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OPTIMIZATION OF Z-FUZZY SOFT j-COVERING BASED FUZZY ROUGH
SETS AND THEIR APPLICATION TO MULTIPLE ATTRIBUTE GROUP
DECISION MAKING

S. PAVITHRA AND A. MANIMARAN

ABSTRACT. Fuzzy sets play a crucial role in representing real-world complexities where precise binary
logic falls short. Rough sets are closely related to fuzzy sets, and their combined use provides a powerful
framework for handling uncertain and incomplete information.The combination of rough sets and fuzzy
sets is an intriguing area of research that bridges the gap between crisp and uncertain information.
In this paper, three different kinds of fuzzy serial relations are introduced. These relations form new
fuzzy soft -covering based fuzzy rough set models. The main objective of this research is to maximize
the lower approximation and minimize the upper approximation of existing models. Eventually, we
use the suggested rough set model to resolve MAGDM problems. The proposed MAGDM algorithm
demonstrated superior performance when compared to other algorithms. Its effectiveness lies in its
ability to find optimal solutions.

1. INTRODUCTION

In order to deal with uncertainty, various theories have been created for data mining. Problems
related to uncertainty are addressed using a variety of approaches, including probability, classical set
theory, soft sets, etc. All these concepts are susceptible to different limitations and constraints. In-
troduced by Lotfi Zadeh in 1965, fuzzy sets (FS) have been widely used to handle uncertainty. Zadeh
represented F'S using singletons, where each element’s degree of membership to the set is defined within
the range [0, 1].

Pawlak [19] proposed the concept of rough sets. Rough set is applied to data in order to reveal hidden
patterns and streamline the analysis process. Several researchers are working on this idea applied to
many domains such as [4, 7, 10, 23]. Extension of rough sets are covering rough sets (CRS), which have
recently become a significant area of research. Based on CRS, researchers can examine uncertainty
and roughness in a broader context. This method is helpful because it permits academics to examine
uncertainty and roughness in a more systematic manner. CRS has attracted many researchers due
to its wide range of applications and some of its extensions are presented in the following literature
[42, 43, 13, 30].

As rough sets and fuzzy sets have proven to be useful scientific tools for dealing with uncertainty,
the question of whether the two kinds of sets can be quickly combined arises as a logical consequence.
All currently available generalizations of fuzzy approximation sets are founded on various special fuzzy
relations. Dubois et al. [6] developed the idea of fuzzy rough sets and rough fuzzy sets. Radzikowska
and Kerre [20] proposed a general strategy for fuzzifying rough sets. They construct a general class of
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fuzzy rough sets, which refer to as (%, )-fuzzy rough sets. Shaheen et al. [24] initiated an effort to
characterise a rough approximation for a set of hesitant fuzzy sets over some universe.

Ma [14] presented two different kinds of fuzzy covering rough sets which could be considered as
a bridge between covering rough sets and fuzzy rough sets. Deng [5] presents a lattice theory-based
method for fuzzy rough sets. The new model is built on the notions of fuzzy covering. Yeung et al. [31]
developed a unique approach that is identical to the Mamdani algorithm and established a topological
and lattice structure for fuzzy rough sets. Sun et al. [26] investigate multigranulation structures for
rough approximation over fuzzy concepts across two distinct universes. Yang and Hu [28] proposed the
concept of fuzzy complementary S-neighborhood. A new fuzzy covering model was presented by Yang
[29], which is based on Zadeh’s extension concept over two distinct universe. Many academics have
been motivated by the concept of a fuzzy rough set, which has led to the proposal of a wide range of
models, some of which are presented in [34, 37].

To characterise a useful mathematical technique for handling multi-attribute ambiguity, Molodtsov
[17] came up with the idea of soft sets. Maji et al. [15, 16] presented several operators on soft sets. Ali
[1] studied the relationships between fuzzy sets, rough sets and soft sets. Roy and Maji [21] proposed a
decision-making model by creating a comparison table using fuzzy soft sets. Feng et al. initiated soft
P-rough set in [8]. Shabir et al. [22] developed a Modified Soft Rough set (MSR) using Feng’s soft
set theory. MSR performs better in terms of accuracy than other existing models. Yiiksel et al. [32]
derived soft covering-based rough sets. Zhan et al. [35] presented five different kinds of soft covering
based rough sets.

Zhan and Sun [36] proposed a novel models soft rough fuzzy covering (SRFC) and soft fuzzy rough
covering (SFRC). Atef and Nada [2] proposed three different kinds of SFRC. Teams of experts collab-
orate to solve multiple decision-making challenges to reach the best solution. They have to evaluate
potential candidates based on various factors. The idea of fuzzy soft covering based on multigranula-
tion defined in [3] is quite helpful in these circumstances. Zhang and Zhan [39] contributed fuzzy soft
[B-coverings, fuzzy soft S-neighborhoods and fuzzy soft complement S-neighborhoods and prefaced four
different fuzzy soft -covering based fuzzy rough sets (FSGCFRS). Nawar et al. [18] developed a fuzzy
soft B-adhesion and using this concept a new kind of FSGCFRS is defined.

