+ q12q22 − q3q23q11 + q12q22 − q3

=
βI∗R

(1 + k2S∗ + k1I∗R)2

αI∗N (1 + η2S
∗ + η2I

∗
N )

(1 + η1S∗ + η2I∗N )2

× ((l +m)k1S
∗ + (l + γ)(1 + k1I

∗
R))

+
αI∗N

(1 + η1S∗ + η2I∗N )2

βI∗R(1 + k1S
∗ + k1I

∗
R)

(1 + k2S∗ + k1I∗R)2

× ((l + µ)(1 + η2I
∗
N ) + (l +m)η2S

∗)

− (l + µ)
βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

αI∗N (1 + η2I
∗
N )

(1 + η1S∗ + η2I∗N )2

− (l + γ)
βI∗R(1 + k1I

∗
R)

(1 + k2S∗ + k1I∗R)2

αS∗η2I
∗
N

(1 + η1S∗ + η2I∗N )2

− (l +m)
βk1S

∗I∗R
(1 + k2S∗ + k1I∗R)2

αS∗η2I
∗
N

(1 + η1S∗ + η2I∗N )2

=
βI∗R

(1 + k2S∗ + k1I∗R)2

αI∗N
(1 + η1S∗ + η2I∗N )2

((l +m)k1η2S
∗

+ (1 + η2I
∗
N )((l +m)k1S

∗ + (l + γ)(1 + k1I
∗
R))

+ (1 + k1I
∗
R)((l +m)η2S

∗ + (l + µ)(1 + η2I
∗
N ))) > 0.

According to the Routh–Hurwitz criteria [28], the eigenvalues λ1, λ2 and λ3 have negative real parts.

Therefore, the equilibrium Ee is locally stable. �

3. Optimal control problem

Health problems and epidemics have always been of a great issue for governments in all countries.

Several governments have proposed health intervention strategies to manage and eradicate the spread

of infectious diseases. The problem is that the cost of transforming these strategies into the field is very

high. Therefore, it’s a must to find an efficient method that reduces the number of infections and the

costs associated to it.

In this section, we investigate two optimal control strategies:

• Treatment Control Strategy: The first control mechanism considered is the treatment con-

trol, denoted by the time-dependent variable w1(t). This control represents the implementation

of therapeutic interventions aimed at reducing the infectious period of individuals carrying the

influenza virus, particularly in both the drug-resistant and non-resistant classes. By increasing

the rate at which infected individuals receive treatment, the infectious population is expected

to decline, thereby reducing overall disease transmission. Mathematically, this control enters

the model through the recovery terms, effectively enhancing the transition rate from the infec-

tious compartments to the recovered class. The goal of incorporating w1(t) is to optimize the

allocation of medical resources while minimizing the total number of infections and treatment

costs over a finite time horizon.

• Media Awareness Control Strategy: The second control strategy focuses on media aware-

ness campaigns, modeled by the time-dependent control variable w2(t). This control targets
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the susceptible population and aims to reduce the effective contact rate by promoting behav-

ioral changes such as improved hygiene, social distancing, and increased vaccine uptake. Media

awareness can significantly alter disease dynamics by lowering the probability of exposure and

subsequent infection. In the model, w2(t) modifies the incidence function to reflect reduced

transmission due to informed behavioral responses. The objective of this strategy is to sup-

press the spread of both influenza strains by raising public awareness, while also considering

the associated costs of running such campaigns.

After considering the proposed controls w1(t) and w2(t), we get the following controlled system

dS(t)

dt
= b− lS(t)−mS(t)− (1− w1(t))

αS(t)IN (t)

1 + η1S(t) + η2IN (t)

− (1− w1(t))
βS(t)IR(t)

1 + k2S(t) + k1IR(t)
,

dIN (t)

dt
= (1− w1(t))

αS(t)IN (t)

1 + η1S(t) + η2IN (t)
− (l + µ+ w2(t))IN (t),

dIR(t)

dt
= (1− w1(t))

βS(t)IR(t)

1 + k2S(t) + k1IR(t)
− (l + γ + w2(t))IR(t),

dR(t)

dt
= (µ+ w2(t))IN (t) +mS(t) + (γ + w2(t))IR(t)− lR(t).

(3.1)

The aim is to minimize the following objective functional

J(w1, w2) =

∫ T

0

(
IN (t) + IR(t) +

C1w
2
1(t)

2
+
C2w

2
2(t)

2

)
dt, (3.2)

where the parameters C1 ≥ 0 and C2 ≥ 0 balance the size of the terms and represent the weight factor’s

characterization based on the costs and benefits of the treatment. The purpose is to minimize the

objective function presented in the equation (3.2) by decreasing the number of the infected. To put it

differently, we are looking for an optimal control w∗ = (w∗1 , w
∗
2) such that

J(w∗1 , w
∗
2) = min{J(w1, w2) : (w1, w2) ∈W}, (3.3)

where W is the control’s set defined by:

W = {w = (w1, w2) : wi mesurable, 0 ≤ wi(t) ≤ 1, for i = 1, 2 and t ∈ [0, tf ]}.

3.1. Optimal Control Existence. According to Fliming and Rishel [16], we can obtain the existence

of the optimal control w∗. Thus, the five following steps must be checked :

1. W is a nonempty set.

2. W is convex and closed.

3. The system solution is bounded by a linearity in the state and control variables.

4. The objective function integrand is convex.

5. There are C1 > 0, C2 > 0 and Ψ > 1 such that the integrand L(S, IN , IR, R) of the objective

functional satisfies

L(S, IN , IR, R) ≥ C1 + C2(‖w1‖2 + ‖w2‖2)Ψ/2

The following theorem shows the existence of the optimal control

Theorem 3.1. Given the controlled system (3.1). There exists an optimal control (w∗1 , w
∗
2) ∈ W such

that

J(w∗1 , w
∗
2) = min{J(w1, w2) : (w1, w2) ∈W}, (3.4)
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Proof. The existence of the optimal control can be obtained using a result by Fleming and Rishel [16],

checking the above steps. According to Lukes [27]. An existence result was used to give the existence

of solution of system (3.1) with bounded coefficients, which gives condition 1. By definition the control

set W is convex and closed. Using the boundedness of the solution and it’s linearity in w, the right

side of (3.1) verify the third condition. The integrand in the objective functional (3.2) is convex on W .

In addition, we can easily see that there exist a constant Ψ > 1 and positive numbers C1 and C2 > 0

satisfying

L(S, IN , IR, R) ≥ C1 + C2(‖w1‖2 + ‖w2‖2)Ψ/2.

This complete the proof. �

3.2. Optimal Control Characterization. This subsection provides the necessary conditions for the

optimal control problem using the Pontryagin’s Maximum Principle [31]. In order to characterize

the optimal control w∗ = (w∗1 , w
∗
2), the Hamiltonian H is defined from the formulation of objective

functional (3.2) as follows:

H = IN (t) + IR(t) +
C1

2
w2

1(t) +
C2

2
w2

2(t) +

4∑
i=1

λigi, (3.5)

where gi is the right hand side of the differential equation of each state variable of the system (3.1).

Using Pontryagin’s maximum principle [31], we can determine the optimal control w∗ = (w∗1 , w
∗
2) for

the system (3.1) and its associated trajectory X∗ = (S∗, I∗N , I
∗
R, R

∗)T . Then the following theorem is

stated:

Theorem 3.2. Given the optimal control w∗ = (w∗1 , w
∗
2) and the corresponding solution

X∗ =
(
S∗ I∗N I∗R R∗

)T
of the system (3.1), there exists adjoint functions λ1, λ2, λ3 and λ4 satis-

fying the following equations:

λ′1 = λ1l + (λ1 − λ4)m

+ (λ1 − λ2)(1− w1)
αI∗N (1 + η1S

∗ + η2I
∗
N )− αS∗I∗Nη1

(1 + η1S∗ + η2I∗N )2

+ (λ1 − λ3)(1− w1)
βI∗R(1 + k2S

∗ + k1I
∗
R)− βS∗I∗Rk2

(1 + k2S∗ + k1I∗R)2
,

λ′2 = −1 + λ2l + (λ2 − λ4)(µ+ w2)

+ (λ1 − λ2)(1− w1)
αS∗(1 + η1S

∗ + η2I
∗
N )− αS∗I∗Nη2

(1 + η1S∗ + η2I∗N )2
,

λ′3 = −1 + λ3l + (λ3 − λ4)(γ + w2)

+ (λ1 − λ3)(1− w1)
βS∗(1 + k2S

∗ + k1I
∗
R)− βS∗I∗Rk1

(1 + k2S∗ + k1I∗R)2
,

λ′4 = λ4l,

with the transversal conditions at time tf :

λi(tf ) = 0, ∀i = 1, ..., 4.