Multiple Attribute Group Decision Making (MAGDM) techniques encompass the process of selecting
preferred options from a set of alternatives distinguished by multiple attributes. The utility of these
approaches spans diverse domains, including but not limited to professional, managerial, and political
decision-making. MAGDM aims to opt for the most optimal alternative or prioritize options by tak-
ing into account a multitude of attributes, leading to its extensive utilization across a wide array of
disciplines [25, 27]. MAGDM techniques are used to solve decision-making problems involving multi-
ple criteria and multiple decision-makers. These techniques evaluate and rank alternatives based on
various attributes, considering the preferences and opinions of a group of decision-makers. The pro-
cess typically involves structuring the problem, identifying criteria, evaluating alternatives, aggregating
preferences, building consensus, and selecting or ranking the best option. MAGDM is widely applied
in fields like energy, logistics, and safety management to ensure systematic, transparent, and inclusive
decision-making.

MAGDM techniques are extensively applied across various fields to address complex decision-making
problems involving multiple criteria and stakeholders. In energy management, MAGDM helps in evalu-
ating and selecting the best energy sources by considering factors like cost, environmental impact, and
efficiency. In logistics and supply chain management, it aids in selecting suppliers, optimizing trans-
portation routes, and managing inventory by balancing criteria such as cost, delivery time, reliability,
and sustainability. Healthcare applications of MAGDM include selecting treatment plans, evaluating
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medical technologies, and making resource allocation decisions, taking into account factors like cost,
effectiveness, patient preferences, and risk. In safety management, MAGDM is used to assess and mit-
igate risks in industries like construction, manufacturing, and aviation by selecting appropriate safety
measures and evaluating safety performance.

The primary objective of this research is to define three kinds of Z-fuzzy soft [-covering based
-fuzzy rough sets (¥-Z-FSBCFRS) and three kinds of Z-fuzzy soft S-covering based 9D-fuzzy rough
sets (2-Z-FSBCFRS) to generalize the concepts of i-soft fuzzy rough covering (¥-SFRC) and P-soft
fuzzy rough covering (Z-SFRC) models defined in [2, 36]. To maximize the lower approximation and to
minimize the upper approximation of ¢-SFRC and 2-SFRC models, we have defined these new kinds of
-Z-FSBCFRS and 2-Z-FSBCFRS. Increased lower approximation and reduced upper approximation
provide accurate results in the decision process, which is the main reason for defining these models.

The structure of this paper is outlined below: Definitions necessary for understanding the subsequent
sections are provided in Section 2. In Section 3, three kinds of 1-Z-FSSGCFRS and three kinds of 9-Z-
FSBCFRS are defined. Section 4 provides the relationship between the three kinds of ¥-Z-FSGCFRS
and three kinds of 2-Z-FSSCFRS. Section 5 deals with the comparative analysis of these models.
Section 6 presents an application to find optimal alternatives using the proposed model. In Section 7,
the conclusion is discussed.

2. PRELIMINARIES

In this section, fundamental definitions are presented to facilitate a comprehensive understanding of
the subsequent study. Throughout the paper, we assume that 2 represents a finite universal set.

Definition 2.1. [33] A fuzzy set M on Q is defined by a mapping M (e) : & — [0,1] where M (v)
indicates the membership grade of v € Q in M. F(Q) indicates the family of fuzzy subsets of .

Definition 2.2. [40] A relation R = {((v,u), ur (v,u)) : (v,u) € Q x Q} is known as a fuzzy relation
on 2 x . Then, R is said to be

(1) reflexive if pg(v,v) =1, Vv € Q.

(2) symmetric if pr(v,u) = pr(u,v), vV v,u € Q.

(3) transitive in the sense of max-min iff

pr(v,w) > mazyeq (min (pr(v,u), pr(u, w))), ¥V u,v,w € €.

Definition 2.3. [11] Let M, O € F(Q2) and M(v), O(v) € [0,1], for all v € Q. Then, it holds the
following properties.

(1) M C O M(v) < 0(v);

2)M=0<MCO and OC M;

(3) (M NO)(v) =M(v) ANO(w) and (M UO)(v) = M(v) V O(v);

(4) M¢(v) =1— M(v).

Definition 2.4. [9, 12] Let € = {6’;,6’57 ,a} with C; € FQ)(i=1,2,..,1), a fuzzy covering of €,
I
if (U CZ) (v) =1, for every v € Q.
i=1

Ma [14] defined a fuzzy (-covering as a generalization of fuzzy covering by changing 1 with (0 <
B < 1), we call € = {a,@,,a} with C; € F)@E = 1,2,..,1), a fuzzy S-covering of Q, if

1 ~
(U CZ-) (v) > B, for every v € Q. Then (Q, %”)ﬁ is known as a fuzzy [-covering approximation space
i=1
(FBCAS).
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Definition 2.5. [17] Let E be a set of all attributes. The pair K = (F, B) is a soft set over €2, where
F : B — P(Q) is a set-valued mapping and B C E.

Definition 2.6. [21] If the mapping F is defined by F:B— F(£), then (f‘, B) is known as a fuzzy
soft set over (.

Definition 2.7. [38] If (|J F(b))(v) = 1, for all v € Q, then (F, B) is known as a fuzzy soft covering
bEB

over . The triad J = (£, F, B) is known as a fuzzy soft covering approximation space (FSCAS).

Definition 2.8. [39] If (|J F(b))(v) > 8, for all v € Q, then (F,B)s is known as a fuzzy soft f-
beB

covering over ). Here, the triad J = (9, F ,B)s is known as a fuzzy soft S-covering approximation
space (FSBCAS).

Definition 2.9. [39] Let J = (Q,ﬁ,B)B be a FSECAS for some § € (0,1]. For all v € €, the fuzzy
soft B-neighborhood of v is defined as g\f{f =N {F(b) € F(B) : ﬁ(b)(v) > ﬂ}.

Definition 2.10. [39] Let J = (Q,ﬁ,B)g be a FSSCAS for some 8 € (0,1]. Then, 3—}\/45 = g\fg(v) is
the fuzzy soft complementary S-neighborhood of v, for all u,v € .

Definition 2.11. [18] Let J = (Q, F, B)s be a FSBCAS for some 3 € (0,1]. Then, 5?45 = SN n
SM?8 is the fuzzy soft S-adhesion of v, for all u,v € €.
3. NEw KINDS OF Z-FSBCFRS

This segment defines three kinds of ¥-Z-FSBCFRS and three kinds of 9-Z-FSGCFRS and their
properties are explored.

3.1. ¥-Z,-FSECFRS and 92-Z,-FSGCFRS.

Definition 3.1. Let (ﬁ, B)gs be a fuzzy soft S-covering over Q. Let

R = {((U7“)’9%1(U’u)> s (v,u) € Q x Q} such that v =v;, 1 <i<pandu=w;, 1 <j <pis the
fuzzy relation where the mapping 9%1 : Q x Q —[0,1] is defined by

0 (o.0) = Shet (SN, () A SN, ()
R, (v, u) =

Py (SN () VSN, ()

is the first kind of fuzzy soft S-measure degree (1-FSEMD) of v with respect to u. It is obvious that,
9%1 (v,v) =1 and 9%1 (v,u) = 9%1 (u,v). In addition, 0 < 9%1 (v,u) < 1.

The matrix depiction of 1-FSSMD is given below: if m;; = 9%1 (v,u) = 9%1 (vs,v;), we present a
matrix
mir ... Mip
[mijlpxp = R I
Mmp1r .. Mpp
as the matrix depiction of 1-FSSMD of order p x p.
By definition 1-FSSMD, we can say that the fuzzy relation R; is reflexive and symmetric but not
transitive. Therefore, R; is a weak fuzzy similarity relation.

Remark 3.1. (i) The fuzzy soft measure degree (FSMD) model introduced by Zhan et al. [36] is a
special case of 1-FSGMD model when 8 = 1. (ii) 1-FSSMD is a generalization of FSMD.
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Example 3.1. Let J = (Q,f‘, B)g be a FSBCAS and (f,B)ﬁ is presented in TABLE 1. For f =
0.6, we calculate the fuzzy soft 5-neighborhood, fuzzy soft complementary B-neighborhood and fuzzy soft
B-adhesion as follows.

TABLE 1. Tabular depiction of (F), B)g

Q| by | bo | b3 | by | bs

vy | 0.6]02|0.4|05]07
vg | 0.110.8(0.7|0.3]0.2
vg | 0.8]0.4(0.8|0.1]0.6
vg | 051061010702
vs | 0.3 0405|0208
ve | 0.410.710.6|0.1]0.2

The matriz form of @%l is given below,

1 027 085 034 0.63 0.33
027 1 031 0.34 045 0.73
meloe = 085 031 1 0.3 0.63 041
13166 034 034 03 1 035 037
0.63 0.45 0.63 035 1 0.53
0.33 0.73 041 0.37 053 1

TABLE 2. Table for g\]/\ffj

Q v | v | v3 | vg | Vs | Ve
SN, 06| o1]o6]oz]0s]02
SNN6 0.2107]03]01]04] 06
SN, |06l o1]o6loz]os]oz
SN, |02los]o1lo6]oz] o1
SN 107l 02| 06]02]0s] 02

SN 0210710801041 06

TABLE 3. Table for ij

Ui | V2 | VU3 | U4 | Us | Vs

sit, | oeloz]oc|oz]or]|oe
sir, | o1lov]oilos]oz]or
sit. |06 03| 06]01]06]0s
sit, ozl o1]o0z2]o6]02]01
51\72 0.3 04|03 02]08| 04

SM 0210602010206
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TABLE 4. Table for ,S?;li

Up | V2 | U3 | U4 | Us | Vs

s, [o6lo1]os|oz]os]o2
sa lo1lor]or]o1]oz2] o6
sl loslor]oeloi]os]oe
S‘?lz 02010106/ 02]| 0.1

SA 0.310208)|02]08]|0.2
SA 0.2106|02]01]02)|0.6

From the above matriz, we can say that the relation Ry is reflexive and symmetric but not transitive.
For example, let Q = {v1,v9,v3}, then
1 027 0.85
Ri=1027 1 031
0.85 031 1

Since 922 (vs,v5) is not always less than or equal to 9%1, Hence Ry is not transitive.
1

By using the concept of 1-FSEMD, we define the first kind of Z-fuzzy soft S-covering based ¥-fuzzy
rough sets (¢-Z1-FSECFRS).

Definition 3.2. Let J = (Q,ﬁ,B)g be a FSGCAS, for some 5 € (0,1]. Let 9%1 be 1-FSBMD of
Q and ¢ € [0,1). For each M € F(Q), the sets Lj,(M) and Uy (M) are known as the first kind of
Z-fuzzy soft B-covering -lower approximation and upper approximation (briefly, 1-Z;-FSGCLA and
¥-Z1-FSBCUA), where
Lip(M)(v) = /\ {M(u) : gél(v,u) > ¢} and U;,(M)(v) = \/ {M(u) : 9%1(’0,11,) > w} Yo € Q.
ueN ueN
If Ly, (M)(v) # U,,(M)(v), then M is known as -Z;-FSSCFRS.