Moreover, for t ∈ [0, tf ], the optimal controls w∗1 and w∗2 are given by

w∗1 = min

(
1,max(0,

(λ2 − λ1)

C1

αS∗I∗N
(1 + η1S∗ + η2I∗N )

+ C)

)
, (3.6)
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with

C =
(λ3 − λ1)

C1

βS∗I∗R
(1 + k2S∗ + k1I∗R)

,

and

w∗2 = min

(
1,max(0,

(λ2 − λ4)I∗N
C2

+
(λ3 − λ4)I∗R

C2
)

)
. (3.7)

Proof. Let the Hamiltonian H defined by (3.5). The adjoint equations and transversality conditions

can be obtained by using Pontryagins Maximum Principle [31], such that

λ′1 = −∂H
∂S

= λ1l + (λ1 − λ4)m

+ (λ1 − λ2)(1− w1)
αI∗N (1 + η1S

∗ + η2I
∗
N )− αS∗I∗Nη1

(1 + η1S∗ + η2I∗N )2

+ (λ1 − λ3)(1− w1)
βI∗R(1 + k2S

∗ + k1I
∗
R)− βS∗I∗Rk2

(1 + k2S∗ + k1I∗R)2
,

λ′2 = − ∂H
∂IN

= −1 + λ2l + (λ2 − λ4)(µ+ w2)

+ (λ1 − λ2)(1− w1)
αS∗(1 + η1S

∗ + η2I
∗
N )− αS∗I∗Nη2

(1 + η1S∗ + η2I∗N )2
,

λ′3 = − ∂H
∂IR

= −1 + λ3l + (λ3 − λ4)(γ + w2)

+ (λ1 − λ3)(1− w1)
βS∗(1 + k2S

∗ + k1I
∗
R)− βS∗I∗Rk1

(1 + k2S∗ + k1I∗R)2
,

λ′4 = −∂H
∂R

= λ4l,

with the transversal conditions at tf given by λ1(tf ) = 0, λ2(tf ) = 0, λ3(tf ) = 0 and λ4(tf ) = 0. The

optimal controls w∗1 and w∗2 can be obtained from the following optimal conditions:

∂H

∂w1
= 0 and

∂H

∂w2
= 0,

this gives

∂H

∂w1
= C1w1 + (λ1 − λ2)

αSIN
1 + η1S + η2IN

+ (λ1 − λ3)
βSIR

1 + k2S + k1IR
= 0 and

∂H

∂w2
= C2w2 + (λ4 − λ2)IN + (λ4 − λ3)IR = 0.

Finally, we can easily obtain w∗1 and w∗2 in the form (3.6) and (3.7) respectively. �

4. Numerical Simulation

In this section, we present a series of numerical simulations conducted using Matlab to validate

and illustrate the theoretical findings obtained in the previous sections. These simulations serve to

confirm the analytical results concerning the stability of equilibrium points, the behavior of the model

under varying parameter values, and the effectiveness of the proposed control strategies. In Table 2, we

present the parameter values for the numerical simulation.
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Table 2. Parameter values in the simulation.
Parameter Figure 2-(a) Figure 2-(b) Figure 2-(c) Figure 2-(d)

α 0.2 0.2 0.6 0.6

β 0.2 0.6 0.2 0.6

b 0.8 0.8 0.8 0.8

l 0.2 0.2 0.2 0.2

µ 0.9 0.9 0.9 0.9

γ 0.75 0.75 0.75 0.75

m 0.2 0.2 0.2 0.2

k1 0.015 0.015 0.015 0.015

k2 0.1 0.1 0.1 0.1

η1 0.001 0.001 0.001 0.001

η2 0.01 0.01 0.01 0.01

R01 0.3629 < 1 0.3629 < 1 1.0887 > 1 1.0887 > 1

R02 0.3509 < 1 1.0526 > 1 0.3509 < 1 1.0526 > 1

Where the initial values of each compartment are S(0) = 20, IN (0) = 3, INR(0) = 3 and R(0) = 0.