Example 3.2. (Proceeding from Ezample 3.1). Take ¥ = 0.5 and let
05 03 02 04 06 038
M=-—"4 "4 "4 — 44—,

(%1 (2] V3 V4 Vs Ve

Then, we have
02 03 02 04 02 0.3

Ly(M)=—=+ =4 =+ —+ =4 —

V1 V2 U3 V4 Vs Ve

and 06 08 06 04 08 08
Up(M)=—+ —+ —+ —+ —+—.

U1 Vg U3 on Uk Ve

Theorem 3.1. Let J = (0, F, B)s be a FSBCAS. For all M, O € F(Q). Then
(i) LL(M°) = (UJJ(M)) .

(i) Uh(ue) = (zh(0))"

(iti) If M C O, then Ly,(M) C Ly,(O)
(iv) If M C O, then Uy (M) C Uj(O).
(v) Ly,(M N O) = Ly(M)N Ly (0).
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1), (i1), (v) and (iz), because the proof of (i¢) is similar to (z), (iv) is similar
re all similar to (v).

Proof. We shall prove only
to (i) and (vi), (vit), (viid
(i) Let

\_/,—\
gjv

LLe) = N {MC(u) L D8 (v,u) > zp}

ueR

— /\ {1—M(u):9%1(v,u) >¢}-

ue

—1-V {M(u);gﬁl(v,u) >¢}.

ue)
= (U ()"
(iii) Let M, O € F(Q) such that M C O and then we have,

L}b(M) = /\ {M(u) : 9%1 (v,u) > 1/)} < /\ {O(u) : @%I(v,u) > 1/1}

u€) ue
= L, (0).
(v) If v € Q, then we have

LL(M N O)(v {Mmo ): D2 (v, )>w}.
u€es)
{M (v,u) > w} N /\ {O(u) : 9%1 (v,u) > w}
ue ue
= Ly (M) N Ly (0).
(ix) By Definition 3.2. O

By using the concept of 1-FSSFMD, we define the first kind of Z-fuzzy soft 5-covering based P-fuzzy
rough sets (2-Z;-FSECFRS).

Definition 3.3. Let J = (Q, F, B)s be a FSBCAS, for some 8 € (0,1]. Let @5 be 1-FSZMD of Q.
For each M € F(Q), the sets LL (M) and U (M) are known as the first kind of Z-fuzzy soft B-covering
D-lower approximation and upper approximation (briefly, 2-Z;-FSSCLA and 2-Z,-FSBCUA), where

LL(M)(w) = )\ {(1 — 9% )(v,u) \/M(v)} and UL(M)(v) = \/ {9gl(v,u) /\M(v)} Vo € Q.

u€N u€e
If LY, (M)(v) # Ud (M)(v), then M is known as @-Z;-FSBCFRS.

Example 3.3. (Proceeding from Ezample 3.1). Let

05 03 02 04 06 0.8
M=—+—+—4+—+—+ —.
U1 Vg U3 V4 Us V6
Then, we have
02 03 02 04 037 03
—t -t —+ —+ —

LL(Mm
z ( ) U1 V2 U3 V4 Us Vg
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and

06 073 06 04 06 0.8
Ub(M) = — 4+ ==+ =4 — 4 — 4 2
U1 V2 U3 V4 Vs Vg

Next, we obtain the following results for 2-Z;-FSSCFRS and the proof of these results is equivalent
to Theorem 3.1.

Theorem 3.2. Let J = (Q,ﬁ,B)ﬁ be a FSBCAS. For all M, O € F(Q), the following hold.
1) L, (M€) = (Ug (M)
Lg(

C

).
)"

(

(2) U5(M®) = (L, (M)

(3) If M C O, then LL (M) C LL(0).
(4) If M C O, then UL (M) C UL(O).
(5) Ly (MNO) = Li,(M) N L, (0)
(6) Us(MnO) CUL(M)NUL(0).
(7) Ly, (M UO) 2 L, (M) U L, (0)
(8) UL(M UO) = UL(M)UUL(O).
(9) Lg(M)(v) < M(v) < Ug(M)(v)

3.2. 1-Z»-FSBCFRS and J-Z,-FSACFRS.

Definition 3.4. Let (ﬁ, B)s be a fuzzy soft S-covering over €. Let

Ry = {((v,u),.@%z(v,u)) s (v,u) € Q x Q}

such that v = v;, 1 <4 < pand u = v;, 1 < j < p, is the fuzzy relation, where the mapping
D+ 2 x Q— [0,1] is defined by

Py (53, (0) A SI,, ()

B o u) =
hutow) = 5 (S35, () v S3, ()

is the second kind of fuzzy soft S-measure degree (2-FSGMD) of v with respect to w. It is obvious that,
9%2 (v,v) =1 and 9%2 (v,u) = 9%2 (u,v). In addition, 0 < 9%2 (v,u) < 1. Then, we can represent the
2-FSSMD in a matrix form. If n;; = 9%2 (v,u) = 9%2 (vs,v5), we define a matrix

ni ... MNip
[nij]po = : : y
Np1 --+. Npp

which is the matrix depiction of 2-FSSMD of order p x p.

By the definition of 2-FSBMD, we can say that the fuzzy relation R, is reflexive and symmetric but
not transitive. Therefore, Ry is a weak fuzzy similarity relation.

Remark 3.2. (i) The first kind of fuzzy soft measure degree (1-FSMD) model introduced by Atef et al.
[2] is a special case of 2-FSSMD model when 5 = 1. (i) 2-FSSMD is a generalization of 1-FSMD.
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Example 3.4. Let J = (Q,f‘, B)g be a FSBCAS and (ﬁ,B)g is presented in TABLE 1. For 8 = 0.0,

the matriz form of @%Z is given below

1 038 1 034 074 0.38
038 1 038 035 038 1

1 038 1 034 074 0.38
034 035 034 1 031 0.35
0.74 038 074 031 1 038
038 1 038 035 038 1

From the above matriz, we say that the relation Ro is reflexive and symmetric but not transitive. For

[nijlexe =

example, let Q@ = {vg,v5,v6}, then

1 031 035
Ry,=11031 1 0.38
035 038 1

Since 915%2 (v, v5) is not always less than or equal to 9%2. Hence Ry is not transitive.
2

By using the concept of 2-FSSMD, we define the second kind of Z-fuzzy soft S-covering based i-fuzzy
rough sets (¢-Zo-FSBCFRS) .

Definition 3.5. Let J = (Q,ﬁ, B)g be a FSBCAS, for some 5 € (0,1]. Let 9%2 be 2-FSSMD of )
and ¢ € [0,1). For each M € F(Q) , the sets L} (M) and U7 (M) are known as the second kind of
Z-fuzzy soft S-covering i-lower approximation and upper approximation (briefly, 1-Zs-FSBCLA and
-Zo-FSBCUA), where

LZ(M)w) = N\ {M(u) L D8 (v,u) > ¢} and UZ(M)(v) = \/ {M(u) L DB (v,u) > 1/}} Yo € Q.
ues u€es)
If pr(M)(v) # Ui(M)(v), then M is known as 9-Z-FSSCFRS.

Example 3.5. (Proceeding from Ezample 3.1). Let

05 03 02 04 06 0.8
M=—+4+—+—+— 4+ — 4+ —
U1 () VU3 V4 Uk Ve

and take v = 0.5. Then, we have

02 03 02 04 02 03

Li(M)= =+ "4+ =+ —+—=4+—=

U1 Vo U3 on Us Ve

and 06 08 06 04 06 08
UZ}(M):;+;+;+;+;+;.

U1 U2 U3 V4 Us Ve
Here, we obtain the following results for 1-Zo-FSFCFRS and the proof of these results is equivalent
to Theorem 3.1.

Theorem 3.3. Let J = (Q,ﬁ,B)g be a FSBCAS. For all M, O € F(QY). Then,
(1) £3,(M9) = (U3(M))

() v2(ue) = (L301))"

(3) If M C O, then L (M) C L2(O).
(4) If M C O, then U3(M) C U3(0).
(5) L3(MNO) = L%(M)N L3(0).
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=)
S

=2 4=
S~— N ~
N S

SN SN SN S

=]

By using the concept of 2-FSSMD, we define the second kind of Z-fuzzy soft S-covering based 2-fuzzy
rough sets (2-Zy-FSECFRS) .

Definition 3.6. Let J = (1, ﬁ, B)s be a FSBCAS, for some § € (0,1]. Let 9%2 be 2-FSSMD of Q. For
each M € F(Q), the sets L% (M) and UZ(M) are known as the second kind of Z-fuzzy soft B-covering
D-lower approximation and upper approximation (briefly, @-Zo-FSSCLA and 2-Z,-FSBCUA), where

L(M)(v) = )\ {(1 —9%2)(v,u)vM(0)} and UZ(M)(v) = \/ {9@2@,@ /\M(v)} Yo € Q.

ue u€e

If L2,(M)(v) # U2(M)(v), then M is known as @-Zs-FSBCFRS.

Example 3.6. (Proceeding from Ezample 3.1). Let
05 03 02 04 06 038
e SR B AR

M=—+
U1 Vo U3 on Us Ve
Then, we have
02 03 02 04 026 0.3
LE(M)= =+ —+ =4+ —+— 4=
U1 Vo U3 on Uk Ve
and
06 08 06 04 06 0.8
Ug(M)=—+4—+ —+—+—+ —

n Uy Vs im Us Vg
Here, we obtain the following results for 2-Z,-FSFCFRS and the proof of these results is equivalent
to Theorem 3.1.
Theorem 3.4. Let J = (0, F, B)s be a FSBCAS. For all M, O € F(Q). Then
1) L3,(M°) = (U3 ()
2) U3(M¥) = (13,(M)
If M C O, then L

C

c C DO o
@%@m@%@m

3.3. 1-Z3-FSBCFRS and 9-Z3;-FSBCFRS.

Definition 3.7. Let (ﬁ', B)gs be a fuzzy soft S-covering over Q. Let

R3 = {((v,u),@%s(v,u)) (v,u) € Q x Q}
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such that v = v;, 1 <4 < pand u = v;, 1 < j < p, is the fuzzy relation, where the mapping
D, 2 x Q—[0,1] is defined by

P (54,0 A 54, ()

s v, U) =
ES (54, 0) v 54, ()

Vi V.
is the third kind of fuzzy soft S-measure degree (3-FSSMD) of v with respect to u. It is obvious that,
@%3 (v,v) =1 and 9%3_ (v,u) = @%g (u,v). In addition, 0 < @gﬁ (v,u) < 1. Then, we can represent the
3-FSAMD in a matrix form. If K;; = 9%3 (v,u) = 9%3 (vs,v5), we present a matrix

Kii ... Ky
[Kij]pxp = )
Ky, ... Ky
which is the matrix depiction of 3-FSSMD of order p x p.