Since R01 = 0.3629 < 1 and R02 = 0.3509 < 1, the conditions of Theorem 2.3 are satisfied, then the

free equilibrium E0 is locally stable, Figure 2-(a) shows the results. Based on the same parameters, we

take a large value of infection rate for resistant strain (β = 0, 6), and by a simple computation we get

R01 = 0.3629 < 1 and R02 = 1.0526 > 1. According to Theorem 2.4, the resistant equilibrium ER is

locally stable. Figure 2-(b) illustrate the obtained result. By increasing the rate of infection for the

non-resistant strain (α = 0, 6), we get R01 = 1.0887 > 1 and R02 = 0.3509 < 1. Then, we see that

the non-resistant equilibrium ENR is locally stable (see Figure 2-(c)). Using the same parameters in

Table 2, and changing the values of α and β by 0, 6 and 0, 6 respectively. We can see that the endemic

equilibrium Ee is locally stable. Figure 2-(d) is a illustration of this result.

Figure 3 illustrates the effect of increasing the vaccination rate (m = 0, m = 0.5, and m = 0.9)

on the dynamics of the different population compartments. As the vaccination rate increases, there

is a notable reduction in the number of infected individuals, both resistant and non-resistant, along

with a corresponding rise in the number of recovered individuals. Biologically, this demonstrates the

critical role of vaccination in decreasing the susceptible population, thereby reducing the transmission

potential of the disease. High vaccination coverage leads to herd immunity, effectively curbing the

spread of infection and promoting disease extinction.

Figure 4 shows the impact of implementing two control strategies: treatment w1 and media aware-

ness campaigns w2. When both controls are applied, the number of infected individuals in both IR and

INR compartments decreases significantly, while the number of recovered individuals increases. From

a biological standpoint, treatment contributes directly to reducing the infectious period, while media

awareness enhances behavioral changes such as isolation and improved hygiene, which lower transmis-

sion rates. The combined effect of these controls not only accelerates recovery but also prevents new

infections, reinforcing their effectiveness in controlling and potentially eliminating the disease.

5. Conclusion

This paper proposes a mathematical model with Beddington-DeAngelis incidence rate and vaccina-

tion that describes the propagation of influenza strains in a human population. We prove the existence,

uniqueness, boundlessness, and positivity of global positive solutions for the system to ensure that
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Figure 2. Demonstration of the stability of the four equilibria within the respective

parameter ranges. (a) Stable E0 when parameters are taken as in column 2 in Table 2;

(b) Stable ER when parameters are taken as in column 3 in Table 2; (c) Stable ENR
when parameters are taken as in column 4 in Table 2; (d) Stable Ee when parameters

are taken as in column 5 in Table 2.

our model is consistent with natural conditions. We establish the stability of equilibrium points and

characterize stability as a function of two basic reproduction numbers, i.e.:

1. If max {R01,R02} < 1 the disease-free equilibrium point E0 is locally stable, and unstable when

min {R01,R02} > 1.

2. If R01 > 1 and R02 < 1, then the equilibrium point ENR is locally stable.

3. If R02 > 1 and R01 < 1, then the equilibrium point ER is locally stable.

4. If R01 > 1 and R02 > 1, then Ee is locally stable.

We apply an optimal control approach to reduce the number of infected individuals with influenza

strains by targeting treatment and media awareness programs. The effectiveness of these strategies is

illustrated through numerical simulations.

For future investigations, it is important to further refine and expand the model to better capture the

complex dynamics of influenza transmission. This includes exploring the memory effect on the system

dynamics through fractional derivatives, incorporating additional factors such as mutation, vaccination

heterogeneity, age-structure, and stochastic effects. These extensions will improve the model’s realism

and its applicability for guiding public health interventions. Moreover, further studies on global stability,
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Figure 3. The dynamics (S, IN , IR, R) for various value of vaccination m.
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Figure 4. The dynamics (IN (t),IR(t), R(t)) without and with the controls w1 and w2.
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cost-effectiveness of control measures, and incorporating parameter estimation from epidemiological

data will enhance the model’s predictive accuracy and practical relevance.
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