By definition 3-FSSMD, we can say that the fuzzy relation Rj is reflexive and symmetric but not
transitive. Therefore, R3 is a weak fuzzy similarity relation.

Remark 3.3. (i) The second kind of fuzzy soft measure degree (2-FSMD) model introduced by Atef et
al. [2] is a special case of 3-FSSMD model when g = 1. (ii) 3-FSEMD is a generalization of 2-FSMD.

Example 3.7. Let J = (Q,f‘, B)g be a FSBCAS and (ﬁ,B)ﬁ is presented in TABLE 1. For 8 = 0.0,

the matriz form of @%3 is given below

1 026 095 037 0.53 0.34
026 1 027 029 031 0.85
095 027 1 033 05 035
037 029 033 1 037 033
053 031 05 037 1 039
0.34 085 035 033 039 1

[Kijloxe =

From the above matriz, we say that the relation Rg is reflexive and symmetric but not transitive. For
example, let Q@ = {v1,v9,v3}, then

1 026 095
Ry=1026 1 0.27
095 027 1

Since QZﬁRQ (v, v5) is not always less than or equal to 9/;3. Hence Rs is not transitive.
3
By using the concept of 3-FSGMD, we define the third kind of Z-fuzzy soft S-covering based i-fuzzy
rough sets (¢-Z3-FSFCFRS).

Definition 3.8. Let J = (Q,ﬁ,B)g be a FSBCAS, for some 8 € (0,1]. Let 9%3 be 3-FSBMD of
Q and ¢ € [0,1). For each M € F() , the sets L3 (M) and U} (M) are known as the third kind of
Z-fuzzy soft B-covering -lower approximation and upper approximation (briefly, 1-Z3-FSGCLA and
Y-Z3-FSBCUA), where

L(M)(v) = N\ {M(u) L 90 (v,u) > z/;} and U3(M)(v) = \/ {M(u) L 90 (v,u) > ¢} Yo € Q.

u€sd ueN
If L (M)(v) # U3 (M)(v), then M is known as -Z3-FSSCFRS.
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Example 3.8. (Proceeding from Ezample 3.1). Take ¥ = 0.5 and let

05 03 02 04 06 08

M=-—"+"+"4+"—+ 4=

U1 Vo U3 on Uk Ve

Then, we have

02 03 02 04 02 03
Li(M)=—+ "4 "=+ —+ "=+ —
U1 Vo U3 on Us Ve
and 06 08 06 04 06 0.6
US(M)=—+ —+—+—+ —+—

U1 V2 U3 V4 Us Ve .

Here, we obtain the following results for 1-Z3-FSSCFRS and the proof of these results is equivalent
to Theorem 3.1.

Theorem 3.5. Let J = (Q,ﬁ,B)g be a FSBCAS. For all M, O € F(Q2). Then
(1) £8,(M9) = (U3 ()

[\)
=
<
N
\
~~
~
<w
~—
s
~—

By using the concept of 3-FSFMD, we define the third kind of Z-fuzzy soft S-covering based P-fuzzy
rough sets (2-Z3-FSFCFRS).

Definition 3.9. Let J = (Q,l;,B)B be a FSBCAS, for some g € (0,1]. Let QZ%B be 3-FSSMD of Q.
For each M € F(R), the sets L3, (M) and U3 (M)) are known as the third kind of Z-fuzzy soft 3-covering
D-lower approximation and upper approximation (briefly, 2-Z3-FSSCLA and 2-Z3-FSGCUA), where
L(M)w) = N\ {(1 ~ 9% )(v,u) v M(v)} and US(M)(v) = \/ {@gs(v,u) A M(v)} Vo € Q.
u€) u€eQ

If L3 (M)(v) # US(M)(v), then M is known as @-Z3-FSBCFRS.

Example 3.9. (Proceeding from Ezample 3.1). Let

. 02 04 06 0.8
M=—4—4—4—4+ —4+ —.
U1 Vo U3 on Uk Ve

Then, we have

. 02 03 02 04 05 0.3

Lisg(M) —t —+—+—+ — + —

U1 Vo U3 on Us Ve

and 053 08 05 04 06 0.8
Ug%(M):'i_i'_ S I T Mt

U1 (%) V3 V4 Vs Ve '

Here, we obtain the following results for 2-Z3-FSBCFRS and the proof of these results is equivalent
to Theorem 3.1.

Theorem 3.6. Let J = (0, F, B)s be a FSBCAS, for all M, O € F(Q). Then
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(1) Lg(M°) = (U3(M))".

(2) US(M®) = (L3,(M))".

(3) If M C O, then L (M) C L3 (0)
(4) If M C O, then U3 (M) C U3 (O)
(5) L3(MNO) = L3,(M) N L%, (0)
(6) US(M N 0) CUS(M)NUE(0).
(7) L3,(MUO) 2 L3,(M) U L% (0)
(8) US(MUO) =US(M)UU(0).
(9) L (M)(v) < M(v) < U5 (M)(v)

4. THE RELATIONSHIP BETWEEN THREE KINDS OF ¢-Z-FSGCFRS AND THREE KINDS OF
2-7Z-FSBCFRS

In this section, we present the relationship between the lower and under approximations of three
kinds of -Z-FSBCFRS and three kinds of @-Z-FSSCFRS.

Proposition 4.1. Let J = (Q,ﬁ,B)ﬂ be a FSBCAS. For all M € F(Q). Then the following relation
holds:

CECECEG
h

h

5%

S

SRS
G5 GF <8 &
SEEEE
N 1N NN
N 1N 1NN
@%@%@%%ﬁ
==

Proof. The proof is obvious from Definitions 3.2, 3.3, 3.5, 3.6, 3.8 and 3.9. ]

5. COMPARISON AND DISCUSSION

In 2019, the idea of a fuzzy soft neighborhood was initiated by Zhan et al. [36]. By using this
concept, fuzzy soft measure degree, 1-soft rough fuzzy covering and P-soft rough fuzzy covering were
formed. A fuzzy soft complementary neighborhood was proposed in [2] to create a new kind of fuzzy
soft measure degree, 1-SFRC and 2-SFRC. Zhan et al. [39] defined fuzzy soft S-neighborhood and
fuzzy soft complementary [S-neighborhood in order to develop a novel model of FSFCFRS. In 2021,
Nawar et al. [18] introduced fuzzy soft S-adhesion and a new kind of FSGCFRS.

As a generalization of the concepts [2, 36] , we have defined three kinds of ¢-Z-FSBCFRS and 9-Z-
FSBCFRS in Section 3. Now, we compare the lower (¥-Z-FSCLA, 2-Z-FSCLA) and upper approxi-
mations (¢-Z-FSCUA, 2-Z-FSCUA) of three kinds of ¢-Z-FSSCFRS and @-Z-FSBCFRS respectively.

Using Example 3.1, the lower and upper approximations of the three kinds of ¢-Z-FSGCFRS and
D-7Z-FSBCFRS are displayed in FIGURE 1 and FIGURE 2 respectively. In FIGURE 1, the lower
approximation is same for all three kinds of -Z-FSBCFRS, whereas ¢-Z3-FSCUA has the least upper
approximation. In FIGURE 2, we can see that the third kind of 2-Z-FSSCFRS has the least upper ap-
proximation and the greatest lower approximation. The graph shows that the upper approximation de-
creases and the lower approximation increases for the third kind of ¢-Z-FSSCFRS and 9-Z-FS5CFRS.
As a result of the above discussion, we can conclude that the third kind of -Z-FSSCFRS and the third
kind of 2-Z-FSBCFRS are effective.
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three kinds of ¥-Z-FSGCFRS three kinds of 9-Z-FSGCFRS

6. APPLICATION OF @-Z3-FSGCFRS iINn MAGDM

This section proposes a MAGDM model using 9-Z3-FSBCFRS, since the precision of the third kind
of 2-Z-FSBCFRS is better than other kinds of 2-Z-FSFCFRS.

6.1. Description and process. For an institute, we need to recruit some skilled people. Let =
{v1,v2,...,v,} be p candidates and B = {by,bo,...,b,, } be the attribute set, where B C E. Let S be
the critical value. Each applicant must have at least one skill for which the applicant’s value is greater
than or equal to 5. Then (f‘,B) g is a fuzzy soft B-covering of Q. Let the fuzzy set M represent the
expert’s assessment values of each applicant. Calculate 3-FSSMD for each pair of candidates by,

Ly (S40,(0) A 54, (w)
v (SAn() v SAL W)

9%3 (v,u) =

Calculate the lower and upper approximations for M using Definition 3.9. Compute the maximal value
for each candidates by, max(v;) = M(v;) + L3 (X)(v;) + U3 (X)(v;). Rank the candidates using their
maximal values.

6.2. Algorithm. A standard algorithm for the decision-making process is given in this subsection.

Algorithm 1

1: Input M, and (ﬁ , B)ﬁ, which denotes the assessment values of the expert group.

Using Definition 3.7, calculate 3-FSGMD.

By using Definition 3.9, calculate 2-Z3-FSCLA and 9-Z3-FSCUA.
Compute maz(v;) = M (v;) + L2, (X)(v;) + U3 (X)(v;).

Rank the candidates and obtain the optimal solution.

AN

Remark 6.1. The above algorithm is a linear time algorithm whose time complexity is O(n), where n
denotes the number of persons in the expert group.

6.3. Illustrative example. The following numerical example illustrates the steps specified in the pre-

ceding algorithm.

An interview is going on for the post of assistant professor in a university. Panel consisting of
applicants for interview form a set Q = {v1,v9,...,u6} and the attribute set consists of their notable
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TABLE 5. Table for (ﬁ,B)B

Q[ by | by | b3 | ba | b5 | s | b7
v1 102070308 [0406]03
ve | 03] 04101[06]0.7]05]04
v3 10604070308 [02]05
va | 0.4]06]03]07]02]05]0.7
vs 104103020409 06]05
v | 070803060105 04

TABLE 6. Table for SNAZ

9] vy | va | v | vg | U5 | e
s4. lo6loalo2]03]03]02
s, loaloe]o1]02]04]01
sa, lo2]01]06]02]02]01
s lo03lo2]02]06]02]04
s, o3 loalo2]02]06]01
sA, lo2]o01]01]04al01]06

characteristics such as communication skill (b;), teaching skill (bs), presentation skill (bs), experience
(bs), academic records (bs), time management skills (bg), and patience (b7). The organization assigns
a critical value of 0.6 to determine whether the individual meets the skill requirements. Using this
algorithm, we have to choose the best candidate for the job. Our aim is to select the most deserving
candidate. The numerical example of the specified algorithm is executed here. Experts analyze each
applicant based on the attributes and provide their observations with actual values. The summary of
these actual values are given in TABLE 5.
The overall assessment values of each applicant are given by,

05 03 02 04 06 08
=+ =+ —.
V1 V2 V3 V4 Vs Vg

M

The matrix form of @%3 is given below,

1 065 042 0.56 0.65 04
065 1 039 042 0.71 0.32
042 039 1 043 045 0.38
0.56 042 043 1 048 0.61
0.65 071 045 048 1 032
04 032 038 061 032 1

[Kijlexe =
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TABLE 7. Table for ranking outcomes.

Our proposed models Obtain a decision
Y-Z1-FSBCFRS Vg R Vs R Uy R Ug > U1 > U3
9-71-FSBCFRS Vg > Us > U4 RV > Uy > U
-Zo-FSBCFRS Vg > Vs > V] R Vg > Uy N Us
D-Z>-FSBCFRS Vg RE Vs > Vg > V1 > Vg > Us
-Z3-FSBCFRS Vg > Us RV > Vg R Vg > Vs
9-Z3-FSBCFRS Vg > Vs > V1 > Vg > Vg > Us

The lower and upper approximations of M are as follows,

( 035 03 02 04 03 04
LE(M)=—"—+—+ — 4+ —+ — + —,
U1 Vg VU3 V4 Us Vg
06 06 045 061 0.6 0.8
Uy(M)=—"—4—+—+—"—+—+ —.
V1 V2 V3 V4 Us Ve

Based on the above information, the maximal values for each candidate are maxz(vy) = 1.45, maz(vs)
= 1.2, max(vs) = 0.85, max(vs) = 1.41, maz(vs) = 1.5, max(vs) = 2. The candidates are arranged
according to their maximal values, vg > vs > v1 > v4 > Vo > V3.

From the above ranking, we can conclude that the candidate vg is more suitable for the job.

6.4. Advantages of the proposed model. Real-life decision-making issues frequently arise in com-
plicated environments with imprecise and unclear data, which makes them challenging to solve. When
the data is complicated, hazy, or ambiguous, the offered approaches are quite appropriate, especially
when the underlying data is based on fuzzy soft covering. The following are a few benefits of the
recommended techniques:

e Prescriptive decision-making methods can be applied to any kind of unsolved decision problem
and are easily understood.

e The proposed model will provide accurate results when compared with other existing models,
which helps in finding the optimal results in the decision-making process.

e In contrast to the ¥-SFRC and 2-SFRC models defined in [2, 36], the technique proposed
in this study has persistent distinguishability, which can aid us in controlling the particular
ideal explanation for diverse decision makers safety preferences. Contrarily, the ¢-SFRC and
2-SFRC methodology may result in near-full evaluation values for each scheme, diminishing
the method’s capacity to discriminate between the schemes and making it more difficult to do
SO.

6.5. Comparison between the proposed models. In this subsection, we replace Definition 3.9 in
Algorithm 1 with Definitions 3.2, 3.3, 3.5, 3.6 and 3.8 to obtain the decision results for each newly
proposed model. TABLE 7 shows that the third kind of 2-Z-FSBCFRS provides more accurate results
than other models, which is the main reason for selecting this model for application.

6.6. Comparison with other existing techniques. The literature contains a wide range of methods
that can be used to solve various decision-making problems. Each of these decision-making strategies
has its own advantages and disadvantages. The effectiveness of each technique is determined by the
chosen problem. Here, we compare the proposed decision-making strategies with some existing decision-
making techniques. In this subsection, we compare our model with Nawar’s model [18], Zhan’s model
[36] and Zhang’s model [39] to illustrate the significance of our model in the decision-making process.
As shown in TABLE 8, we get v; ~ vy using existing models. Therefore, we cannot determine which
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TABLE 8. Table for ranking results

Various models Obtained result
Nawar’s model | vg > v5 > v] R V4 = Vg > V3
Zhan’s model | vg > v5 > vy R vy > vy > v
Zhang’s model | vg > v5 > v X vy > Vo X VU3
Our model Vg > Us > U1 > Vg > Vg > U3

is better between v; and vy. However, using our method, we obtained v; > wv4, indicating that v; is
more effective than vy. This is particularly useful for identifying which alternative is better than the
other. Our method provides a clear ranking of alternatives from best to worst. Therefore, the newly
proposed model gives more precise and accurate results compared to other existing models, which shows
the effectiveness and importance of our model.

7. CONCLUSION

In this paper, three kinds of ¢-Z-FSBCFRS and three kinds of 2-Z-FSFCFRS are defined to increase
the lower approximation and to decrease the upper approximation of ¥-SFRC and 2-SFRC models.
By analyzing these models, we conclude that the third kind of ¢-Z-FSBCFRS and third kind of 9-
Z-FSBCFRS are the most effective models. Moreover, the effective model 2-Z3-FSFCFRS is used to
propose a novel MAGDM method to recruit a suitable candidate for the assistant professor job. As a
result, we found that the applicant vg is the best candidate. A limitation of the study is that the three
proposed models provide similar results with little difference in values. To select one of the three models
to use in the decision-making process, the problem must first be analyzed. In the future, we plan to
learn more about fuzzy soft S-minimal descriptions, fuzzy soft S-maximal descriptions and fuzzy soft
(- covering, as well as explore and develop some new kinds of fuzzy soft S-covering based fuzzy rough
set. We will develop a novel multi-attribute group decision-making using these new models that will
provides clear results for any kind of problem.
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